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Abstract
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I. INTRODUCTION

Effective field theories (EFTs) are very useful in describing low-energy physics, in which external
momenta () are much smaller than some high-energy scale M, where the underlying theory kicks in.
The S-matrix computed by an EFT is an approximation, namely, an expansion organized in the powers
of the small parameter @) /Myep,. Effective degrees of freedom (DOFSs) of the low-energy theory are not
always light particles. The particles that appear in both the initial and final states (hence cannot be
integrated out) may have a small momentum ) but a mass m comparable with, or even larger than,
Myep © Q@ < Mpep S m. In such cases one needs to carefully implement these heavy particles as low-
energy effective DOFs so that the ratio m /My, 2 1 will not spoil the EFT expansion. Widely used in
many EFTs is heavy-particle formalism H—B], in which the particles with m ~ M, are allowed only
to propagate forward in time, i.e. there are no heavy antiparticle DOFs. In this paper, we consider the
application of heavy-particle formalism in chiral effective theory (ChET).

ChET specializes in low-energy interactions among baryons and (pseudo)-Goldstone bosons, which
arise due to the fact that chiral symmetry of Quantum Chromodynamics (QCD) is spontaneously broken.
Since non-Goldstone bosons are all integrated out in ChET, the underlying scale of ChET is set by the
mass of the lightest non-Goldstone boson o, m, ~ 600 MeV M] Since the nucleon (the lightest baryon)
mass, my =~ 940 MeV, is not a light scale compared with m,, it is natural to treat baryons with
heavy-particle formalism — heavy-baryon ChET (HBChET) B, B, B]

To derive HBChET Lagrangian, one, probably the most popular, way is nonrelativistic reduction of
a relativistic ChET Lagrangian that is built with causal fields — fields that satisfy microscopic causality
— for baryons, e.g., the Dirac field for the nucleon. Nonrelativistic reduction can be carried out by
decoupling low- and high-energy DOFs of the causal baryon fields. In the case of the nucleon, one
identifies the “large” and “small” components of the Dirac field, respectively, as low- and high-energy
DOFs, and then decouples the two sets of DOFs by explicitly integrating out the small components with
the path integral [3, 7] or by block-diagonalizing the Hamiltonian |[], |9].

Refs. [3, Hﬂ], among others, considered only baryon-bilinear operators, exploiting the fact that these
operators are quadratic in baryon fields to integrate out or block-diagonalize. It is not immediately
clear how a similar method can be applied when four-baryon (or multi-baryon) operators, important for
few-nucleon systems, are present. One might wish to treat four-baryon operators as perturbations to the
NN bilinears. But this is well known not to be the case, see, e.g., Ref. [10].

It is, however, not inevitable to rely on the form of a Lagrangian outside the regime of validity of

an EFT; only symmetries are what matters. The other approach starts with the nonrelativistic limit,



implementing respectively the nucleon and the delta-isobar (A(1232)), another important ingredient
in ChET H], as a two- and a four-component spinor, and then enforcing Lorentz invariance order
by order with more and more 1/my suppressed operators accounted for H ] (branded differently,
reparametrization invariance is a technique in a similar spirit [14]).

In this bottom-up approach, 1/my expansion of multi-baryon operators is not different from that of
baryon bilinears (in this connection, see Ref. ], where the construction of all possible NN NN contact
interactions with two derivatives was considered). The other gain of this approach is that it is convenient
to treat the delta-isobar B, E], because one no longer needs to cope with spurious spin-1/2 sectors
of the Rarita-Schwinger field, which is commonly used as the causal field for spin-3/2 fermions (for a
discussion of this and related issues see Refs. | and references therein).

Using the Foldy-Wouthuysen (FW) representation of the Poincaré group [21], we present in this paper
a systematic machinery, in the spirit of bottom-up construction, to build HBChET operators that are
fixed by Lorentz invariance (and hence suppressed by 1/my), and illustrate the method with several
effective interactions.

Our paper is structured as follows. In Sec. [[I, we revisit the Lorentz invariance of heavy-particle
EFT. The FW representation is introduced in Sec. [Iland its relation with other Lorentz-covariant fields
is discussed in Sec. [Vl Nucleon-nucleon and nucleon-delta covariant bilinears are discussed in Sec. [Vl

In Sec. VI 7NN and #NA couplings are used to demonstrate our method of 1/my expansion. We

summarize and close with a conclusion in Sec. [VIIl

II. LORENTZ INVARIANCE IN HEAVY-PARTICLE EFT

When the momentum of heavy particles is much smaller than their mass m, Galilean invariance
is a good approximation but not a substitute to Lorentz invariance. As contributions of higher and
higher orders are taken into account in order-by-order EFT calculations, the approximation of Lorentz
invariance must be improved along the way. In this section, we review how Lorentz invariance is enjoyed
in heavy-particle formalism ,B] Without a relativistic Lagrangian built with causal baryonic fields as
the starting point, microscopic causality will be lost. Therefore, of particular interest is the following
question: how could the bottom-up construction lead to a Lorentz-invariant S-matrix?

For definiteness, we consider the S-matrix generated by the Dyson series,

S =Texp [—z’/d%’l—[;(:p)} : (1)

where H(z) is the interaction Hamiltonian density in the interaction picture. Here T indicates, as usual,
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FIG. 1: Two types of short-range physics contribute to local EFT operators: (a) intermediate states consisting
of a baryon-antibaryon pair; (b) exchanges of a non-Goldstone boson. Time flows from left to right. Local EFT
operators, (c), can be generated by both types of short-range interactions. The solid line represents a baryon,

dashed line a Goldstone boson, and double-dashed line a non-Goldstone boson.

that the fields are to be time-ordered in the expansion. Starting with a Lagrangian and proceeding with
canonical quantization, one does not necessarily end up with an interaction Hamiltonian H; that equals
to minus the interaction Lagrangian —L; because canonical quantization may produce extra terms ]
in some cases. Nevertheless, for simplicity, we will not concern ourselves with this subtlety and will
recklessly assume H; = — L.

