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Abstract Some fractional and anomalous diffusions are driven by equations involving
fractional derivatives in both time and space. Such diffusions are processes with randomly
varying times. In representing the solutions to those diffusions, the explicit laws of cer-
tain stable processes turn out to be fundamental. This paper directs one’s efforts towards
the explicit representation of solutions to fractional and anomalous diffusions related
to Sturm-Liouville problems of fractional order associated to fractional power function
spaces. Furthermore, we study a new version of the Bochner’s subordination rule and we
establish some connections between subordination and space-fractional operator.
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1 Introduction

In recent years, many researchers have shown their interest in fractional and anomalous
diffusions. The term fractional is achieved by replacing standard derivatives w.r.t. time
t with fractional derivatives, for instance, those of Riemann-Liouville or Dzhrbashyan-
Caputo. Anomalous diffusion occurs, according to most of the significant literature,
when the mean square displacement (or time-dependent variance) is stretched by some
index, say o # 1 or, in other words proportional to a power « of time, for instance ¢*.
Such anomalous feature can be found in transport phenomena in complex systems, e.g.
in random fractal structures (see Giona and Roman [16]).

Fractional diffusions have been studied by several authors. Wyss [48], Schneider and
Wyss [45] and later Hilfer [20] studied the solutions to the heat-type fractional diffusion
equation and presented such solutions in terms of Fox’s functions. For the same equa-
tion, up to some scaling constant, Beghin and Orsingher [4]; Orsingher and Beghin [40]
represented the solutions by means of stable densities and found the explicit represen-
tations only in some cases. Different boundary value problems have also been studied
by Metzler and Klafter [36]; Beghin and Orsingher [3]. In the papers by Mainardi et al.
[27, 29, 30] the authors presented the solutions to space-time fractional equations by means
of Wright functions or Mellin-Barnes integral representations, that is Fox’s functions. See
also Mainardi et al. [31] for a review on the Mainardi-Wright function.

For a general operator &/ acting on space, several results can also be listed. Nig-
matullin [39] gave a physical interpretation when & is the generator of a Markov process
whereas Kochubei [23, 24] first introduced a mathematical approach. Zaslavsky [49] intro-
duced the fractional kinetic equation for Hamiltonian chaos. Baeumer and Meerschaert
[1] studied the problem when 7 is an infinitely divisible generator on a finite dimensional
space. For a short survey of these results see Nane [38].

In general, the stochastic solutions to fractional diffusion equations can be realized
through subordination. Indeed, for a guiding process X (¢) with generator o/ we have
that X (V(t)) is governed by d/u = «/u where the process V(t), t > 0 is an inverse or
hitting time process to a S-stable subordinator (see Baeumer and Meerschaert [1]). Thus,
explicit representations of stable densities are fundamental in finding explicit solutions
to fractional problems. The time-fractional derivative comes from the fact that X (V' (¢))
can be viewed as a scaling limit of continuous time random walk where the iid jumps are
separated by iid power law waiting times (see Meerschaert and Scheffler [34]).

In this paper we will study some Sturm-Liouville problems of fractional order associ-
ated with fractional power function spaces. Such a study leads to the generalized gamma
densities and, as a special case, to the 1-dimensional laws of some well-known processes
(as the Bessel process and its squared version). We will deal with Fourier and Mellin con-
volutions of generalized gamma densities in order to find out the explicit representations
of the solutions to some fractional equations which belong to the class of stable densities.
Those representations turn out to be useful in representing the solutions to time/space
(or time-space) fractional diffusion equations including the equation whose stochastic so-
lution appears as a new version of the Bochner’s subordination rule. Here, we study a
fractional operator acting on space and associated with fractional power function spaces
which is the infinitesimal generator of a subordinated squared Bessel process.



In Section 2 we introduce and study the operator

0" f(0) = 5 (W—V*l% (wl‘qu)))

where x,t > 0, v # 0 and > 0. In particular, we study the solutions to the p.d.e.

0

Such solutions belong to the family of generalized gamma densities (or generalized recip-
rocal gamma densities). Throughout the paper we will often refer to G7,(t), t > 0 (for
some v # 0, u > 0) as the generalized gamma process. We are aware that we are making
some abuse of language by considering a process without its covariance structure. For
our purpose, this assumption will be useful in better handling the mathematical tools
we will deal with. Moreover, we will consider only one-dimensional processes and thus,
only one-dimensional marginals are involved. Thus, the stochastic solutions to (1.1) are
represented by GZ(t), t > 0. In particular, for v = 1, we have the squared Bessel process
Sy = G}“ satisfying the stochastic differential equation

dS,(t) = pdt +24/8,(t) dBy(t)

whereas, for v = —1, the stochastic solution to (1.1) is the process satisfying the stochastic
equation
1 2|E,.(t)?
dE,(t) =— | E,(t) ——— | dt L dBs(t

where By (t), t > 0 is a Brownian motion with variance ¢/2 and Bs(t), t > 0 is a standard
Brownian motion. The process E,, = G;l, is the reciprocal gamma process which also
emerges, in this paper, as the inverse process to a pu-dimensional squared Bessel process
S,. Indeed, between the processes S, and E, there exists the relation

Pr{S,(x) >t} = Pr{E,(t) < x}.

For v = 2 in (1.1), we obtain the governing equation of Ry, = S’;{f which is the 2u-
dimensional Bessel process starting from the origin.

In Section 3 we show the role of g}, v # 0 in representing the laws of stable sub-
ordinators 7/, t > 0 , say h,, v € (0,1) and those of inverse stable subordinators L,
t >0, say l,, v € (0,1). In particular we exploit the Mellin convolution formula in or-
der to write both h, and [, as integrals of modified Bessel functions of the second kind
(Macdonald’s functions). Such convolutions are invariant under permutation of the char-
acterizing parameters. In other words, for i = (1, pa, ..., pun) € R, the convolution
involving n functions 95,»J =1,2,...,n is invariant under different choices of [ if and
only if []7_, y1; = const. To be clear, for v = 1/(n+ 1), n € N, we show that

ho(.t) = g5 " (@, ona (1), and () = gi" V" @, Yo (1)

for some ¢ and t (function of ¢) such that ¢ = ¢! and Vi € 27, (n!) where the set
P (p), for m, K, o € N, is defined in (3.28), see Theorem 2. Here, we have used the Mellin



convolution f7™ = fu, *...x fu,, see Definition 3. The law g;l is the one-dimensional
marginal of E,(t), t > 0 and thus, the stable subordinator 7 , ¢t > 0 can be written as
the composition of n reciprocal gamma processes,

7 By (B By (0)-2), = (s i) € Py (n)

where E),;, j =1,2,...,n are independent copies of E,,.

In Section 4 we study the equation (1.1) in the half one-dimensional space and, in a
bounded domain 2, = (0,a), a > 0, when the time derivative is replaced by the Riemann-
Liouville fractional derivative. Moreover, we show that the solution to (1.1) with v =1
coincides with the solution to

D5+7tgllt(x,t) =Dg_, (w“_l'“’Dg@ (xl_“ gi(:v, t))), Vv e (0,1] (1.2)

on (s, whose stochastic solution is the squared Bessel process S, and Dg, , are the
Riemann-Liouville fractional derivatives to be defined below. For the fractional equation

= Dy gy (1) = Dy (w#”"Dg_,m (+' 7 g (e, t>)>, e (13)
on Qu, we show that the solutions to (1.3) can be written in terms of H functions as

1 x
v,B — v,
g, (z,t) = tB/VG“ (tﬂ/”) (1.4)

where . 5
1 (L) (L) (10
v,B — _ 2,1 VAl sy M,
Gl = g Has M D wh oy ] T
Furthermore, we present the explicit representations of (1.4) as the laws of the composi-
tions S, (%Zﬁ), t > 0 where S, is the p-dimensional squared Bessel process and 7/, ¢ > 0,

v, B € (0,1), is governed by
(DG4 + Dby o)l t) = 8(@)t 7 /T(1=B), @>0,t>0,

The novelty here is the connection between subordination and space-fractional operator
which extends the results given by D’Ovidio and Orsingher [13]. In that paper, stable
subordinators are leading to higher-order derivatives in time. Furthermore, this result is
strictly related to the Bochner’s subordination rule for which

ou  0%u
— = =5, eR, t>0, ve (0,1

at ~ oz ve(01)

is the governing equation of the subordinated process B(7/), ¢ > 0. Indeed, we show
that a fractional version of the operator G* is the generator of the subordinated process
S, (7}), t > 0, which is the stochastic solution to (1.3) for § = 1.



2 The generalized gamma functions

2.1 Preliminaries

Throughout the paper we will use the Mellin machinery and the strictly related Fox’s

H-functions. For this reason we give here a short introduction to those arguments.

Definition 1. For —oco < a < b < 0o, we define the space
M, ={f:Ry—C|a" ' f(z) e L'(Ry),Vn € HS}
where H. = {¢: ¢ € C,a < R{¢} < b}.
The Mellin transform of f € M? is defined as

MUFOI = [ 27 f@)do, ne B,
0
We say that f € M, if f € M and is a rapidly decreasing function such that

dk
JaeRs.t. lim 2% F 11—
r—+00 dxk

f(x)=0, k=0,1,...,n—1, neN, zeRy
and
dk
FbeRst lim 21— f(2)=0, k=0,1,....n—1, neN, zeR,.
z—0t dxF

For f € Mn,l and n € N we have that

M| 510|017 s Ol = )
I'l+n-—n)
—WM [FO] (n—n).

