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Abstract

We show that the exterior derivative operator on a symplectic manifold has a natural
decomposition into two linear differential operators, analogous to the Dolbeault operators
in complex geometry. These operators map primitive forms into primitive forms and there-
fore lead directly to the construction of primitive cohomologies on symplectic manifolds.
Using these operators, we introduce new primitive cohomologies that are analogous to the
Dolbeault cohomology in the complex theory. Interestingly, the finiteness of these primitive
cohomologies follows directly from an elliptic complex. We calculate the known primitive
cohomologies on a nilmanifold and show that their dimensions can vary depending on the

class of the symplectic form.
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1 Introduction

This paper continues the study of differential cohomologies on smooth compact symplectic man-
ifolds that we began in Paper I [I1]. There, we introduced a number of new finite-dimensional
cohomologies defined on the space of differential forms. These new cohomologies, dependent on
the symplectic form, were shown in general to be distinct from the de Rham cohomolgy, and
thus, they provide new symplectic invariants. Of particular interest for us here is the property
noted in [I1] that the new symplectic cohomologies can be equivalently described by cohomolo-
gies defined only on the subset of differential forms called primitive forms. We called this type

of cohomologies “primitive cohomologies” and they are the main focus of this paper.

The fundamental nature of primitive cohomologies in symplectic geometry can be under-

stood simply. Let us explain this via an analogy with complex geometry.

On a complex space, it is standard to decompose differential forms into its (p, ¢) components.
Let APY be the space of smooth differential (p,q)-forms. Then acting on it by the exterior

derivative d, we have
d: AP1 — APThIg Apat] (1.1)

which of course encodes the complex decomposition, d = 0 + 9, where for instance the Dol-
beault operator 9 : AP4 — APt projects d(AP?) onto its (p,q + 1) component. Thus, on a
complex space, it is natural to decompose both the differential forms and exterior derivative in
a complex structure dependent way. This raises the question in the symplectic context whether
a symplectic structure dependent decomposition of differential forms and the exterior derivative

are also possible.

For differential forms, the decomposition in the presence of a symplectic form w is well-known



£0,0 £1,0 £2,0 53,0 £4,0

Figure 1: The (r, s) pyramid decomposition of differential forms in d = 8. The differential forms
of L™* has degree (2r + s). In the diagram, the degree increases in increment of one, from zero
to 2n (left to right).

[13,16]. This is commonly called the Lefschetz decomposition. The elemental components, which
we shall label by two indices, (r,s), take the form %w" A Bg, where Bg € P? is a primitive
s-form. Recall that by definition, a primitive form satisfy A Bs := %(w‘l)ij ig,to ; Bs = 0. We
shall denote the space of such (r, s)-forms by £™° with 0 < r,;s < n for a symplectic space of
dimension d = 2n. In Fig. [I, we have arranged the different £™*’s into a pyramid diagram,

representing the symplectic analog of the complex (p, ¢) diamond.

What may be a bit surprising is that a symplectic decomposition of the exterior derivative is
also possible. (As far as we are aware, this has not been previously discussed in the literature.)
Consider simply the action of d on £™*. Since dw = 0, we have d (% w" A By) = %wr A (dBs) .
By this simple relation, we see clearly that the action of the exterior derivative on L£™* is
entirely determined by its action on the primitive part, i.e. Bs. And regarding the derivative

of a primitive form, there is the useful formula (see e.g. [5, [11] or Section 2.2 below (2.1]]))
st == Bg+1 +w /\ B;—l 3 (12)

where B, B! € P*, and if s = n, then B?LH = 0. Taking the exterior product of (L2) with
% w”, we find
d: ﬁr,s N ﬁr,s—l—l @ﬁr—l—l,s—l (13)

which gives us the symplectic analog of (L.T]).

The symplectic decomposition of the exterior derivative becomes now just a projection onto
the two different spaces on the right hand side of (I3]). But as already mentioned, the derivative
action on L£™® is completely encoded in its action on the primitive forms; thus, we really only

need to consider the primitive components, £% = P*. (A complete discussion taking into



account of all £ will be given in Section 2.) With (L2]), we are led to write the decomposition
of d as follows,
d=0; + wAO- (1.4)

where 04 : P® — Pl Hence, we have seen the importance of the primitive subspace of
differential forms and have defined a pair of new first-order symplectic differential operators

(04, 0—) which preserve the primitive property of forms.

Just like (9,0) on a complex space, (01,0_) has a number of desirable properties that
follow directly from their definition in (L4). In fact, it follows from d?> = 0 and the two
decompositions - Lefschetz and the exterior derivative (I4)) - that both d; and J_ square to
zero and anticommute with each other. These facts suggest defining on a compact symplectic

manifold (M?",w) the following two cohomologies

er K
PHE (M) = ker O_ N PF(M) (1.6)

~im 9_ NPK(M)
for k < n. The two cohomologies are not well-defined for k¥ = n since, by the definition of prim-
itivity, there are no degree n + 1 primitive forms. Note that these new cohomologies PH;+ (M)
and PH} (M) are very different from the de Rham cohomology. For instance, a 0,-closed form
may not be d-closed, and moreover, d 9, = wA (0-04 ), which is not identically zero. Neverthe-
less, we will show that the two cohomologies above are indeed finite-dimensional on a compact
manifold and in general they give new symplectic invariants. Interestingly, the finiteness follows

directly by associating the two cohomologies with the single differential complex,

0 0 0 0 040 o_
0 fPO + fPl X G an—l ot pn + pn (17)

(—>87 Pn—l _>87 e 0- Pl 0- 7)0 0- 0

which we will prove is elliptic (in Section 2, Proposition 2.8]). This elliptic complex can be
thought of as the symplectic analog of the Dolbeault complex. Now, if we introduce a Rieman-
nian metric, the elliptic complex implies that the second-order Laplacians, Ag, , associated
with PH} j[(M ) are also elliptic, and hence the primitive cohomologies have Hodge theoretic
properties. Moreover, we will also show that these two cohomologies are actually isomorphic,
ie. PHS (M)=PH} (M).



Primitive Cohomologies

k<n k<mn

ker 9, N PF(M

(M) ker(0y + 0_) N PF(M)
im 94 NPk(M)

(M)

(M)

0, 0_PF(M)

(1) PHj (M)= (3) pH"

d+dA (M) =

ker 0_ NPF(M
im O_ NPk(M

ker 0,0 NP*(M)
D4 Pk—1 4 9_Phk+l

(2)  PHj (M) = (4)  PHp (M) =

dd?r

ker(0y + 0_) N PF(M)
(9+75k_1 + 8_75k+1

(5) pPH*

dndA(M) -

Table 1: The primitive cohomologies defined on a symplectic manifold (M?", w) introduced
here (1-2) and in Paper I (3-5) [I1], expressed in terms of &, and d_. P in (5) denotes the

space of primitive forms which are 9, 0_-closed.

