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Abstract: Several alternative ways to quantize gravitational interactions seem to indicate

that gravity at short distances is effectively two-dimensional. If this were true, and the en-

ergy scale at which the dimensional transition occurs is of the order of the inflationary one,

it is reasonable to investigate eventual signatures in the primordial perturbation spectra.

In this paper we look at this possibility by assuming that the inflationary era was preceded

by a two-dimensional evolution of the Universe. We model this by a mode matching and

we show that, in this case, no observational signatures are expected in the tensor and scalar

power spectra nor in their ratio. We also show that assuming modified dispersion relations

before the matching between two sets of four-dimensional modes leads to similar results.

Keywords: inflationary perturbations, modified dispersion relations, quantum gravity

phenomenology.
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1. Introduction

The inflationary theory predicts that tiny quantum fluctuations of the metric and of the

inflaton field have evolved into the seeds of the large scale structures that we see today

in the sky [1, 2]. This striking connection allows in principle to investigate the physical

properties of our Universe at the beginning of its own existence, when quantum gravity

effects are expected to be important. As several coming experiments, such as Planck, are

expected to provide for very precise data on the cosmic microwave background (CMB), we

are facing the possibility of exploring the quantum gravitational realm for the very first

time. However, as a fundamental quantum theory of gravitation is lacking, we do not really

know what to expect from the new data. It is therefore very important to elaborate various

predictions to be confronted with the measurements.

The question whether the effects arising in the planckian era are too small to be

observed in the CMB or via gravitational waves is still open, and several authors have

expressed opposite views, see e. g. [3] . These conclusions were mainly drawn by considering

short scale modifications of gravity, where Lorentz-breaking mechanism were at work via

modified dispersion relations. There exist however other possibilities. For example, the

standard renormalization of quantum fields on curved space might lead to observable effects

without resorting to trans-planckian physics [4].

On more fundamental grounds, several attempts to quantize gravity consistently lead

to an intriguing common indication, namely that at short distance, gravity is effectively

two-dimensional (for a recent review, see [5] and references therein). If we take this hint

seriously, the next step is to look at possible experimental signatures, in particular in cos-

mological observations. In fact, if the CMB inhomogeneities have originated from stretched

short-distance quantum fluctuations occurred during the inflationary era, it is well possi-

ble that they have preserved some memory of a fundamental two-dimensional structure of

space-time.
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In this paper we wish to look closely at this idea but in a model-independent way. In

other words, we do not choose any particular model of quantum gravity, but we simply

assume that scalar and tensor perturbations evolve from a two-dimensional phase into

a four-dimensional one. More precisely, we assume that scalar and tensor perturbations

undergo a dimensional transition at a certain time ti, which corresponds to N e-folds

before the horizon exit of the scales of interest. Our aim is to see if current observations

are affected by such a scenario. In this case, we would like to determine if data would

be able to put some constraint on the value of N . In order to do so, we proceed by

matching modes emerging from a two-dimensional Bunch and Davies vacuum to four-

dimensional modes evolving towards the horizon exit through a slowly rolling inflationary

Universe. Certainly, this is a crude approximation of a process, which probably is much

more complicated and model-dependent. Furthermore, one might be concerned by the

possibility that a dimensional transition from two to four dimensions creates a preferred

direction in space-time. However, as the Universe inflates quasi exponentially after the

match, we know that anisotropies will rapidly decay, and the space-time becomes locally

de-Sitter [6], well before the horizon exit of cosmological scales of interest. Alternatively,

we could also take on-board the suggestion, made in [7], that each point of space-time picks

a random preferred direction. In the vicinity of the point, the effective metric is a Kasner

space with random coefficients, that rapidly decay into a locally flat metric.

Mode matching is a technique often invoked in order to eliminate the infrared (IR)

divergences that occurs in the power spectrum, se e. g. [8]. According to this procedure,

one assumes that the scale factor describes a radiation-dominated (or a Minkowski space-

time) Universe for t < ti, and a quasi exponentially expanding Universe for t > ti. The

only requirement is that both the scale factor and its time-derivative are continuous at

ti. As a result, the two-point function (at coincident points) of a test massless scalar field

is IR-finite at all times. The same conclusion can be extended to the power spectrum

of tensor and scalar perturbations. Such a construction brings in the new parameter ti
that, in principle, can be constrained by the observed values of, for example, the spectral

indices. However, as we will show below, the impact of the matching on the spectral indices

vanishes, and the pre-inflationary phase is basically unobservable. Mode matching was also

used to investigate gravitational waves eventually generated by sudden matter-radiation

transition, and the results showed no detectable modifications of the power spectrum [9].

