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Abstract. We have characterized an intra-regular I'~AG**-groupoids by using
the properties of I'-ideals (left, right, two-sided ), I-interior, I'-quasi, I'-bi and
I-generalized bi and I'-(1,2)). We have prove that all the I'-ideals coincides in
an intra-regular I'-AG**-groupoids. It has been examined that all the I'-ideals of
an intra-regular I'-AG**-groupoids are I'-idempotent. In this paper we define all
I-ideals in I'-AG**-groupoids and we generalize some results.
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Introduction

The idea of generalization of commutative semigroup was introduced in 1972,
they named it as left almost semigroup (LA-semigroup in short)(see [3]). It is also
called an Abel-Grassmann’s groupoid (AG-groupoid in short) [12]. In this paper
we will call it an AG-groupoid.

This structure is closely related with a commutative semigroup because if an
AG-groupoid contains a right identity, then it becomes a commutative monoid [g].
A left identity in an AG-groupoid is unique [8]. It is a mid structure between a
groupoid and a commutative semigroup with wide range of applications in theory
of flocks [IT]. Ideals in AG-groupoids have been discussed in [8], [I5], [5] and [9].
In 1981. the notion of I'-semigroups was introduced by M. K. Sen [6] and [7]

In this paper, we have introduced the notion of I'-AG**-groupoids. T-AG-
groupoids is the generalization of I'~AG-groupoids. Here, we explore all basic
I'-ideals, which includes T'-ideals (left, right,two-sided ), I'-interior, I'-quasi, I'-bi,
I-generalized bi and I'-(1, 2)).

Definition 1. Let S and ' be two non-empty sets, then S is said to be a I'-AG-
groupoid if there exist a mapping S x I' x S — S, written (z, 7, y) as zyy, such
that S satisfies the left invertive law, that is

(1) (xyy) 6z = (2vy) oz, for all x,y,z € S and v,6 € T.
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Definition 2. A I'-AG-groupoid S is called a T'-medial if it satisfies the medial
law, that is

2)  (zay) B(lym) = (xal) B (yym), for all z,y,l,m € S and o, B,y € T

Definition 3. A T'-AG-groupoid S is called a I'-AG**-groupoid if it satisfy the
following law

(3) aa(bfc) = ba(aBc), for all a,b,c€ S and a,B € T.

Definition 4. A T'-AG-groupoid™ S is called a I'-paramedial if it satisfies the
paramedial law, that is

(4) (zay) B (Iym) = (mad) B (yyz), for all x,y,l,m € S and o, 8,7 € T.

Definition 5. Let S be a I'-AG-groupoid, a non-empty subset A of S is called
I'-AG-subgroupoid if ayb € A for all a, b € A and v € T or A is called I'-AG-
subgroupoid if AT A C A.

Definition 6. A subset A of a T'-AG-groupoid S is called left(right) T-ideal of S if
STAC A(ATS C A) and A is called T-ideal of S if it is both left and right T'-ideal.

Definition 7. A I'-AG-subgroupoid A of a T'-AG-groupoid S is called a T'-bi-ideal
of S if (AT'S)T A C A.

Definition 8. A I'-AG-subgroupoid A of a I'-AG-groupoid S is called a I'-interior
ideal of S if (STA)T'S C A.

Definition 9. A I'-AG-groupoid A of a I'-AG-groupoid S is called a I'-quasi-ideal
of S if STANAT'S C A.

Definition 10. A T'-AG-subgroupoid A of a T'-AG-groupoid S is called a T'-(1,2)-
ideal of S if (ATS)T A% C A.

Definition 11. A T'-ideal P of a T-AG-groupoid S is called T'-prime(T-semiprime)
if for any T-ideals A and B of S, ATB C P (AT A C P) implies either A C P or
BCP(ACP).

Definition 12. An element a of an I'-AG-groupoid S is called an intra-regular if
there exists x,y € S and B,7v,§ € T such that a = (z(ada))yy and S is called an
intra-reqular I'-AG-groupoid S, if every element of S is an intra-regular.

Example 1. Let S and T' be two non-empty sets, then S is said to be a I'-AG-
groupoid if there exist a mapping S x I' x S — S, written (z, 7, y) as z7yy, such
that S = S ={a,b,c,d, e}

.la b ¢ d e
ala a a a a
bla b ¢ d e
cla e b ¢ d
dla d e b ¢
ela ¢ d e b

Clearly S is an intra-regular because, a = (afa?)ya, b = (c8b*)ve, ¢ = (dBc?)ve,
d = (cBd?)ve, e = (bBe?)ve.
Note that in a I~AG-groupoid S with left identity, S = ST'S.

Theorem 1. A I'-AG**-groupoid S is an intra-regular I'-AG**-groupoid if STa = S
or al'S = § holds for all a € S.
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Proof. Let S be a '"AG**-groupoid such that ST'a = S holds for all a € S, then
S = STS. Let a € S and therefore, by using (2), we have
a € S=(STSI'S = ((STa)I'(STa))L'S = ((STS)I'(al'a))L'S
C (STa®)s.

