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DECOMPOSITIONS OF LOOPED CO-H-SPACES AND
APPLICATIONS

J. GRBIC*, S. THERIAULT, AND J. WU**

ABSTRACT. We prove two homotopy decomposition theorems for the loops on
co-H-spaces, including a generalization of the Hilton-Milnor Theorem. These
are applied to problems arising in algebra, representation theory, toric topol-
ogy, and the study of quasi-symmetric functions.

1. INTRODUCTION

A central theme in mathematics is to decompose objects into products of simpler
ones. The smaller pieces should then be simpler to analyze, and by understanding
how the pieces are put back together information is obtained about the original ob-
ject. In homotopy theory this takes the form of decomposing H-spaces as products
of factors or decomposing co-H-spaces as wedges of summands. Powerful decom-
position techniques have been developed. Some, such as those in are
concerned with decomposing specific spaces as finely as possible, while others, such
as those in [SW1l [STW2], are concerned with functorial decompositions that are
valid for all loop suspensions or looped co- H-spaces.

In this paper we establish two new decomposition theorems that apply to looped
co-H-spaces. One is a strong refinement of work in [STW2], and the other is a gen-
eralized Hilton-Milnor Theorem. We give four applications which have connections
with other areas of study in mathematics: the Poincaré-Birkhoff-Witt Theorem,
Lie powers in representation theory, moment-angle complexes in toric topology,
and quasi-symmetric functions.

To state specific results, we introduce some notation and context. Let p be
an odd prime, and localize all spaces and maps at p. Take homology with mod-p
coefficients. Let V be a graded module over Z/pZ and let T'(V) be the tensor algebra
on V. This tensor algebra is given a Hopf algebra structure by declaring that the
generators are primitive and extending multiplicatively. In [SW1] it was shown that
there is a coalgebra decomposition T'(V) & A™(V) @ B™a* (V) where A™®(V) is
the minimal functorial coalgebra retract of T'(V') that contains V. One important
property of this decomposition is that the primitive elements of T'(V') of tensor
length not a power of p are all contained in the complement B™**(V'). A programme
of work ensued to geometrically realize these tensor algebra decompositions, which
we now outline.
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By the Bott-Samelson theorem, there is an algebra isomorphism H,(QXX) =
T(H,(X)). This was generalized in [Be] to the case of a simply-connected co-
H space Y: there is an algebra isomorphism H,(QY) = T(S~'H,(Y)), where
S~1H,(Y) is the desuspension by one degree of the graded module H,(Y). Let
V = ©lH,(Y) so H.(QY) = T(V). The coalgebra decomposition of T(V)
suggests that there are spaces A™(Y) and B™**(Y) such that H,(A™"(Y)) =
Amin(V) H, (B™#(Y)) = B™#(V/), and there is a homotopy decomposition QY ~
AmIn(Y) x BmaX(Y). Such a decompositions was realized in a succession of pa-
pers [SWIl [SW2| [STWT], [STW2] which began with Y being a p-torsion double
suspension and ended with the general case of Y being a simply-connected co-H-
space.

However, the story does not end there, as the module B™#*(V) has a much
richer structure. There is a coalgebra decomposition B™**(V) = T(®52,Q,B(V)),
where Q, B(V) is a functorial retract of V®". Ideally, this should be geometri-
cally realized as well. This was proved in [STWI] when Y is a simply-connected,
homotopy coassociative co-H space. More precisely, there are spaces Q,B(Y)
for n > 2 such that H,(Q,B(Y)) = $Q,B(V), a homotopy fibration sequence
QY = AMNY) — V2, Q,B(Y) — Y, and a homotopy decomposition
QY = AMR(Y) x AV, QuB(Y)).

In the more general case of a simply-connected co-H-space Y, the geometric
realization of A™"(V) in [STW2] produced a homotopy decomposition QY =~
AMIN(Y) x BM*X(Y) but it did not identify B™**(Y) as a loop space. The first
goal of this paper is to do exactly that.

Theorem 1.1. Let Y be a simply-connected co-H-space and let V = S~V H,(Y).
There is a homotopy fibration sequence

QY — AMN(Y) — \/Qn )—Y

such that:

1) QY = AW (Y) x Vi, QuB(Y));
2) H.(A™(Y)) = A™(V);
3) for each n > 2, H,(Q.B(Y)) = 2Q, B(V).

In fact, Theorem [[1] is a special case of a more general theorem proved in
Section 2l which geometrically realizes any natural coalgebra-split sub-Hopf algebra
B(V) of T(V) as a loop space.

The construction of the space @,B(Y) exists by a suspension splitting result
from [GTW]. To describe this, recall that James [J] proved that there is a homo-
topy decomposition XQXX ~ \/> Y X ™ where X is the n-fold smash of X
with itself. Note that H,($X (™)~ SH, (X)®". James’ decomposition was gener-
alized in [GTW]. If Y is a simply-connected co-H-space then there is a homotopy
decomposition LQY ~ \/>7 [EQY]n, where each space [ZQY],, is a co-H-space
and there is an isomorphism H, ([£QY],) = S(S~1H, (Y))®". Succinctly, [QXY],
is an (n — 1)-fold desuspension of Y(™). A key point is that the space @, B(Y) is a
retract of the co-H-space [XQY],, so it too is a co-H-space.

