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Relativistic graphene ratchet on semidisk Galton board
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(Dated: October 21, 2010)

Using extensive Monte Carlo simulations we study numerically and analytically a photogalvanic
effect, or ratchet, of directed electron transport induced by a microwave radiation on a semidisk
Galton board of antidots. A comparison between usual two-dimensional electron gas (2DEG) and
electrons in graphene shows an enhancement of ratchet current in graphene by two to three orders of
magnitude. This enhancement opens promising possibilities for room temperature graphene based
sensitive photogalvanic detectors of microwave and terahertz radiation.
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Graphene [1] is a new two-dimensional material with
a variety of fascinating physical properties (see e.g. [2]).
One of them is a relativistic dispersion law for electron
dynamics with an effective “light” velocity s ≈ 108cm/s
[3], another is a high mobility at room temperature which
in suspended graphene reaches µ ≈ 200, 000cm2/V s [4–
6]. Our theoretical studies predict that these properties
lead to emergence of a giant photogalvanic effect induced
by radiation at room temperature in a semidisk antidot
array placed in graphene plane. Thus, such samples can
function as a new type of room temperature sensors of
microwave and terahertz radiation.
Ratchet transport, induced in asymmetric systems by

ac-driving with zero mean force, attracted a significant
interest of scientific community in view of various biologi-
cal applications of Brownian motors [7–9]. Experimental
observations of electron ratchet transport in asymmet-
ric antidot arrays in semiconductor heterostructures have
been reported in [10–13]. A detailed theory of ratchet
transport of 2DEG on semidisk Galton board was de-
veloped in [14, 15] for noninteracting electrons, and it
was shown that the effect remains even in presence of
strong interactions [16]. The theoretical predictions on
polarization dependence have been confirmed in recent
experiments [13]. According to theory [14, 15] the ve-
locity of ratchet flow, induced by monochromatic linear
polarized microwave force f cosωt with a frequency ω,
has a polarization dependence:

(v̄x, v̄y) = CFVF (frd/EF )
2(− cos(2θ), sin(2θ)) , (1)

where θ is an angle between the polarization direction
and x−axis of semidisk array shown in Fig. 1, f is am-
plitude of microwave force, VF , EF are Fermi velocity
and energy, and CF is a numerical factor depending on
the ratio of periodic cell size R to semidisk radius rd.
In the limit of low density of semidisks with R ≫ rd
the theory [15] gives CF ∝ (ℓs/rd)

2/(1 + (ωℓs/VF )
2),

with ℓs ∼ R2/rd ≫ ℓi, where ℓi is the mean free path
related to impurity scattering. The typical parame-
ters of experiment [13] are f/e ∼ 1V/cm, rd ∼ 1µm,
R/rd ≈ 4, electron density ne ≈ 2.5 · 1011cm−2 with
VF ≈ 2.2 · 107cm/s, EF ≈ 100K. For these conditions
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FIG. 1: (Color online) Top panel shows one electron trajec-
tory on semidisk Galton square board (with periodic bound-
ary conditions for two cells, no impurities, time t ≈ 100rd/s
and frd/EF = 0.05), graphene structure is shown in a
schematic way. Bottom panel shows two ratchet trajecto-
ries on a longer time for graphene (with initial conditions
(x, y) = (0, 0)) and 2DEG (with (x/rd, y/rd) = (0,−2000))
both at the same pF and T/EF = 0.02; here R/rd = 4,
θ = 0, ωrd/s = 0.5, VF/s = 2, t ≈ 105rd/s and frd/Ef = 0.1
(red/gray curve), 0.025 (blue/black curve); impurity param-
eters are sτi/rd = 5, αi = π/10.