Which shows that S is an intra-regular I'-AG**-groupoid.

Let a € S and assume that aI'S = S holds for all a € S, then by using (1), we
have

a€S=_8IS=(al'S)I'S = (ST'S)I'a = STa.

Thus ST'a = S holds for all a € S and therefore it follows from above that S is an
intra-regular. O

Corollary 1. If S is a I'-AG**-groupoid such that al'S = S holds for all a € S,
then STa = S holds for all a € S.

Theorem 2. If S is an intra-regular T-AG**-groupoid, then (BT'S)IT'B = BN S,
where B is a T-bi-(T'-generalized bi-) ideal of S.

Proof. Let S be an intra-regular I-AG**-groupoid, then clearly (BT'S)I'B C BN S.
Now let b € BN S which implies that b € B and b € S, then since S is an
intra-regular I'~-AG**-groupoid so there exists z,y € S and «, 3,7 € T' such that
b = (xa(bBb))yy. Now by using (3), (1), (4) and (2), we have

b = (za(bBb))yy = (ba(xpb))vy = (ya(zBb))vb

= (ya(zB((za(bBb))yy)))vb = (ya((za(bBb))B(zyy)))vb
= ((za(dBd))a(yB(zyy)))vb = ((zyy)ay)a((bBd)Bz))yb
= ((8b)a(((zyy)ay)Bx))vb = ((bBb)a((vay)B(zyy)))vb
= ((b8b)a((zax)B(yyy)))vd = (((yyy)B(zaz))a(bBb))vb
= (ba(((yvy)B(zaz))Bb))vb € (BI'S)I'B

Which shows that (BI'S)I'B =BnNS. O

Corollary 2. If S is an intra-regular T'-AG**-groupoid, then (BT'S)I'B = B, where
B is a T'-bi-(T'-generalized bi-) ideal of S.

Theorem 3. If S is an intra-reqular T'-AG**-groupoid, then (STB)I'S = SN B,
where B is a '-interior ideal of S.

Proof. Let S be an intra-regular I'~-AG**-groupoid, then clearly (STB)I'S C SN B.
Now let b € S N B which implies that b € S and b € B, then since S is an
intra- regular I'~AG**-groupoid so there exists z,y € S and a,~,d € I' such that
b = (xa(bdd))yy. Now by using (3), (1) and (4), we have

b (za(bdb))yy = (ba(zdb))vy = (you(zdb))vb

(ya(2b))y((za(bdb))vy) = (((xa(bdd))vy)e(zdb))vy
((byz)a(yd(za(bdd))))vy = ((yd(xa(béb)))yz)ab)yy € (STB)L'S.
Which shows that (STB)I'S = SN B. O

Corollary 3. If S is an intra-regular T'-AG**-groupoid, then (STB)T'S = B, where
B is a T-interior ideal of S.

Lemma 1. If S is an intra-reqular reqular T'-AG**-groupoid, then S = ST'S.
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Proof. 1t is simple. O

Lemma 2. A subset A of an intra-regular '-AG**-groupoid S is a left I'-ideal if
and only if it is a right I'-ideal of S.

Proof. Let S be an intra-regular I'-AG**-groupoid and let A be a right I'-ideal of
S, then AT'S C A. Let a € A and since S is an intra-regular [-AG**-groupoid so
there exists 2,y € S and 3,7, € T such that a = (x8(ada))yy. Let p € STA and
§ € T, then by using (3), (1) and (4), we have

p = spa=sp((@B(ada))yy) = (zB(ada))y(svy) = (aB(zda))P(s1y)
((s7y)B(zda))pa = ((ayz)B(yds))va = (((yds)yz)Ba)ia
= (aBa)d((yds)yx) = (xB(yds))Y(avya) = ap((xB(yds))ya) € A'S C A.

Which shows that A is a left I'-ideal of S.

Let A be a left I'-ideal of S, then STA C A. Let a € A and since S is an
intra-regular I'-AG**-groupoid so there exists z,y € S and 3,7, € T such that
a = (zfB(ada))yy. Let p € AT'S and 6 € T, then by using (1) and (4), we have

p = ays=((zB(ada)yy)vs = (syy)y(zB(ada)) = ((ada)yz)y(yBs)
((yBs)yx)v(ada) = (ava)y(xd(yPs)) = ((xd(yBs))ya)da € STAC A.

Which shows that A is a right I-ideal of S. O

Theorem 4. In an intra-reqular T'-AG**-groupoid S, the following conditions are
equivalent.

(1) A is a I-bi-(I-generalized bi-) ideal of S.
(i7) (ATS)TA= A and ATA = A.