Our second result is a generalization of the Hilton-Milnor Theorem, touched
upon in [GTW]. Recall that the Hilton-Milnor Theorem states that if X5,..., X,,
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are path-connected spaces then there is a homotopy decomposition

QEX, V- VEX,) ~ ] QEXE A A X o))
acl

where 7 runs over a vector space basis of the free Lie algebra L{xy,- - ,z;,), and if
W, is the basis element corresponding to « then «; counts the number of occurances

of z; in w,. Note that if a; = 0 then, for example, we regard Xi(o”) A X§aj) as

X J@j ) rather than as * A X (@) ~ x. We generalize the Hilton-Milnor Theorem by
replacing each ¥ X; by a simply-connected co-H-space.

Theorem 1.2. Let Yi,...,Y,, be simply-connected co-H-spaces. There is a homo-
topy decomposition

QY1 V-V Y) > [ QMY )i2s)
acT

where T runs over a vector space basis of the free Lie algebra L{y1,...,Ym) and:
1) each space M((Y;, a;),) is a simply-connected co-H -space;
2) H.(M((Yiy0)) = S ((STHH(1)% @@ (57 (V) ® )
3) if Y; = BX; for 1 <i <m then M((Yi, o)) =~ SX @) Ao p X (@m),

Again, if a; = 0 we interpret (S~ H, (Y;))®* @ (2~ H, (Y;))®% ) as S~ L H, (Y;))%
rather than 0. Note that Theorem [[I2 (3) is the usual Hilton-Milnor Theorem.

Theorems [[.1]and are very useful for producing homotopy decompositions of
interesting spaces. In Section [4] we give three examples: a complete decomposition
of QY into functorially indecomposable factors, a refined decomposition of some
generalized moment-angle complexes that arise in toric topology, and a decompo-
sition of QX.CP*° that implies a corresponding algebraic decomposition of the ring
of quasi-symmetric functions.

2. GEOMETRIC REALIZATION OF NATURAL COALGEBRA-SPLIT SUB-HOPF
ALGEBRAS

In this section we prove Theorem [I.1] as a special case of the more general Theo-
rem This gives conditions for when a sub-Hopf algebra of a tensor algebra has
a geometric realization as a loop space. Before proving Theorem 2.3lit will be useful
to state two results. The first is a geometric realization statement from [STW?2].
Recall that p is an odd prime, the ground ring for all algebraic statements is Z/pZ,
and all spaces and maps have been localized at p.

Theorem 2.1. Let V be a graded module and suppose that A(V) is a functo-
rial coalgebra retract of T(V). Then A(V) has a geometric realization. That is,
if Y is a simply-connected co-H-space such that there is an algebra isomorphism
H.(QY) = T(V), then there is a functorial retract A(Y) of QY with the property

that H.(A(Y)) = A(V). O

Second, given a functorial coalgebra retract A(V) of T(V), let A, (V) be the
component of A(V) cousisting of homogeneous elements of tensor length n. The
following suspension splitting theorem was proved in [GTW].
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Theorem 2.2. Let A(V) be any functorial coalgebra retract of T(V) and let A
be the functorial geometric realization of A. Then for any simply-connected co-H -
space Y of finite type, there is a functorial homotopy decomposition

Mmgvam

such that A, (Y) is a functorial retract of [SQY],, and there is a coalgebra isomor-
phism

AL (A,(Y)) = A (S L(Y)
for each n > 1.

Now suppose that B(V) is a sub-Hopf algebra of T(V). We say that B(V) is
coalgebra-split if the inclusion B(V) — T(V) has a natural coalgebra retraction.
Observe that the weaker property of B(V) being a sub-coalgebra of T'(V) which
splits off T(V) implies by Theorem Bl that B(V') has a geometric realization B.
We aim to show that the full force of B(V) being a sub-Hopf algebra of T(V)
implies that it has a much more structured geometric realization.

If M is a Hopf algebra, let QM be the set of indecomposable elements of M, and
let IM be the augmentation ideal of M. If B(V) is a natural sub-Hopf algebra of
T(V) then there is a natural epimorphism IB(V) — QB(V). Let T,,(V) be the
component of T'(V') consisting of the homogeneous tensor elements of length n, and
let B, (V) =IB(V)NT,(V). Let @,B(V) be the quotient of B, (V) in QB(V).
Let CoH be the category of simply-connected co-H-spaces and co-H-maps and let
k=2/pZ.