The primitive cohomologies PH gi (M) are calculable. Let us denote the space of primitive
O_-closed k-form by P’*(M) (with an additional prime). By demonstrating the validity of
the local d_-Poincaré lemma, we shall show the isomorphism of PHJ (M) with the Cech
cohomology ﬁ"‘k(M, Pm), for 0 < k < n. (This and other properties of PHgi(M) will be
worked out in Section 3.) It is interesting to note here that the middle degree primitive 0_-
closed forms plays a special role. As pointed out in [IT], the Poincaré dual currents of closed

lagrangians are precisely d-closed (or equivalently 0_-closed) middle degree primitive currents.

Concerning the middle degree, observe that in the elliptic complex (7)) above, the middle
degree primitive forms are curiously connected by the second-order differential operator, 0;0_ .
With its presence, two middle-dimensional primitive cohomologies can be read off from the
elliptic complex:

P _ kero o_NP™(M) P _ kero_nNP"(M)
a = Ty o, NP (M) d+t = i .0 NP (M)’

These two middle-dimensional cohomologies are actually special cases of the three primitive

cohomologies - PH§+dA(M) PHY (M), PHY (M) - introduced in Paper I [II]. These

three were obtained by Lefschetz decomposing their corresponding symplectic cohomologies -



;lk+dA(M)’ ;lde(M)’ ;lkmd/\

three primitive cohomologies from Paper I are well-defined for all £ < n, which includes the

(M) - which are defined on the space of all differential forms. The

middle degree, and can be expressed in terms of J, and J_, as presented in Table [I, where
we have collected all the primitive cohomologies. It is interesting to note that though we have
argued that both PHy (M) and PHj (M) are ill-defined (and in fact infinite-dimensional)
cohomologies, their intersection gives the known cohomology

_ kerd_ NP (M)

gﬁdA(M) - a+,]5n_1(M) (1'8)

where P™ denotes the space of primitive n-forms which are d_9d,-closed. This cohomology of

course is well-defined and finite-dimensional.

We should emphasize that the dimensions of all the primitive cohomologies are invariant
under symplectomorphisms. However, they can vary along with the de Rham class of the
symplectic form. In Section 4, we have calculated the various primitive symplectic cohomologies
for a six-dimensional symplectic nilmanifold. As can be seen clearly in Table Bl in Section 4,
primitive cohomologies on a symplectic manifold do contain more information than the de Rham
cohomology. In particular, we will show explicitly that the dimension of PHgi (M) do vary in

this specific nilmanifold as the class of the symplectic form varies.

This paper for the most part will be focused on introducing PH é“ N (M) and developing their
properties. A fuller discussion of applications and relations between the different primitive

cohomologies will be given elsewhere [12].

Acknowledgements. We would like to thank C.-Y. Chi, T.-J. Li, X. Sun, C. Taubes, C.-J. Tsali,
and especially V. Guillemin for helpful comments and discussions. This work is supported in
part by NSF grants 0714648, 0804454, and 0854971.

2 Primitive Cohomologies

We begin by discussing the primitive structures on symplectic spaces that arise due to the
presence of a symplectic form. We then proceed to develop the primitive cohomologies and

show their finiteness on compact symplectic manifolds.



2.1 Primitive structures on symplectic manifolds

Let (M?",w) be a smooth symplectic manifold. There is a natural sly representation (L, A, H)
that acts on the space of differential forms, Q(M). On a differential form A € Q*(M), the

operators act as follows:
L: L(A)=wAnA
1, i .
A A4y = 5@y i, A

H: HA)=> (n—k1*A
k
where A and i respectively denote the wedge and interior product, (w=1)¥ is the inverse matrix
of wjj, and 1% : Q*(M) — QF(M) projects onto forms of degree k. These actions result in the
slo algebra
A,L]=H, [H,A] =2A, [H,L] = —2L , (2.1)

With this sly action, the space of all differential forms (M) can be arranged in terms of
irreducible modules of the sl; representation [I3]. From this perspective, the primitive forms are
precisely the highest weight representatives of the slo modules. More concretely, a differential
s-form is called a primitive form, i.e. Bs € P*(M) with s < n, if it satisfies the condition
AB, =0, or equivalently L5t B, = 0.

Now we can of course also decompose any differential form A € Q¥(M) into components of
different sly modules. This is commonly called the Lefschetz decomposition (from the Kéhler
geometry literature). Specifically, we can write

A= % %LTBk_QT (2.2)
r>max(k—n,0)
We emphasize that the Lefschetz decomposition is unique as the Bjp_o,.’s in above are solely

determined by Ax. By a straightforward calculation, we find

1
By o, = (Z ari 7y LIATH) Ay (2.3)
=0 ’

where a,; are rational coefficients given by the expression

l

arg = (=)' (n — k +2r +1)? H ! 11 ! (2.4)
=0

n—k‘—l—2r—|—1—ij:0n—k‘+2r+1—|—j



Ao = Bop

)

A= By
A2 = LBl,o + BO,2
Az = LBy, + Bo3
1
Ay = §L2Bz,o + LB + Bo4
1
As = 5L2Bm + LB
Ag— L1738 L2
6= 31 3,0 + o 2,2
1
Ar = gLi”B&1
1
Ag = aL4134,0

Figure 2: Lefschetz decomposition of differential forms in dimension d = 8. Here, B, j_o,

denotes a primitive (k — 2r)-form associated with the L L" term.

Thus for example, it follows from (2.3) and (24]) that the first primitive form term By in the
decomposition Ay = B, + L By._o+ ... for k < n has the form

1 1 1
By=4¢1—— LA+ — LPAN2— .. VA 2.5
k { Oy T e Oy TOR gy } k (25)

To fully appreciate the decomposition, it is useful to see the Lefschetz decomposition applied

to all differential forms of a given dimension d = 2n. We write out the decomposition for d = 8

in Fig. @l having arranged the terms in a suggestive manner.

Clearly, each term of the decomposition can be labeled by a pair (7, s) corresponding to the
space

L%(M) = {A € QM) | A= l'L"BS with A By = 0} (2.6)
T

Notice that the indices r and s each takes value between 0 and n. And we can naturally
arrange all £™*’s into a pyramid as in Fig. [l (in Section 1), having rotated the terms in Fig.
counterclockwise by 90°. The symplectic pyramid is the analog of the (p,q) diamond of

complex geometry.



To distinguish the different £*(M) spaces, we shall make use of the operator H and also

introduce the operator R which picks out the r index.