(2.1)

Let us point out some useful operational rules that will be useful throughout the paper:

for some —0co < a <b<ooand b >0, f, f1, fo € M&:

| e pteayae o a0l )
M F0] () =MIFC) -+ )
° . ds
w| [0 (2) 2260 2] 0 =MIAOL0) x MU )
MIO) =0~ MO + 1),

where

I(x):/oof(s)ds, x>0,

(2.6)

see e.g. Glaeske et al. [17]. The formula (2.4) is the well-known Mellin convolution for-
mula which turns out to be very useful in the study of the product of random variables.



The Fox functions, also referred to as Fox’s H-functions, H-functions, generalized
Mellin-Barnes functions, or generalized Meijer’s G-functions, were introduced by Fox [15]
in 1996. Here, the Fox’s H-functions will be recalled as the class of functions uniquely
identified by their Mellin transforms. A function f € M? can be written in terms of
H-functions by observing that

o )i d .
/ .’L‘nHI’Tén |:,I’ (a“az)z_l,,,,p :| _.I _ Mm’n |:’I7‘ (0470[1)1-1,..,1) :| , n c HZ (27)
0

(0, Bi)j=1,..q | @ P (bjs Bj)j=1,...q
where
Mrn [77‘ (ai, ai)izl),,)p :| _ H;nzl F(b] + nﬁj) H?:l P(l —ai — nai) (2 8)
e (bjs Bj)j=1,...q i DL =0 —nB)) [T7— 11 Tlai +na)” '

Thus, according to a standard notation, the Fox H-function can be defined as follows
(ai ai)i:l . } 1 —
H™™ | ¢ ’ (R I — M ()~ d
P,q |: ’ (bj,ﬂj)jzl,..,q 2i P P,q (77) 7

where P(H?) is a suitable path in the complex plane C depending on the fundamental
strip (H%) such that the integral (2.7) converges. For an extensive discussion on this
functions see Fox [15]; Kilbas et al. [22]; Mathai and Saxena [32].

We recall the Modified Bessel function (of imaginary argument) K, also known as
Macdonald’s function and the Bessel function of the first kind J,,. In particular

ml_a(2) = 1a(2)

K.(z) = 5 pr— , « not integer (2.9)
(see [19, formula 8.485]) where
(2/2)o¢+2k
L) =S 22— 00, 2.10
O =Y T <o el < (2.10)

k>0
is the modified Bessel function of the first kind (see [19, formula 8.445]). The Bessel

function of the first kind writes

- (_1)k (2/2)a+2k
Jo(2) = ém, |z| < oo, J|argz| < (2.11)

(see [26, p. 102]). The functions K, and I, are two linearly independent solutions of the
Bessel equation

d*Z.(z) dZy(x)
2 « «
R e dx
whereas, the functions .J, and Yy, (see [26] for definition) are linearly independent solutions
to

—2°Zo(2) =0 (2.12)

d*Z,(x) dZq(x)
2 « «
TR e dx
(see [26, pp. 105 - 110]). Furthermore, (see Lebedev [26, pp. 102])

+ 22 Z,(x) =0 (2.13)

Ig(z) = eiLZ’BJg (xeﬂ%) , —m<argr <mw/2.



2.2 The operators G and G*

The operators we deal with are given by

1 0 9]
* = — JE— Y _ — 1=y
g fa 7z (8:1:36 B (ym 1)8:1:x ) f2

0

:LQQ (xw—wla_x (ﬁ f2>) . f2€D(GY) (2.14)

and

=

61 =2 (oD s =)L) 5
1= " (vu=7+1z-) h

1 d

:W% <x7“7+1%fl> . f1€D() (2.15)

where to(z) = 27#71 is the weight function. We shall refer to G* as the adjont of G. Indeed,
as a straightforward check shows, we have that G*to fi; = wG f; and the Lagrange’s
identity

f2G 1= [1G" f2=0 (2.16)
immediately follows. Thus, by observing that

DG*)={feM : f=mwfi, fi € D(G)},
we obtain that (Gf1, f2) = (f1, G* f2) holds true Vf, € D(G) and Vf; € D(G*).
Lemma 1. The following hold true:
i) For the operator appearing in (2.15) we have that
Gon = (k/2)" Y (2.17)

where
Pu(x) =22 WK, (mﬂﬂ), k>0, x>0, v#0 (2.18)

and K, is the Macdonald’s function (2.9).
ii) For the operator appearing in (2.15) we have that
G = —(k/2)? s (2.19)

where

Ve (x =220, (k2??), k>0, 2>0, v #0 2.20
n

and J,, is the Bessel function of the first kind (2.11).

Proof. We first recall some properties of the Macdonald’s function (2.9). In particular we
will use the fact that K_, = K, and

—Ka(2) = ~Ka1(2) = TKa(2). (2.21)



(see [26, p. 110]). By performing the first and the second derivative with respect to x of
the function 1, = ¥, (z) we obtain

P2t 30w e | 1k
L _2(1 M)xwﬁ—i—xQ 2" Ky Ax7/2K1_“
Y 1 VE 22— Y 1 VK 32—
==—(1—=p)—t — — WK _ — =1 —p)—t, = —— WK
2( M)xw 2:17302 " 2( N)IQ/’ 23:$2 "
and
(g — oy —1) Ly 4 3w 08 a2 [_ e }
1/1,.;—(2(2 2 1) xw“—i_ 2 v 2z Ky mﬂ/zK“
g VR AT A T
=(2e-w-1)-v. - () E—Eu1 - 220
(2( 2 xq/}“ 2 2 w1 wa“
By keeping in mind the operator G, from the fact that
" ’ 1'7252
e + (v =7 + D =7 5w (2.22)
the relation (2.17) is obtained. The equation (2.22) can be rewritten as
Pl (yp =+ Dagl =72 (5/2)° 27 P =0 (2.23)

which is related to the formula (2.12) whereas, a slightly modified version of (2.23), that
is

PP+ (= v+ Dz, 97 (5/2)% 27 . =0 (2.24)

is related to the formula (2.13). The equation (2.19) can be written as formula (2.24) or
equivalently as (2.25). After some algebra, from (2.13), we have at once that

V() = :1:%(17“)(]#,1 (/{ 177/2)
as announced in the statement of the Lemma. O
The formula (2.24) can be put into the Sturm-Liouville form as follows
(@) + 42 (5/2) w(x) e = 0. (2.25)
According to the Sturm-Liouville theory and formula (2.25), we have obtained an orthog-
onal system {1, } such that - -
gwm = _('%i/2)2 d]m? (226)
where k; are the zeros of J,. In particular, from the formulas (2.26) and (2.16), we have
that G is a Hermitian linear operator and then

/0 B (@), (@0 (@) = 0, if i # (2.27)

where t(x) = 27#~! is the weight function. In a more general setting we have

/0 " B (@), (@) (2)dz = (ki — 53)/R (2.28)

which leads to the Hankel transform of a well-defined function f, that is

(H1)(p) = / e (pn) f@)dz and  f(z) = / " o (o) (H ) (p)dp.



2.3 The generalized gamma densities
The well known generalized gamma density of the r.v. G} is given by

SYp—1
I'(w)

by means of which we define the distributions we are going to investigate, that are

Qu(z) =~ exp{—2"}, z2>0,v>0,u>0
. 1 x .
gula,t) =sign()7Q7 (T) and gi(.t) = gy, 1), (2.29)

We begin by stating the following result.

Lemma 2. For >0, v# 0, the density law

. = w(x) x
i) = wl@)fio ) =l e {21, w0 230
say g, = gy (x,t), satisfies the following p.d.e.
£~7—Q"~7 >0,t>0 (2.31)
8tgu - g;,u z ’ .

where G* is given in (2.14) and w(x) = 271 is the weight function.
Proof. Consider v > 0. The Mellin transform of the function (2.30) reads

n—1

t

- n—1
Wi(n) = Mlg) (-t n=F( +u) ;
We perform the time derivative of the formula (2.32) and we obtain

0 77—1 77—1 n—y—1
—,(p) =——1(1— '
ai V) gl ( gl +M)

1 n—~—1 RPN | e
_n <77 v +w>r(n v +u)t 2=t
7y 7y 7y

neHP. . (2.32)

:%(n—l)(n—v—ﬂrw)\h(n—v)
:%(n—l)(n—v)\h(n—vH %(n— D(yp —1)W(n —7)
_ 1 9 2—y 9 ~y (’Y,u_ 1) 0 1—7y~v
—Lat{ e Lo - L Lo,

From the fact that g) € M; and according to the properties (2.1), (2.2) and (2.3), the
inverse Mellin transform yields the claimed result. Similar calculations must be done for
v < 0 for the proof to be completed. O

We observe that

RN =GR, e SE@H=0F@)  (@83)



where the kernel k) (x,t) is such that g)(z,t) = ro(x) k] (z,t). Moreover, from (2.32) and
by direct inspection of (2.8) we obtain

Y 10 |27
gl(xvt):?Hl,l e

(1,0)
(57 ) ] . x>0, v#£0. (2.34)

The r.v. G}, possesses law g} (z,1), * > 0 and a straightforward check shows that

_~ law . . . _
E) = G.7 = 1/G) is distributed as e, = g, 7. Thus, we can refer to e}, = e (, 1),

x > 0, as the reciprocal generalized gamma density. Let us write e} (x,t), z,t > 0
as the one-dimensional law of the reciprocal process EJ(t), t > 0. We observe that
EJ(t) can be also viewed as the inverse of G7(t), see [11] for details. Indeed, from