Proof. (i) = (ii) : Let A be a I'-bi-ideal of an intra-regular I'-AG**-groupoid S,
then (AT'S)I'A C A. Let a € A, then since S is an intra-regular so there exists =,
y € S and 8,7,0 € T" such that a = (zf(ada))yy. Now by using (3), (1), (2) and
(4), we have

a (zB(ada))yy = (aB(xda))vy = (yB(zda))ya
= (yB(xd((xB(ada))yy)))yva = (yB((zB(ada))d(zyy)))va
= ((xB(ada))B(yd(zyy)))va = ((aB(xda))B(yd(zvy)))va
= ((aBy)B((zda)d(zvy)))ya = ((xda)B((aBy)d(zyy)))va
= ((xda)B((aBx)d(yyy)))va = (((yyy)d(abz))B(adzr))ya
= (aB(((yry)d(apx))dz))ya € (ATS)TA.



CHARACTERIZATIONS OF INTRA-REGULAR TI'-AG**-GROUPOIDS BY THE PROPERTIES OF THEIR I'-IDEALS

Thus (AT'S)I'A = A holds. Now by using (3), (1), (4) and (2), we have

a (zB(ada))vy = (aB(zda))yy = (yB(xda))ya

= (yB(zd((zB(ada))yy)))va = (yB((zB(ada))d(zvy)))va

= ((xB(ada))B(yd(zyy)))va = ((aB(xda))B(yd(zvy)))va

= (((yo(zvy))B(zda))Ba)ya = (((adz)B((zvy)dy))Ba)ya

= (((adz)B((yyy)ox))Ba)ya = (((ad(yvy))B(xdx))Ba)ya

= ((((xd2)d(yvy))Ba)Ba)ya = ((((x6x)d(yvy))B((zB(ada))yy))Ba)
= ((x02)d(yvy))B((aB(zda))yy))Ba)ya

= ((zdx)d(aB(xda)))B((yyy)yy))Ba)ya

= (((ad((xdx)B(xda)))B((yyy)yy))Ba)ya

= (((ad((adz)B(zd2)))B((yyy)YY))Ba)ya

= ((((adz)d(aB(zdx)))B((yyy)ry))Ba)ya

= ((((ada)é(xB(zéz)))B((yyy)1Y))Ba)ya

= ((((yry)ry)d(zB(zdz)))B(ada))Ba)ya

= (@aB((((yyy)ry)d(zB(xdx)))da))Ba)ya C (AT'S)TA)TA C ATA.

Hence A = AT' A holds.
(i1) = (i) is obvious. O

Theorem 5. In an intra-regular I'-AG** -groupoid S, the following conditions are
equivalent.

(i) Ais a I'-(1,2)-ideal of S.
(ii) (ATS)T'A%? = A and AT A = A.

Proof. (i) = (ii) : Let A be a I'-(1, 2)-ideal of an intra-regular I'-AG**-groupoid
S, then (ATS)I'A%2 C A and AT A C A. Let a € A, then since S is an intra- regular
so there exists z, y € S and 3,7, € T such that a = (zf(ada)yy. Now by using
(3), (1) and (4), we have

a = (zB(ada))yy = (af(xda))vy = (yB(zda))va
= (yB(xd((zB(ada))vy)))va = (yB((zB(ada))d(zvy)))va
= ((zB(ada))B(yd(zvy)))ya = (((zvy)By)B((ada)dz))ya
= (((yry)Bz)B((ada)dz))va = ((ada)B(((yvy)Bz)dz))va
= ((ada)B((zBx)d(yyy)))ya = (aB((xBx)d(yyy)))y(ada) € (AT'S)L AT A.
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Thus (AT'S)I'A? = A. Now by using (3
zB(ada))yy = (af(xéa

(1), (4) and (2), we have

)y = (yB(xda))ya
yB(xda))y((zB(ada))vy) = (zB(ada))y((yB(zda))vy)
aB(xda))y((yB(xda))vy) = (((yB(wda))vy)B(zda))ya

);
)

a =

(

(

( )Y
= ((ayx)B(yd(yB(zda))))va
= ((((zB(ada))vy)yz)B(yd(yB(zda))))va
= (((zyy)v(zB(ada)))B(yd(yB(xda))))va
= (((@vy)vy)B((zB(ada))s(yB(zda))))va
= (((yyy)yz)B((zB(ada))s(yB(zda))))va
= (((yvy)y=z)B((zBy)d((ada)B(xda))))va
= (((yyy)yx)B((ada)s((zBy)B(xzda))))va
= ((ada)B(((yyy)yz)d((zBy)B(zda))))va
= ((ada)B(((yyy)yz)d((zBz)B(yda))))va
= ((zBx)B(yda))d((yvy)yx))B(ada))va
= ((((aBy)B(zdz))0((yvy)yx))B(ada))va

(((zd2)By) Ba)s((yyy)yx))Blada))va
= ((@B(yvy))d(ay((zdz)By)))B(ada))va
= ((ad((zB(yyy))y((zdz)By)))B(ada))va
= ((ad((zB(zd2))v((yyy)By)))B(ada))va
€ ((ATS)I'A*)TA C AT A.

Hence AT A = A.
(i1) = (i) is obvious. O

Theorem 6. In an intra-regular I'-AG** -groupoid S, the following conditions are
equivalent.