Definition 2.1 On a symplectic manifold, (M,w), the R operator acts on an element L™* €
L75(M) as
RL™ =71 L™ (2.7)

The s index is discerned by the (H + 2R) operator
(H+2R)L™ = (n—s)L™® (2.8)

where again L™ € L"*(M). Note that acting on £"*(M), L and A raises and lower R by one,

respectively. More precisely, we have the following useful relations relating (L, A, H, R).
Lemma 2.2 On a symplectic manifold (M,w), the following relations hold:

() [A,L")=H+r—1)r L™ forr>1;
(i) LA=(H+ R+ 1)R;
(ii) AL=(H+ R)(R+1).

Proof. (i) follows straightforwardly from repeated applications of the sly algebra commutation

relations in (2Z]). (ii) and (iii) can be checked by acting on £*(M) and using (i).
U

Let us now introduce the symplectic star operator *, : Q¥(M) — Q**¥(M) introduced in
[3, d]. Tt is defined by the local inner product

ANxgA = (wHF(A, A") dvol
1

wn

We note that #z%s = 1 which follows from Weil’s relation [13], 4],
L s
LB, = (—1)fet2_ 2 g o1
* 7! ( ) (’I’L —r— s)' ( 0)



Therefore, acting on £"*(M), we have that

s 1 L5(M) — L7755 (M).

In particular, for forms of middle degree k = 2r 4+ s = n or equivalently r = %(n —s), the action

of the x4 operator leaves them invariant up to a —1 factor. And consider all £"*(M) elements
together as in the pyramid diagram in Fig. [I the action of *, is a reflection with respect to

the central vertical axis.

Finally, let us briefly discuss the linear structure - the primitive exterior vector space.
Let V be a real symplectic vector space of dimension d = 2n. We write /\kV for the k-
exterior product of V. Let ey, es,...,e9, be a basis for V' and take the symplectic form to
bew =e1 Aey+ ...+ e9,—1 A egy,. Let P/\k V' denote the primitive elements of /\k V. The
symplectic pyramid as in Fig. [[Jallows us to relate the dimension of P /\k V with the dimension

of /\k V. Specifically, for k < n, it easy to see from the pyramid diagram that

dim P \FV = dim A"V — dim \F2V = (2]:) - <ka2> . (2.11)

Moreover, the sum of the dimensions of all primitive exterior vector space is given by
" 2n 2n
dim P A"V = dim A" 'V +dim A"V = : 2.12
kZ_O im /\ im /\ + dim /\ Y e (2.12)

Let us also give a canonical recursive method to write down the set of basis elements of P /\k V.
The idea is to construct the basis elements of dimension d = 2n from those of dimension d =

2(n—1). For instance, selecting out the e; and ey elements, we have the following decomposition.

Lemma 2.3 Let V' be a symplectic vector space with the non-degenerate form w = e1o + egq +
...+ €am—12n (where the notation eja = e Aez). Then any element of the primitive exterior

vector space py € P /\k V' can be expressed as

1 n
pr =e1 A pr+exAPa+ (e12 — Ze2j—1,2j) A B3+ Ba (2.13)
j=2

H+14

where (1, Ps € P/\k_lv, B3 € P/\k_2V, and 4 € P/\kV and f31, B2, 83, B4 do not contain e;

and ey .

10



Proof. Generally, we can write
nw=er ANayg+eyAag+ e ANag+ ay (2.14)
where a1, ao, a3, ay are exterior products of es, ey, ..., ea,_1, €9, . Primitivity of u implies
Ap=e1 NAag +e2 AAag + e12 AN Aag + as + Aayg =0
giving the conditions

Aal = AO(Q = Aag =0 (2.15)

as+Aag =0 (2.16)

Hence, «a; for i = 1,2,3 must be primitive and we will denote these o; by 5; € PA"V to
highlight their primitive property. Now, a4 is not primitive. But with (2.16]) and a3 = (3 being

primitive, we have A2y = 0. Thus we can write ay = (4 + LB} with 84,8, € PA*V, and
moreover, using (ZI6]) again, we have 8 = —H 1p5. Altogether, (Z14) becomes

pr=e1 AB1+eaAPateaABs+ By — LH S3

H+1
261/\51+€2/\52+H—+2 612—H—+1(€34+--.—|-€2n—1,2n) NP3+ Ba .
H+2
Lastly, scaling 83 — H—::_—l B3, we obtain (2.13]). O

With Lemma [2.34], we have at hand a recursive algorithm to write down a basis for P /\k Vv

for V' of any arbitrary even dimension.

2.2 Differential operators and cohomologies

In this subsection, we consider the action of differential operators on £"*(M). We start with

the exterior derivative, d. We obtain

Lr Lr

Bl (2.17)

11



where we noted the symplectic condition [d, L] = 0 and the useful formula
dBs = BY,, + LB}, (2.18)

where BY,, € P*t(M) and B!, € P*~!(M) are primitive forms, and moreover, BY,, =
0if s = n. (2I8) follows simply (see e.g. [0, 11]) from first writing down the Lefschetz
decomposition for dB;,
1 1

st:BSH—|—LB;_1—|—5LQB§_3+§L3B§’_5+... . (2.19)
and then applying L"~**1 to both sides of (ZIJ). Since the left hand side would then be zero
by the primitive condition, L"*T!By = 0, each term on the right hand side (with an additional
L™ *t1) must also be zero. This results in the requirement that B2 5, B2 - ... in (2I9) must

be identically zero.

In all, we have the result that d acting on £™* leads to at most two terms,
d: Lm — [rstlg gribs=h (2.20)

As explained in the Introduction (Section 1) via an analogy to the complex geometry case, (2.20])
naturally gives us a decomposition of the exterior derivative operator in symplectic geometry.
And indeed we can define the decomposition of d into two linear differential operators (94, 0_)
by writing

d=0++Lo_ . (2.21)

By comparing (2.17) and (2.2I]), we have the following definition.

Definition 2.4 On a symplectic manifold (M,w), the first order differential operators 0y :
L3 (M) — LY (M) and 0_ : L7%(M) — L™~Y(M) are defined by the property

L L
L Lr

where B,, BY, |, B!, € P*(M) and dB; = B, + LB!_, .

Note that we can restrict to the primitive subspace of differential forms by setting r = 0

above. Then 9, and d_ become the projections of (dBs) to the primitive terms, BY 1 and

@IR) is just (CZ) with wA replaced here by L.

12



Bl |, respectively. Therefore, 91 : P$(M) — P**1(M) preserve primitivity and are the

natural operators on the space of primitive differential forms P*(M).

With Definition 2.4] we have the following properties.

Lemma 2.5 On a symplectic manifold, (M?",w), the symplectic differential operators (0y,0-)
satisfy the following: (i) [0+, L] = [LO_, L] = 0; (ii) (04)? = (0-)* = 0; (i) 040_ = —0_0, .