This conclusion does not necessarily hold if the initial modes come from perturbations

of an effectively two-dimensional space-time. As we will show below, the different dimen-

sionality of the wave functions implies that the spectral indices depend on the time at

which the matching takes place. We also anticipate that a similar result holds in the case

when, for t < ti, one allows for superluminal high-frequency dispersion relations without

changing the number of spatial dimensions.

The plan of the paper is the following. In the next section we present the formalism

that we use to implement the matching conditions between modes. Then, we apply it

to determine the matching conditions of the tensor and the scalar perturbations, and to

calculate the corresponding spectra in the case when dimensionality is preserved in Sec.

3. In Sec. 4 we turn to the case of a transition between two and four dimensions, and we
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compute the tensor-to-scalar ratio and the spectral indices. We discuss these results in Sec.

5 and conclude with some considerations and prospects for future investigations.

2. Tensor and scalar perturbations

We begin our investigation by briefly recalling the properties of the mode equation for a test

massless scalar field on a D-dimensional Friedmann-Lemâıtre-Robertson-Walker (FLRW)

background, according to the conventions of [8]. In the following we set c = ~ = 1 and

we denote by Mpl the Planck mass and with G = (8πM2
pl)
−1 the Newton constant. Let us

consider the metric

ds2 = −dt2 + a2(t)δijdx
idxj , (2.1)

where i, j run from 1 to (D− 1). A massless scalar field φ on this background satisfies the

Klein-Gordon equation

(�− ξR)φ(x) = 0 . (2.2)

where ξ is the coupling of the field to the Ricci scalar, which can be expressed as

R = (D − 1)(D − 2ε)H2 , ε = − Ḣ

H2
. (2.3)

The Fourier transform of φ, defined by

φ̃(k) =

∫
dD−1x e−i

~k·~xφ(x) , (2.4)

obeys the equation

¨̃
φ+ (D − 1)H

˙̃
φ+

(
k2

a2
+ ξR

)
φ̃ = 0 , (2.5)

where the dot stands for differentiation with respect to t. Upon quantization, we promote

φ̃ to the operator

φ̂ = ψ(t, k)b̂+ ψ∗(t, k)b̂† , k ≡ |~k| , (2.6)

such that

[b̂(~k), b̂†(~k′)] = (2π)D−1δ(~k − ~k′) . (2.7)

In turn, this implies the canonical commutation rule

[φ̂(t,~k), aD−1
˙̂
φ
†
(t,~k′)] = i(2π)D−1δ(~k − ~k′) , (2.8)

and the Wronskian condition

ψψ̇∗ − ψ∗ψ̇ = ia1−D . (2.9)
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In the following, we consider only space-times with constant ε as they are sufficient to

describe both inflationary solutions and matter-dominated universes. In this case, the

modes satisfy the equation(
z2

d2

dz2
+ z2 +

1

4
− µ2

)(
a

D
2
−1ψ

)
= 0 , (2.10)

where we have defined the variable

z(t, k) =
k

(1− ε)ȧ(t)
, (2.11)

and where

µ2 =

[
D − 1− ε
2(1− ε)

]2
− ξ (D − 1)(D − 2ε)

(1− ε)2
. (2.12)

With these settings, a radiation-dominated Universe corresponds to ε = D/2 so µ = 1/2.