(i) A is a I-interior ideal of S.
(it) (STA)TS = A.

Proof. (i) = (ii) : Let A be a I'-interior ideal of an intra-regular I'-AG**-groupoid
S, then (STA)T'S C A. Let a € A, then since S is an intra- regular so there exists
z,y € S and 8,7,d € I' such that a = (z8(ada))yy. Now by using (3), (1) and (4),

we have

a =

zB(ada))vy = (aB(wda))vy = (yB(zda))ya
)y —

A/—\

= (yB(zda))y((zB(ada))vy) = (((zB(ada))yy)B(zda))yy
= ((aw) (yd(zpB(ada))))vy = (((yd(zB(ada)))yr)Ba)dy € (STA)TS.
Thus (STA)TS = A.

(1) = (i) is obvious. O
Theorem 7. In an intra-reqular T'-AG**-groupoid S, the following conditions are

equivalent.

(1) A is a I'-quasi ideal of S.
(15) STQN QTS = Q.
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Proof. (i) = (ii) : Let @ be a I'-quasi ideal of an intra-regular I'-AG**-groupoid
S, then STQ N QLS C Q. Let ¢ € @, then since S is an intra- regular so there
exists z, y € S and «a, 8,7 € T such that ¢ = (za(gyq))By. Let pdg € STQ, for
some ¢ € I', then by using (3), (2) and (4), we have
pdg = pi((zalqyq))By) = (zalgv9))d(pBy) = (qa(xvq))d(pBy)
= (qap)é((zvq)By) = (x79)d((gap)By) = (y7(qap))d(gPx)
46((yy(gap))Bz) € QLS.

Now let goy € QI'S, then by using (1), (3) and (4), we have

@p = ((zalqvq)By)dp = (pBy)d(za(qyq)) = z0((pBy)alqyq))
= z6((gBg)alyyp)) = (¢Ba)d(zalyyp)) = ((za(yyp))Bq)dq € STQ.

Hence QT'S = ST'Q. As by using (3) and (1), we have

q = (za(qvq))By = (qa(rvq))By = (ya(zvq))Bg € STQ.

Thus ¢ € STQ N QTS implies that STQ N QTS = Q.
(1) = (i) is obvious. O

— —

Theorem 8. In an intra-regular I'-AG** -groupoid S, the following conditions are
equivalent.

(i) Ais a I'-(1,2)-ideal of S.
(13) A is a two-sided I'-ideal of S.

Proof. (i) => (i) : Let S be an intra-regular I'-AG**-groupoid and let A be a
I'-(1,2)-ideal of S, then (AT'S)['A%2 C A. Let a € A, then since S is an intra-regular
so there exists z, y € S and 3,7, € T, such that a = (z8(ada))yy. Now let ¢ € T,
then by using (3), (1) and (4), we have

spa = sp((zB(ada))yy) = (zB8(ada))(syy) = (aB(xda))(syy)
= ((s7y)B(wda))va = ((syy)B(wda))y((zB(ada))yy)
= (zB(ada))P(((syy)B(zda))yy) = (yB((svy)B(xda)))y((ada)yx)
= (ada)y((yB((svy)B(zda)))yz) = (2d(yB((s7y)B(xda))))v(ava)
= (zd(yB((avx)B(yds))))Y(ava) = (zd((ayx)B(yB(yds))))y(ava)
= ((av2)d(xB(yB(yds))))y(aya)
= ((((zB(ada))yy)yz)d(zB(yB(yds))))v(ava)
= (((zyy)v(zB(ada)))d(xB(yB(yds))))v(ava)
= ((((ada)yz)y(yBz))d(zB(yB(yds))))y(ava)
= ((((yBx)yx)y(ada))d(zB(yB(yds))))y(ava)
= (((yB(yds))yx)d((ada)B((yBz)yx)))Y(ava)
= (((yB(yds))yx)d((ada)B((zBx)vy)))¢(ava)
= ((ada)d(((yB(yds))yx)B((zBx)vy)))(ava)
= ((((xBx)vy)o((yB(yds))yx))d(aba))i(ava)
= (ad(((zBx)yy)d(((yB(yds))yx)Ba)))v(ava) € (ATS)TA* C A.

B

Hence A is a left I'-ideal of S and by Lemma[2 A is a two-sided I'-ideal of S.
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(ii) = (i) : Let A be a two-sided T'-ideal of S. Let y € (A['S)['A2% then

y = (aBs)y(bdd) for some a,b € A, s € S and 3,7,0 € I'. Now by using (3), we have
y = (afs)y(bddb) = by((aBs)db) € AT'S C A.

Hence (AT'S)I'A? C A and therefore A is a I'-(1,2)-ideal of S. O

Theorem 9. In an intra-regular I'-AG** -groupoid S, the following conditions are
equivalent.

(i) Ais a I'-(1,2)-ideal of S.
(i4) A is a T-interior ideal of S.