Pr{G)(z) >t} = Pr{E}(t) < x}, we obtain
Tz, t) = Pr{E](t) € dz}/dx = o " v d 0,t>0
ep(w,t) = Pr{E](t) € dz}/ T = o t gu(s,x)ds, x>0,t>

and, from (2.5) we have that

MG ) =5 Ml )]+ 1) (235)
—Mxﬂ—l 00
gy ¢ e

From (2.35) and (2.8) we obtain

5 _ Yo | ] (1,0)
e#(fb,t)— le,l 7 (M,l) ’ Iat>05 7>0
which coincides with (2.34) for v = —1. Thus, the reciprocal gamma process Er =G

. . . _ _
is the inverse to a gamma process (7). The inverse gamma process £, = E,,, for u = 1/2,
can be viewed as

Eyja(t) = inf{s; B(s) = V21)

where B is a standard Brownian motion. Thus, E /5 can be interpreted as the first-passage

time of a standard Brownian motion through the level v/2t. As a direct consequense of
these facts, for p > 0, we obtain

Pr{S,(z) >t} = Pr{E,(t) <z}, z,t>0

and
E,(t) "2 1/8,(t), t>0

where S, = Gb is the squared Bessel process starting from the origin. The process S, is
a non-negative diffusion satisfying the stochastic differential equation

dS,(t) = pdt +24/S,(t) dBy (t) (2.36)

10



where By (t), t > 0 is a Brownian motion with variance ¢/2. The reciprocal gamma law
ey = g;l, > 0, represents the 1-dimensional marginal law of the process satisfying the
stochastic equation

2|Eu (1)

L A () (2.37)

dE, (1) = — (Eu(t) - ﬁ) dt +

where Bs(t), t > 0 is a standard Brownian motion (see e.g. Bibby et al. [7], Peskir [41]).
Due to the global Lipschitz condition on both coefficients, the stochastic equation (2.37)
has a unique solution which is a strong Markov process. The process I, also appears by
considering the integral of a geometric Brownian motion with drift u, that is

1 aw o
§E,u g / exp (2B(s) + 2us) ds (2.38)
0

see Dufresne [14]; Pollack and Siegmund [42]. The process G}, for v = 2, becomes the

2p-dimensional Bessel process R, = S;ZLQ. Consider now the Rodrigues’s formula

Vol (o) — e’ dan 2, W (7)
L7 (x) () do (:C ) v#0, u>0. (2.39)

The polynomials {IL)>#(z), : n € N} are orthogonal under the generalized gamma density
w(z) exp(—z7), v # 0. Indeed, we have that

L), L (g = / LA (@) LY (2) 6] (,1) da

el [ () e () e
:{ 0, n#m

c(n), n=m

where
d° to(x o (x d o (x to(x
770 (IO ei)) :—eiv)7 dx (I2 ei)) = [(yp + D)o — 72" *] —eiv)
d? w(z 1w (z
dz? ($4 egﬁ’*) ) =[(yu+2)(yu+ 3)2® — Y (2yp + v + 5)a" 2 + 47272 %

We notice that LL#(z) = L¥(x) are the well-known Laguerre polynomials. As a direct
consequence of the discussion made so far we obtain, for n # m:

B[Ly" (Su) Lo (Su)] = 0,

B[L, M (By) Ly, (B)] = 0,

E[LZ’H(RM) szﬁu (Rau)] = 0.

11



3 Convolutions of generalized gamma densities

3.1 Introductory remarks and notations

In this Section we study the convolution of generalized gamma densities which leads to
useful representations of solutions to fractional partial differential equations. Here we
present the basic set up and introduce some notation.

Definition 2. We define the class of processes

P, = {Y(t), t£>0:3neH st B[Y(t*)/t]" " = Py(n)} , acR
and, the class of functions F, = {f ‘ Y~fYe ]P’a}, F, C M%, where Y ~ f means
that the process Y possesses the density law f.

We point out that for a composition involving the processes Y% = (X%)% X% € P,,
7=1,2,...n we have Y7 € P;, V5 and this implies that

YO YO (YO (t). L)) M Yo (e (g Ly (£ (3.1)

for all possible permutations of {0}, j = 1,2,...,n. This can be easily carried out by
observing that Py (1) = Px(na — a + 1).

For the density law g € M{2.  we observe that g/ € IF1 and g € F, (see (2.29)).
Indeed, we have that

L(utn/y=1/7) 4

Mg (- )](n) = M) , mEHP. ,,v#0,t>0. (3.2)
‘We now introduce the convolution
) 1 [ ds
g * g () =(gk (2, ), gl (1)) = sign(y172) /0 Qi (a/9)Qa(s/D—  (33)

which is a Mellin convolution in the sense that

Mgt » g2 (L 0)(m) = Mg (- £1/2)](n) x Mgpz (-, t/%)](n)

(see (2.4)). The Mellin convolution is the principle tool we will now utilize. For this
reason we focus on the following definition and main properties.

Definition 3. Fix ¥ = (y1,...,%), v #0, J = 1,....n, i = (@1, ln), fj > 0,
j=1,...,n. From the formula (3.3), Vt > 0, we define the Mellin convolution

gg’*n(x, t) = g Kkgin (z,t) (3.4)
with Mellin transform
Mgy " (0)l(m) = [T Mlg (.t (n) (3.5)
j=1
S D = D)/ + )
=1 J I cH,
Jr_[l T(15) !

where a = 1 — min;{v;u;}.

12



We will refer to the integral f1o fo(x,t) = (fi(x,) f2(-, 1)) (for a well-defined functions
f1, f2) as the general composition. Roughly speaking, for two positive processes X *(t),
t > 0 and X2(t), t > 0, with distributions f; and fa, we will write f1 o fo to mean the
distribution of the composition X*(X?(t)), t > 0. Thus, the Mellin convolution f; x f is
a special composition where the relation (2.4) occurs. In a general context, for f; € Fy
and a well-behaved function fo we have f1 o fa # fo o fi whereas, for f1, fo € F1, we can
write f1x fo instead of fox fi. The simplest convolutions we deal with are written below:
for ,t > 0 and v # 0, p1, pe > 0,

|”Y| oY —lype
Blp, pa) (7 + a7y Fhz

Gy * Gy (w,1) = (3.6)

where B(-, ) is the Beta function (see e.g. Gradshteyn and Ryzhik [19, formula 8.384])

and,
pitpo

2|y| (@7/t7) 2 —
o T(p1)T (pr2) Kz (2 @7/t )) ’ (3.7)

where K, is the modified Bessel function of the second kind.
For X € Py with law fx € F; and Y € P, with law fy € F, we have that

931 *glz (z,t) =

n—1

Mfx () =Px(m)t"™" and  M[fy()](n) =Py (n)t= .

We observe that

Px(Pr (s = [~ ar [ | i misn ds] s (35)
- /0 Ty [ /0 P, s®) Fx(s, 1) ds] dy

which means that X (Y (¢)) law (X (tY/*)>). We also introduce the well-known Fourier
convolution fx * fy which is the law of X + Y. Indeed,

Flfx = fy (D)8 = FIfx (0OIE) x Flfy (-, 1)](E)
where F[f(-)](§) is the Fourier transform of f. We notice that fxa« x fys = fys x fxo is
the law of X - Y? if X € P, and Y € Pg.

3.2 Stable densities

Let us introduce the fractional derivatives and their connection with the stable densities.
Consider the a-stable process Tto"e ~ sl s = sﬂ(m, t), x € R, t > 0 with characteristic
function given by

Eexp {iﬂTf"e} = exp {—t|§|0‘ {1 — i9|§—| tan (a—;)] } , £€R (3.9)
with o € (0,1) U (1,2] and 6 € [—1,1] (see Zolotarev [51]). When 6 = 0, we have a
symmetric process with Eexp {i817} = exp {—t|8]|*}, o € (0,2] and distribution s, =
s,(x,t), z € R, t > 0. For the sake of simplicity we will write 7 instead of 7°°. Let us
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consider the functions s, , s} where s, (z,-) = s,(z,), * € R_ and s} (z,-) = s,(z,-),
z € Ry. We notice that for all ¢ > 0, s} (—z,t) = s, (z,t) because of the symmetry of
7, t > 0. Moreover, we will refer to 7/ = 7, "'t > 0 as the totally skewed process which
is also named stable subordinator. We notice that

law
el & 17 = tl/”Tf.