we have frd/EF ≈ 1/100, CF ≈ 0.4, so that the ve-
locity of ratchet flow remains relatively small but well
visible experimentally. Experimental data confirm the
linear dependence of ratchet current on microwave power
[13]. The relation (1) assumes that ωrd/VF < 1 and that
the mean free path ℓi remains larger semidisk size. For
ℓi < rd the array asymmetry disappears due to disorder
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scattering and ratchet velocity goes to zero.
The theory (1) assumes the usual quadratic dispersion

law for electron dynamics E = p2/2m, while graphene
has a linear relativistic dispersion E = sp, so that such a
case requires a separate analysis. Recently rectification
and photon drag in graphene started to attract experi-
mental [19] and theoretical interest [20–22]. We note that
a case of relativistic dispersion appears for a flux quan-
tum in long annular Josephson junction, which has been
studied theoretically and experimentally in [23, 24], but
there the dynamics takes place in 1D while for graphene it
is essentially 2D. In addition, experiments with accelera-
tor beams in crystals [25] show that a crystallographic
potential creates an efficient channeling of relativistic
particles. This gives some indication on a possible en-
hancement of ratchet transport of electrons in graphene
with a periodic array of asymmetric antidots.
The dynamics of electron on a 2D semidisk Galton

board, shown in Fig. 1, is described by the Newton equa-
tions

dp/dt = f cosωt+ Fs + Fi , (2)

dr/dt = sp/|p| (graphene) ; dr/dt = p/m (2DEG) ,

where the second equation corresponds to a relativistic
case (l.h.s.) or to a non-relativistic case with an effective
mass m (r.h.s.) . Here the force Fs describes elastic col-
lisions with semidisks and Fi models impurity scattering
on a random angle φi (|φi| ≤ αi) with an effective scat-
tering time τi. Following [14], we use the Monte Carlo
simulations with the Metropolis algorithm which keeps
noninteracting electrons at the Fermi-Dirac distribution
with fixed Fermi energy EF and temperature T . As dis-
cussed in [14–16], in a wide range, a variation of energy
equilibrium relaxation time τrel does not influence the
ratchet velocity v̄. The later is computed along one or
few very long trajectories with times up to t = 108rd/s.
We note that the triangular lattice of disks had been

used already by Galton [17] to demonstrate an emergence
of statistical laws in deterministic systems. According to
the mathematical results of Sinai [18] the dynamics is
fully chaotic also for semidisk lattice used here (in ab-
sence of impurities, microwave driving and Metropolis
thermostat).
A typical example of trajectory for graphene is shown

in Fig. 1. The dynamics is clearly chaotic on one cell
scale, while on large scale it shows diffusion and ratchet
transport directed along x-axis. The ratchet displace-
ment is significantly larger for graphene compared to
usual 2DEG with approximately the same parameters.
Even more striking a decrease of the driving force by
a factor 4 gives a significantly smaller reduction of the
ratchet displacement compared to factor 16 expected
from the theory for 2DEG (1). Thus the relativistic
graphene ratchet has a strong enhancement compared
to the usual 2DEG case studied before.
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FIG. 2: (Color online) Rescaled ratchet velocity |v̄x| as a
function of rescaled force frd/EF at polarization θ = 0 for
graphene (red/gray curve) and 2DEG (blue/black curve);
when f is changing the system parameters are kept as Fig. 1.
The bottom straight dashed line shows the fit dependence for
2DEG (3), and the top dashed curve shows the fit dependence
for graphene (4). Inset shows zoom of graphene data with
ωrd/s = 0.25, T/EF = 0.05, αi = π/10 (dashed brown/gray);
ωrd/s = 0.5, T/EF = 0.05, αi = π/10 (red/gray, main panel
case); ωrd/s = 0.5, T/EF = 0.3, αi = π/10 (dotted-dashed
blue/black); ωrd/s = 0.5, T/EF = 0.05, αi = π (dotted
brown/gray); ωrd/s = 0.1, T/EF = 0.05, αi = π/10 (dashed
black) (curves from top to bottom at frd/EF = 0.2).