Proof. (i) = (it) : Let A be a I'-(1,2)-ideal of an intra-regular I'-AG**-groupoid
S, then (ADS)TA2 C A. Let p € (STA)TS, then p = (spa)ys for some a € A,
s,s € S and w,p € I'. Since S is intra-regular so there exists z, y € S and
B,7,6 € I such that a = (zf(ada))yy. Now by using (3), (1), (2) and (4), we have
p o= (spads = (sp((@B(ada))yy))s = ((zB(ada)u(syy))s
= (s ulsyy)¢(xB(ada)) = (s p(syy))¥ (aB(xda))
= a((s uisyy))B(ada)) = ((zh(ada )79)¥ (s w(s7y))B(xda))

~—
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Thus (STA)T'S C A. Which shows that A is a I'-interior ideal of S.

(16) = (i) : Let A be a I'-interior ideal of S, then (STA)I'S C A. Let p €
(ATS)T' A2, then p = (aus)i(bab), for some a,b € A, s € S and u, ¥, a € T. Since S
is intra-regular so there exists z, y € S and 3,7,0 € I' such that a = (zf(ada))yy.
Now by using (1), (3) and (4), we have

(aps)p(bab) = ((bab)us)pa = ((bab)us)y((xB(ava))vy)
(zB(aya))(((bab)us)vy) = ((((bab)us)yy)B(aya))x

= ((aya)B(yd((bab)us)))x = (((yd((bab)us))ya)Ba)px € (STA)T'S C A.
Thus (AT'S)['A2 C A.

p
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Now by using (3) and (4), we have
ATA C AT'S = AT(ST'S) = ST(AT'S) = (ST S)['(AL'S)
(STA)T'(STS) = (STA)T'S C A.
Which shows that A is a I'-(1,2)-ideal of S. O

Theorem 10. In an intra-reqular I'-AG**-groupoid S, the following conditions are
equivalent.

(1) A is a I'-bi-ideal of S.

(#4) A is a T'-interior ideal of S.
Proof. (i) = (ii) : Let A be a I'-bi-ideal of an intra-regular I'-AG**-groupoid S,
then (AT'S)T'A C A. Let p € (STA)T'S, then p = (spa)ys for some a € A, s,5 € S
and p,1 € I'. Since S is an intra-regular so there exists x, y € S and 3,v,6 € T
such that a = (zf(ada))yy. Now by using (3), (1), (4) and (2), we have

payps = (Su((xﬂ(aM))w))zbs = ((Iﬂ(a&t)) (s7y))s
s u(syy)w(zB(ada)) =
((s7y)B8s )i (ada) =
aua)w((svyﬁ(ﬂcﬁs/))

p =

zB( )
svy)5(xﬂ(a5a))) ((xﬂs )
ada)yz)8(yBs))u((zBs )yy)
2B )vy)d(yBs))u((ada)yx)
)6 ( )

)

)

@

ada)u((((xB5 )vy)d(yBs
2(((xB5 )vy)d(yBs)))u
ap((z(((xBs )yy)d(yBs)))va))va
€ (ADS)LAC A.

Thus (STA)I'S C A. Which shows that A is a I'-interior ideal of S.
(15) = (i) : Let A be a I-interior ideal of S, then (STA)I'S C A. Let
p € (AT'S)T'A, then p = (aus)b for some a,b € A, s € S and p, v € I'. Since S is
an intra-regular so there exists z, y € S and 3,7,d € I" such that b = (x8(bdb))~yy.
Now by using (3), (1) and (4), we have
(aps)pb = (aps)((xB(00b))yy) = (zB(b3b))Y((ams)yy)
(as15)19) Bb8B) ) = (YD) (apss)) b
(((yd(aps))yb)Bb)x € (STATS C A.
Thus (AT'S)I'A C A.

p

Now
ATA C ATl'S = AT(ST'S) = ST(AT'S) = (ST S)T'(AT'S)
(STA)T(STS) = (STA)T'S C A.
Which shows that A is a I'-bi-ideal of S. O

Theorem 11. In an intra-regular I'-AG** -groupoid S, the following conditions are
equivalent.
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(i) Ais a I'-(1,2)-ideal of S.
(14) A is a I'-quasi ideal of S.

Proof. (i) = (ii) : Let A be a I'-(1, 2)-ideal of intra-regular I'-AG**-groupoid S,
then (AT'S)I'(AT'A) C A. Now by using (3) and (4), we have
STA = ST(AT'A) = ST((ATA)T'A) = (ATA)I'(STA) = (AT'S)I'(AT'A) C A.
and by using (1) and (3), we have
ATS = (ATA)LS = ((ATA)TA)I'S = (STA)T'(AT'A) = (ST (AT A))I'(AT'A)
((STS)['(AT'A))I'(ATA) = ((ATA)L(STS))I'(AT'A) = (AT'S)I'(AT'A) C

Hence (AT'S) N (ST A) C A. Which shows that A is a I'-quasi ideal of S.

(15) = (i) : Let A be a I'-quasi ideal of S, then (AT'S) N (STA) C A. Now
AT A C AT'S and ATA C STA. Thus AT'A C (AT'S) N (STA) C A.