In order for the S-matrix to be Lorentz invariant, not only does £;(x) need to be invariant, L£;(z) also
needs to be built with causal fields so that £;(z) and L£;(y) will commute with each other when = — y
is space-like: microscopic causality. In turn, microscopic causality allows a heavy particle to propagate
backwards in time. As a consequence, virtual particle pairs are created and annihilated as intermediate
states. Since intermediate states of this sort have energies at least 2m, they are integrated out in an
EFT and are buried into low-energy constants (LECs). This is exemplified in Fig. [(a) with baryon-
meson interactions. Time flows from left to right in the figure, and the baryon internal line propagating
backwards represents an antibaryon. Having integrated out the baryon-antibaryon pair, one is left with
a local EFT operator as shown by Fig.[Il(c). Therefore, microscopic causality is preserved order by order
in heavy-particle EF'T by taking into account the local EF'T operators arising from integrating out heavy
particle-antiparticle pairs.

In the specific case of HBChET, LECs driven by high-energy intermediate states in Fig. [[[a) are
suppressed by powers of 1/my, and in principle could be computed by explicit integrating-out or block-
diagonalization, as shown in Refs. 3, B], so that microscopic causality is manifestly satisfied. Although
microscopic causality is crucial for the manifest Lorentz invariance, it is not the sole short-range physics
that drives the LECs of HBChET; non-Goldstone bosons propagating could be the other short-range
mechanism, illustrated respectively by Fig. [l (b). The contributions by Fig. [[(b) are suppressed by
1/mngB, with myxgp = m, the generic mass of non-Goldstone bosons. Since any local EFT operator

generated by Fig. [[l(a) can as well be generated by Fig. l(b), the particular knowledge of the 1/my



contributions does not improve the predictive power of EF'T. Therefore, even if one can compute explicitly
the baryon pair-generated contributions to LECs, it is hardly useful to do so. However, we remark that,
in some EFTs, the contributions to LECs from heavy-particle pairs might dominate. For instance, in
heavy quark effective theory (HQET) for bottom quarks, LECs contributed by electroweak physics are
suppressed by the inverse W-boson mass, 1/my < 1/my [3, ]

To conclude the points we have argued, it is not necessary to constrain HBChET Lagrangian with
microscopic causality. Lorentz invariance will be enjoyed by the HBChET S-matrix as long as L£r(z) is a
Lorentz scalar, built with the relativistic, isovector pion field 7w and forward-propagating baryon fields:
a two-component spinor and isospinor N for the nucleon, a four-component spinor and isospinor A for

the delta-isobar. L;(x) is a Lorentz scalar in the sense that
Un(A) Ly [m(2), N(2), A()] Ug ' (A) = L [w(Az), N(Az), A(Az)] (2)

where A is the Lorentz transformation matrix and Uy(A) is the Lorentz transformation for free v, N and
A. As pointed out long ago, this level of Lorentz invariance can be achieved without causal fields ]
Note that the fields in the interaction picture satisfy the free equations of motion (EOM), which will
be exploited repeatedly in this paper. As we will see, the Lorentz invariance (2)) will be enforced by a
set of an infinite number of EFT operators, which are suppressed by inverse powers of my and do not

originate from integrating out intermediate baryon-antibaryon pairs.

III. FOLDY-WOUTHUYSEN REPRESENTATION

A Poincaré transformation takes a spacetime point = to x’,
ot = Aa¥ + ot (3)

with a* a four-vector specifying the spacetime translation and A} the Lorentz-transformation matrix.

An infinitesimal Poincaré transformation can be written as
U=1-i0-J—if- K +ie"P, +---, (4)

where J are the rotation generators, K the boost, and P, the spacetime translation. We follow the

convention of Ref. [21] on the commutation relations among j, K , and Py,
[PZ7P]]:07 [PMPO]:Oa [JMP]]:’LEZ]]CPKW
[Jivp(]] :07 [JMJJ] :ieijk']k7 [PHK]] = _2513P07
[Py, Ki] = —iP; [Ji, K] = i€ Ky (K, K] = —iejp - (5)



The most commonly used causal fields in building relativistic theories, including the Dirac field,

four-vector, etc., transform under the Poincaré group as
(IJl/(a;) — (IJ/,(a;) = M(A)l/lCI)l(a:”), (6)

where M (A) are finite-dimension spacetime-independent matrices that furnish a (non-unitary) represen-

tation of the proper homogeneous Lorentz group, and
2" =AYz —a). (7)
Transformation (@) can be symbolically written as
d — M(A)D, (8)

with the convention that the left-hand side is evaluated at x while the right-hand side at z”. Unless
pointed out otherwise, the Lorentz transformations in this paper are written as if the fields were classical.
In the following, we refer to the fields that transform according to (6l as Lorentz-covariant fields.