Theorem 2.3. Let B(V) be a natural coalgebra-split sub-Hopf algebra of T(V') and
let B be its geometric realization. Then there exist functors QB from CoH to
spaces such that for any Y € CoH:

1) Q.B(Y) is functorial retract of [YQY],;
2) there is a functorial coalgebra isomorphism

STHHL(QuB(Y)) = QuB(ETHL(Y));

3) there is a natural homotopy equivalence

BOU:Q(VQJ%W)
n=1

Proof. The proof is to give a geometric construction for the indecomposables of
B(V). Let B"(V) be the sub-Hopf algebra generated by Q;B(V) for i < n. By
the method of proof of [LLW] Theorem 1.1], each BI™ (V) is a natural coalgebra-
split sub-Hopf algebra of T'(V), and there is a natural coalgebra decomposition

(2.1) BM(v) = BI-1(v) @ A (V),
where AM(V) =k @ pin-11(v) BI"l(V). Note that
Qn.B(V) = AM(V),,.

By Theorem 211 the functorial coalgebra splitting in ([2.I]) has a geometric real-
ization as a natural homotopy decomposition

(2.2) BIM(y) ~ BI"=l(y) x A" (v)
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for some Y € CoH. This induces a filtered decomposition with respect to the
augmentation ideal filtration of H,(QY). By Theorem [2.2]

SAP(Y) ~ \/ AT (Y)
k=1

where AE:L] (Y) is a functorial retract of [XQY],, and flgﬂ"] (Y) ~ « for k < n because
Al"(V) = 0 for 0 < k < n. Define

QnB(Y) = Al'(Y).

Let ¢, be the composite of inclusions

QBY)=A(Y) — nAb(y)
(2.3) —  X(BIU(Y) x A(Y))
' =, ¥B(Y)
—  2QY.
Consider the composite
(2.4) Q<\/ QnB(Y)> Wiz ) ovay — 22 Ly — 5 B(Y),
n=1

where o is the evaluation map and r is the retraction map. We wish to show that
this composite induces an isomorphism in homology, implying that it is a homotopy
equivalence. The assertions of the theorem would then follow. To show that (2.4)
induces an isomorphism in homology it suffices to filter appropriately and show
that we obtain an isomorphism of associated graded objects.

Let

H.(QXQY) = T(H.(QY))
be filtered by
I"H,(Q2QY) = > I"HQY)P @@ (I Hl (QY))®.
tiri4-Ftsrs>n
Filter H,(QY") by the augmentation ideal filtration. Then
Qo H (QXQY) — H,.(QY)

is a filtered map since Qo is an algebra map. Let H,(B(Y)) be filtered subject to
the augmentation ideal filtration of H,(QY"). Then r, is a filtered map. Note that
as an algebra

H, <Q ((7 QnB(Y)>> =T (é E_l(ﬁ*(QnB(Y)))> :

n=1

which is filtered by

Y ETHHLQuBY)) @ © LT HL(Q,B(Y))):

i1t Fie>n

Observe that ¢,. maps H.(Q,B(Y)) into 1" H,(2Y) and the composite

(2.5)  H.(QnB(Y)) 2% SI"H,(QY) — SI"H,(QY)/SI" M H,(QY)
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is a monomorphism because @, B(Y') is obtained from the n-homogenous compo-
nent of YAM(Y). Thus Q(\/, ¢,)« is a filtered map and the image of

B9, 0(\/ ¢0)-)

n=1

is the sub-Hopf algebra of EYH,(QY) = T(E H,.(Y)) generated by

E° s (BT H(QuB(Y)))
for n > 1. From (23],

S UT(QuB(Y)) & B (5 H(QuB(Y))).
By the construction of ¢, in (23)), the modules

{E°pns (87 H.(QuB(Y)))}

are algebraically independent because Q;B(Y') is mapped into ©B" (Y ) fori<n
and QU (Y) is mapped into T AN (Y') which is the complement to »BI-1(Y).
Since each @, B(Y) is mapped into ¥B(Y),

m(E°(Qo, 0 Q(\/ dn))) = T(E®n (7 Hu(QuB(Y))))

n=1

is a sub-Hopf algebra of ECH, (B(Y)) C T(S7'H.(Y)). By computing the Poincaré
series,

m(E*(Qo, 0 Q(\/ 6.).)) = ECH.(B(Y)).

Since 7: QY — B(Y) is a retraction map,

E°r|gom. (B(vy) = idpow, (Bv))-

Therefore the composite

E°r, 0 E°(Q0.) 0 E°Q(\/ ¢n).

n=1

of associated graded objects induced by the composition in (Z4]) is an isomorphism,
as required. ([

The proof of Theorem does more. Recall the map Q,B(Y) — QY de-
fined in ([2.3)). Taking the wedge sum for n > 1 and then evaluating, we obtain a
composite

¢: \/ QuB(Y) 22y T Y.

n
The thrust of the proof of Theorem [Z3] was to show that the composite in ([24)) is a
homotopy equivalence. That is, the composite 7o Q¢ is a homotopy equivalence. In
particular, this implies that Q¢ has a functorial retraction. Consequently, if A(Y")
is the homotopy fiber of ¢ we immediately obtain the following.
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Theorem 2.4. Let B(V) be a natural coalgebra-split sub-Hopf algebra of T (V') and
let the functor A be given by A(V) = k ®pyy T(V). Then there is a homotopy
fibration sequence

Q (\/ QnB(Y)> 2Ly — AY) — \/ QuB(Y) LY
n=1 n=1
where Y € CoH and a functorial decomposition

QY ~ 0 <§7 QnB(Y)> x A(Y).

n=1

Note that A is a geometric realization of A.