For n — 1 < o < n, according to Kilbas et al. [22]; Samko et al. [44], we define

(D2 )@) =~y [, =" (s, e R

and

(DN = g | 0= 9" ) ds, vk

n—a)dz |

which are the left and right Riemann-Liouville fractional derivatives. The governing
equation of 7%, ¢ > 0, a € (0,1) U (1,2], is given by

%(x,t} = 9Dy salz,t), z€R, >0 (3.10)
where
oD 50z, t) = —m [6(D% 50, 1) (@) + (1 = 1)(D 50l 1) ()]

and 0 < k = k() <1 (see e.g. Benson et al. [5]; Chaves [9]; Mainardi et al. [27]). The

Riesz operator
0%s,, o
W(I,t) = oDy sa(z,)

where k = £(0) = 1/2 is the governing equation of the symmetric process 74, t > 0 or
Levy flights. We also consider the fractional derivatives (D§_ f)(z) = (D f)(z), v € Ry

and
(D3 N&) = Frmm s | =" @) ds aeRe @1

As a generalized version of the integer derivative (2.1) we introduce the Mellin trans-
form of fractional derivatives. For a given f € M and 0 < a < 1, if R{n} > 0,

MG NN = o s MO )+ (TN (312
whereas, if R{n} < a+ 1,
MG NON = LD MUO - )+ (TI N0 (13)
where
(TR D)0 = Fa— ) [ 5 @)
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(see Kilbas et al. [22]; Samko et al. [44] for details). For > 0, a € (0, 1), we observe
that
In € HY® s.t. (T1= k) (n) =0 (3.14)

where g (z,t) = w(x) k] (x,t) and k] (x,t) = |y|/T' (1) exp{—(x/t)?}/t"". Indeed, being

170‘ _ ! Oos—:vo‘_l s)ds, x
I D) = o [ =2 s 2> 0

IN(e
(see Kilbas et al. [22]) we obtain
(Io= "k (1)) (@) =t~ i (2, 1)

and (3.14) immediately follows.
The Dzhrbashyan-Caputo fractional derivative is written as
d~f
dx®

(2) = (O D, f)(@) = F(%_a) /O (amro e 3as)

with n — 1 < o < n, n € N and the connection between (3.15) and (3.11) is given by

da:o‘ Z dz* f

see Gorenflo and Mainardi [18] and Kilbas et al. [22]. We refer to Kilbas et al. [22]; Samko
et al. [44] for a close examination of this topic.

wk—a

Tk—a+1) (3.16)

(D(01+,mf) (.’I]

w:O+

From the relation (LY < x) = (7% > t), according to [1; 11; 33; 35], we define the
inverse process LY, t > 0 with law [, = [, (z,t), z,t > 0. As already mentioned before, 7/,
t > 0 is the v-stable subordinator, v € (0,1) with law, say, h, = h,(z,t), z,t > 0. The
process 7{, t > 0 is a process with non-negative, independent and homogeneous incre-
ments, see Bertoin [6]. The stable subordinator and its inverse process are characterized
by the Laplace transforms

Eexp{—A\7}} = exp{—tA\"}, Eexp{—AL{} = E,(—\t") (3.17)
and
L[, (z,)](\) = 2" E, (= \zY), L[l (2, )](A\) = A Lexp{—z\}. (3.18)

Here, the entire function

k

z
Eogz) =S — 2 H®, o € H®, 8 € H® 3.19

is the generalized Mittag-Leffler function for which
o0
/ e NPT, p(—c2?) dz =
0

AP

W, )\EH‘OCOP/OL, CEHSO
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and F,(z) = Fq1(2) is the Mittag-Leffler function. From (3.17) we immediately verify
that the law h, satisfies the fractional equation —%h,,(x, t) = (Dgy ,hu(,t))(z) whereas,

for the law of Ly, from (3.18) we have that (Dg, , (x,-)(t) = —21,(z,t). The following
Mellin transforms turn out to be useful further on:

o (l=m) T _ Tty
Min 010 =1 (F0) i MOl =

see e.g. [11; 27; 28]. From (2.8) we obtain

1-157) _ Lol
(0,1) ] bie,t) = g i ?[t

(3.20)

(1-wv,v) ]

1 0,1 X
hy(z,t) = th/,;H1 [tl/v (0,1)

for x,t > 0, v € (0,1). We notice that in general
I(x,t) = vt VR, (L™ 1),

see e.g. [34, Corollary 3.1] or [11; 51]. The inverse process LY, t > 0 has non-negative,
non-stationary and non-independent increments (see Meerschaert and Scheffler [34]). For
this reason we will refer to a subordinated process only as the process where 7/ is taken
as a replacement for time. Thus, from our point of view, subordination is a special
composition of processes.

We recall the following fact.

Proposition 1. For 8 € (0,2), v € (0,1), the solution to (3.10) with 6 =0 and o = v,
is given by sg,(x,t) = sg o hy(z,t).

Proof. The proposition can be ascertained by noticing that
Eexpli¢rs, } = Eexp{-[¢"7} = exp{~t}¢|™}
which coincides with (3.9) with # = 0 and o = Sv. Thus, we have that TW faw 7. O

For o = 1, the process 7}, t > 0, is the Cauchy process C(t), t > 0, with distribution
s1. We observe that C' € Py with Po(n) = 1/sin%n, n € Hj. Indeed, E|C(t)|"! =
171/ sin Iy = 2 M[s{ (-,1)](n). Moreover, 27 (z,t) = gf/2 *91_/22($,t) as formula (3.6)
shows. From the Proposition 1 and the fact that gli/% € [F; we can write

sh(z,t)=2 (gf/2 * g;/zz) o hy(x,t) =2 (g;/z2 * 9%/2) o hy(x,1). (3.21)

For a symmetric a-stable process we have that 7 € P, with

LY (9% ;
Pre(n) = 2aF(1 —n) singn’ n € Ho (3.22)

Indeed, from the Proposition 1 we have that 77 ~ s1 o hy(z,t), © € R, ¢ > 0, and
thus, by considering that |C(t)| ~ 2s] (x,t) and 77 ~ h,(x,t), we obtain that |C(7)| ~
251 o h,(z,t). From the fact that s7 € F; we have that

M[sfohl,(-,t)](n):M[ GOl _ T () ()= n € H}.

t)
sin 57 al'(1—mn) singn’
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We give an alternative proof of the claimed result. From (3.9) with # = 0, we have that
the Mellin transform of the function s, reads

Mst (-, )](n) = / o1 L / e—iBr—elBI™t g3 4y
0 27 Jgr

1 e*c\ﬁl"t/ 2L B gy 43
27T R 0

— [l ap cos(G s

™

— reos(Gn2 [ 5 re s

1

— 21 cos(Sn)T (%) (ct)"=

T

where _
(zrrn 6717777) B sin(wn)

1
2 (ei37 —e~'37)  2sin(5n)’

= 1650 o) -

From the Euler’s reflection formula I'(n)I'(1 — n) = «/sin(7n), we obtain

L) ()=
al'(1—mn) sinfn’

Msi (-, ](n) = n € Hl,

3.3 Representations via convolutions
We can rewrite the convolution (3.4) in terms of Fox’s functions.
Theorem 1. The following representation in terms of H-functions holds

5 1 T
Akn 1) = Hn,O el
ga” " (@ t) = — Hyy |~

p1,0); (p2,0)5 ooos o (i, 0
(Full L)) (222 L)) X ('(u L)) ] , x,t>0. (3.23)
7’Y1 ) 7’Y2 ) MR mn»y Yn

Proof. From (3.5) follows that

Ay T
Hr= 71’ 'Yl) A (Mn Yn' In

Set f(x,t) =
MIf( D))

t ( ~1) for a well-behaved function w : Ry — R, from the fact that
=" M[w(-)](n) and by direct inspection of the formula (2.8) we obtain

(.0 i (a0) ] |

1 x
Y,k ,t _ _Hn,O e
gn"" (@) ""[ (1 = 1/v, /) oo (n = 1/, 1/ )

t t

From the property of the H functions

grmn [ (@6 @i)i=1,.p } _ 1 Hmn|: ‘ (a; + cai, )i=1,..p } 394
P { ‘ (bj,Bj)i=1,...q z° (bj + ¢Bj, Bj)j=1,.. (3.24)

for all ¢ € R (see Mathai and Saxena [32]), we obtain, for ¢ = 1 the claimed result. O
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The following facts will be useful later on.
Lemma 3. For g) = g)(z,t), v € Ry, t >0, u > 0 the following hold:
i) x-commutativity: gt * g)2 = g)2 * gt for all y1,7v2 # 0.
i) *-commutativity: gt x gz =gz x gyt for all y1,72 # 0. Furthermore, for v =1,2,
Gjis * Gtz = Gpis sz
ii1) (%% )-distributivity: when - and *- commutativity hold, we have
G * (971, * 9s) = (91, % 971) * (91, % 9]0,)-
) for i, ua,c € N

H1 H2
Y1 p2 = *Jl 1gM2 - *Jz 1gM1

where 96 =i fox, oo k.

,u

and  #0ZE gL =g e (3.25)

Proof. The point i) comes directly from the formula (3.1) and the fact that g)’ € Fy,
Vv # 0, and p; > 0, j = 1,2. We show that 7i) holds. For v =1, Vt > 0, g) is the
gamma density with Laplace transform L[g(-,#)](A) = 1/(1 4 At)" and the statement
follows easily. This is a well-known result. The case v = 2 is considered in Shiga and
Watanabe [46] being gZ the semigroup for a Bessel process Ry, = S;f where S5, satisfies
the stochastic equation (2.36). The result in #i¢) can be obtained by considering, Vt > 0,
the independent r.v.’s GZJJ (t), j = 1,2,3 with densities g)} = g’ (z,t), j =1,2,3,z € Ry.
From the fact that g, € F1, j = 1,2,3 we have that G (G}2(t)) law G2 (G (1)), that
is, YV, glj are commutative under *. For this reason and the s-commutativity, V¢ > 0,
we can write

G}"l (G}tz (t) + G}t% (t)) :Gllt (Glltfr#%( )) Gllt2+#3 (Gllt (t))
1 1 1 1
_GH2 (GH1 ( )) + GMS (Gul ( ))
In the last calculation we have used the fact that

E|exp (=A[Gy, (5) + Gy (9)]) ‘s = Xt} = E{exp (=AG Ly 445 (9)) ‘s = Xt]

The same result can be achieved for v = 2. In order to prove iv) we proceed as follows:
first of all we observe that 44) imply g .., = *4/_,9,, = */2_,g,, . Second of all we
show that

H1+C 1 _ oc M1 1
* =19u, = *jczl *Jl 1 guz G -pa-c
whereas
o C H1—cC . C 1 _ 1
Kje=1 *h 1 guz = Xj.=1 g% = Yprpn
and this concludes the proof. O
When ~; = v for all j = 1,...,n, we will write g}"*" instead of g'y ** . Moreover, we

observe the following fact.
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Proposition 2. The following holds true