Under an infinitesimal boost, 2 and the boosted spacetime derivatives are

+ét, (9)

8

t//:t+g'f, i;‘//:
and
8t—)8t+gﬁ, 6—)64‘58,#, (10)

While being convenient for building relativistic Lagrangians, the Lorentz transformation (§]) cannot
be expanded intuitively in d/m because the matrices M(A) are by construction independent of the
momentum or the mass. However, the FW representation allows for such a straightforward expansion ]

The FW representation of the Poincaré group is spanned by the solutions of the relativistic Schrédinger

equation,

iOpx(x) = wx(x), (11)

where y(z) is a regular SO(3), (2s+1)-component spinor with spin s and mass m, and w = v/ —V2 + m2,

The generators of the FW representation are identified as

Py = (V). (12)
J = —iZx V450, (13)

¥ x ¥

,, 1 -
K = §(fw+w:ﬁ)—|—itv+zm , (14)



where %) are the spin operators for spin-s particles (e.g., »(1/2) = &/2 with & the Pauli matrices),

satisfying
20,58 = ez (15)

An explicit check shows that the operators defined in Eqs. (I2)-(I4]) satisfy the commutation relations
of the Poincaré algebra, Eq. ([@).
The rotation of fields y is standard; therefore, it is routine to build three-scalars (e.g., X! ), three-

vectors (e.g., XTE(S)X), etc. The boost is a little more complex,

x(@) = x/(@) = (1-i€- ) x(@)

Z{V g(i(s)Xﬁ) 2o "
1+ o + o +i& - T (10, —w) | x(z"). (16)

Since we are concerned with only the transformation of the free fields, we have dropped in the boost
transformation terms proportional to the free EOM. The parity and time-reversal transformations of the
FW field x are exactly the same as those of a nonrelativistic spinor. In the case of a spin-1/2 fermion
X%,

X1 Zaxi, x1 D —iroaxt, (17)

Wl
Wl
[3v]

ol ¥

where 7 and 7 are unitary phase factors decided by the species of the particle.
In heavy-particle formalism, it is essential to remove the large phase in x(z) by introducing the

heavy-particle field 1],
W(z) = ety (), (18)

so that the d/m expansion can be facilitated. For example, the EOM for the free field becomes

32 o4
0¥ (z) = (w—m)¥(x) = ( vV +- ) U(x). (19)

“2m 8m3

The infinitesimal boost of W(x) is defined to be

U(x) — V'(z) emiy!(z) = ™ <1 — £ K) e M (1)

ET (R« T B
148V EEYXY) s
2w m—+w

U(z"). (20)

The —img - & term is important for reproducing the Galilean transformation: the momentum p’ of a

nonrelativistic particle shifts to p'— mg under the boost, i.e.,

=2
UIVE - UV — imé U0 4 01O (5%) 0. (21)

7



It also serves as a slightly nontrivial reminder that U and ¥’ must appear in pair in order to have a
Galilean invariant operator; hence, the conservation of heavy particle number in EFT.

Suppose that x 1 and y 3 are respectively FW fields with spin 1/2 and 3/2, with masses of the nucleon
my and delta-isobar ma. We introduce heavy-baryon fields for the nucleon and delta-isobar, N and A,

by removing the common nucleon mass my,

N = eimNtX% , A= eimNtX% . (22)
So, the free nucleon and delta EOMs are
vVt
0N (x) = [ — — | N 2
0N (2) ( e ) (@), (23

, V2 6V2
10y A(x) = (5 — T + 53 4. ) Az), (24)
N

where ¢ is the delta-nucleon mass splitting 6 = ma — my.

IV. LORENTZ-COVARIANT FIELDS

With the boosts of a heavy field ¥, Eq. ([20), we are already in a position to write down order-by-
order Lorentz-invariant operators in terms of W. Consider a spin-1/2 heavy fermion ¥ coupling to a
relativistic pseudo four-vector A,. The heavy operator with lowest mass dimension that satisfies parity,
time-reversal and rotation invariance is WigW - /_f, which transforms under the boost as

Utew. A - ulew. A+ 0igw. 4, + 0io <§A%>\II. (25)
To diminish the Lorentz breaking, one needs a higher-dimension operator (z'\I/TE VU + H .c.) Ap with a

properly tuned coefficient such that the sum of the two has a Lorentz breaking of higher dimension,
tre. A- L (ivte. i Vv
\I/afo-A—%(szfa-v\y+H.c.>A0—>1.h.s.+\I/O A~ w. (26)

Repeating this procedure, we expect to build a Lorentz-invariant Lagrangian order by order.
The above example suggests that the construction of the effective Lagrangian with the FW fields will

be much simplified if one can construct Lorentz-covariant bilinears out of the FW fields, e.g.,

1 -
au:<_%<¢WTE-V\IJ+H.C.)+...,szTE\Iur...). (27)

To this end, we would like to establish a field redefinition that maps a FW field onto a Lorentz-covariant

field. More precisely, we wish to have a function in terms of the FW field that transforms covariantly



but, of course, does not create the antiparticle (therefore, does not accommodate microscopic causality).
In the case of a spin-1/2 field, the function being sought is just the Foldy-Wouthuysen transformation ‘j]
which can be generalized to particles with arbitrary spin ] We rederive in the following the results for
spin-1/2 and spin-3/2 fermions, which are of particular relevance in HBChET, in the notation consistent
with this paper. Building Lorentz-covariant fermion bilinears will be discussed in Sec. [Vl

The irreducible representations of the homogeneous Lorentz group can be characterized by a pair of

half-integer numbers (A, B) (see, e.g., Ref. [22]), with angular momentum
j=A+B,A+B-1,...,|A—B|. (28)

In our notation A corresponds to operator o = % <j— z[?) and B to % = % <j+ ’LK) Generalizing
from the Weyl spinors for ( , ) and ( , 2) we call the (s,0) ((0, s)) representation a left-handed (right-
handed) spinor, denoted by (2s 4+ 1)—component spinor CIDS) ((IDS)), which transforms covariantly under

boosts as
o) 5 148 50] 0l of) 5 [1-£- 5] 0. (29)

The idea is to construct, as the building blocks, the <I>(Ls) and @S) out of the spin-s FW field ys, i.e.,
to construct a certain functional of ys such that it transforms under boosts according to Eq. (29). The
field redefinition (8] will then easily turn the results in terms of the heavy version of the FW fields, W.