Proof of Theorem[I1l. In Theorem 4] we can choose B(V) to be B™*(V). The
fiber A(Y') of ¢ is now, by definition, A™"(Y). The theorem follows immediately.
O

3. THE GENERALIZATION OF THE HILTON-MILNOR THEOREM

In this section we prove Theorem We begin by stating a key general result
from [GTW].

Theorem 3.1. LetY and Z be simply-connected co-H -spaces. There is a homotopy
decomposition

ZAQY ~ \[[ZAQY],

n=1
such that:
1) each space (Z A QYN]n is a stmply-connected co-H -space;
2) H([ZAQY],) 2 H (Z)@ (7 H,L(Y))®;
3) if Z=S8' and Y = £X then [Z AQEX], ~BX ™),
O
In particular, if Z = S' then we obtain a homotopy decomposition of £QY which

generalizes James’ decomposition of XQ3¥ X, as discussed in the Introduction. The
application of Theorem [3.I] that we need is the following.

Proposition 3.2. Let Yi,...,Y,, be simply-connected co-H-spaces. There is a
homotopy decomposition

SOQVI A A~/ M((Yina)iy)

N1y =1
such that:
1) each space M((Y;,n;)i,) is a simply-connected co-H -space;
2) F(M((¥i, o)) =5 (57 ()5 @ - @ (97 Ha (V)2 )
3) if Y; = BX; for 1 <i <m then M((2X;,n;)%,) = XM Ao A X (0m),



8 J. GRBIC*, S. THERIAULT, AND J. WU**

Proof. First, consider the special case when m = 1. We wish to decompose ¥2Y;.
Applying Theorem B.Il with Z = S' and Y = Y7, we obtain a homotopy decompo-
sition
QY ~ \/ M(Y1,n1)
ni=1

where M (Y1,n1) = [EQY1],, . In particular, M (Y7, n1) is a simply-connected co-H-
space, H,(M(Y1,n1)) = S(S71H,(Y1))®™, and if Y1 = X, then M(SXy,ny) ~
nx (™.

Next, consider the special case when m = 2. We wish to decompose XQY; AQY5.
From the m =1 case we have

YOV A QY ~ ( \V M(Yl,n1)> AN, ~ \/ M(Yi,n1) A QY.

n1:1 Tll:l

Since M (Y1,n1) is a co-H-space, for each n; > 1 we can apply Theorem B.1] with
Z = M(Y1,n1) and Y = Y3 to further decompose M(Y1,n1) A QY2. Collecting
these, we obtain a homotopy decomposition

S AQYe >\ M((Yim)iy)

n17n2:1

where each space M ((Yi,n;)7_;) is a simply-connected co-H-space,
H(M (Y n)y) 2 3 (S H(00) %™ @ (57 L(Y2) ™)

and if Y; = $X; then M((Y;, n:)2,) ~ SX"™) A X (02),
More generally, if m > 2 then the procedure in the previous paragraph is iterated

to obtain the homotopy decomposition asserted in the statement of the proposition.
O

As a final preliminary result, we state a homotopy decomposition proved in [P].
For a space X and an integer j, let j - X = \/7_, X.
Theorem 3.3. Let Xq,...,X,, be simply-connected CW -complezes of finite type.

Let F be the homotopy fiber of the inclusion \/!*; X; — [[i"; X;. There is a
homotopy equivalence

F:\"} \V (j—1)-ZQX;, A AQX,,
J

j=2 \1<i; <---<i; <m
O

Remark 3.4. A wversion of Theorem [3Z.3 holds for an infinite wedge \/;o, X;,
provided the spaces X; can be ordered so that the conmectivity of X; is nonde-
creasing and tends to infinity. This guarantees that the fiber F of the inclusion
Vo, Xio — [1i2, Xi is of finite type.