R

9" " (x,t) = G, ogé\?&}”(x,ﬂ), Vujep, j=1,2,...,n (3.26)

where g7 is that in (2.29)
Proof. Fix n = 3. ¥Vt > 0, it is enough to consider the r.v.’s G}, él and their density
laws g7, g where g7 (z,t) = g)(z, t1/7) or equivalently G(t) faw él (t7). In this setting,
we have that X (t) = G}, (G}, (G}, (t))) can be written as X (t) o ézl (G, (G, (1))
thank to the fact that (GZ)7 faw Gt. Thus, we can write

92w, t) = G, 0 gty (@) = G7, 0 (g, * g, ) (@, 1),
Thanks to the x-commutativity we have that g\, g\ = g\ %g,, and also that

g (@, t) = G, 0 g2 (@ 87) = G710 (g, * g, (@,17).
By considering n processes, the formula (3.26) immediately appears. O

For m, k, p € N, we introduce the sets

n — n — /l_) n
) =4 peR] p_g, (vl,...,vn)EN,Zlvjzg (3.27)
J:
and
n — n — /l_) n -
Pl(o) =< p R} p_g (vl,...,vn)EN,ij:g ) (3.28)

For v =1,2 and a fixed i = (1, ..., tn) € L (s), we have that
931 O *gln(x7t) - ggl e *gg71($7t)

for all @ = (01,...,0,) € #"(s). This fact follows easily from the semigroup property
(¥-commutativity) of the law g}, shown in i1), Lemma 3. We present the following relevant
result about the x-commutativity of the semigroup g;.

Theorem 2. Fiz ji € P! (o). Then, g*" = Ilg*", for all 9 € 27 (o).
Proof. Fix r, 0 € N. We have gllt*" =gp xex g = (1, pn) € P2(0). From

(3.28) we can write 1 = n(:“lv ooy fin). Let us first consider n = 2. We recall that

1,42 1,42 . Lo i,
Yimp) = g(u 1) from the x-commutativity. Thus, form the properties i) and i) of the

Lemma 3, we have that

1,%x2 [ 1,x2 ﬂl 1,x2
Il L) = Fn=19(2,15,) = Fn=19(1p,,1)
_ g 12 %2 _ om fi2 1,%2
= Fji=1 Fjp=19(1 1) = K1 K= 91 gy
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For n € N, 0y = %(1,...,1) € R, we can write

1xn 1% 31 [in, 1,%n
a B g%( cnfln) *ﬁ:l *Jn_l g190

We shall refer to 9y as the 0-configuration. We first observe that
n
1,xn m [in 1xn _  1,xn - ~
g:“‘ —*]11 1- *]n_l g190 _g%(gJ).”’l)? 0= H‘LL

or equivalently

1,xn 1,xn 1,%n

1,xn fi1 fin
I = Fj=1 - K521 9,

Jw—lgl(g/u LoD~ Il

0; = 0/fi;, for all i = 1,2,...,n. The last identity comes from the *-commutativity. By

1,xn 1,xn

exploiting the - commutatwlty and the x-commutativity we have that g, = g, for
all § such that
RY 5 0= (o1, - ;i
130 = E(Qiaﬂial)a 0i = o/ H fls;
Sj:l
where dim(1) = n — [i| = 1, fii = (fis, -+ fisyy) € NI sj €1, 5 =1,2,...[i| and [i| <n is

the cardinality of i. A further configuration is given by 6 = (o1, /i;)/r where |i| =n — 1.
In this case, § € 227 (p) is obtainable by n! permutation of the elements of fi. In a more
general setting, for & = (aq - B, e, ...,a,) € N*, § € N, ¢ € N the following rules hold

g =%l gl (3.29)

J= 1g(a1)a27 ;an)
(see iv), Lemma 3) and, for ¢ > 1,

f 1,xn *Bicgl SN — o Llxn (330)

c
1 g(a17a2;~~~7an) J=1 (Ot017a(7-27...,0t0n) g(adl»ﬂ-cil,adz,...,ad”)
for all permutation of {o;}, 7 =1,2,...,n. We recall that

+
ﬁfga— ji1= 1*5 =1 9a = YapBe;

for a, 8,¢ € N. By making use of the properties i), ii) and 4ii) of the Lemma 3 we
can obtain all possible configurations of 9 € R? starting from the 0-configuration . All
different configurations of 9J are included in 3”;‘( ). From (3.30), for alld = (V1,...,9,,) €
P (o) we have that [[_, ¥; = o. This concludes the proof. O

Example Let the previous setting prevail. Fix n = 2. For ¢1, co € N we have that

1,%x2 1,%x2
(6162)_*1 1*2 lg(ll)

Let us take k € N, k < ¢;. The property i) of the Lemma 3 says that

1,x2 e *2 co—k 1*2
g(cl ca) * 1*]2 lg(l 1) — 96_71 1*]2 1 (k 1)
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Thank to the x-commutativity we have that

1,%x2 o C1 Lco—k 1,x2
(cr,e2) — Nji=1 Fjo=1 9(1,k)"
. . 1,%x2 1,%x2
Finally, we obtain ¢;’ =g, .
Ys g(ChCz) g( Clkcz ,k)

We observe that X = |271""| < |N| is the cardinality of &2/, thus 7" is a finite set.
Furthermore, Vo € N and a fixed 1 € &27"(p), we have that

Mg (D)) = Mgy (. 0)](n), VO € P (o) (3.31)
whereas, for i € .77 (¢) and v = 1,2, we have that
Flga™" (- 0)1(€) = Flgg ™" (,0)](€), VO € () (3.32)

where we used, the familiar notation, f7" = f, * - * f,.

Stable subordinators and their inverse processes are fundamental in studying fractional
and anomalous diffusion as we will discuss in the next Section. Hereafter, we extend the
result given in [11] (Lemmas 4 and 5) and show how the Mellin convolution turns out to be
very useful in order to explicitly write the distributions of both stable subordinators and
their inverse processes. Let us consider the time-stretching functions ¢, (s) = mst/™,
s € (0,00), m € N and ¢, such that v, = ¢, 1.

*T

Lemma 4. [11, Lemma 2] The Mellin convolution e:"(z,pn+1(t)) where p; = jv, for

J=1,2,...,n is the density law of a v-stable subordinator {?t(y), t> 0} withv = 1/(n+1),
n € N. Thus, we have

hy(z,t) = e (2, pn+1(t)), x,t>0.

We recall that e, = g;l is the 1-dimensional law of the reciprocal gamma process E,,.

Lemma 5. [11, Lemma 3] The Mellin convolution gén+1)’*"(x, Un11(t)) where p; = ju,

j=12,....nand v = 1/(n+ 1), n € N, is the density law of a v-inverse process
{Lﬁ”), t > 0}. Thus, we have

L(,t) = g0 " (@, g (1), @t > 0.

In light of the previous Lemmas and the convolution (3.7) we are able to write the
distributions h, and [, as integral of modified Bessel functions (K, ). Here, the vector i
is given by p =v-(1,2,...,n) where v =1/(n+1), n € N. For instance, from Lemma 4
and equation (3.7), we have that

" 3 1 t3/2 2 t3/2
Il 0) = 27 02(0) = xjaneapan(0/35°) = - Sy ()

whereas, from Lemma 5 and equation (3.7), we obtain

3,%2 3 3 1/3 1 €T 2 $3/2
lys(x,t) = 9(1/3,2/3)(17,7/13(15)) = i3 * gay3(w, 36°77) = P ?K% 32t )
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If n € 2N, we obtain n convolutions involving the Bessel function K, by applying n times
the convolution (3.7). Now we focus on the density law [,, of the inverse process LY, t > 0,
where v = 1/(2n+1), n € N. From Lemma 5, Lemma 3 and by making use of the formula
(3.7), we can write [, as integrals of the functions K,. Let us consider v = 1/4,1/5. For
v = 1/4, we have that

hya(e,t) = g™ (@, 40%), o= (1/4,2/4,3/4). (3.33)

From the Proposition 2 and the Lemma 3, we have that

4,%3 _~4 1,x2
91/a,2/4,3/4) = 91/4 © 9(3/4,2/4)

=gi/40 {(9%/4 ¥ G174 % 9174) * (914 % 9%/4)}
-4 1,42 1,42 1,42
=91/4° {9(2/4,1/4) *92/4,1/4) * 9(2/4,1/4)}
~4 1,%2 4,y 43
=91/4°Y(6/4,1/4) (z,4%) = 9(6/4,1/4,1/4)
and, in explicit form

4,%3 _ 4x2 4
9(6;4,1/4,1/4)(x7t) =9(14,1/a) * 932(, 1)

[ [t ()t

The latter leads to an alternative form of l; /4. Indeed, we can also write l,,4 = l1/2 0112
as can be ascertained from (3.17). For v = 1/5, we have that

Lys(e,t) = g5 (2, 5t%), = (1/5,2/5,3/5,4/5) (3.34)

and, from the Proposition 2 and the Lemma 3,

5,%4 __~5 1,x3
9(1/5,2/5,3/5,4/5) — 91/5 © 9(4/5,3/5,2/5)

29?/5 © {(9%/5 * 9%/5 * 9%/5 * 9%/5) * (9%/5 * 9%/5 * 9%/5) * 9%/5}

1,% 1,%

- 1,%2 2 2
=gi/5 © {(9% #9175 % 9175 * 91/5) * (90375,1/5) * 93/5,1/5) * 9(2/5@/59}
~5 .12 1,x3
=91/5° {*kzl (9(2/5,1/5,1/5)>k}
:~5 o 1,%3 ( 55t) _ 5,%4
9175 °© 924/5.1/5,1/5\ %> 9(24/5,1/5,1/5,1/5)
Finally, we obtain

5,%4 B2 5,42
g(22/5,1/5,1/5,1/5) (!E, t) _9(24/571/5) *9(17571/5)($7t)-

From (3.7) the corresponding integral representation emerges.