Proof. Using d = 01 + L J— and the uniqueness of the Lefschetz decomposition, these relations
follow directly from [d, L] = 0 for (i), and d? = 0 for (ii)-(iii). O

We remark that the relation in Lemma [2.5](i), [L 0, L] = 0, simplifies to [0_, L] = 0 when
acting on L™*(M) for r +s < n. When r + s = n, then the additional L operator is needed
in [LO_, L] = 0 since the primitive condition implies L £L"~%% = 0. So effectively, Lemma
does imply that both 9, and d_ commute with L, besides squaring to zero and anticommuting

with each other.

Let us now consider the symplectic differential operator, d*, and its action on LM5(M) .

Recall that acting on a differential k-form, it is defined as

d»:=dA - Ad

= (—1)}“"'1 *g d *g .

where in the second line, d* is expressed as the symplectic adjoint of d with respect to the

symplectic star operator, %, , defined by (2.9). Using Lemma 2.2[(i) and (2I8), we can write
r—1

(r—1)!

r—1
AdL B, —(H+R)(L )BS+1+(R+1)(H+R)%31_

where for instance, (R + 1)(H + R)% B!, = (r+1)(n —r — s + 1)4 B, . Taking their

L’ L
dA By = (H+ R+ 1) —x, BQ+1+R(H+R) Bl

difference, we obtain
LT Lr—l Lr
A
~—B,=— R H 2.24
d rl (T o ) s+1 ( + R) ( )
which implies

A S LTSy ﬁr—l,s—l—l ® ﬁr,s—l ] (225)

13



and the decomposition

1
A= ——— A0y — (H+R)o_ 2.26
1 -
where the notation e (H + R)~! just inverts the constants, e.g. (H + R)™* (%Bs) =

(n—r—s)t (%BS) .

We can now give an explicit expression for 0, and d_ in terms of d and d*. Comparing
[221)) with (2:26]) and using Lemma (2.2]), we obtain the following expressions.

Lemma 2.6 On a symplectic manifold (M,w), 0+ and O— can be expressed as
1

_ A
04 = grgprpl(H + R 1)d + Ld"] (2.27)
-1 L1
= ———Ad]. 2.28
mronsid ~mrrM (2.28)

Let us point out first that the operator (H + 2R + 1) always has a non-zero action on £*
since the corresponding eigenvalue (n — s + 1) > 0 is always positive. Now, we could have
equivalently defined d; and O_ using the expressions (2.27) and (2.28)). It is straightforward
to check that 01 defined this way satisfy Definition 24l Moreover, since d® is the symplectic
adjoint of d, that is

dh = (=D sy dwg = (—1)F sy (04 + LO_) *,
it can also be verified using (2.27) and (2.28) that
b
H+R
(LO-)* = (=1)*" s (LO_) %5 = —(H + R)O_ .

8+*S = (_1)k+1 *g a+ *g = A8+

which are consistent with (2.26]).

With d and d®, we can proceed to consider their composition, dd®. This second-order
differential operator appears naturally in symplectic cohomologies [11]. We can calculate dd™ -

Lr¥(M) — L7%(M) using (221)) and (Z26). We find

A _
dd —(8++L8_)<H+R

A, —(H+R)a_>

1
H+ R

== —(9+(H + R)a_ + 8_R8+
= —(H+2R+1)9.0- (2.29)

= —04+(H +R)O- +0_L Aoy

14



Thus we have dd* ~ 0,0_ .

As we have emphasized, the action of the differential operators (04 ,0_,0+0-) on L"*
reduces to their action on the primitive elements £%° = P*. Acting on primitive forms, the

expressions for the differential operators simplify.

Lemma 2.7 Acting on primitive differential forms, the operators, (04 ,0—,040_) have the

following expressions

0y =d—LH'Ad, (2.30)

1
0= Ad, (2.31)
0,0 =—(H+1)dd" = (H+1)dAd , (2.32)

and moreover, d> = —HO_.

And finally, to conclude this subsection, let us note that the elements on the symplectic

pyramid can be connected by first-order differential operators as follows.

ﬁr—l,s+1 ﬁr,s+1
A8+ y
L8
/ Lo
ﬁr,s—l £r+1,s—1

In the above diagram, the right-pointing arrows with operators (01, L 0_) are associated with
d , while the left-pointing ones (A 94 , 0_) are associated with d* . From the diagram, we have

two natural sets of differential complexes.

ET’O 9+ ET’I O+ 94 Er,n—r—l s Lrn=r
ﬁr,O 9 ﬁr,l 9 i ﬁr,n—r—l (8; ﬁr,n—r

We can construct cohomologies with them. Define

s ker 0L N L7*
H7 " (M)= ———
O+ ( ) 8+£7’,5—1 ’
and ferd AL
rs er 0_ N L™
Hé), (M) = 8_£T’s+1 )

15



for r < m —s. But by the commutativity of 0+ with L, we have ng(M) = Hgf(M) and

HYS(M) = Hy®(M) for any 7 < n — s. Hence, we will focus on the two primitive cohomologies

ker 04 NP?
PH;, (M) = <550
and
Py ()=S0
for s <n.

Besides these two cohomologies, let us just note that three other primitive cohomologies
were introduced in Paper I [11]. They can be found in Table [[lin Section 1, expressed in terms
of 0; and O0_ .

2.3 A symplectic elliptic complex

We now show that PH} (M) is finite dimensional. Since we have naturally the two differential

complexes,
0 fPO Ot fPl s O+ an—l Ot pn
0= po L pr = et e

it is interesting to ask whether they are elliptic. Unfortunately, these two complexes are not
elliptic: the ellipticity property breaks down at P" since 91 maps all primitive n-forms to zero,
and for O_, there is no primitive P"*! space. We may try to consider connecting the two

complexes by joining them as follows

(o o— o—

0.
—Jr>’P"_1 — P —pr-l — -

But such a combined complex is unfortunately no longer a differential complex as 0_04 # 0.
Fortunately, there is a way to obtain a differential elliptic complex if we utilize the second-order

differential operator 040_ .

16



Proposition 2.8 The following complex is ellz'ptz'cH

oy oy 0y oy oy

0 7)0 Pl e fpn—l — Ppn (233)
04+0—
o_ o_ o_ o_ o_
0 7)0 Pl e fpn—l - ’PTL

Proof. Clearly, the above is a differential complex. We need to show that the associated symbol
complex is exact at each point © € M. Let £ € T — {0}. By an Sp(2n) transformation, we can
set £ = e; and take the symplectic form to be w = e1o + €34 + ... + e2p—1,2, With e1,..., €2,
providing a basis for Ty . For py € P /\k T, an element in the primitive exterior vector space,

we can use the decomposition of Lemma [2.34] to write

1 n
=e A ea N\ el — —— €2i_197) N\ 2.34
pr =e1 A B+ ez A B+ (er2 H+1j§—:2 2j-1,25) N\ B3 + B4 (2.34)
where 31, B2, B3, 84 € P\* T are primitive exterior products involving only e3, €4, ..., €21, €2y, -

Note that when k = n, then 84 = 0 since there are no primitive n-form without either e; or e .

