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Fuler characteristic of the bifurcation set for a
polynomial of degree 2 or 3

Gleb G. Gusev*

Abstract

Assume that the coefficients of a polynomial in a complex variable are Laurent
polynomials in some complex parameters. The parameter space (a complex torus)
splits into strata corresponding to different combinations of coincidence of the roots
of the polynomial. For generic Laurent polynomials with fixed Newton polyhedra
the Euler characteristics of these strata are also fixed. We provide explicit formulae
for the Euler characteristics of the strata in terms of the polyhedra of the Laurent
polynomials in the cases of degrees 2 and 3. We also obtain some corollaries in
combinatorial geometry, which follows from two different ways of computing the
Fuler characteristic of the bifurcation set for a reduced polynomial of degree 2.

1 Introduction

Assume that the coefficients of a polynomial P, (t) = po(z)tF + p1(z)tF~1 +... +
pr(z) are Laurent polynomials in the complex variables (z1,29,...,2,) =2z. The
parameter space (C*)™ (C* = C\ 0) splits into strata corresponding to different
combinations of coincidence of the roots of the polynomial P,. For generic polyno-
mials pg,p1,...,pr with fixed Newton polyhedra the Euler characteristics of these
strata are also fixed. We provide explicit formulae for the Euler characteristics of
the strata in terms of the polyhedra of the polynomials p; in the cases k = 2, 3.
This paper is an extension of [2] where the case k = 2 was studied. We remind
some usual notions first.

Definition. For a Laurent polynomial S =)} /. skz¥, its Newton polyhedron
Ag is the convex hull ({k € Z" | sx # 0} ) C R™ of the set of integer points cor-
responding to nonzero coefficients.

Denote by &g, d1, ..., 0 the Newton polyhedra of the polynomials p1,pa, ..., Pk
respectively. Consider the (Laurent) polynomial P in (n + 1) variables that is
defined by P(z,t) = P,(t). Denote by A C R"*! the Newton polyhedron of the
polynomial P.
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Denote by Z" the set of primitive integer covectors in the dual space (R™)*.
For a polyhedron A and a covector « € Z", define the face A® of the polyhe-
dron as the subset of A where a|a reaches its minimal value: A® = {x € A |
a(x) = min(afa)}. For a Laurent polynomial S =3 s sxzX, denote by S* the

- Kk
(Laurent) polynomial >, - Ag SKZ-

Definition. A system of Laurent polynomials P;, P»,..., P, in n complex vari-
ables is non-degenerate with respect to its Newton polyhedra Ap ,Ap,,...,Ap,
if for each covector a € Z™ and for each point z € (C*)" such that Pf*(z) =
Pf¥(z) = ... = P{*(z) = 0 the system of covectors dP(z), i = 1,2,...,k, is
linear-independent.

Let S1,52,...,5, C R™ be a set of convex bodies. The Minkovskian sum of
two bodies Sy, S9 is defined by S; + So = {x1 +x2 | x; € S;, i = 1,2}. The
Minkovskian mixed volume of the bodies S7,S59,...,5, is

1

+ ) Volp(Si o Si,) — o (DY VoL, (S))]
i i=1

where Vol,, stands for the usual volume in R™. For a homogenous polynomial
T(x1, T2y ..., Tk) = D Qijiy. iy TiyTiy -+ * Tj, , of degree n we define T'(S1, So, ..., Sk)
as Y iyig..in SiySig =+ i -

Consider a system of Laurent polynomials P, Ps,..., P, in n variables and
the set V= {z € (C*)" | Pi(z) = 0,5 = 1,2,...,n}. The celebrating theorem
of A. Khovanski ([3]) claims the following. If the system P, Ps,..., P is non-
degenerate with respect to its Newton polyhedra A, As,..., A then the Euler
characteristic of V is

x(V) = nl(=1)"FQUAL, Ay, ..., Ap), (1)
where Q}(x1,22,...,7;) is the the homogenous part of degree n of the series
Hle 1fle In particular,

n—1
Q3(z,y) =Y 'y,
i=1

Q3(w,y,2)= Yyt
i, 1, i1 +ho=n
Qi (z,y,2,t) = > 'yl M

4,5,k 0>1, i+ j+k+l=n



2 The case of a polynomial of degree two

In the case the degree of the polynomial P is k = 2 the parameter space (C*)"
splits into 5 strata — K: deg(P,) = 2 and the roots of the polynomial P, are
distinct; L: deg(P,) = 2 and the roots coincide; M: deg(P,) = 1; N: deg(P,) = 0;
O: P,=0.