We collect all the results given in this Section by stating the following representation
Theorem.

22



Theorem 3. Let the previous setting prevail. For v =1/(n+ 1), n € N, we have that

hy(z,t) = ggl’*n(:v, Pnt1(t), ViEe@r  (n) (3.35)
and .
Lz, t) = g0 ™ (@, g (1), Vi€ Py, (n)) (3.36)

where om(s) = (t/m)™ and P, (s) = mt'/™, s >0, m € N and p,, = ;. Furthermore,
fory#0,v=1/2n+1), n € N,

'y,*Zn(x7 t) _

on n on - .
gl D" gy r), Wae 23, (20) (3.37)

T2 Dlpy)
where §() = (51(), 62(8), -, 6u (i) € B2 and
1 72\ 3R
& @t =2 () K, (2v/27]17)

with
o;(f1) = pjr1 + pj, 8;(1) = pjv1 — g, Jj=12,...,n

Proof. From Lemma 4, Lemma 5 and Theorem 2 we obtain (3.35) and (3.36). Formula
(3.37) comes by applying (3.7). O

Corollary 1. For v = 1/(n+ 1), n € N, the explicit solutions to the equation (3.10),
with § = 0, are given by

_ > eﬂ(&d’nﬂ@)) = n !
su(z,t) _/0 it ) sds, ze€R, t>0, pe 2, (n!)

and

2
e %
Sou(x,t) = en(s,Ynt1(t))ds, xR, t>0, pe 2 (nl).
2 (2, 1) /0 /—2Su( Ynt1(t)) K +1()

Proof. The stochastic solution to the symmetric Riesz operator (3.10), (with 8 = 0) is

given by the Bochner subordination formula, that is B(7}) faw 77, From this and the

Proposition 1, the result follows. Indeed, the law s, is the density of C(7}), t > 0. O

Corollary 2. Let us consider the process E,(t), t > 0, satisfying the SDE (2.37) and a
stable subordinator 7/, t > 0. Forv =1/(n+1), n € N and i = (pi1, ..., ptn) € R the
following equivalence in law holds

Y B (Bl By (W)Y)..), t>0, fe 2, (n). (3.38)

Proof. We recall that e, = g~" is the 1-dimensional law of the process E, satisfying the
SDE (2.37). For v = 1/(n + 1), n € N, by considering that hy(z,t) = e}"(z, (vt)"/"),
pe 27,1 (n!) (as shown in Theorem 3), the statement immediately follows. O
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Examples We list below some possible configurations for f.
For m =4, k =5 we have

24 = é {(24,1,1,1),(4,3,2,1),(8,6,1,1),(12,2,1,1),...,(3,2,2,2)}

and, by choosing i = (1,2, 3,4)/5, we obtain

5, %4 5,42 102 5,%2
gp (x,1) 9(1*2)/5*9(34)/5(90 t) = mg ( t)

with 81 () = d2(r) = 1/5 and o1(f) = 3/5, o2(iz) = 7/5. By taking into account the

formula )
n— n—1
e (2)r(-2)-22
n n n
k=1

(see Gradshteyn and Ryzhik [19, formula 3.335]), we have that szl I'(j/5) = (27)?/V/5

and thus
55/2 41/2 oo L5/2 $5/2
5,%4 _
9(1,2,3,4)/5(x7t) T2 42 /0 s Ky (255/2> Ky ( t5/2) ds

By choosing i = (4,3,2,1)/5 we have that o1(fz) = 7/5 and o3(fz) = 3/5. Thus,

55/2 45/2 oo 25/2 $5/2
5,%4 _ -3
95 (z,t) = CRNTYSY /0 S K% (2—85/2) K% ( t5/2) ds.

If we choose i = (3,2,2,2)/5 we obtain

9o (1) = 2f[:r(())]2( D) :2/2/0 s7UK, (2%”) Ko(2575) ds  (339)
5

For m =6, kK =7, we have that

1
P2L(6!) = - {(720,1,1,1,1,1),(9,5,2,2,2,2),...,(5,4,3,3,2,2)}

and, for i = (8,6,5,3,1,1)/7 we obtain

7 %6 7 %2 7 %2 7 %2
95 (2,1) = 9(gy7.6/7) * I(57,3/m) * I3 7,1/7) (2:1)

whereas, for i = (5,4,3,3,2,2)/7 we have that

7,%6 7,x2 7,x2 7,x2
95" (@) =9(377 477 * 93078/ * 9(3)7,9)7) (@5 )-

The latter gives us

72T (YT (8) ,7/2 oo 27/
g;*ﬁ(x,t)z ()T (7) = /0 1/2K1( 7/2>IC7°2( t)ds
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where w2 w2
<1 s 1 z
7,02 o
by considering that 6, () = 1/7, d2(@) = d5() = 0, o1(a) = 9/7, o2() = 6/7 and
o3(ir) = 4/7. We can also write down

7320 (LT (8) 7/2 [oo 7/2
95’*6<I’t>—2w3r<(%7))r((%7)) T (2—> K57 0y ds. (3.40)

From the formulae (3.39) and (3.40) we obtain
lys(z,t) = gg’*4(:1c, 5t1/5),  and liy7(z,t) = g;’*G(xﬁtl/?)

‘We observe that in the formulas (3.3

(3 and (3.40) we have used a special configuration of
fi. In particular we have chosen i €

9)
2" such that

G, = Ieninm o (3.41)

K

where o7 =) pyen M- Those configurations of i are the unique factorizations in prime
numbers and thus, the representations (3.39) and (3.40) (where the Bessel function Ky
emerges) are unique. Indeed, from the fundamental theorem of arithmetic, we know that
every positive integer larger than 1 can be written as a product of the elements of a unique

sequence of prime numbers.

4 Fractional and Anomalous diffusions

We recall that a standard diffusion has the mean squared displacement (or time-dependent
variance) which is linear in time. Anomalous diffusion is usually met in disordered or
fractal media (see e.g. Giona and Roman [16]) and represents a phenomenon for which
the mean squared displacement is no longer linear but proportional to a power « of
time with « # 1. Thus we have superdiffusion (o« > 1) or subdiffusion (o < 1) in
which diffusion occurs faster or slower than normal diffusion (see e.g. Uchaikin [47]). In
general, anomalous diffusions are driven by diffusion equations with fractional derivatives
in space and/or in time. Physicists derive anomalous diffusions from continuous-time
random walks, see e.g. Meerschaert and Scheffler [34]; Metzler and Klafter [37]; Roman
and Alemany [43].

In this Section we study anomalous diffusions whose governing equations involve the
operator G* or its fractional counterpart. First, we briefly discuss on the fractional diffu-
sion equation

o0"v, 9%, tv
t) = 1 R, t>0. 4.1
atu (I’ ) axg + (I)l—\(l_y)7 HAES ) > ( )
Orsingher and Beghin [40] found the solutions to
o"u, 9 0%u,,
5 (z,t) = A 52 (z,t), z€R, t>0,ve(0,2] (4.2)
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which can be written, for v € (0,2), a;

/2 v/2
_ 2 cos i || w ) (U?T) i A
uy(x,t) V7T|x|/ sm( Y w (4.3)

(see [40, Theorem 5.4]) and, for v € (0,1], as
Nt (Nt
uy (x,t) = 7V|$|2/V+1 S, <—|x|2/" , 1)
(see [40, Theorem 5.5]) whereas, for v = 1/3,2/3,4/3, they presented the explicit (and
closed) representations in terms of Airy functions (see [40, Section 4]). We are able to
represent the solutions to (4.1), for v = 1/(n+1), n € N, by observing that the stochastic

solution to (4.1) is given by the process B(LY), t > 0 (see Bacumer and Meerschaert [1]
and the references therein). Thus, from Theorem 3, we have that

2z

\/_

We notice that the equation (4 2) differs from (4.1) because of the forcing term 6 (z)t " /T'(1—
v) which is introducing a singularity at zero. Because of this, the process B(LY), ¢ > 0

can not be interpreted as the stochastic solution of (4.2) as the formula (4.3) entails.

Now, we recall that (L} < z) = (7% > t). If we consider the subordinated process
B(7/), t > 0, then we have the Bochner’s subordination rule from which we can infer (this
is the case here) that the subordination leads to the fractional operator acting on space
(or the Riesz operator (3.10)). This can be viewed as a special case of the Proposition 1
(the case 8 = 1) or, Corollary 2 when the Brownian motion is the guiding process. In the
sequel we will generalize such a result (see Theorem 7) by considering the process S, (7}),
t > 0 and the governing equation which involve a fractional version of the operator G*.
This result seems to be in line with the fact that compositions involving the inverse to
a stable subordinator L” (as a random time) are leading to equations with fractional
operator acting on time (the time-fractional derivative).

Let us write D,y . f(z) in place of (Dgy f(-))(z) in order to streamline the notation

<"+1>’*"( A v)dz, e P (n)). (4.4)

as much as possible. Moreover, we recall that Df, , = (—1)*Dg_
[22, p. 80]). This turns out to be useful later on.