The general solution to Eq. (2.10) can be written as

ψ(t, k) = a1−
D
2 (t) [Eku(z) + Fku

∗(z)] , (2.13)

with

u(z) =

√
πz

4k
H(1)
µ (z) , (2.14)

where H
(1)
µ is the Hankel function of first kind. The wronskian condition (2.9) implies that

|Ek|2 − |Fk|2 = 1. To recover the Minkowskian solution, one has to take z large, so that

the large argument approximation of the Hankel function [13] yields

uµ(zi) '
1√
2k

exp
[
i
(
zi −

µπ

2
− π

4

)]
. (2.15)

The detailed analysis of the evolution of a massless scalar field is particularly important,

as metric perturbations are known to satisfy the same equation as (2.10). To see this it is

sufficient to consider the perturbed metric

ds2 = −dt2 + a2(t)(δij + hij)dx
idxj , (2.16)

and expand the field hij in plane-wave modes h(t)eije
i~k·~x, where eij is the constant po-

larization vector. Then, one can easily show that h(t) satisfies (2.5), and the associated

tensor power spectrum is defined as

PT = 16πk3|h(t)|2 . (2.17)

In standard (single-field) slow-roll inflation, ε is a small parameter related to the inflaton

potential V (Φ) via ε = (M2
pl/2)(V ′/V )2. In this case, the power spectrum is nearly scale-

invariant as PT ∝ k−2ε.
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The scalar perturbations are defined as a combination of metric and inflaton fluctu-

ations. Normally, one separates the inflaton field into a homogeneous part plus a tiny

fluctuation, according to Φ(t, ~x) = Φ0(t) + δΦ(t, ~x), where δΦ(t, ~x) is decomposed into

plane waves as for hij . Then, the Fourier transform of the perturbation, in terms of the

Mukhanov variable ζ(t, k), is described by the equation [10]

ζ̈ + (D − 1)Hζ̇ +

[
3ηH2 − 2(D − 1)εH2 +

k2

a2

]
ζ = 0 , (2.18)

where η = M2
pl(d

2V/dΦ2)/V is the second order slow-roll parameter and V the inflaton

potential. This equation holds in the slow-roll approximation, and can be mapped into Eq.

(2.5) by means of the identification

ξ =
3η − 2(D − 1)ε

(D − 1)(D − 2ε)
, (2.19)

thus the general solution is again given by the expressions (2.13) and (2.14), but with the

index given by

µ =
(D − 1)

2
+

(D2 +D − 2)ε

2(D − 1)
− 3η

(D − 1)
. (2.20)

Finally, in four dimensions the scalar power spectrum is defined as

PS = 4πk3
(
H

Φ̇0

)2

|ζ|2 , (2.21)

where the slow-roll condition allows to estimate (Φ̇0/H) ' 2M2
plε. Consistency also requires

that η � 1. In single-field inflation, one finds a nearly scale-invariant spectrum of the form

PS ∝ kns−1 with ns − 1 = 2η − 6ε .

3. Mode-matching as an infrared regulator tool

Let us look at the infrared behavior of the correlation function associated to the field ψ.

In four dimensions and in the slow-roll approximation, the solution (2.13) is simplified by

requiring that, for ε→ 0, it matches the exact de Sitter solution. This implies that Ek = 1

and Fk = 0 and the integrand of the two-point function

〈φ(x)φ(x′)〉 =

∫
d3k

(2π)3
ei
~k·(~x−~x′)ψ(t, k)ψ∗(t′, k) (3.1)

at coincident points behaves as k−1−2ε, as one can check by considering the small argument

limit of the Hankel function [13]

H(1)
µ (z) ' Γ(µ)

iπ

(
2

z

)µ
. (3.2)

Thus, the choice E = 1, F = 0 leads to an infrared divergence for the tensor perturbations

but also for the scalar ones (it is sufficient to replace ε with 3ε − η and keep in account
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that they are both much smaller than one). The latter can be avoided by considering a

pre-inflationary phase, where the infrared modes are not divergent. In fact, according to

a theorem formulated by Ford and Parker in [11], infrared divergences cannot form in a

expanding Universe. So, if they absent at the very beginning they will never appear later.

One way to see this is to consider the following piece-wise solution to Eq. (2.13)

ψν(t) = a−1ν (t)uν(z) , t < ti ,

ψµ(t) = a−1µ (t)
[
Ekuµ(z) + Fku

∗
µ(z)

]
, ti < t ,

(3.3)

with µ = 3/2 + ε and ν 6= µ. The scale factor changes at t = ti, but we assume that

aν(ti) = aν(ti) ≡ ai and ȧν(ti) = ȧν(ti). In this way, the coefficients Ek and Fk can be

uniquely determined by solving the linear system
ψν(ti) = ψµ(ti)

ψ̇ν(ti) = ψ̇µ(ti)

. (3.4)

By using the identity ż(t) = −k/a(t), which holds whenever ε is constant, we find

Ek = iai
(
u∗µu̇ν − u̇∗µuν

)
t=ti

,

Fk = iai (u̇µuν − uµu̇ν)t=ti .