Now by using (4) and (3), we have

(ATS)D(ATA) = (ATA)L(STA) C AT(STA) = ST(ATA) C ST A.

and
(ATS)I'(ATA) = (ATA)T(STA) C AT(STA) = ST(ATA)
(STS)[(AT'A) = (AT A)I'(STS) C AT'S.
Thus (AT'S)T' (AT A) C (AT'S)N(STA) C A. Which shows that A is a I'-(1, 2)-ideal

of S. O

Lemma 3. Let A be a subset of an intra-regular I'-AG**-groupoid S, then A is a
two-sided T'-ideal of S if and only if AT'S = A and STA = A.

Proof. 1t is simple. O

Theorem 12. For an intra-reqular I'-AG**-groupoid S the following statements
are equivalent.

(1) Ais a left T-ideal of S.
(i4) A is a right T'-ideal of S.

(#4) A is a two-sided I'-ideal of S.
(iv) AT'S = A and STA = A.

(v) A is a I'-quasi ideal of S.

(vz AisaF( )idealofS

(vi
(vi
(i

Proof. (i) = (i1) and (ii) = (i4i) are followed by Lemma 21

(#4i) = (iv) is followed by Lemma[3] and (iv) = (v) is obvious.

(v) = (vi) is followed by Theorem [I11

(vi) = (vii) : Let A be a I'-(1,2)-ideal of an intra-regular I'-AG**-groupoid
S, then (AT'S)T'A2 C A. Let p € (AT'S)T'A, then p = (aus)b for some a,b € A,
s € S and p,1 € I'. Now since S is an intra-regular so there exists z, y € S and
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B,7,9 € I such that such that b = (z8(bdb))yy then, by using (3) and (4), we have

p = (aps)Pb = (aps)y((xB(b5b))vy) = (x5(b0b))Y((ams)vy)
(yB(aps))((béb)yx) = (b6b)y((yB(aus))y)

(@6 (yB(aps)))y(byb) = (zd(aB(yps)))i(bdb)

(a6 (xB(yus)))(b3b) € (ATS)TA? C A

Which shows that A is a I'-generalized bi-ideal of S.

(vii) = (viid) is simple.

(viit) = (iz) is followed by Theorem [0l

(iz) = (4) is followed by Theorems [l and [ O

Theorem 13. In a I'-AG**-groupoid S, the following conditions are equivalent.

(i) S is intra-regular.
(i1) Every I'-bi-ideal of S is T-idempotent.

Proof. (i) = (i%) is obvious by Theorem [
(i1) = (i) : Since STa is a I'-bi-ideal of S, and by assumption STa is I'-
idempotent, so by using (2), we have
a € (STa)T (STa)= ((STa)T (STa))TI (STa)
= ((ST'S)T (al'a))T (STa) C (STa®) I (STS) = (STa?) T'S.

Hence S is intra-regular. O

Lemma 4. If I and J are two-sided I'-ideals of an intra-reqular I'-AG**-groupoid
S, then I NJ s a two-sided I"-ideal of S.

Proof. Tt is simple. (]

Lemma 5. In an intra-reqular I'-AG** -groupoid IT'J = I N J, for every I'-ideals I
and J in S.

Proof. Let I and J be any I'-ideals of .S, then obviously IT'J C INJ. Since INJ C I
and I NJ C J, then (IﬁJ)2 C IT'J, also by Lemma[d I N J is a I'-ideal of S, so
by Theorem [[3, we have IN.J = (INJ)> C ITJ. Hence ITJ =I1N.J. O

Lemma 6. Let S be a I'-AG**-groupoid, then S is an intra-regular if and only if
every left I'-ideal of S is I'-idempotent.

Proof. Let S be an intra-regular I-AG**-groupoid, then by Theorems [[2] and [13]
every I'-ideal of S is ['-idempotent.

Conversely, assume that every left I'-ideal of S is I'-idempotent. Since STa is a
left I'-ideal of S, so by using (2), we have

a € STa=(STa)T (STa)= ((STa)T (STa))T (STa)
= ((ST'S)T (al'a))T (STa) C (STa®)I'(STS) = (STa®) T'S.
Hence S is intra-regular. O

Lemma 7. In an AG™-groupoid S, the following conditions are equivalent.

(7) S is intra-regular.
(ii) A = (ST A)?, where A is any left T-ideal of S.
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Proof. (i) = (1) : Let A be a left I'-ideal of an intra-regular I'-AG**-groupoid S,
then STA C A and by Lemma [, (STA)? = STA C A. Now A = ATA C STA =
(ST'A)%, which implies that A = (ST A)2.

(i) => (i) : Let A be a left I'-ideal of S, then A = (STA)?> C AT'A, which
implies that A is I'-idempotent and by using Lemma [6 S is an intra-regular. [

Theorem 14. For an intra-regular I'-AG**-groupoid S, the following statements
holds.