Proof of Theorem[1.d. We first consider the special case when Y; = XX, that is,
the usual Hilton-Milnor Theorem. One way to think of the proof is as follows.
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First, including the wedge into the product gives a homotopy fibration

=1 =1

that defines the space Fj. This fibration splits after looping as

(3.1) (\/ X)) ~ [[ 95X, x QF.
=1 1=1

Second, by Theorem [3.3]

P~ \/ Vo (G-1)-205X, A AQEX;
J=2 \1<i1<-<i;<m

Iteratively using James’ decomposition QXX ~ \/7° | ¥X (") we obtain a refined
decomposition

P~ \/ M,
a1 €Jy

for some index set J1, where each M,, is of the form EXt(lrl) Ae-e /\Xt(l”) for I > 2,
1<ty <~ <t <mand ry,...,7; > 1. Third, including the wedge into the
product gives a homotopy fibration

F— \/ Mo, — [] Mo
a1€J1 a1€J1

which defines the space Fy. This fibration splits after looping so (B refines to a
decomposition

(3.2) Q(\W} LX) ~ ﬁQEXi < [ oMo, x QF,.
i=1 i=1 a1 €J1

Observe that since each XX is simply-connected, the spaces M,, can be ordered so
their connectivity is nondecreasing and tending to infinity. Therefore, Remark [3.4]
implies that Theorem [3.3] can be applied to decompose Fy. The process can now
be iterated to produce fibers Fj for k£ > 3 and a decomposition

m m k—1
(3.3) o\ =xi) ~ [Tosx: x [ [T T @Ma, | x QF:.
i=1 i=1 j=1a;€J;

where each M, is of the form EXt(lrl)/\- . -/\Xt(l”) forl >j4+1,1<t1 <--- <tz <m
and ry,...,r; > 1. Note that the condition [ > j+1 implies that the connectivity of
Fy, is strictly increasing with k, and so tends to infinity. Thus, the decompositions
of Q(V[L, £X;) stabilize. What remains is a bookkeeping argument that makes

explicit the factors EXt(lrl) ARERWAN Xt(l”). As stated in the Introduction, this takes
the form of an index set determined by a vector space basis of the free Lie algebra
L{zy,...,zm).

We wish to generalize this to the case of Q(\/;, Y;) for simply-connected co-H-
spaces Y;. To do so, simply replace the use of James’ decomposition above with
Proposition Bl The rest of the argument goes through verbatim. ([l
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4. APPLICATIONS

In this section we give four examples to illustrate how Theorems [T and [[.2] can
be used to produce useful homotopy decompositions of spaces of interest to other
areas of mathematics.

A p-local geometric Poincaré-Birkhoff-Witt Theorem. Combining Theorems [T1]
and allows for a complete decomposition of the loops on a co-H-space into a
product of functorially indecomposable spaces. That is, Theorem [[.]] states that
for a simply-connected co-H-space Y there is a homotopy decomposition

QY ~ A™R(Y) x Q( (7 Q.B(Y))
n=2

where A™"(Y) is functorially indecomposable. Since each space Q,B(Y) is a co-
H-space, Theorem implies that there is a homotopy decomposition

Q(\ @QuB(Y) = [ OM((QuB(Y), an)3Z,)

acl

where each space M ((QnB(Y),an)22,) is a simply-connected co-H-space. The
homotopy decomposition in Theorem [I.I] can now be applied to each of the factors
QM ((QB(Y),a,)2,) to produce an A™" that is functorially indecomposable
and a complementary factor which is the loops on a wedge of simply-connected
co-H-spaces. Iterating, we obtain a decomposition of QY as a product of A™i"’s,

Theorem 4.1. Let Y be a simply-connected co-H -space. Then there is a functorial
homotopy decomposition
Qv ~ [ A™™(y,)
yeJ
for some index set J, where each Y, is a simply-connected co-H-space and each
factor Amin(YV) is functorially indecomposable. O

Theorem ATl is related to the Poincaré-Birkhoff-Witt Theorem. To explain how,
let V' be a module over a field of characteristic p, and let T(V') be the tensor algebra
generated by V. This is made into a Hopf algebra by declaring that the genera-
tors are primitive and extending multiplicatively. There is a canonical isomorphism
T(V) =2 UL(V), where L(V) is the free Lie algebra on V and UL(V) is its univer-
sal enveloping algebra. Let L, (V) be the homogeneous component of the free Lie
algeba L(V') of tensor length n. The Poincaré-Birkhoff-Witt Theorem states that
rationally there is a functorial coalgebra isomorphim T (V) = ®2%° ,S(L,,(V)), where
S() is the free symmetric algebra functor. Note that each S(L,(V)) further decom-
poses as a product of exterior algebras and polynomial algebras on a single genera-
tor, with the generators in one-to-one correspondence with the module generators
of L,,(V). This can be geometrically realized. If Y is a simply-connected co- H-space
such that H.(QY;Z/pZ) = T(V), then there is a rational homotopy equivalence
QY ~ [[°2, S, where S, is a product of odd dimensional spheres and the loops
on odd dimensional spheres, with the property that H,(S,;Q) = S(L,(V)). Theo-
rem [£.1]is a p-local analogue, in the sense that it produces a decomposition of QY
into a product of functorially indecomposable pieces, each of which geometrically
realizes a functorially indecomposable factor of T(S™1H, (Y)).