From Lemma 2.7} the symbol of the differential operators are given by

o(04)(z, &) p=(1—LH 'N)(EAp),
o(0-)(x, ) p=HAEAp),
0(040-)(, &) p=(H+1)"EA (MEA )] -

Letting £ = e; and p taking the form of (2.34]), we have that

im o(0+) =< (e12 — H;—I—l ; €2j-1,25) N P2, e1 A Ba (2.35)
im 0(6_) = {52, (SA 53} , (2.36)
im 0(0+0-) = {e1 A B2} (2.37)

2After proving this proposition, we searched the literature for any mention of such a symplectic elliptic
complex. We found only that the simple n = 2, d = 4 case has appeared in [I0]. It was presented there as an
example of an elliptic complex that does not imply the corresponding local Poincaré lemmas (which we also had
found and is described here in Proposition [3.13))

17



which imply

1 n
kero(04) = q e1 A B, (e12 — Trl ;::2 e2j-1,2) NBs ¢, (2.38)
kero(0-) = {61 A B, ,84} , (2.39)
1 n
ker 0'(8+8_) =<e1 ABy, (612 — H——l-l ; 62]'_172]') A B3, B4 . (2.40)
Comparing (2.38)-(2:40) with (2.35)-(237), and noting that for k = n, 54 = 0, we find that the
symbol sequence is exact, i.e. ker o(D;) =im o(D;_1), as required. O

With an elliptic complex, the associated cohomologies are finite-dimensional. The finiteness

of
ker 0_ NP™(M) _kerd 0-NPM(M)

arar M) = S AP ) an M) = S A

were proved previously in Paper I [11]. But we have now also shown the finiteness of PH g . (M).

Corollary 2.9 The cohomologies PH§+(M) and PHE (M) for 0 < k < n are finite-dimensional.

3 Properties of PHy, (M)

3.1 Primitive harmonic forms and isomorphism of PHy, (M) and PHy_ (M)

To analyze the properties of PHj, (M), we shall make use of a compatible triple (w,J, g) of
symplectic form, almost complex structure, and Riemannian metric, present on all symplectic

manifolds. The Riemannian metric g gives us the standard inner product on differential forms
(A, A) = / ANsA = / g(A, A dvol, A A € QF(M) (3.1)
M M

With an inner product, we can define the adjoint operators (07,0%). They can easily be

expressed in terms of d* and d** using Lemma 2.6
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Lemma 3.1 On a symplectic manifold (M,w) with a compatible Riemannian metric g, the
adjoints (0%,0* ) take the form

1

* = [d*(H 1)+ dMA] ———
Ot =[d"(H+R+1)+d ]H+2R+1

1 1

8* - _ dA*_d*L
- H+R| H+2R+1

With the adjoint operators at hand, we can define the associated harmonic forms for 04

operators. The natural 04 Laplacian is the second-order differential operator
Ap, = 04(01)" + (01) 0k (3.4)
which leads to the following definition.

Definition 3.2 A primitive differential form By € P¥(M) for k < n is called d4-harmonic if
Ay, B =0, or equivalently,

8in =0 and (ai)*Bk =0. (35)
We denote the space of d4-harmonic k-forms by PHE . (M).

Now the elliptic complex (Z33]) implies that Ap, are elliptic operators. Thus, applying

Hodge theory, we immediately have the following theorem.

Theorem 3.3 Let M be a compact symplectic manifold. For any compatible triple (w,J,g),
we define the standard inner product on Pk(M) with respect to g. Then, for k <n,

(i) dimH}, (M) < oo;

(ii) There is an orthogonal decomposition

P = PHE, @ 0. PF! @ (00) P, (3.6)

(iii) There is a canonical isomorphism: P”Hgi (M) = PHgi (M) .
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Having demonstrated the finiteness of PHp, (M), let us compare the solution space of J-
harmonic forms. We will need to make use of the almost complex structure J and the relation

between the Hodge star operator and the symplectic star operator [11] given by
* = T *, (3.7)

where

J = Z(\/__l)p—q P4

projects a k-form onto its (p,q) parts times the multiplicative factor (v/—1)P~%. Interestingly,

we find that (04,07 ) is J-conjugate to (0% ,0-) up to a non-zero constant.

Lemma 3.4 For a compatible triple (w,J,g) on a symplectic manifold,
Jo,J =0 (H+R), (3.8)
JorJ ' =(H+R)O_ . (3.9)

Proof. Acting on a k-form, we have

1
_1_
Jo: T _jH+2R+1

K+l
:% [(H+R+1)j*sdA*su7_l+t7*sAd*5‘-7_1]

-1
 H+2R+1
1

T Hi2R+1
1

T Ht2R+1
=(H+R+1)0" =0"(H+ R)

[(H + R+ 1)d+ Ld*] 7

[(H + R+ 1) % d" x + = Adx]
[—(H + R+1)d"* + Ld"]

[—(H + R)d"* + d*L]

where we have used the expressions for 04 and 0* in Lemma and Lemma [B.]] and various
relations involving * and *4. In particular, we applied d = (—1)k+1(*5d‘\*8) and L = *;Ax, in
line two, (B7) and *,7 ' = *(—1)* in line three, L = (—1)¥ * Ax in line four, and the relation
dr = [L,d*] in line five. As for the second equation, it can be derived similarly, or interpreted

simply as the Hodge adjoint of the first equation. O

Thus, by Lemmal[34], By, € P*(M) is 0,-harmonic if and only if 7 By, which is also primitive
is 0_-harmonic. This implies that the two harmonic spaces are isomorphic, and moreover, by

Theorem B.3[(iii), the two respective primitive cohomologies are also isomorphic.
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Proposition 3.5 Let (M,w) be a compact symplectic manifold and let 0 < k < n. Then
PH} (M) = PH} (M) and PH} (M) = PH} (M).

(M) = PH"

na(M), we find that the analytical

Coupled with the isomorphism of PHg‘Jr A

index of the elliptic complex (233)) is trivial.
Corollary 3.6 The index of the elliptic complex of ([233)) is zero.

Let us note further that the isomorphism between PH, §+(M ) and PHE (M) leads to a
natural pairing between the two cohomologies, similar to that for PH, s (M) and PH} (M)

d+d*
described in Paper I [11], Prop. 3.26],
Proposition 3.7 On a compact symplectic manifold (M,w), there is a natural pairing
PHj (M)® PHS (M) — R,

defined by
1
By ® Bl —» "=k A B, A\ B}
k& D /M(n—k)!w RO TR

which is non-degenerate.