(3.5)

With the help of the wronskian identity (γ = µ, ν)

uγ(t)u̇∗γ(t)− u∗γ(t)u̇γ(t) =
i

aγ(t)
, (3.6)

we easily check that |Ek|2 − |Fk|2 = 1.

To verify whether the divergence is still present, we first note that in the small z limit

(hence small k limit), and according to the approximation (3.2), we have uµ ' −u∗µ thus

|ψµ|2 ∝ |uµ|2|Ek − Fk|2 ∝ k−2µ|Ek − Fk|2. In turn, as |Ek − Fk|2 ∼ k2(µ−ν) for small

zi ≡ z(t = ti), one has

〈φ2(x)〉 ∝
∫
dkk2(1−ν) . (3.7)

This shows that the low-k behavior of the integral is independent of µ, namely of whether

the Universe accelerates or decelerates after the transition at t = ti. It is also clear that

the integral converges provided ν < 3/2, which excludes configurations where the Universe

accelerates for t < ti, such as de Sitter or slow-roll. On the contrary, if the Universe begins

in a radiation-dominated phase, IR convergence is guaranteed.

The question now is whether non-trivial values for Ek and Fk can lead to observational

signatures in the power spectrum or in related quantities, such as the spectral index. It

usually claimed that the effect of the matching is negligible as Fk is very small for the scales

of interest. We remark that, generally speaking, this is not always a good motivation. In
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fact, even though the deviation form the standard, almost scale-invariant spectrum is small,

the spectral index can change significantly. Suppose in fact that the modified spectrum

Pmod(k) is given in terms of the standard one Pstand ∼ k−2ε, 0 < ε� 1 as

Pmod(k) = Pstand [1 + f(k)] , (3.8)

for some function f such that f(k) � 1 at the scales k of interest. Current observations

set the value of the scalar power spectrum to (2.43±0.11)×109 thus, any deviations below

about 4% would be invisible [12]. However, the spectral index is given by

n ≡ d lnPmod(k)

d ln k
= −2ε+

k

1 + f(k)

df(k)

dk
, (3.9)

so it can be very sensible to small deviations if k df/dk is large for the k of interest.

We now show that this is not the case for the situation at hand. In the case studied

above, one should evaluate |ψµ|2 around the horizon exit. However, the coefficients Ek
and Fk must be calculated at the time of the matching zi = z(ti). To achieve this, we

recall that zi = k(1 + εµ)/aiHi. Since during slow-roll (1 − εµ)τ = −1/aH, we find that

zi = −kτi, where τi is the conformal time at the matching and the equality holds up to

order ε2. On the other hand, the scales of interest crosses the horizon at a conformal time

τk such that kτk = −(1 + ε). If we call N the number of e-folds occurred between the

time of the matching and the time of the horizon exit of the scales of interests, we find

that zi = τi/τk = eN . Thus, at just few e-folds before the horizon exit, zi is a very large

number. In this regime, with the help of Eq. (2.15) we find that

Ek − Fk ' exp

[
iπ

2
(α− µ)

]
, (3.10)

so that |Ek−Fk|2 is exactly equal to one, no matter the value of α. This holds for both the

tensor and the scalar power spectra, so the spectral indices are unaffected. The conclusion

is that the pre-inflationary phase considered above cannot be detected with the present

available data. We remark that the evaluation of the coefficients Ek and Fk for vanishing

k (and so vanishing zi) is considered to study the IR behavior only. In this case, a non-

vanishing Fk guarantees a IR finite result. Instead, to compute the effects on the visible

spectrum, one needs to evaluate these functions for large arguments. However, in this

regime the weight of Fk drops to zero.