DECOMPOSITIONS OF LOOPED CO-H-SPACES AND APPLICATIONS 11

Decompositions of Lie powers. As above, let V' be a module over a field of charac-
teristic p, regard T (V') as UL(V), and let L, (V) be the homogeneous component
of the free Lie algeba L(V') of tensor length n. The module L, (V) is called the n*"
free Lie power of V. Decompositions of Lie powers L, (V) over the general linear
group GL(V) is a subject of considerable recent activity in modular representation
theory (see, for example, [BS| [ES]).

Now suppose that Y is a simply-connected co-H-space and V = YL1H, (Y).
Then H,(Q2Y) 2 T(V). In general, any functorial homotopy decomposition of QY
determines a functorial coalgebra decomposition of T'(V'), which in turn determines
a module decomposition of L, (V) over the general linear group for every n. Thus
studying homotopy decompositions of QY gives information about how Lie powers
decompose.

The method developed in [SW1], introducing a functorial Poincaré-Birkhoff-Witt
theorem, gives a fundamental connection between the homotopy theory of loops on
co-H-spaces and the modular representation theory of Lie powers. It was shown
in [LLW] that the modular representation theory of Lie powers over the general
linear group is tightly related to functorial coalgebra decompositions of tensor al-
gebras. Through this connection, one can investigate topological applications of
new developments in representation theory. Conversely, topological methods such
as Hopf invariants and techniques in Hopf algebras provide tools different from tra-
ditional methods in representation theory for studying Lie powers. Hopf invariants
were obtained in geometry from the suspension splittings of loops on co- H-spaces.
The homological behavior of Hopf invariants gives a family of natural coalgebra
maps on tensor algebras involving certain important combinatorial information on
shuffles [SW1]. By considering Hopf invariants together with techniques in Hopf
algebras, [LLW] generalized some important recent results on the representation
theory of Lie powers given by Bryant-Schocker [BS].

For example, in [LLW] it was shown that the sub-Hopf algebra B(V') of T(V)
generated by the set {L, (V') | n is not a power of p} is a functorial coalgebra sum-
mand of T(V'). This was used to construct an explicit decomposition [LLW] 6.3]
of L, (V) when m is not a power of p. For our purposes, observe that B(V) is
a coalgebra-split sub-Hopf algebra of T'(V'). So Theorems and [Z4] imply that
the Hopf-algebra map B(V) — T'(V') can be geometrically realized as a loop map
Qo2 QuB(Y)) — QY for some simply-connected co-H-space Y. The advan-
tage of having a geometric realization is that it is stronger than simply having an
algebraic decomposition. The topology of the decomposition may imply additional
algebraic information beyond that used in [LLW], which may give further insight
into how Lie powers decompose. We leave specific applications of this to later work.

Homotopy types of generalized moment-angle complezes. Let X1, ..., X,, be simply-
connected, pointed CW-complexes of finite type. For 1 < k < m, define the
space T} by

m
T ={(z1,...,zm) € HXZ' | at least k of x1,...,z,, are the basepoint}.
i=1
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Inclusion into the product gives a map 7" — H?;l X;. Define the space F]" by
the homotopy fibration

Y — T — ﬁXZ—.
i=1

In [P] it was shown that there is a homotopy equivalence

(4.1) F" ~ \7 \/ (‘j_l)zm_kQXil/\.../\QXij

) , , m—k
j=m—k+1 \1<i;<--<i;<m

In particular, Theorem [3.3]is the special case when k =m — 1.

The spaces F}"* have received a great deal of attention lately as they are special
cases of the generalized moment-angle complexes defined in [BBCG|]. The classi-
cal moment-angle complexes are given by the special case when each X; = CP*;
they are fundamental objects in toric topology (see [BP1L [DJ]). Moreover, classical
moment-angle complexes can be identified with complements of complex coordinate
subspaces [BP1], which are fundamental objects in combinatorics (see, for exam-
ple, [Bj]), and a major problem is to determine their homotopy type. It is therefore
natural to also try to determine the homotopy type of generalized moment-angle
complexes. Progress in this direction has been made in [GT1] [GT2].

In the special case of the spaces F}", the decomposition in (@1]) goes a long way
towards determining the homotopy type. This can be refined considerably when
each X; is a suspension, X; = ¥ X, by iterating James’ decomposition LQXX ~
Voo, X Doing so, one obtains a homotopy decomposition of F/™ as a large

wedge of spaces of the form Em’kyzl“) A-- -/\Y;:”l) where 1 < j; < --- < j; <m.
Moreover, one obtains a decomposition of Q2F}™" as the loops on a large wedge of
suspensions. The Hilton-Milnor Theorem can now be applied to decompose further.