Proof. Let us first interpret the integral. Combining (2.10]) and (3.7)), we obtain the well-known

relation (see e.g. [B]),

1 k(k+1) 1 b
—L"Br = (-1 —— LT (Byg) .
o k=(=1) (n—Fk—r)! J(Bk)
Hence, the integral can be re-written as
1
/ 'wn—k/\Bk/\B; = (—l)k(k;l) / Bk/\*(j_lBk) .
M (n—Fk)! M

In this form and noting Lemma[3.4] it is clear that the pairing is well-defined since the integral
is independent of the choice of the representatives of the two cohomology classes. Now to show
non-degeneracy, we can choose By and Bj, to be the respective harmonic representatives. In

particular, let By € P’H§+ (M) and Bj, = JByj, € PHE (M). We thus have for By, # 0

k(k+1)

W RABLAB], =(=1)"2 ||Bp|?#0.

1
B B!
kO ’f_>/M<n—k>!
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3.2 Local primitive Poincaré lemmas

We now consider local Poincaré lemmas for the various cohomologies we have studied. Except
for cohomologies of degree zero forms and the cohomology PH é+, all other local primitive
cohomologies turn out to be trivial. At the end of this subsection, we shall use the 9_-Poincaré
lemma to demonstrate the equivalence of PHy (M) with the Cech cohomology of P'™, the

space of J_-closed primitive n-forms.

On a open unit disk, the Poincaré lemma states that only Hg(U ) is non-empty. By the

symplectic star operation, there is also the d*-Poincaré lemma

Lemma 3.8 (d*-Poincaré lemma)Let U be an open unit disk in R*™® and w = 3" da’ A dx't",
the canonical symplectic form. If A, € QF(U) is d®-closed and k < 2n, then there exists a
lo1 € QFFLU) such that Ay = d A} ;.

Proof. Let Agy,_j, = %5 Ag. Then dMA;, = (DRl s, dxg Ay = (—1)FF1 dAs,_i = 0. By the
Poincaré lemma, we can write Ay, j = (—=1)*dA} _, |, where the additional (—1)* factor is

inserted for convenience. Then, letting A}, = ;A5 _, ;, we have

Ap = x5 Aoy = (—1)F g dAh, | = (—D)F xsdxs Afyy = dAAﬁgH .

Proposition 3.9 (Primitive Poincaré lemma) Let U be an open unit disk in R*" and w =
S dat A dx't™, the canonical symplectic form. If By, € P*(U) is d-closed and 0 < k < n, then
there exists a form B | € P*"1(U) such that By = dB,_,.

Proof. By the Poincaré lemma, there exists a (k — 1)-form with the property By = dA;_1. We
give a standard construction of Ay_1 (see for example [8, Appendix 5]) and show that Ap_;

turns out to be primitive and J_-closed.

Start with the radial vector field V' = z'9;. Such a vector fields only scales differential
forms. For instance, Ly w = 2w. Hence, a primitive differential form remains primitive under a

diffeomorphism generated by V. Acting on a primitive d-closed form, we have
LyB, =diyBy .

22



Note that iy By is also primitive. Moreover, since Ly By remains primitive, this implies that
v By € P/k_l(U).
We introduce the operator T : QF — QF which is inverse to the Lie derivative £y and

commutes with d,

T Ly =id , dT =Td .

It can be checked [8, p. 385] that such a T' is given by
1 i i 1 - i i
T EAH---Z';@ dz"* A... Ndx'* =7 t° Ay (tx) dt ) da™ A LA dat
. . 0

With these properties, we can write
By, = (T Lv)By, =T d(iy By) = d(T iy By,)

As mentioned iy By, is a primitive (k — 1)-form, that is L" **+2(iy,By) = 0. Clearly, we also
have L"*2T(iyBy) = 0 and so B, , := T(iyBy) must also be primitive. Lastly, since
dB),_, € P*(U), this implies B;_, € P*=}(U). O

Proposition 3.10 (Primitive dd"-Poincaré lemma) Let U be an open unit disk in R®® and
w = S>da’ Ade™™, the canonical symplectic form. If By € P*(U) is d-closed and 0 < k < n,
then there exists a By € P*(U) such that By = dd*BY.

Proof. By Proposition B9} since By is d-closed, we can write By = dB),_, for some B; | €
P*=Y(U). But since d*Bj,_, = 0, by the d*-Poincaré lemma, there exists A} € QF(U) such
that Bj_, = d*A} and hence By = dd*AJ. But this implies by Lemma 3.9 of [L1] that there
exists a primitive k-form By such that By = ddAB,;’ . O

Lefschetz decomposition and the commutativity of dd® with the si(2) representation (L, A, H)

[11] then implies that dd”*-Poincaré lemma holds for all differential forms.

Corollary 3.11 (Local dd® lemma) Let U be an open unit disk in R®™ and w = > dz’ Adz*",
the canonical symplectic form. If Ay € QF(U) is d + d™-closed and k > 0, then there exists a
Al € QF(U) such that Ay = dd™ Al
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Proposition 3.12 (Primitive d + d*-Poincaré lemma) Let U be an open unit disk in R*" and
w = Y dat Adz*t", the canonical symplectic form. If B, € P*(U) is dd™-closed and 0 < k < n,
then there exists primitive forms 1/3\]2_1 and E,ZH such that By, = 8+B\,’€_1 + a_EgH fork<n
and By, = 04 Bj,_, fork=mn.

Proof. Let Bj_1 = d*Bj,. Since dBj_; = 0, dd®-lemma implies we can write
By = dd"Bj_, = —d"(dBj)_,)

Let By = By + dBj,_, which is clearly d*-closed. By the d*-Poincaré lemma Bj = Bj +
dB;_, = d A}, or By = dBj,_; + d* A}, ;. But then by Lemma 3.20 of [LI], we can write
By =0:B,_, +0_B},,. O

Proposition 3.13 (Primitive O, -Poincaré lemma) Let U be an open unit disk in R*® and
w = Y dx' A dx'™, the canonical symplectic form. Then dim PH&(U) = dim PH5+(U) =1,
dimPH&(U) =0 for 2 <k <n, and dim PHj (U) = cc.

Proof. Let By € P* be Oy-closed. Then either (1) dB = 0 or (2) 0.By = 0 but dBy =
LB} | # 0. In the case of (1), it follows from Proposition 5.0l that there exists a By_q € P*~!

such that By = 04 Bj_1. So let us consider case (2) which we will analyze in three parts.