= Bz" for o =n (see

4.1 Regular Sturm-Liouville problem: fractional diffusion on a
bounded domain

We focus on time-fractional diffusions in a finite domain. Meerschaert et al. [35] studied
the fractional Cauchy problem on bounded domain D involving the uniformly elliptic
operator

L 9(aij(x)(9u/0zy))
Lu= ”221 oz

acting on the Hilbert space L?(D). On a finite domain Q; = (0,1), we study the solution
to
Dy, ympt =G mpt, x €y, t>0,
mpi(2,0) = f2),  feC() (45)
m)H(z,t) =0, x €00, t>0,
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with v € (0,1], v # 0, u > 0. These results can be easily extended to the case of
Q. = (0,a), a > 0. We present the following result

Theorem 4. The solution to (4.5) can be written as follows

i Ha0) = w(a) 300 B (~l, /220) 2 (16)
where w(x) is the weight function,
o= f(@) e, (x) da, (4.7)

and E,(z) = E,1(z) is the Mittag-Leffler function (3.19).

Proof. From the fact that G* m)*(z,t) = vo(z)G m)*(z,t) (see (2.33)), the problem (4.5)
reduces to

Doy ympt =gmpt,  mpH (0, t) =0, m)*(x,0) = f(z)/w(z).  (4.8)
Furthermore, from Lemma 1, we have that G 1, = —(k;/2)?,, where
’JJM‘ (JJ) = x%(liﬂ)t}u—l (ﬁix7/2) (49)

and k;, i € N are the zeros of J,. The orthogonality relation (i, , ﬁnﬂm =0ifi#j
where

(fr. o) = / £1(2) fola) w(z) de (4.10)

leads to the orthonormal system {1, () /|1, ||%; i € N} with respect to the weight func-
tion w(z). As usual, | f||2 = (f, f)wn. We obtain that

T, 1) = Y e et e/ Leall) (111)
— [ 1%
where
en = (f/w, Y, ) = A (), (x) d

and ||V, [|w = J—1(kn)/ /7 (see, e.g. [26, p. 130]). Formula (4.11) solves (4.5) in the
special case ¥ = 1. The Riemann-Liouville fractional derivative becomes the usual time-
derivative D} tt = %. For v € (0,1) we consider the composition involving the inverse
stable subordinator LY, ¢t > 0, and obtain

9, I3

We have to observe that m)#(z,t) = w(x)m)*(z,t) for the proof to be completed. O

mlt () = (M (@, ), b (1) =D en By (—(kn/2) ")

n

(4.12)

In the previous Theorem we have used the Mittag-Leffler function E, which appears
very often in the literature. We present a new integral representation of this function.
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Lemma 6. For a =1/(n+1), n € N, we can write
Eu(—qz) = / e_q””gfinﬂ)’*n(:v,z/a) de, pe 2y, (n!), q>0, z>0.
0

Furthermore, for n € 2N, the formula (3.37) holds true.
Proof. We have that
Eu(—)\t”):/ e 1, (x,t) da
0
(see (3.17)) and thus, from Theorem 3, the assertion follows. O
From the previous results we have that
my (@, t) = B [f(Su(L{)) 1LY < Ta,(Sw)] (4.13)
and
my, P (a,t) = BT [f(E (L)) 1LY < Ta,(EL)] (4.14)

where Tp(X) = inf{t > 0 : X; ¢ D} (see e.g. Bass [2]) and E*¢(X:) = ¢ * fx,(x).
We observe that 1(LY < Tq, (X)) = 1(t < Tq,(X(L"))), see e.g. Meerschaert et al.
[35, Corollary 3.2]. Furthermore, such solutions admit the representation achieved by
exploiting the Mellin convolution as pointed out in Lemma 6.

4.2 Time-fractional diffusion in one-dimensional half space

Let us consider the density law

@yt (x,t) = (g (x, ), (1), >0,t>0 (4.15)
i ~ U(p+ K/ (k/7)
xk TP (e T = H Y Y vk/vy ) .
/0 ) (x, t)d STTwh) keN (4.16)

For k = 2, we immediately see that formula (4.15) represents a subdiffusion for 2v/y < 1
or a superdiffusion for 2v/vy > 1.

Theorem 5. The density law (4.15) with v > 0, u > 0, v € (0, 1], solves the fractional
p.d.e. on Qs
Doy )" =G ayt (4.17)

where D, , stands for the Riemann-Liouville fractional derivative (3.11).

Proof. First we consider v > 0. For v = 1, formula (4.16) becomes the Mellin transform
Mgy (-, 1)](k + 1) and thus we are allowed to consider @]"* = g7, see (3.2). The Laplace
transform of gl(x, t), z,t > 0, can be evaluated by recalling that

= o g 2 ()T
‘/0 T 1exp{—ﬁxp — v p}dw = 5 (B) K% (2\/’776) (4.18)
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where p,v,8,v > 0 and K, is the modified Bessel function (see [19, formula 3.478]).
Thus, we can write

o _ g3 ut-1 1/2.~/2\ _ ro(x) Con1/2
L[5, )] _2WKW (2)\ /257/ ) _ QF(M) FO) ¥(a; 221/2)

where f(X\) = A#=Y/2 and ¢, (z) = ¥(z; k) is that of the Lemma 1. By considering that
gy(z,t) = w(x)k)(x,t) and G* ro(x)k), = ro(x) G k), we obtain

w(z)
IN(D)

where in the last formula we have used the result (2.17). From the fact that

£16" G, () =2

FO)G(a; 2212) = AL[g (2, )](A)

€| e )| ) = ALl AW, 2> 0

we obtain the claimed result for v = 1. Now, we consider v € (0,1). From the Laplace
transform L[l (z,-)](\) = A\~ exp(—2\”) (see formula (3.18)) we obtain that the Laplace
transform of @ (z,t) = (g, (v, ), L, (-, 1)) writes

(z) A1
T(u) A0 "

T-0g, (2:1:7/%”/2) = 2%f@) Vr(x)

where 9, () = v (x; %) is that in (2.20) with & = 2A*/2 and f(\) = A\Y#+1D/2=1 Thus, in
the right-hand side of (4.17) we obtain

Llay*(x,)](A) =2

CIG" Gz, ))(N) =%m> G* wo() 1w 22/2) = 2

where we have used the fact that G*w f =w G f. Finally, from (2.17), we obtain

w(x)
IN(D)

FO)Go(w;20772)
LIG  a)H(x, )][(A) = A7 Llag " (2, )](A)- (4.19)
We note that |a)#(-,t)] < Be~®! for some B, qp > 0 as a function of ¢ and thus,
LIDgy gy (2, )](A) = A Llay* (z, )] (A), (4.20)
see [22, Lemma 2.14]. By comparing (4.19) with (4.20) the result follows. O

As a direct consequence of the previous Theorem we can state the following result
about the kernel k)* = kYF(z,t).

Corollary 3. The function v)"(x,t) = (l;:l(x, ), L(+, 1)) solves the following fractional
p.d.e. on Qs
DY, i = G (121)

where U)H = )M (x,t).
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Proof. The proof follows easily by observing that

From Lemma 1 and the fact that G*w f =t G f, we can argue that
w(x) L[G o7" (2, )](A) =w(x) A L[o7# (2, )](A).
The proof is completed. |

Let us consider the processes S, (t), ¢ > 0 and Ry, = S;f where S, satisfies the
stochastic equation (2.36). Furthermore, we consider the process LY, t > 0 which is an
inverse to a v-stable subordinator. For x € Qu, t > 0 and v € (0,1], the stochastic

solution to )

o o )
D0+7tu,1;“(:c,t) = (w(?IQ (p—2) 8:1:) i, " (x,t)

is given by S, (LY), t > 0 whereas, the process Ro,(LY), t > 0 is driven by

) a2t (x,t).

The solutions to such equations obey radial anomalous diffusion equations.

L 1L /0*>  92u-1
D" (1) = 53 (37 M

x

Corollary 4. For v = 1/(n+ 1), n € N, the explicit solution to the fractional p.d.e.
(4.17) writes

@ () = / G, s)gl T (s, t)ds, @ >0, >0, g€ Pr(n)).
0

Let us give an example for v = 1/5, v =2 and p = 3/2. For i = (3,2,2,2)/5, from
the equation (3.39), we have that

p2n—1 5/2 2
_2,3/2 z s
gy (@) =C —5 / / 52/5 %(2T> Ko (mm> ds dz

where . .
_ M)
592 [T (2)]°T (3)
This represents an anomalous diffusion of order ¥ = 1/5 on a spherically symmetric
porous media.

4.3 Time- and Space-fractional diffusion in one-dimensional half
space

We first introduce the process %ZB, t > 0 with law
t

fup(z,t) = (hy(x,-), Ig(-, 1)), =€ QU{0}, t>0, r,6€(0,1) (4.22)
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which has been thoroughly studied by several authors, see e.g. [11; 21; 27; 29] and the
references therein. If v = 3, then the law (4.22) takes the form f,, (z,t) = t~1f, (¢t " 'z)
where

1 2V~ Lsin v

w1+ 2z¥ cosmr + a2’

fo(z) = z€NU{0}, t>0, ve(0,1)

and 77, ey 174/ 27¢, t > 0, (7], € P1) where ;77, j = 1,2 are independent stable
subordinators and the ratio 17}/ 27/ is independent of ¢ (see [8; 11; 25; 50]). This density
law arises in many important contexts, we refer to the paper by James [21] and the
references therein for details.