All of this can now be generalized to the case of F}" when each X is a simply-
connected co-H-space. The iteration of James’ decomposition is replaced by the
decomposition in Proposition and the Hilton-Milnor Theorem is then replaced

by its generalization in Theorem

Decompositions of the ring of quasi-symmetric functions. The Hopf-algebra of non-
symmetric functions NSymm is defined as the tensor algebra T'(z1, 22, . ..), where
|z;| = 2i, the coproduct is given by A(z,) = Xsii=n 2s ® 2¢, and the antiautomor-
phism is given by x(zn) = Tay+tam=n Za; ** * Za,,- The Hopf algebra of quasi-
symmetric functions QSymm is defined as the Hopf algebra dual of NSymm.
In [BR], Baker and Richter observed that there is an integral Hopf-algebra iso-
morphism H*(QXCP>;Z) = QSymm. They then used topological properties of
Q3CP to prove algebraic properties of QSymm.

In general, a p-local homotopy decomposition QXCP>* ~ [], 6 A, for some
spaces A, implies that there is a p-local algebra decomposition H, (QXCP>=; Zy)) =

~

®af_~l +(Aa; Zp)). Therefore we obtain a p-local algebra decomposition QSymm =
®aH, (Aa; Zy)). Baker and Richter gave the following example. Recall that
H*(CP*>;Z) = Z[z], where z is in degree 2. In [MNT] it was shown that that
there is a p-local homotopy decomposition SCP*> ~ \/f;ll A; where H*(A;) con-
sists of those elements in XH*(CP>) in degrees of the form 2i + 1 + 2k(p — 1) for
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some k > 0. We obtain a homotopy decomposition

p—1
(4.2) ancP> ~Q(\/ 4.

i=1
Note that each A; is a simply-connected co-H-space as it is a retract of XCP>°.
Baker and Richter used this to further decompose Q2XCP* by anticipating the
generalization of the Hilton-Milnor Theorem in Theorem

We give a different p-local homotopy decomposition of QX CP*> which is finer

than Baker and Richter’s, and which therefore implies a correspondingly finer
p-local algebra decomposition of QSymm. By [Ga], for any simply-connected
space X there is a homotopy fibration ZQX A QX — ¥QX % X which splits
after looping as X0QX ~ QX x QEQX A QX). In our case, let BCP* be the
Eilenberg-MacLane space K(Z,3), so QBCP> ~ CP>. Then we obtain a homo-
topy fibration

YCP>® ACP>® — YCP>™ -2 BCP™

and a homotopy decomposition
QXCP>® ~ CP* x Q(XCP>* ACP™).

Consider three decompositions of the space XCP> A CP*°. First, applying the
decomposition from [MNT] on the left factor we obtain

p—1 p—1
SCP>® ACP>® ~ (\/ 4;)) ANCP> ~ \/ (4; ACP*).
1=1 =1

Second, moving the suspension to the right wedge summand gives a similar homo-
topy decomposition

CP>* AXCP® ~CP™ A (\/ Ai) = \/ (CP™ A A)).

Third, let T: CP>* A CP*® — CP> A CP* be the map interchanging factors.
Define self-maps of XCP> A CP* by e; = (1 4+ ¥7T)/2 and e; = (1 — XT)/2.
Observe that (e ). and (e2). are idempotents, (e1).0(ez2)s = 0, and (e1)«+(e2). = 1.
Therefore, if E; and E5 are the mapping telescops of e; and es respectively, then
adding gives a map e: XCP>*° ACP>° — FE;V FEs which is a homology isomorphism.
Since XCP> A CP® is simply-connected, Whitehead’s theorem implies that e is a
homotopy equivalence, giving a decomposition

NCP® ACP® ~ \/E1 v Es.

The homotopy theoretic Krull-Schmidt theorem in [Gr] implies that if YV is a
simply-connected co-H-space and there are decompositions f: Y —» Vi, 4; and
Y = \/;n:1 B; then g determines a decomposition of each space A; into a
wedge of j summands, and similarly for f with respect to each B;. In our case, the
first two decompositions of XCP> A CP> above combine to produce a homotopy
decomposition

p—1
SCP ACP® ~ \/ Ay

i,7=1
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where ﬁ*(AU) consists of those elements in H*(XCP> ACP) in bidegrees of the
form (2i + 1+ 2k(p —1),2i+ 2l(p — 1)) for k,1 > 0. Combining this with the third
decomposition above gives a refined decomposition
p—1
0o o0 + -
SCP*ACP™ ~ \/ (A, v A7)

ij=1
where H *(A:rj) consists of those elements in H*(4; ;) which are also symmetric
when considered as elements of H*(XCP> A CP*) and H*(A; ) is the corre-

]
sponding complement. Hence there is a homotopy decomposition
p—1

(4.3) QECP™ >~ CP* x Q[ \/ (4}, v 4;))

i,7=1

Now to give a p-local decomposition of QSymm, we can start from the homotopy
decomposition in (@3] involving p(p — 1) wedge summands rather than the decom-
position in ([@2) involving just p — 1 summands. As before, Theorem can be
applied to decompose Q( ]io,;‘il(AIj V' A;;)) into a product of looped co-H-spaces.
If desired, each factor can be even further decomposed using Theorem 411

REFERENCES

[BBCG] A. Bahri, M. Bendersky, F.R. Cohen, and S. Gilter, The polyhedral product functor: a
method of computation for moment-angle complexes, arrangements and related spaces,
arXiv:0711.4689.