(2a) Let 2 < k < n. Since dBy = LB} _, we have
d*By = LdB}_; = LB =0.
Since LB,%O can not be identically zero unless £ = n, we find that alB,:i_1 = 0. Now by the
primitive Poincaré lemma, B ,i_l = dék_g. Thus, dB, = LB ,i_l implies
d(By, — LBy_3) =0 = By — LBy_y=dA,_,

Lefschetz decomposing A_1 = Bj_1 + LBj_3 + ..., it is clear that By, = 8+Bk_1.

(2b) Let k = 1. If dBy = LB}, then clearly By # dBy = 04 By. But with d?B; = LdB} = 0,
which implies dBé =0, i.e. Bé is a constant. This gives us at most a one-parameter space
for PH, é+ (U). For if both dB{! = dBf = LB}, it follows from the d-Poincaré lemma that
B = BP +dB3'® = BP + 0, B§'B. Thus, B{* and BF are in the same class in PHé+ (U). And

the representative of PH é+ (U) is simply the tautological one-form.
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(2¢) Let k =n. d*B,, = LdB]._; = LB} _, is identically zero and gives no condition on
B} _,. If B! | is d-closed as in case (1), then certainly B, = 8+§n_1. But in general B! | is
arbitrary and so dim PH}L(U) = 00. O

Proposition 3.14 (Primitive 0_-Poincaré lemma) Let U be an open unit disk in R*" and
w = Y_dz’ A dx't", the canonical symplectic form. Then dim PH};? U)=0for0<k<n.

Proof. Let By, € P* be 0_-closed. Then either (1) dBy = 0 or (2) d_Bj, = 0 but dBj, = B), | # 0
for k < n. In case (1), for k > 0, it follows from Proposition B.I0that there exists a By, € PF+!
such that By = 0_Bjy1. For kK = 0, By being d-closed implies that it must be a constant.
However, if ¢ is a nonzero constant, then we can have By = ¢ = c¢d_B; where B is the

tautological one-form, i.e. dBy = w.

As for case (2). With k < n and dB, = Bj,,, we have that B, , must be d-closed.
Hence, by the primitive dd*-lemma we can write dBj, = B,g 1= ddABkH. This means that
d(Bj, — d*Bj,1) = 0 and apply the primitive dd*-lemma again to Bj — d*Bj,,, we find
By — d*Byy1 = dd*B}, or

B, = d*Byy1 + dAB/QH = dA(Bk—H + Bl/f—l-l) .

O

Let P’(M) be the space of primitive forms that are 9_-closed. Then the d_ - Poincaré lemma

implies the exactness of the following sequence of primitive sheaves P

i o—

P prt

0 —>P'"

PO 0 (3.10)

Since the P* allows for partition of unity, they are fine sheaves, and thus, the Cech cohomology

H k(M,P*¥) =0 for k > 0. Then, by standard argument, we have the following

Theorem 3.15 For (M?",w) a compact symplectic manifold,

PH§,(M)%I§I“"€(M,P’”) for0<k<n.

25



3.3 Comparing PHy, (M) with Hy(M) and Hg (M) and the 0,0_-lemma

Let us note that all zero-forms and one-forms are primitive forms. Therefore, we may expect
that the PH g jE(M ) may become equivalent to one of the standard cohomology at low degree.

Indeed, this is the case as the following proposition shows.

Proposition 3.16 On a compact symplectic manifold (M,w), we have the following equivalence
PH (M)=Hj(M), PHS (M)=H(M), fork=0,1.

where HY(M) is the de Rham cohomology and H(’;A(M) = (ker d* N QF(M))/(im d* N QF(M)).

Proof. Note first that the action of _ on zero- and one-forms is identical to that of d* modulo
a non-zero constant (i.e. —1/H). For d;, the action on zero-forms is identical to d. So the

equivalence at degree k = 0 is trivial.

For PH é+ (M), note first that one forms that are d;-exact are also d-exact. So the question
is whether there are any d_-closed one-forms that are not d-closed. Now, if By € P}(M) is
O_-closed, then dBy; = LB&. Furthermore, d?> = 0 implies dBé = 0, which means Bé = c,
a constant. But ¢ = 0 since otherwise the symplectic form would be trivial in de Rham

cohomology. Thus, we find that PH é+(M ) = H}(M) having used the compactness of M.

For PH} (M), as mentioned 0_-closed one-forms are also d*-closed. Moreover, d_-exact
one-forms are also trivially d*-exact. We shall now show that any d*-exact one-forms are in

fact also O_-exact. Let B; be d*-exact; that is

B = d*Ay = dM(By + LBy)
= —(n—1)0_By + dBy
We therefore need to show that there exists a By € P?(M) such that dBy = _B). To do
this, we can assume [ 1 Bo = 0, (since if necessary, we can always subtract a constant factor

from By without affecting dBy). With By integrating to zero and trivially d"-close, By must

be d-exact, i.e. By = dAB{ . Clearly then, we now have

By = —(n —1)0_By + d(d“B})
=0_[~(n—1)By +nd.Bj]
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where we have used the relation dd* = (H + R +1)0_04 = 0_(H + R+ 2)9; . Therefore, we

have shown that a d*-exact one-form is also d_-exact and this completes the proof. O

So at degree k = 0,1, we have that PH §+ (M) is equivalent to the de Rham cohomolgy
and PH 5,(M ) to the d*-cohomology. At higher degree, the equivalence generally does not
hold no longer. To maintain some kind of equivalence, we can assume additional conditions
on M. A useful condition is the dd*-lemma. Recall that we say that the dd®-lemma holds
on a symplectic manifold (M,w) if it satisfies the following condition: Let A € Q*(M) be a
differential form that is both d- and d*-closed, then either it is not exact or else it must be d—,
d?-, and dd"-exact. Now since we are dealing with only primitive forms, it is not to difficult to

show that the dd*-lemma for Q(M) is equivalent to the 0, 9_-lemma defined below for P(M).

Definition 3.17 [0, 0_-lemma] On a symplectic manifold (M,w), let Bj, € P*(M) be d-closed.
We then say that the 0, 0_-lemma holds if the following properties are equivalent:

(i) By is O+-exact;
(ii) By is 0_-exact if k < mn;

(i) By is 040_-exact.

Interestingly, it has been shown by Merkulov [7] and Guillemin [4] (see also Cavalcanti [2])
that a symplectic manifold exhibits the dd®-lemma (or equivalently the 9, 0_-lemma) if and
only if the the strong Lefschetz property holds. Here, strong Lefschetz is the property that
the map in de Rham cohomology ¢ : HY(M) — H3""F(M) given by Ay — [w]" ™% A Ay, is an
isomorphism for all k£ < n. Imposing the 0;0_-lemma or the strong Lefschetz, we have the

following property for PH g L (M).

Proposition 3.18 On a symplectic manifold (M,w), if the 0+0—-lemma holds, or equivalently
the strong Lefschetz property holds, then for 1 < k < mn, we have

ker d N PF(M)
dQF=1NPk(M) 7

ker d™ NPF(M
PHE (M) = Hb (M) nPH(M) = dAQkaP,f(M)) .