In order to preserve the rotational properties, <I>(Ls) or @g) has to take the general form
Z FVOTY V5 V) xs(@) = FO(V)x(2) | (30)

where TJ(1) j; are rank-; tensors built from the generators 53(5) (one can choose them to be irreducible in

the sense that Xs T; ® . Xs constitute a spin-i irreducible representation of S 0(3)).

A. Spin-1/2

In the spin-1/2 case, one needs to look for the left-handed (right-handed) Weyl spinor that transforms

under the boost as

- J
nL,R—><1i§'§>?7L,R, (31)

where the left-handed (right-handed) spinor corresponds to the upper (lower) sign. To remain as a

three-spinor and to have desired parity, nr, g must be related to x1 as follows,
2

mr = [ fo(V3) £ (V)5 V] x (82)

X1 -
2

9



Applying the above expression and the boost of x1 (I6]) to the boost of i, g ([BI), one finds
2

m+w G-V
= 1+4 . 33
L, R 4w ( Zm—l—(,u)X% (33)

It is perhaps more conventional to write a Dirac field in terms of 1z, g in the chiral basis where P is

diagonal,
-AY
o () - () o
R Aw <1 - Z%) X1

Here we reproduced the results of Refs. E, |£|], and the redefinition (33]) is essentially projecting out the

large components of the free Dirac field.

B. Spin-3/2

Another case of interest in this paper is the spin-3/2 fermion, e.g., the delta-isobar. In this case, the

left-handed (right-handed) spinor transforms under the boost as

CL,r — <1i§-i> CL,R, (35)

where the left-handed (right-handed) spinor corresponds to the upper (lower) sign, and we have dropped
the superscript 3 in the 4 x 4 matrices 3, that denote the spin operators for spin-3/2 fermion. Again, to
keep the correct rotational property and the correct parity, the relation between ¢, g and the spin-3/2

FW field x 3 must be
Cor = [fo(V?) £ [1(VAS -V + [o(VAMy ViV, & f3(VA T ViV, Vi X3 (36)
where the matrices M;; and T;;; are defined as
My = A8}~ 20y, Ty = g (B} — o5 (%0} (37)

where the braces stand for the summation over all the permutations of tensor indices. Note that M;;

and Tjjj, are defined such that X4 M;jxs (XTa Tijrxz) has only spin-2 (spin-3) sector. One finds
2 2 g 2

m—+ w
4w

SRV M;;V;V DIPTAVA VS
w (60 4m)S Y MYV, 2TV (38)
m S5m(m + w) m(m + w) 3m(m+w)? | 72

CL,R =

Most importantly, one no longer needs to deal with any spurious DOFs because, unlike in the case of

Rarita-Schwinger field, there is only one spin-3/2 sector and no other spin-1/2 sector.

10



TABLE I: Lorentz-covariant bilinears built out of the spin-1/2 FW field, where 7, g are defined in Eq. (33).

s S =nLnR + NRIL
p p=nLnr — Nk
vt v = (n}nL + NRNR, MRENR — n}f?m)
at ar = (n}nL — NhR, —NRENR — n}ﬁm)
Frv | FO = inl omp — inoinr, FYJ = ey, (n}osz + nLaknL)

V. LORENTZ-COVARIANT BILINEARS

The bilinears sought after are in general tensors of integer rank n, which are direct products of n
vectors, which can, in turn, be decomposed into irreducible terms (A, B) with A = n/2,n/2 —1,...
and B =n/2,n/2—1,..., by various symmetrizations, antisymmetrizations and extracting traces. For
example, (0,0) is a scalar, (1,0) @ (0,1) an antisymmetric rank-2 tensor, and (1,1) a symmetric rank-2
tensor. A vector (or a pseudovector) is represented by (%, %)

To accommodate parity, one needs to use the direct sum of <I>(Ls) and @S) in building fermion bilinears:

5,0) @ (0,s). Since there are no antiparticle DOFs, 3 and 2 are not independent of each other.
L R

A. NN bilinears

Because

() (2] [6) 03] -wmeome () () soosn o

nucleon-nucleon bilinears include a scalar (s), a pseudoscalar (p), a vector (v*), a pseudovector (a*)
and an antisymmetric tensor (F*), as is well known. Our procedure of assembling these bilinears is as

follows. Consider at first the boosts of, for instance, the following three-scalars and three-vectors,

minn =i —€-(—nLan),  mienn — mronn —E(—nhnw), (40)
nnr = e — € (MhGNR),  MhENR — NhENR — ENENR) - (41)

Note also that nr and 77, get interchanged under spatial reflections. This allows one to conclude that
(77277L :l:n}L%nR, :l:n}zc?mg —nTLc?nL) is a contravariant four-vector (pseudovector). Analogous considerations

can be applied to all other SO(3) bilinears. Listed in Table [l are all of the NN covariant bilinears.