Detailed analysis of this enhancement and comparison
of ratchet transport for graphene and 2DEG, as a func-
tion of microwave driving force, are shown in Fig. 2. We
fix VF /s = 2 choosing pF to be the same for graphene
and 2DEG that corresponds to the same electron density
ne. For 2DEG the velocity of ratchet drops quadratically
with force and is well described by the dependence

|v̄x|/VF = CF (frd/EF )
2 , CF = 0.45 , (3)

thus being in a good agreement with numerical data and
theory presented in [14–16]. In a case of graphene the
field dependence is strikingly different and can be ap-
proximately described by the equation

|v̄x|/s = Cg1frd/(EF+Cg2frd) , Cg1 = 1.39, Cg2 = 18.87.
(4)

According to Fig. 2 and Eqs. (3),(4) we have the enhance-
ment factor for graphene of approximately 100 and 103

at frd/EF = 0.02 and 0.002 respectively.
Data presented for graphene in the inset of Fig. 2 show

that the ratchet velocity is only weakly affected by in-
crease of temperature T , which can become comparable
with EF , if the rate of impurity scattering is kept fixed.
This is in agreement with the known results for 2DEG
[14, 15]. An increase of impurity scattering (increase of
αi) gives a reduction of v̄x but still the dependence on
f remains approximately linear for frd << EF . A de-
crease of frequency gives only a slight increase of v̄x for
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FIG. 3: (Color online) Polarization dependence of ratchet
velocity in x (red/gray curves) and y (blue/black curves) di-
rections. Data for graphene are taken at frd/EF = 0.05
and T/EF = 0.02 (full curves), 0.3 (dotted curves). Data for
2DEG are shown for frd/EF = 0.2 and T/EF = 0.02 (dashed
curves). Other parameters are as Fig. 1.

ωrd/s ≤ 0.5 while for ωrd/s ≥ 1 we start to see a drop of
v̄x with ω. Such a dependence is in agreement with gen-
eral theory [15] according to which the ratchet velocity is
independent of frequency for ωrd/s ≪ 1 and drops with
frequency for ωrd/s ≫ 1. It is interesting to note that at
ωrd/s = 1 the velocity v̄x starts to decrease at large f .
We will discuss this point later.

The polarization dependence of ratchet flow is shown
in Fig. 3 for 2DEG and graphene. For 2DEG the depen-
dence is close to those of Eq. (1) being in agreement with
previous studies [14–16]. In contrast to that for graphene
the dependence on θ is not purely harmonic and appear-
ance of flat domains near velocity maxima is well visible.
In part the origin of this flattering can be understood
from the picture of average flow inside one periodic cell
shown in Fig. 4. While for θ = 0 the flow is relatively
regular, for θ = 5π/32 there is emergence of vortexes
that may be at the origin of flattering in Fig. 3. It is
clear that a theoretical description of such a vortex flow
is a challenging task for further studies. We note that in
agreement with theory [15] the polarization dependence
on temperature is rather weak.

However, the main theoretical task is to understand
the origin of a slow decrease of ratchet velocity with f .
We argue that this is due to the linear dispersion law for
graphene which drastically modify the dependence of ve-
locity v on momentum and force. Indeed, in absence of
collisions and impurities we have v = (p0+f/ω sinωt)/m
where p0 is initial momentum. Thus a small force gives
only a small oscillating component of velocity and thus
the ratchet flow appears only in a second order pertur-
bation theory being proportional only to f2 [15]. The
situation is strongly different for graphene. In absence
of collisions and impurities we obtain from (1) v =
s(p0+f/ω sinωt)/|(p0+f/ω sinωt)|. Thus even for small

FIG. 4: (Color online) Map of local averaged velocities inside
one cell in plane (x, y) for graphene. Parameters are the same
as in Fig.3 with θ = 0 (left panel) and θ = 5π/32 (right
panel), polarization is shown by bar inside semidisk. The
velocities are shown by arrows which size is proportional to
the velocity amplitude, which is also indicated by color (from
large (yellow/gray) to small (blue/black) amplitudes).

force we have a large variation of velocity direction being
of the order of radian for |p0| ∼ f/ω. These direction
variations have many frequency harmonics in contrast to
2DEG. In presence of semidisk asymmetry and relaxation
such oscillations should create a directed transport with
ratchet velocity v̄ ∼ s. However, in the Fermi-Dirac dis-
tribution the fraction w of electrons with such small mo-
menta p0 < f/ω is w ∼ fs/(ωEF ) ∼ frd/EF , where we
took into account that in the case of small ω the collisions
with semidisks will restrict the length s/ω by a length
proportional to rd. These arguments lead to the ratchet
velocity v̄ ∼ sw ∼ sfrd/EF being compatible with the
dependence (4) found numerically. According to them a
physical origin of slow decrease of v̄ with f is related to
linear dispersion and Dirac singularity in graphene. In
such a case electrons with momentum p ≪ pF still have
a large velocity s and give a large contribution to the
ratchet flow in contract to 2DEG.
It is interesting to note that at high frequencies ω only

few collisions happen during a period of oscillations so
that in average we have < |p| >≈