(i) Every right T-ideal of S is T'-semiprime.
(i1) Every left T-ideal of S is I'-semiprime.
(7i1) Every two-sided I'-ideal of S is I-semiprime

Proof. (i) : Let R be a right I'-ideal of an intra-regular I'-AG**-groupoid S. Let
a’? € R and let a € S. Now since S is an intra-regular so there exists x, y € S and
B,7,6 € I such that a = (zf(ada))yy. Now by using (3), (1) and (2), we have

a = (zB(ada))yy = (aB(xéa))vy = (yB(xda))ya = (yB(xda))y((zB(ada))yy)
(z(ada))y((yB(xda))vy) = (zB(yB(zda)))y((ada)yy)
= (ada)y((zB(yB(wda)))yy) € RT(ST'S) = RT'S C R.

Which shows that R is ['-semiprime.

(ii) : Let L be a left T-ideal of S. Let a? € L and let @ € S now since S is an
intra-regular so there exists x, y € S and 3,7, € T such that a = (z8(ada))vyy,
then by using (3), (1) and (4), we have

(zf(ada))vy = (aB(zda))vy = (yB(zda))ya
(yB(xda))y((zB(ada))yy) = (xB(ada))y((yB(zda))yy)
(y5( (

)
) =
yB(yB(xda)))v((ada)yz) = (ada)y((yB(yB(xda)))yz)
= (8(yB(yB(zda))))y(ava) € STL C L.

Which shows that L is ['-semiprime.
(i4i) is obvious. O

a

Theorem 15. In a I'-AG**-groupoid S, the following statements are equivalent.

(7) S is intra-regular.

(17) Every right I'-ideal of S is I'-semiprime.
Proof. (i) = (i%) is obvious by Theorem [I4]

(14) = (i) : Let S be an intra-regular I'~AG**-groupoid. Let R be any right I'-
ideal of S such that R is I'-semiprime. Since aT'S is a right I'-ideal of S, therefore
a’T'S is I'-semiprime. Now clearly a? € a?T'S so a € a?I'S. Now let § € S, then by
using (3) and (2), we have

a € (ada)l'S = (ada)T(STS) = ST'((ada)I'S) = (ST S)T'((ada)T'S)
= (ST(ada))T'(STS) = (ST (ada))T'S

Which shows that S is an intra regular. O

Theorem 16. A I'-AG**-groupoid S is intra-regular if and only if RN L = RT'L,
for every T'-semiprime right I'-ideal R and every left I'-ideal L of S.
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Proof. Let S be an intra-regular I'-AG**-groupoid and R and L be right and left I'-
ideal of S respectively, then by Theorem[] R and L become I'-ideals of S, therefore
by LemmaBl RN L = RI'L, for every I'-ideal R and L, also by Theorem [I4] R is
I'-semiprime.

Conversely, assume that R N L = RI'L for every right I'-ideal R, which is I'-
semiprime and every left I'-ideal L of S. Since a? € a?T'S, which is a right T-ideal
of S so is I-semiprime which implies that a € a?I'S. Now clearly STa is a left
I-ideal of S and a € STa, therefore let v € T', then by using (4), (1) and (2), we
have

a € ((aya)I'S)N (STa) = ((aya)I'S)T (STa) C ((aya)T'S)T (STS)
= ((aya)T'S)TS = ((aya)S)T'S = (STS)T'(avya)
= (STa)T (STa) = ST((STa)T'a) = (ST (avya))T'S.
Therefore S is an intra-regular. O

Theorem 17. For a I'-AG**-groupoid S , the following statements are equivalent.

(i) S is intra-regular.

(i¢) LN R C LT'R, for every right T-ideal R, which is T'-semiprime and every left
I'-ideal L of S.

(#i1) LNR C (LR) L, for every I'-semiprime right T'-ideal R and every left T'-ideal
L.
Proof. (i) = (iii) : Let S be an intra-regular T-AG**-groupoid and L, R be any
left and right I'-ideals of S and let k¥ € L N R, which implies that £k € L and
k € R. Since S is intra-regular so there exist z, y in S, and «a, 8,y € I" such that
k = (za(kyk)) By, then by using (3), (1) and (4), we have

k= (za(kvk)) By = (ka(zvk)) By = (yor (zvk)) Bk
(ya (zy ((za(kyk)) By))) Bk = (ya ((za(kvk)) v (zBy))) Bk
(o (kvk)) o (yvy (xBy))) Bk = (ke (x7k)) o (yy (xBy))) Bk
((RT (STL))T'S)TL C ((RTL)TS)TL = (LT'S)T (RTL)
— (LTR)T(STL) C (LTR)TL.

which implies that LN R C (LTR)T'L. Also by Theorem [[4, L is I'-semiprime.

(791) = (it) : Let R and L be any left and right I'-ideals of S and R is I’-semiprime,
then by assumption (i4i) and by using (4), (3) and (1), we have

RNL C (RTL)TRC (RTL)TS = (RTL)T (STS) = (ST'S)T (LTR)

LT ((STS)TR) = LT ((RT'S)T'S) C LT (RT'S) C LTR.