11



B. NA bilinears

The product of a spin-1/2 and a spin-3/2 fermion is decomposed as
1 1 3 3
o) = (03)] 2 [Go) = (03)]
31 13

where (1,0) @ (0,1) is a rank-2 antisymmetric tensor (G"), (3,%) @ (3,3) and (2,0) ® (0,2) a rank-3

(42)

(FHv )‘) and a rank-4 tensor (HM” Ap ), respectively, with the following symmetry properties,
F;u/)\ — —FM)\V, Hul/)\p — H)\puu — _Huu)\p — _H/u/p)\ ] (43)
The SO(3) bilinears at our disposal are

nh rSCLR: M) rOiSiCLR (44)

where S; are the 2 x 4 transition matrices in spin space, normalized so that

1

They have the property
O'Z'Sj — O'jSZ' = —%Sj + szi = _ieijksk . (46)

Using (B5) and (46]), one can get the boost rules for the bilinears in full analogy to (0) and (4IJ), and

ultimately build the tensors. For instance, one gets

nLSCr — nLSCr — inL(€ x S)Cr,  MRSCL — MRSCL + inr(€ x S)Cr, (47)

which allows one to conclude that n7.S;(r+nrSi(r, and —ie;;,(nLSKCr —NRSKCL) transform, respectively,
as (0i) and (ij) components of an antisymmetric tensor G* = —G"#. Performing analogous calculations
for the remaining bilinears, one obtains the explicit expressions for these tensors, as given in Table [1l

Of practical use for EFT calculations are the first few 1/m terms of Lorentz-covariant bilinears. In
Appendix [B] we give the expansion of bilinears defined in Table [l and Table [Il up to and including
O ((V/m)?) terms.

VI. 7NN AND 7NA COUPLINGS

As applications of our approach to HBChET, we will consider couplings of a spin-1/2 field (V) to the
gradient of the pion field (0,7 with a the isospin index) and the transition of N to a spin-3/2 field (A)

via emitting a pion.

12



TABLE II: Lorentz-covariant bilinears built out of the spin-1/2 and the spin-3/2 FW fields, where 11, g and (1, g
are defined in Eq. (B3)) and Eq. (38), respectively. €;; is defined as Q;; = (0,5, + 0;5;)/2.
G |G =l SiCr + nkSiCL, G = —ieijr(n} SkCr — Nk SkCL)

Fr \FOO =] SiCr + 1 SiCr, FO = ieiji (1] SkCe — npiSkCr).

Fio = nEUiSjCL - W}L{UiSjCR; Fik = —iﬁjkz(nzaiSlCL + nEUiSZCR)
HiwAe | {007 — n},QijCR - W}LQQijCLv HOiik = —ifjkl(nTLQiICR + WIQQuCL),
HIM = —¢;jmerin (0} QmnCr — Nk QmalL)

With the pseudovector NN bilinear, Eq. (B4)), the NN axial-vector coupling and the first terms of

its 1/my expansion are

_ a 77“
Lan = =gaTp7) 7 p
= gANTT9GN - V' _ o [z’NTTaaﬁNJrHc} i (48)
ga 2 oma | 57
94 [NTT@@NJF (ﬁN)TTa(Eﬁ)NJFH.C.} VT
dm3y, o

where ¥p is defined in Eq. (34]) and f, ~ 93 MeV is the pion decay constant.. This expansion coincides
with the well-known result in, e.g., Ref. [5].

As seen in Eq. ([42), there is no pseudovector NA bilinear. The way out is to invoke a contraction of
tensor bilinears with the derivatives of N or A. Consider a coupling of 9,7 to G*V. We denote by 85

(Q%) the derivative that acts on the nucleon (delta) field. Since the following equality holds:
OLGM Oy = 0, (G 9, m) — Oy G Oy — G 0,0, (49)

where the last term in the r.h.s. vanishes due to the antisymmetricity of G*¥, and the first term therein

is a total derivative, the only independent 7N A coupling that one can construct with G*¥ is

o,
2fr

where we have suppressed for the moment the isospin index, and pseudovector P¥ = [i(‘)ﬁG‘“’ + H .c.]

hA - A v
LiNA = - [z@u G* —i—H.c.] (50)

has the structure

Po— i [n} (S-V)¢r+nk (S ﬁ)g] Y He., (51)

P = (nigat@ +7713§8t<L — [UL(ﬁ X 5)(3 — 773(6 X g)(L] + H.ec.. (52)

The 1/my expansion of (B0)) is straightforward as long as one switches to heavy fields and uses the EOMs

13



for A to get rid of their time derivatives,

g Vi ha [.oig = o
= T a . o na .'. ) a o
Lons=ha |[NISTA+ He - . iN'S - VTA + He 57
" it e WL ha [(ntgeerea - NG 9T T
Hol iNTS - VTA + Hec o " [(V1SVRTA - NY(S - V)VTA) + Hee 5
h . -
3 n;; [(&mNTS CVTA + 3NTSV,, A — 2ieij1NTQ,~mVjTaA> n H,c,] szv% .
N ™
(53)

where T are the isospin analogs of S%, normalized as in Eq. {@H). Here the first two terms in the
expansion give the well-known non-relativistic result [13].

Further couplings can be built by a contraction of F#* with two derivatives. One can choose to work
with aﬁf 8I,AF Ay and 9 8fF mv Aa,ﬂr, with other possibilities dependent on these two via the symmetry
property, Eq. [@3)), by partial integrations. However, with the help of the EOM for the nucleonic Dirac
spinor ¥ p, one of these two couplings, 8/])7 02 FHA9y\ 1, can be shown to be equivalent to 8$G‘“’ 0,7, thus

leaving us with only one independent term, 92 E?fF w )‘Z?,m,

, b
TNA —

Oum
2fn’

[a,iv OAFHA 4 Hec. (54)

MNMA
where b is the corresponding dimensionless coupling constant. The first two terms of the expansion of

L]y A in powers of V/my can be shown to be equal to the first two terms of the corresponding expansion

of L;nA, times the small factor §/my:

) S
/ _ . 9 1 a
' Na = b N{[N STA + H.c.

vrt 1 S 7@
AN NG o7
3f o NS VT A+H.c.] ; fw}+ . (55)

Therefore, unless § is a variable that could depend on the number of colors in QCD, L/ 1 is equivalent
to LxnA, up to and including O(p?), where p stands generically for a small momentum factor such as
V, 9, etc.