4. Dimensional transition and mode matching

The discussion in the previous section seems to definitively exclude the possibility of in-

vestigating a pre-inflationary phase modeled via mode matching. However, this conclusion

depends crucially on the fact that |Ek − Fk|2 = 1 at horizon exit, a direct consequence

of keeping the same number of dimensions of space-time before and after the match. As

we discussed in the introduction, we want to investigate what happens when the initial
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modes emerge from an effective two-dimensional space-time. According to the formalism

presented above, we need to study the equation1

ψν(t) = uν(z) , t < ti ,

ψµ(t) = a−1µ (t)
[
Ekuµ(z) + Fku

∗
µ(z)

]
, ti < t ,

(4.1)

where now

ν =

√
1

4
− 2ξν

1− εν
, µ ' 3

2
+ εµ . (4.2)

By comparing these equations with (3.3), we note that the solution is independent of the

scale factor for t < ti, when D = 2, see Eq. (2.13). To find the coefficients Ek and

Fk, we need to solve the same system as in Eq. (3.4), with again the conditions that

aν(ti) = aν(ti) ≡ ai and ȧν(ti) = ȧν(ti). The results are

Ek = iai

[
(ȧuν + au̇ν)u∗µ − auν u̇∗µ

]
t=ti, z=zi

, (4.3)

Fk = iai

[
auν u̇µ − (ȧuν + au̇ν)uµ

]
t=ti, z=zi

,

and one can check that |Ek|2− |Fk|2 = 1. By comparing this result with Eqs. (3.5), we see

that it also depends on ȧ(ti).

We are now ready to calculate the power spectra and the related spectral indices

to estimate how much they deviate from standard results. In analogy with the previous

calculations, we evaluate the coefficients Ek and Fk by using the approximation (2.15), and

the results are

Ek '
i

2k
(ȧi − 2ik) exp

[
iπ

2
(µ− ν)

]
, Fk ' −

ȧi
2k

exp

[
− iπ

2
(µ+ ν) + 2izi

]
, (4.4)

which still satisfy |Ek|2 − |Fk|2 = 1. As before, we have |ψµ|2 ' a−2|uµ(zf )|2|Ek − Fk|2

and, in the slow-roll approximation

|ψµ|2 =
GH2

π2k3

[
1− (1 + εµ)

zi
sin (2zi − εµπ) +O(z−2i )

]
, (4.5)

where we used the standard mode normalization of [14]. Remarkably, the expression above

does not depend on ν. The power spectrum reads

PT = 64πG

(
H

2π

)2 [
1− (1 + εµ) sin (2zi − πεµ)

zi
+O(z−2i )

]
. (4.6)

We now consider the scalar perturbations. As we have done for the tensor ones, we

assume that at the time ti the equation above undergoes a transition between a two-

dimensional to a four-dimensional regime. The computation of the power spectrum is

1For simplicity, we assume that after the matching, the Universe expands according to a slow-roll evo-

lution and that perturbations are minimally coupled.
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essentially the same as above, and we report only the result, namely

PS =
4πG

ε

(
H

2π

)2
1−

(1 + εµ) sin
(

2zi − (3εµ − η)π
)

zi
+O(z−2i )

 . (4.7)

With these results, we are now able to estimate the quantities that can be measured,

in particular the scalar-to-tensor ratio r = PT /PS and the spectral indices. By expanding

the ratio at large values of zi, we find that

r = 16εµ

[
1 +

π(η − 2εµ) cos(2zi)

zi

]
, (4.8)

which shows a damped oscillating correction to the usual result. As we explained before,

we can characterize zi through the number of e-folds occurred between the matching time

and the exit of interesting scales, namely zi = eN . It follows with already few e-folds, the

ratio cos(2eN )/eN becomes very small: for N > 5 this number drops below 10−2. Even

in the extreme case when zi ' 1, so that the transition happens around the horizon exit

time, the correction would be of the order O(ε2).

Things can be different however concerning the spectral indices. In fact, for the tensor

power spectrum the index is given by

nT ≡
d lnPT
d ln k

= z
d lnPT
dz

' −2εµ − 2(1 + εµ) cos(2zi) , (4.9)

where the large zi limit has been taken. Similarly, for the scalar power spectrum we find

nS − 1 ≡ d lnPS
d ln k

' 2η − 6εµ − 2(1 + εµ) cos(2zi) . (4.10)

The other important parameter is the running of the spectral index, which, in the large zi
limit, reads

n′S ≡
dnS
d ln k

' 4(1 + εµ)zi sin(2zi) . (4.11)