(ii) = (i) : Since a € STa, which is a left I'-ideal of S, and a? € a®I'S, which is
a I-semiprime right I'-ideal of S, therefore, a € a?T'S. Now by using (4), we have

a € (STa)n (a’I'S) C (STa)T(a’T'S) C (STS)T (a’I'S)
= (STa®)I'(STS) = (ST'a®)T'S.

Hence S is intra-regular. (|

m

A T-AG**-groupoid S is called I'-totally ordered under inclusion if P and @ are
any ['-ideals of S such that either P C @ or Q C P.

A T-ideal P of a I'-~AG**-groupoid S is called I'-strongly irreducible if ANB C P
implies either A C P or B C P, for all I'-ideals A, B and P of S.
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Lemma 8. Every I'-ideal of an intra-reqular I'-AG**-groupoid S is I'-prime if and
only if it is I'-strongly irreducible.

Proof. 1t is an easy consequence of Lemma O

Theorem 18. FEvery I'-ideal of an intra-regular I'-AG**-groupoid S is I'-prime if
and only if S is I'-totally ordered under inclusion.

Proof. Assume that every I'-ideal of S is I'-prime. Let P and @ be any I'-ideals of
S, so by Lemma [, PT'Q = PN Q, and by Lemma[d PN Q is a I'-ideal of S, so
is prime, therefore PT'Q C P N Q, which implies that P C PNQ or Q@ C PN Q,
which implies that P C @ or Q C P. Hence S is I'-totally ordered under inclusion.

Conversely, assume that S is I'-totally ordered under inclusion. Let I, J and P
be any I'-ideals of S such that IT'J C P. Now without loss of generality assume
that I C J then

I=ITICITJCP.

Therefore either I C P or J C P, which implies that P is I'-prime. O

Theorem 19. The set of all T'-ideals Is of an intra-regular T'-AG**-groupoid S,
forms a T'-semilattice structure.

Proof. Let A, B € I, since A and B are I'-ideals of S, then by using (2), we have
(ATB)T'S (ATB)T (ST'S) = (AT'S)T (BT'S) C AT'B.
Also ST(AT'B) = (STS)I'(AT'B) = (STA)I'(STB) C AT'B.
Thus AT'B is a I'-ideal of S. Hence I, is closed. Also using Lemma [ we have,
ATB = ANB = BN A = BT'A, which implies that I is commutative, so is

associative. Now by using Theorem [[3] ATA = A, for all A € I,. Hence I is
T'-semilattice. (]

Theorem 20. A two-sided I'-ideal of an intra-regular I'-AG**-groupoid S is min-
imal if and only if it is the intersection of two minimal two-sided I'-ideals.

Proof. Let S be an intra-regular I'-AG**-groupoid and @ be a minimal two-sided
I-ideal of S, let a € Q. As ST'(STa) C STa and ST'(al'S) C aI'(ST'S) = al'S,
which shows that ST'a and aI'S are left I'-ideals of S so by Lemmal[2, STa and aI'S
are two-sided I'-ideals of S.

Now
ST(STanal'S) N (STanal'S)T'S
ST(STa) N ST (al'S) N (STa)T'S N (a'S)T'S
(STanal'S)N (STa)I'SNSTa C STanal'S.
Which implies that STa N al’'S is a I'-quasi ideal so by Theorems [8 and [IT],

STaNnal'S is a two-sided I'-ideal.
Also since a € @, we have

STanal'S C STQN QTS CQNQ C Q.

N

Now since @ is minimal so STa N al'S = @, where STa and al'S are minimal
two-sided T'-ideals of S, because let I be a I'-ideal of S such that I C STa, then

INnal’S C STanal'S C Q,
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which implies that
INal’'S=@Q. Thus Q C I.

So we have

N

STa STQ C STI C I, gives
STa = 1.

Thus STa is a minimal two-sided I'-ideal of S. Similarly aI'S is a minimal
two-sided I'-ideal of S.

Conversely, let @ = I'NJ be a two-sided ['-ideal of S, where I and J are minimal
two-sided T'-ideals of S, then by Theorem [8 and [[1l Q is a I'-quasi ideal of S, that
is STQNQETS C Q.

Let Q, be a two-sided T'-ideal of S such that Q, C @, then

STQ NQTS C SIQNQTS CQ, also STQ C STIC T
and QTS C JTSCJ.

Now

ST (SFQ’) (STS)T (SFQ’) - (Q’rs) I (STS)

~ (Qrs)Ts = (578)1Q = 5TQ’

implies that SI‘QI is a left I'-ideal and hence a two-sided I'-ideal by Lemma
Similarly Q' T'S is a two-sided T-ideal of S.
But since I and J are minimal two-sided I'-ideals of S, so

STQ =1 and QTS = J.
But Q = I N J, which implies that,

Q=SrQ' NnQTrscq.
Which give us Q = Q,. Hence @ is minimal. ([
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