Finally, considering a contraction of H***? with three derivatives and taking into account the sym-

metry of H**P one arrives at the only independent coupling, aﬁaﬁ 8fH mv )‘p8p7r,

d 0,m
YA = ORON OF HMN 4 Hee.| SET. 56
TNA mNm2A [Z w v YA + c 2f7r ( )

The expansion of this Lagrangian in powers of V/m starts at O ((V/m)?), which can be proved with
the help of integration by parts:

d . V(V27r%)
YNA = 5 NTST A+H.c.} R e

my 2fr (57)
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Using EOMs for pion, N, and A fields, one can show that £, ., in fact, starts introducing new 7 NA
operators at least at O(p?), similarly to £/ yA.

Therefore, we conclude that the couplings (54]) and (B0]) start producing new operators at as early as
O(p*), and thus the only independent TNA vertex up to O(p 50)), expanded out in Eq. (53]). This
is, however, at odds with some results in the literature. Refs. ﬂa i) consider an additional 7NA
coupling with an undetermined LEC, b3 + bg ~ 1/Mjp, whose leading term in the 1/my expansion is
an O(p?) operator,

Vi
2fr

If our conclusion is correct, bs + bg must be equivalent, up to O(p?), to the h4 term plus perhaps some

LU = —2(by + bg) (iNT§T“A n H.c.> . (58)

other terms that are already present regardless of the existence of bg + bs.
To show this more explicitly for its leading term, ﬁi’fﬁ,’gs, at the level of heavy-baryon operators, we
first write down the leading HBChET Lagrangian that has both baryon EOMs, the leading 1NN, 7 NA

and TAA couplings,

LO) = iNTON + gaNTrGN - Z}T
" Sa (59)
tio, — tya t Gra YT
+ Al(i0, - 6)A +4g3AT 1, TA- 2fﬂ +hA(NSTA+Hc> o

a
(%)
derivative four-baryon operators whose details are irrelevant. Moving time derivative from 7% to N and

where gﬁ is the A axial coupling constant, t%. are the isospin 3/2 generators, and {UTWWIW} are non-

A fields by partial integrations and applying subsequently the EOMs for N and A, derived from the
Lagrangian (£9), one transforms the b3 + bg term to

~ o 2
- Vr¢ 8 Ve
b3+bs o tha . _° T
L = 2(bs + bg) 5<NTSA+H.C.) o7, QhANN<2f7T)

(60)
V @ Vjﬂ'b
_|_ “ o ,
2fx 2fx

which is a combination of the leading h4 term, times the small O(p) factor §(b3 + bg), and O(p?) Tt NN

2
+ §hANTEZ’jk6 abe

oLt N

terms (also known as “seagull”), among other terms that are subsumed in the ellipsis, such as Tt NA,
7rAA, etc. In other words, bs + bg is not an independent parameter (in fact, since the leading term,
E%J,rzs, is redundant up to O(p?), the same is true for the whole b3 + bg term, in full accordance with
our results). To further illustrate this point, we show in Appendix [A] that, in Ref. @ while two fits
of LECs to low-energy w/N scattering data yield two different sets of LECs, this apparent difference is

purely due to the arbitrary choice of a set containing a redundant parameter. We also discuss possible

implications of this for other reactions, in particular, NN — NN.
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VII. CONCLUSION

We demonstrated how one can build heavy-particle Lorentz-invariant Lagrangians with fields that
furnish the FW representation for the Poincaré group. At the core of the method are Eqgs. (B3) and (38])
that map the FW fields onto the more conventional, Lorentz-covariant left and right-handed spinors, in
the cases of spin-1/2 and 3/2 corresponding to the nucleon and delta-isobar in HBChET. We also built
covariant NN and NA bilinears, Tables [l and [[I, and their 1/my expansions, Appendix [Bl that are
useful in HBChET. A Lorentz-invariant interaction can thereby be assembled with the FW fields and,
in the mean time, can be easily expanded in powers of V/m.

The machinery we presented here provides a couple of advantages in working out 1/m expansion over
the explicit integrating-out or block-diagonalization used in, e.g., Refs. ,Hﬂ] Firstly, it is natural to
apply the same method to multi-fermion operators such as NNNN, NNNA etc., whereas it is more
difficult to do so in integrating-out or block-diagonalization because the Lagrangian is no longer quadratic
in baryon fields. Secondly, when treating the delta or other high-spin baryons, one no longer needs to
deal with spurious DOFs.

We illustrated the technique with the examples of 7NN and 7N A couplings. The well-known 1/my
expansion of TNN is explicitly reproduced up to O(p?). mNA is more interesting because there is no
N A bilinear that is a four-pseudovector. We analyzed all possible 1 NA couplings up to O(p?) and found
that there is only one independent 7NA coupling up to and including O(p?). In Appendix [A] we use
low-energy mN scattering to further illustrate that the employment in the literature of the O(p?) TNA
operator, with LEC bg 4 bg, is redundant. We also discuss there possible implications of this redundancy
for calculations of the reactions NN — NNw. In particular, we show that the inclusion of b3 + bg at
O(p?) in N scattering can lead to unnaturally large variations of some terms in NN — NN, which

can be cured by demoting bz + bg term to O(p?) at the level of HBChET Lagrangian.
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(a) (b) (c)

FIG. 2: Feynman diagrams showing the effect of b3+ bg TNA coupling on w/N scattering. Dots denote the leading
wINA vertex, the crossed circle stands for the bs + bg vertex, and the filled square denotes the subleading 7w N N

contact term. Crossed diagrams are not shown.