Lemma 7. The governing equation of the density (4.22) writes

=8
(D§y, + Dy (1) = 8(z) 7 € U{0}, t>0  (4.23)

1-8)
with §,8(006c,t) = 0 and §, 5(x,0) = 6(x) or, by considering (3.16),

o8
(w + D6/+,z> fl,ﬁﬁ(x,t) =0, z¢€ Qoo U {0}, t> 0. (424)

Proof. From the Laplace transforms (3.17) and (3.18) we have that

[e'e) [e'e) /\ﬁfl
1(3) :/ / e M s(x,t) dedt = ———.
( ) 0 0 ,8( ) )\ﬂ +§V

Let us consider the equation (4.24). From the formula (3.16) and the fact that

o f e Aot
L [@()] (A) = A*LIFOIN) — mf((fr), a€(0,1)
we obtain
NW(EN) = AP 4 €W(E,N) =0
which concludes the proof. 0

We state the following result.

Theorem 6. Let us consider the process S, (t), t > 0, satisfying the stochastic equation
(2.36). For u >0, Vv e (0,1], the 1—dimensional density law Q;IL of the process S,, solves
the fractional p.d.e. on Qs

D, gb(x, t)=Dg_ , (w“_l'“’Dg_)m (xl_“ gi(:v, t))) . (4.25)

Proof. We begin recalling that gi € Mj2, and the formula (3.14) holds. For v = 1,

Lemma 2 holds. Indeed Dy, , = % (see [22]) and equation (4.25) becomes (2.31). Thus,
we restrict ourselves to the case v € (0,1). From the formula (3.12), we obtain

/ x"_lDSim (x“_l"'”DS@ (171_“ gi(:z:, t))> dx
0
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:% /000 vt (:v“_H”DS@ (:Cl_“ gi(x,t))) dx

L'(n) / (n+u—1)—1 -y 1
= D§ a t))d
T —) Js x o— .z (x 9 (z, )) i

_ T F(n+p—1) Oox(n p=1=0)=1 (1= o1 (o .
N e d AR (+ " g(w.0) a

- ) L tp—1) Ooa:(nfu)fl . i
F(n_’/)l—‘(n+u—1—u)/0 gu( ) d

_ T Tm+p-1) ” »
Tl =) T+ =1 =) 1o DI =),

The z-Mellin transform of both members of (4.25) writes

I(n) T+p-1)
Pp—v)Tn+p—-1-v)

where M(g} (-, t)](n) = " 'T(n+ p —1)/T (), n € H® ,. Thus, we have that

Dy, Mgl (- 0)](n) = Mg, (1) (n —v)

L) Th+pu—1) 1
Fn—v)  T(u)

because of the fact that Df, ,t°~1 = T'(8)/T(8 — a)t?~*~* (see e.g. [44, Property 2.5))
which concludes the proof. |

Dgy 1+ Mlgu(0))(n) =

We observe that the equation (4.25) leads to the Laguerre polynomials.
Theorem 7. For x € Qu, t >0, u >0 and B,v € (0,1] we have that

i) the density law g}, (x,t) = g, o h,(x,t) solves the fractional p.d.e.
0 v v p—1+v nrv 1—p v
— (o) = Df (oD (2 gl 0) ) (4.26)
ii) the density law gZ*ﬁ(x,t) = g} o fup(x,t) solves the fractional p.d.e.

— D, &g"P(x,t) = D, (x“H”DS_@ (a#*# g2 (z, t))) . (4.27)

Proof. We proceed as follows: first of all we find out the Mellin transform of the fractional
operator acting on space

Af(z,t) = D§, , (w“‘””D’g_@ (xl_“ f(z, t))), ve(0,1) (4.28)

for a well-defined function f € M2°, a € R (and for which (3.14) holds, that is (TI3L* f)(n) =
0) and second of all we prove i) by exploiting the Mellin technique and then i) as a par-
ticular case of i7). We also consider f € D(G*). Let us write

r'l—n+v) Tn+p—1)

2uln) = INC) Tn+p—1-v)

and W,(n) =
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From (3.13) we have that
/0 " Af (z, t)dx :‘ID,,(U)/O " gt YDy (xlf“f(:zr,t))dx
=0, (n) /000 x"ﬂ“lDé’_)w (1717“ f(x,t))da:.
From (3.12) we obtain
/OO 2" P Af (z,t)de =, (n)V,(n) /OO "L () de
0 0
=P, (MW, (NMIf (-, 1)](n —v).

Thus, by collecting all pieces together we have that

MAF GO = S D ) ol - ). 429)

Now, we consider the z-Mellin transform

Mgl? (-, 0)](n) =Mlg),(-, D](n) x M[fu.5(- 1)](n)
C(n+p—1)

:TMHV”@(W t)](ﬁ)

where the fact that h, € F,, and lg € Fy,5 leads to

My 5. )](7) = Ml (- D)(n) x Mlls(-, )] (77_;1 + 1) |

and, from the formulae (3.20) we obtain

Co+p—1) T(5) T+
()  vIA-n)T(L2p+1)

Mgl P (- )](n) = B, peH  (4.30)

where a = max{0,1 — p}, > 0. Now, we show that

— D, Mg (0)](n) = M[Agl? (-, )] (n) (4.31)

by taking into account the formula (4.29). The right-hand side of the formula (4.31) can
be written as

MAgL? (0)n) = e AR Mg o) - v)
T+p-1) (FHT (Y (%) B
(p) vP(l—n) T(Z1B-p+1)
Pintp=1) D)  TFE+1D)  agy
T(p)  vPA-n)T(Z23-8+1)

_ VB D(EZB+1) nig g
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From the fact that .
ﬁ nflﬁ o F(n%ﬁ‘i_l) nflﬁiﬁ
Dyt = e
’ T (nTﬁ — B+ 1)

(see [44, Property 2.5]) formula (4.31) immediately follows and this prove 7).

For 8 =1, the formula (4.30) takes the form

Migh o) =il (20 02 g e )

where @ = max{0,1 — p}. This is (for 8 = 1) because of the fact that 7%, “= 7/, ¢ > 0,

being L} “2" t the elementary subordinator, see e.g. Bertoin [6]. Thus, form (4.29), the
Mellin transform of both members of (4.26) becomes

d 5 Tl -n+v) T+p—1)
—EM[EH('J)](W— F(l—’l]) F(W+U_1_V)

Mg, (- D)l(n —v)

where

M0l =) = T ) <

) a5
= ﬁjé?utﬁ(zi;i)y>F (1 ;n) it

1 —77+V t777V71
v

By collecting all pieces together we obtain the result claimed in 7). The proof is completed.
O

We point out that the density law gj;(z,t), x,t > 0 can be viewed as the 1-dimensional
law of S, (7/), t > 0 where S, is the p-dimensional squared Bessel process and 7" is the
stable subordinator with law h,, v € (0,1). The infinitesimal generator of S, is that in
(2.15) with v = 1. For v = 1/(n+ 1), n € N, we have that

(@, t) =gy oef(x, (w)"), e Py, (n)
where g}“ e;* € Fy. Thus, we obtain
gZ(:v, t) :gi * e (z, (z/t)l/”)
— *(n—1 v _ n—
:gi*gul*eﬁ( )(:v, (Vt)l/ ), RE Q,H_ll(n!).

where g, + g, ! is given by (3.6). For 1> 0 and i € 201 (n!) we have that

- :F(,u—i-u)xu_l oo 2 =D (LYY ds
B0 = i ) G e e

We give an example for v = 1/2. The law of S#(f'tlm), t > 0 writes

 T(u+1/2) ahtt
%) = S AT G @R

z,t >0, p >0
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and solves the space-fractional equation

391/2 1/2 - 1/2 -
o (z,t) :DO_/i_)w at 1/2D0£7I(:171 “g}/z(x,t)) , x,t>0.

We recall that %tl/z =inf{s >0 : B(s) =t/v/2} where B is a standard Brownian motion

is the stochastic solution to the equation (% + D(l)fz) hyso(,t) = 0.

Remark 1. In the papers by DeBlassie [10]; D’Ovidio and Orsingher [12, 13] and many
others, the authors shown the connection between stable processes and higher-order equa-

tions. In particular (see [13]) the law of Su(ﬁl/ ") solves the equation

a" 1/n 9 m 9 1—p 1/n
T ()= ax(“’ 5z (7 g/ @) )

The higher-order equation governing the process R, (7, /2" ), t > 0 writes

%" n 22" 0 10 .
— ot P ) = Sy - (x% Lot gt (a:,t)) (4.32)
where gi’l/zn = g7 0 hyjan, (see [13]).

The following Theorem relates the previous results with the representations in terms
of Fox’s H-functions.

Theorem 8. Let A be the operator (4.28), for v, € (0,1], u > 0, the solutions to

Dy, g (. t) = AglP(a,t), w,t>0 (4.33)
can be written in terms of H functions as
1 x
v, - v,
g (z,t) = tB/uGl‘ (tﬂ/”) (4.34)

where

et 3
(

Proof. From (4.30) and by direct inspection of

)i (L)

) we arrive at

B
0 (u,ow’ b0
.8

11 B B
v,B¢. _ 2,1 ( v Z)a (1_;73)3 (IUHO)
M[GH ()](n)_M&S |:n‘ (,u_lvl)a (1_%7%)7 (071)
where GZ’B(x) = gz’ﬁ(x, 1). Thus,
v, _ 7721 (1 - %7 %)7 (1 5 5)7 (:uv O)
) =M {”” w-1.0: 0-55 00
L) (1,2); (10)
:—H2 1 |:x ( Tv /) v )
ST (1) (L) (1,1
thank to the formula (3.24) with ¢ = 1. From (2.2), by observing that
1 v n—1
M [tﬁ/uG i (tﬁ/v)} () = MG ()] (m)t 7
we obtain the claimed result. O
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