PHf (M) = Hy(M)NP*(M) = (3.11)

(3.12)
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Proof. Consider first PH éi (M). If By is d;4-closed, then in general, we have dBy = LB} .
Now since alB,i_1 = 0 and B,i_l = 0_Byj, we can use the J;0_-lemma to write B,i_l =
0+0_B,,_, for some Bj,_, € P*=1(M). Therefore, we have

d(By +04Bj,_1) = L(Bj_1 +0-9:Bj,_;) = 0,

implying that in every cohomology class of PH §+ (M), there must exist a representative which

is also d-closed, having assumed of course that the d;0_-lemma holds.

We now only need to show that for a primitive d-closed form By, if By = 04 Byx_1, then
there exists a Aj_1 € Qk_l(M) such that By = dAj_1. But since By, is d-closed and J-exact,
it must also be 9, 0_-exact, or equivalently dd*-exact. Therefore, we must have Bj, = d(dAB]’C)
for some Bj, € P¥(M), which completes the proof of (B.IT)).

Consider now PHE (M). Acting on primitive forms, d* : P¥(M) — P¥=1(M). Therefore,
O_-closedness is in fact equivalent to d*-closedness. Moreover, a 0_-exact form is also d*-exact,
but the converse is generally not true. Thus we have to show that a d*-exact form can also be
expressed as a 0_-exact form if the J;0_-lemma holds.

Let By € PH(M) be d*-exact (ie. B = d“Ajy;). Then, since By is d*-closed (and
equivalently d_-closed), we must either have (i) dB = 0, or (ii) dB; = B}, . For case (i),
By, satisfies the criteria for the dd*-lemma and so we can write immediately, By, = 0_(9+B},),
for some B, € PE(M), noting again that dd® ~ 9,0_. For case (ii), clearly dBY 4 = 0;
therefore we can apply the d4y0_-lemma to B,g 41 and write Bg 41 = 040_By, 41, for some
B, € P*T1(M). We thus obtain

d(By —9_Bj, ;) =0.

which reduces the problem to case (i). Thus applying the 040_-lemma again, we find that
By =0_Bj,, +0_(0+By), for some B}, € P*(M). O

As mentioned in the above proof, ker 0_ = ker d® NP, but in general im 0_ C im d* NP
This thus give a lower bound on the dimension of the PH, é“i (M).

Proposition 3.19 On a compact symplectic manifold (M,w),

dim PH}, (M) = dim PH}_(M) > dim (Hj;A (M) N Pk(M)) .
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4 Example: A symplectic nilmanifold

We can explicitly calculate and compare the different primitive cohomologies on a six-dimensional

compact symplectic nilmanifold. Let M = M?® be the nilmanifold of type (0,0,0,12,14,15 +

23+24) . This means that there exists a basis of one-forms ey, ez, . .., e on M with the following
alegbra,
delzo d€4:el/\62
des =0 des = e1 Ney (4.1)
des =0 deg =e1 Nes+eas ANeg+ea Aey

This nilmanifold has the following Betti numbers (b1, b2, b3) = (3,5,6) [9]. For our calculation,

let us take the symplectic form to be
w=e ANeg+esNes —egzANey . (4.2)

It can be easily checked that w of (£.2]) is both d-closed and non-degenerate as required. In Table
2l we give the basis elements for the cohomologies Hq(M), Hy (M), PHy, (M), PHy, ga (M),
and PHdﬁdA (M) .

Clearly, the 0,1 0_-lemma generally does not hold for this nilmanifold. Take for instance,
e1z. It is primitive, d-closed, and Jdy-exact, i.e. ejo = 01e4. Moreover, it is also 0_-exact, since

e12 = 0_(eq16 — e425) . However, it is not 04 0_-exact.

Notice for k = 2, dimPH§+ (M) = dim[H?, N P?(M)] + 1. The difference is due to the

presence of the two form (ess — e45) which is d;-closed but not d-closed. Explicitly, we have

d(ess — eq5) = €134 — €125 = —€1 Aw

hence we see that the map ¢ : H'(M) — H3(M) given by [w]A is not injective for this
nilmanifold with w of @2). Similarly, dim PHj (M) = dim[HJ, N'P?(M)] +1. This is due to
the fact that eps € im d® but not in the image of d_. Specifically, we have

dA[(6625 + e634) +w A 66] =2ey
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E=0| k=1 k=2 k=3
Hcl‘f 1 e1,€e2,6e3 | w,e13, (€23 — €24), w A eg,w A es, (€315 + €415), €425,
(e15 — €23), (e26 — €45) (e534 + €623), (€516 + €534 + 2 €263 + €624)
HE, 1 eq, €5, 66 | W, €46, (€15 — €23), w A ez, w A es, (€315 + €415), €425,
(e26 — €a5), (e35 + €45) (e534 + €623), (€516 + €534 + 2 €263 + €624)
PH§+ 1 e1,ez,e3 | e13,(eaz—ea),(e15—e23),
(e26 — €a5), (e35 — €45)
PHE 1 e4,€5,€6 | €24,€46, (€15 — €23),
(e26 — €as5), (e35 + €45)
PHE. 1 €1,€2,€3 | €12,€13,€14, €24, €315, €415, (€125 + €134), (€216 — €234),
(e15 — €23), (€26 — €45), | (€314 — €325), (€316 — €325 + €416 — €425),
(e15 + €23 + €24) (e516 + €534 + 2 €263 + €624)
PHY .\ 1 0 (e15 — €23), (€26 — €45) (e315 + ea15), (es16 + €534 + 2 €263 + €624)

Table 2: Bases for Hy, Hyr, PHy,, PHy_, PHy 4r, and PHy~gn of the six dimensional

nilmanifold in terms of exterior products of the one-forms e; (A1) and symplectic form w

@2).
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where the presence of the non-primitive term ar (wAeg) =0res = e15 + eag + eayq is essential.

Effectively, we have a primitive d-closed two-form By = ej5 + €93 + ea4 = 0166 # O_Bs.

Now, we could have chosen a different symplectic form. For instance, consider the same

nilmanifold but with the symplectic form given by

W =eiANes+eaNeg—esNes . (4.3)

In this case, it is easy to show that the map ¢ : H' (M) — H?(M) now using [W]A is
injective. Furthermore, any closed primitive two-form, if dy-exact is also J_-exact. In this
case, we have PH§+(M,w’) = Hj NP?*(M,w') and PH3 (M,w') = H3, N P*(M,w'). And
moreover, we have

dim PHj, (M,w) = dim PHj, (M,w') +1 ,

which shows that PHg . (M) can vary as the de Rham class of the symplectic form is varied.
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