Appendix A: The redundance of E?AJ{ZS at O(p?) and the reactions NN — NNt

Here, we examine in more detail whether the tNA LEC b3 + bg plays any role in a specific process,
wN scattering below the delta threshold, and discuss the significance of 523;;28 being redundant for
calculations of other processes, in particular, the reactions NN — NN.

Up to the next-to-leading order (NLO) in the so-called small-scale expansion (SSE) M, E, the

o b

diagrams contributing to mIV scattering are all trees and were discussed in detail, e.g., in Refs.

Besides the leading Lagrangian (Ed), one also needs O(p?) seagull terms [3],

~a \ 2 ﬁ a 2 V1V b
£y =N 4(C2+03)<7T > —403< W) — 2es ppopert I T N (A1)

2fx 2fx 2fr 2fr

where we have suppressed 1/mpy corrections to 7m NN LECs cg, c3, and ¢4. Comparing the above
Lagrangian and Eq. (60), one can redefine hy and ¢;’s to eliminate bs + bg from the 7N A Lagrangian at
this order, O(p?):

_ 4

ha=hg+ 25(1)3 +bg), ¢a =co— §hA(bg +bg),

4 9 (A2)
C3 = c3 + §hA(b3 +bg), G4 =cqg — §hA(bg + bg) .
Here barred letters stand for the redefined constants.

Shown in FIG. 2] the diagrammatic interpretation of eliminating bs 4 bg is that the subleading (with
one vertex being bs + bg) A pole term (b) can be dissected to the sum of, up to some constant factors,
the leading A pole term (a) and the subleading 77NN contact terms (c). This can also be manifested
by the identities

w 0

B I A
T3 (A3)

wEo
with the lower signs corresponding to pole diagrams while the upper ones to crossed.
Ref. ], in which bg 4+ bg was employed, obtained two different sets of LEC values in fitting to 7NV

scattering data (note that our hy corresponds to 2h 4 in their notation). We calculate the LECs redefined
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according to Eq. (A2) and find that the two sets of LECs in Ref. @] indeed correspond to the same
set of barred LECs, shown in Table [II, with only h4 having ~ 10% discrepancy that can be traced to

higher-order contributions.

Source ha bs + bg Co c3 Cq ha Co C3 Cq
Ref. [26] fit 1 2.68 1.40| —0.25| —0.79 1.33 3.50] —1.92 0.88 0.50
Ref. [26] fit 2 2.10 2.95 0.83] —1.87 1.87 3.83] —1.92 0.88 0.49

TABLE III: Values of redefined LECs h, (dimensionless) and ¢, ¢3, ¢4 (in units of GeV~!). We also give the
values of the input LECs (in the same respective units), taken from fit 1 and fit 2 of Ref. @] Note that our hy4

corresponds to 2h 4 in the notation of that reference.

The presence of bg + bg term in the Lagrangian at order O(p?) can be a source of rather intricate
troubles in certain calculations. Consider, for instance, a version of counting that does not go together
with the chiral index. In this case the contributions due to E%J,FZS can be of different (higher) order than
those coming from the 7w NN contact term with ¢;’s. Examples of such countings are the d-counting,
used for calculations in the energy region extending to delta resonance [27], or the p-counting used in in
calculations of the reactions NN — NN [28], where E%J,FZS starts to contribute one order higher than
the mr NN contact term with ¢;’s. This is due to the nucleon-delta mass difference ¢ being considered
as an intermediate scale (w < § < Myep) in these countings, and the ratio w/¢ being just one of the
expansion parameters, which implies that one should expand the product of pion energy and the delta
propagator in powers of w/d,

e [ (A4)

rather than use Eq. (A3]). Hence, the contribution of ﬁi’f]\f ZS starts one order higher than that of the
terms with ¢;’s.

A problem emerges when one attempts to use the values of ¢;’s, calculated in an SSE calculation of
mN scattering, in a calculation of NN — NNm up to next-to-next-to-leading order (NNLO), the order
where ¢;’s start to contribute. The discussed correlations of hy4, b + bs, and ¢;’s, Eq. (A2]), can lead to
sizable variations of the latter, as illustrated by Table [T, thus leading to unnaturally large variations
of the calculated observables in NN — NNx. To counter these variations at NNLO, one would need to
include 523]:;28, being one order higher according to p-counting. Such a promotion without a good reason
would be completely undesired, especially given the fact that there is a far more natural solution, namely,
demoting the redundant b3 4 bg term at the level of the Lagrangian, using the equations of motion, and

refitting ¢;’s accordingly.
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Appendix B: 1/my expansion of NN and NA bilinears

In this Appendix we give 1/my expansion of covariant nucleon-nucleon and nucleon-delta bilinears,

in terms of heavy fields N and A, as defined in Eq. (22]). This is a straightforward computation of Table[ll

and Table [, with Eqs. (33), B8) and ([22) applied.