[BR] A. Baker and B. Richter, Quasisymmetric functions from a topological point of view,
Math. Scand. 103 (2008), 208-242.

[Be] I. Berstein, On cogroups in the category of graded algebras, Trans. Amer. Math. Soc.
115 (1965), 257-269.

[Bj] A. Bjorner, Subspace arrangements. First European congress of mathematics, Vol I

(Paris, 1992), 321-370, Progr. Math. 119, Birkh&user, Basel, 1994.

[BS] R.M. Bryant and M. Schocker, The decomposition of Lie powers, Proc. London Math.
Soc. 93 (2006), 175-196.

[BP1] V.M. Buchstaber and T.E. Panov, Torus actions and their applications in topology and
combinatorics, University Lecture Series 24, American Mathematical Society, 2002.

[CMN] F.R. Cohen, J.C. Moore, and J.A. Neisendorfer, Torsion in homotopy groups, Ann. of
Math. 109 (1979), 121-168.

[DJ] M.W. Davis and T. Januszkiewicz, Convex polytopes, Coxeter orbifolds and torus ac-
tions, Duke Math. J. 62 (1991), 417-452.

[ES] K. Erdmann and M. Schocker, Modular Lie powers and the Solomon descent algebra,
Math. Z. 253 (2006), 295-313.

[Ga] T. Ganea, A generalization of the homology and homotopy suspension, Comment. Math.
Helv. 39 (1965), 295-322.

[Gr] B. Gray, On decompositions in homotopy theory, Trans. Amer. Math. Soc. 358 (2006),
3305-3328.

[GT1]  J. Grbi¢ and S. Theriault, The homotopy type of the complement of a coordinate subspace
arrangement, Topology 46 (2007), 357-396.

[GT2] J. Grbi¢ and S. Theriault, Higher Whitehead products in toric topology, available at
http://www.maths.abdn.ac.uk/ stephen,

[GTW] J. Grbi¢, S. Theriault and J. Wu, Suspension splittings and James-
Hopf invariants for retracts of the loops on co-H-spaces, available at
http://www.math.nus.edu/ matwujie/publications.html|

[H] M. Hazewinkel, The algebra of quasi-symmetric functions is free over the integers, Adv.
Math. 164 (2001), 287-300.

[J] I.M. James, Reduced product spaces, Ann. of Math. 62 (1955), 170-197.


http://arxiv.org/abs/0711.4689
http://www.maths.abdn.ac.uk/~stephen
http://www.math.nus.edu/~matwujie/publications.html

DECOMPOSITIONS OF LOOPED CO-H-SPACES AND APPLICATIONS 15

[LLW] J. Li, F. Lei and J. Wu, Module structure on Lie powers and natural coalgebra-split
sub-Hopf algebras of tensor algebras, to appear in Proc. Edin. Math. Soc.

[MNT] M. Mimura, G. Nishida and H. Toda, Localization of CW-complexes and its applications,
J. Math. Soc. Japan 23 (1971), 593-621.

[P] G.J. Porter, The homotopy groups of wedges of suspensions, Amer. J. Math. 88 (1966),
655-663.

[STW1] P. Selick, S. Theriault and J. Wu, Functorial decompositions of looped coassociative co-H
spaces, Canad. J. Math. 58 (2006), 877-896.

[STW2] P. Selick, S. Theriault and J. Wu, Functorial homotopy decompositions of looped co-H-
spaces, to appear in Math. Z.

[SW1] P. Selick and J. Wu, On natural decompositions of loop suspensions and natural coalgebra
decompositions of tensor algebras, Mem. Amer. Math. Soc. 148 (2000), No. 701.

[SW2] P. Selick and J. Wu, The functor A™™ on p-local spaces, Math. Z. 256 (2006), 435-451.

SCHOOL OF MATHEMATICS, UNIVERSITY OF MANCHESTER, MANCHESTER M13 9PL, UNITED
KiNeDOM

E-mail address: jelena.grbic@manchester.ac.uk

URL: http://wuw.maths.manchester.ac.uk/~jelena

DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF ABERDEEN, ABERDEEN AB24 3UE,
UNITED KINGDOM

E-mail address: s.theriault@maths.abdn.ac.uk

URL: http://wuw.maths.abdn.ac.uk/ stephen

DEPARTMENT OF MATHEMATICS, NATIONAL UNIVERSITY OF SINGAPORE, SINGAPORE 119260,
REPUBLIC OF SINGAPORE

E-mail address: matwujie@math.nus.edu.sg

URL: http://wuw.math.nus.edu.sg/ matwujie



	1. Introduction
	2. Geometric Realization of Natural Coalgebra-Split Sub-Hopf Algebras
	3. The generalization of the Hilton-Milnor Theorem
	4. Applications
	References