√

p2
0
+ f2/2ω2 that

looks like an appearance of effective mass at large f . This
mass effectively drives the system to a situation similar
to 2DEG given a reduction of v̄ at large f (see black
dashed curve in Fig. 2 inset).
The electron current produced by ratchet flow is given

by relation j = enev̄. According to (3),(4) we have for
2DEG

jF ≈ 0.4eneVF (frd/EF )
2 (5)

∼ JF (n0/ne)
1/2(frd/1K)2 , JF ≈ 4 · 10−5A/cm ;

and for graphene

jg ≈ 1.4enes(frd/EF ) (6)

∼ Jg(ne/n0)
1/2(frd/1K) , Jg ≈ 6 · 10−3A/cm ;

where we normalize data in respect to typical parameters
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of 2DEG in [13] with n0 = 2.5 · 1011cm−2, m = 0.067me,
f/e = 1V/cm, rd = 1µm, frd ≈ 1K, EF ≈ 100K,
VF ≈ 2.2 · 107cm/s and usual parameters of graphene
s ≈ 108cm/s, EF ≈ 900K at same ne = n0 and pF
[3, 5]. Thus at these parameters we have enhancement
factor κ = jg/jF = neJg/n0JF × (1K/frd) ≈ 100 for
graphene ratchet current. As high electron densities as
ne = 3 · 1012cm−2 are well accessible for graphene [3]
that should allow to reach very strong ratchet currents
of jg ≈ 0.02A/cm with κ ≈ 103 at rather moderate
microwave field of frd ∼ 1K. Of course, the above
Eqs. (4),(6) assume that the mean free path in graphene
is larger than the semidisk radius rd ∼ 1µm, but accord-
ing to experiments [5, 6] this condition can be fulfilled
for suspended monolayer graphene. At present it is pos-
sible to realize large size samples with epitaxial graphene
[26, 27] and chemical vapor deposition [28] with room
temperature mobility of 20000cm2/V s.
In conclusion, our theoretical studies show that ratchet

transport in asymmetric antidot arrays in graphene has
giant enhancement compared to analogous case of 2DEG.
This shows that such graphene structures can have future
promising applications for simple room temperature sen-
sors of microwave and terahertz radiation. A decrease
of antidot size can make such structures to be sensitive
to infrared radiation with possible photovoltaic applica-
tions.
We thank A.D.Chepelianskii for useful discussions and

for pointing to us promising properties of graphene [4–6]
for ratchet transport. This work is supported in part by
ANR PNANO project NANOTERRA.

[1] K.S. Novoselov, A.K. Geim, S.V. Morozov, D. Jiang,
Y. Zhang, S.V. Dubonos, I.V. Grigorieva, and
A.A. Firsov, Science 306, 666 (2004).

[2] A.K. Geim and P. Kim, Sci. Am. 298, 90 (2008).
[3] A.H. Castro Neto, F. Guinea, N.M.R. Peres,

K.S. Novoselov, and A.K. Geim, Rev. Mod. Phys.
81, 109 (2009).

[4] S.V. Morozov, K.S. Novoselov, M.I. Katsnelson,
F. Schedin, D.C. Elias, J.A. Jaszczak, and A.K. Geim,
Phys. Rev. Lett. 100, 016602 (2008).

[5] K.I. Bolotin, K.J. Sikes, Z. Jiang, M. Klima, G. Fu-
denberg, J. Hone, P. Kim, and H.L. Stormer, Solid St.
Comm. 146, 351 (2008).

[6] X. Du, I. Skachko, A. Barker, and E.Y. Andrei, Nature
Nanotech. 3, 491 (2008).
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