1. NN bilinears

e Scalar s = Y pp :

Pseudo-scalar p = 1 ,v>¢p :

b= NI _Z,(V—I—V) Il N
2mpy
e Vector v = 9 py*hp -
V+V)?2 VUxV-é
W= N 2 Y
8mN 4mN
V-V) (V+V)xéd
g nt (=Y WV Xa)
2mpy 2my
e Pseudo-vector a# = ED’Y5’Y“ Yp :
V-V)-é
L — Nt [_iQ N,
2mpy
V-HVHV(V-5) FV-V)? VxV
C_i = NT —6:— d 5 7 _0 2 +Z 2 N.
e Tensor " = o™ 9p :
ViV (V-V)x§
FOi — N]L + —Z( B )XU N,
2my 2my )

e — = ~ = ~ =

ViV =V;V;,  €uVioVj — €uViroV;
2

dmy; dmsy;

— — — —
B (V . 5)€ijkvk + eijkak(v2 + V2)

N .
dmsy; Sm?\,
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2. NA bilinears

o GMV:
V-§Vi+Vi§-v) 38-V)V; S
; . ; i . . ; ; — — — =
G" = Nt S,-+( ) Z+2 (5V) | ¥ 2) f— — (V2= V? +4V . V)
8my, dm3y, 8my,
2m?\[ klCijk 47773\] 1k€jlk )
- S < — 5) = S, < — 5 =
ij — NT |22 . Rl v W S . . v
G z4mN(V]+5VJ mNVJ) z4mN(V,+5VZ mNVZ)
Vet Ve Ve |,
2mN kl€igl 2m?\[ klCijl .
o FHVA .
V-§Vi+Vi(§-v) 38-V)V; S
; . ; i . . ; ; — — — =
FO% — Nt Si—( ) “L2 i )+ ( 2) L - (5VE - V2 -4V . V)
8my, dm3y, 8my,
Y,V —V,V Vv
l Vi
+ i—2 Qjpear — 1 Qirejie | A,
Qm?v J 4 ?V J
y 59 S = 59
FY% — NT |- : i+ — J i OV T ——V;
1 mN(VJ 5V + V;) + 4mN(V 5V, + NV)
Vi-V Y
k— Vi k
€ + —— Qi | A,
+ SN kl€]l+2m%v klEijl
— o = o
y Si 0 S 20 ) S) — S
P = N i@ 49, = L) i, — v+ 2y 4 S (V- S)
dmpy my 2my my dmy
V-8 . Vv Vi +V oV oV
P R Qe — ~E TR e Qe - 2 E Qe | A
+ 4m?v R 1€jkl SN jlekl‘i‘m?\[ le]kl+2m?v §1Eikl )
“ =
y . 1 1 V-S) = — S, & = — =
Fljk = ]\[Jr —ZQilﬁjkl_§Sj5ik+§Sk5ij_%(Vjaik—Vkéij)—4—2(V]Vk—Vkv])
N N
Sj ~ = ~ = - = ~ =
+ 5 (=10V; Vi — 2V V,; + 12V, Vi — (V = V)%ix)
16m3y,
Sk — = — = - = e 0
- 16m?\, (—=10V;V; —2V,;V; + 12V, V,; — (V = V)%0;5)
Y ViVi+ ViV ViV ViV
- m nS . . Vm Vi m sz m sz 'm_. m jQi .
4m?v 1€5kIE 1 4m?v 1€5k1 T ?v 1€5ml me?v 1€kml
(V- V)2 Vi Vi + V'V ViV + ViV,
- " Qqegpg + 2t R M Qjieimi — i~ L Qpeimu | A
my 2myy, 2myy,
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V-§)+(v-§ 5V -5
HOZO]:NT[ ( )+ ( )52']' ( .2 )527'
dm 4msy;
L3S & — ) — ) 35]- — — ) —
— Z8mN (Vj + Vj — m—ij) ngN (Vz + VZ — m—NVZ)
- Ejrn(% - 3V + s ) - #Eirn(%r - 357‘ + —sr) A,
4m N

8miy
51 (59,5 + VY 4 6V, Sk (59,9, 4+ 9,9 + 6V,
16m?\,( iVik+ Vg Vi+ 7 k) 16m ( 7 j+ J i+ i j)
Sn_(G,% 5 6V, V
+ 16m?\, < r s(ezrsejkn €irn€jks Ezsnejkr) - r sezrnejks)
5G9 - V) 4 i (0,9 AY 2,V
+ %( jVE — Vg j) + Z%( nVr€ikr + Ve Vp€igr — n rejkr)
Qe — = — = - = in S ~ =
+igr (Vi + ViV 29,00 +ig G (39 - V2 -2V V)
in e P = = Qe e — = — =
b i 0 2V, Vi — VoV — ViV,) — i 0 (2V,V; — V,V; = V,V,) | A,
dms; dmsy;
(V- 3) V-9 5
ik T S S8 — 1.2 S — 8l
1 8 (5zl5jk 6Zk5jl) 8N mN (5115]k 5zk5]l)
S J — — ) Sj ) - -
+ Z4mN (1 — m—N> (Vléjk — Vkéjl) — Z4mN <1 — m—N> (Vlélk — Vkéll)
Sk — — — — )
+ 1 Voiy — Vidj + (vjéil — viéjl) 1——
Smy my
1 (E )
— 8 <V]52k — V 5yk + (V Oik — V (5 <1 — —>>
N my
n & = )
+1 <3vr€ijr€kln + Vreijrekln <1 - —>>
Smny my
Sh 0
. n rtyn 1——
+ Z4m (V €klr€ijn + V r€kir€ij ( o >
1 — — 1 — — )
— —Qmekln Vj - 3Vj 1— ]nekln VZ- — 3VZ- 1——
dmpy my
1 - = - N S
dmpy mn
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