At first sight, these results seem in complete disagreement with the data. The scalar

spectral index oscillate rapidly in the range −(2 + 8ε − 2η) < nS < 2 + 2η − 4ε, while n′S
oscillates and grows boundlessly with the number of e-folds. This interpretation is however

wrong. In fact, the above results do not keep in account that we are not able to measure

the index and the running with infinite precision. What we actually do is a sampling of

these parameters, by means of intervals of width |k2 − k1|. If the latter is larger than

the wavelength of the oscillation, we will not see any difference in the spectral index with

respect to the standard, constant result. The outcome of a measurement of nS is in fact

the integral average

〈nS − 1〉 =
1

(k2 − k1)

∫ k2

k1

dk nS(zi) = (4.12)

= 2η − 6εµ − 2(1 + εµ)
cos[τi(k2 + k1)] sin[τi(k2 − k1)]

τi(k2 − k1)
.
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A “perfect” sampling correspond to k2 = k1 in which case the above equation yields again

nS . In our case, we have that τi = −zi/k with k of the order of magnitude of k1 and k2.

A 1% accuracy for nS corresponds to (k2 − k1)/k of the order of 10−5 with 5 e-folds but

of 10−24 with 50 e-folds. Thus, unless the matching time is close to horizon exit, we will

not see any effect in future data. The same conclusion holds for the measured running of

the spectral index 〈n′S〉. As the index itself appears to be constant, there will be no actual

running. Again, one could consider the case when zi ' 1, so that the corrections are not

too large. However, we think that this situation is unphysical under another aspect. If the

two-dimensional physics were still important at the time of the horizon exit, there would

be large anisotropies frozen in the modes about to exit the horizon. In other words, the

expansion would not have had the time to wash them out, and that would be clearly visible

e.g. in CMB fluctuations.

5. Discussion

In the previous sections we analyzed the impact of the matching on observable quantities,

such as spectral index and running. The matching physically corresponds to a situation

where two dimensional tensor and scalar perturbations cross into a four-dimensional space-

time at a certain time ti, which enter as a parameter in the theory. In fact, it explicitly

appears in the expression of measurable quantities. However, we showed that the net

effect of this new parameter is to add a very rapidly oscillating component to the standard

expression of the scalar index. We argued that this oscillation is not observable, unless we

are in the not so realistic case where the dimensional transition occurs less than 5 e-folds

before the horizon exit of the cosmological scales of interest.

It is interesting to note that our scenario can be extended to other kinds of modification

of short distance gravity, which do not involve changes of dimensions. One example is given

by modified dispersion relations (MDR), initially inspired by analogue models of gravity

[15] and then considered on various context, from Unruh effect, to renormalization and

trans-planckian cosmology, see e.g. [16]. A simple way to introduce MDR consists in

adding higher powers of k2 in the “mass” term of Eq. (2.5). These are the results of adding

higher order derivative operators in the Klein-Gordon equation for the test field (2.2). In

terms of the variable z this essentially amounts to write Eq. (2.10) as(
z2

d2

dz2
+ z2 + γz2m +

1

4
− µ2

)(
a

D
2
−1ψ

)
= 0 , (5.1)

where γ sets a threshold for the dispersion effect and m > 1. We have seen before that

the relevant regime where the matching occurs is for large z. Thus, the above equation

simplifies to (
z2

d2

dz2
+ γz2m

)(
a

D
2
−1ψ

)
' 0 . (5.2)

In D = 4, the solution reads

ψ(z) =

√
z

a(t)
H

(1)
1/2m

(√
γ zm

m

)
' z(1−m)/2

a(t)
exp

(√
γ zm

m
− π

4m
− π

4

)
. (5.3)
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We now recall that z = k/(1 − ε)aH, where ε is constant. If we also assume that, before

the matching, H is nearly constant, we see that the above expression for ψ has a factor

am/2−3/2 which reduces to the usual one when m = 1. In fact, m = 1 coincides with

the relativistic linear dispersion case, at least in the large z limit. If we now consider the

system (3.4), we will have different powers of a in the first and in the second equations.

Therefore, we end up with a very similar situation as for the transition between two and

four dimensions. Hence, our results can be extended also to the case when dimensionality

does not change, but the dispersion is no longer linear before the matching. In both cases,

it seems that effects will not be detectable with current and near-future data.
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