Theorem 1 For generic Laurent polynomials p; with fired Newton polyhedra §;,
1 =0,1,2, the following equations hold:

X(K) = (=1)"n! [65 + 26} + Q5 (do, 0+) + Q3 (0, 52) + Q3 (d0, 01) + Q5 (do, 91, 02)],
X(L) = (=1)""'n![267 + Q5 (0, 6:) + Q5 (5x, 62) + Q5 (S0, 1) + Q% (J0, 51, 02)],
X(M) = (=1)""'n! [6 + Q5 (b0, 61)],

X(N) = (=1)"n! [Q5(d0, 1) + Q5 (do, 1, 02)],

X(0) = (=1)""'n! Q% (b0, 61, 52),

where 6, = (61 U 1/2(d0 + 02)), (-) denotes the convex hull, + stands for the
Minkovskian sum, Q(x1,x2,...,xk) = [Hle 122}”, [']n is the the homogenous
part of degree n of the series under consideration.

The generality condition of the system of Laurent polynomials p; consists of the
following sentences.

1. The systems of Laurent polynomials

{ro, p1,p2}, {Po, 1}, {Po}

are non-degenerate with respect to the systems of Newton polyhedra
{d0, 61,02}, {0, 01}, and {do}

respectively.

2. The Laurent polynomial P is non-degenerate with respect to its Newton poly-
hedron A.

Proof. The sets O, NUO, M UN UO correspond to the systems of polynomials
{po,p1,p2}, {po,p1}, {Po} respectively, which are non-degenerate by the assump-
tion of the theorem. We apply the equation (I]) to these systems, use the additivity
of the Euler characteristic and obtain x(M), x(N), x(O). The following idea is an
analogue of the proof of lemma 2 from [I] and provides x(K), x(L).

Let X be the subset of (C*)"™ x C defined by the equation P = 0. Consider
the projection p: (C*)" x C — (C*)™ onto the first factor. Denote by m = p|x
its restriction to X. The Euler characteristics of the strata K, L, M, N,O and the
one of X are related by two following linear equations. The first one

X(K) + x(L) + x(M) + x(N) + x(0) =0 (2)



follows from the additivity of the Euler characteristic (the left-hand side of (2I)
is the Euler characteristic of the torus (C*)™). One obtains the second equation
computing the integral with respect to the Euler characteristic:

0= [ )i

The pre-image of a point z € K consists of two points, the one of a point z € LUM
consists of one point, the pre-image of N is empty, and finally, for a point z € O,
one has: 77 !(z) 2 C and (7~ !(z)) = 1. Therefore, one obtains:

X(X) = 2x(K) + x(L) + x(M) + x(0). (3)
Combining the linear equations (2)), (B]) one obtains:
X(L) = =x(X) = x(M) = 2x(N) — x(O). (4)

Let us find x(X). The set X consists of two strata X; = X \ {(z,t) | t = 0}
and X9 = X N{(z,t) |t =0}. One has:

X(X) = x(X1) + x(X2). (5)

The set X5 is given in (C*)™ by the non-degenerate equation ps = 0, therefore
applying the equation (II) one obtains

X(X2) = (=1)""'nl o3 (6)

The stratum X is given in the torus ((C*)(”+1) by the equation P = 0. Applying
the equation (II) to the polynomial P, one obtains

X(X1) = (=1)"(n + 1)l A" (7)

Let us express the volume of A C R"*! in terms of the polyhedra §;. Denote

by k; the coordinate in the space R™t! that corresponds to the variable ¢t. Denote
by v; the vector in R™*! that has only one non-zero coordinate k; = 1. The
polyhedra §; lie in the hyperplane k; = 0, and the polyhedron A is the convex hull
of their parallel shifts along the ki-axis: A = ((dg + 2v¢) U (61 + v¢) Uda ).
Claim. The intersection of the hyperplane {k; = 1} and the polyhedron A is the
polyhedron 6, + vy, where 0, = (91 U 1/2(d9 + 02)).
Proof. An arbitrary point (k,a) € A can be expressed as (k,a) = ag(ko,2) +
aq(ki, 1) + aa(ke,0), where k; € 0;, a; >0, i =1,2,3, and > «o; = 1. Assume
that the point (k, ) lie in the hyperplane {k; = 1}, other words, « = 1. Then
one has oy = ag and therefore the point (k,«) is a convex combination of the
points 1((ko,2) + (k2,0)) and (ki, 1) of the polyhedra (8o + &) +v; and & + vy
respectively. [

The volumes of the parts ((dp + 2v;) U (05 +v¢) ) and ( (0« 4+ v¢) Uda ), which
form the polyhedron A, can be obtained by the following formula.



Lemma 1 Suppose that polyhedra Ay, A; C R"*! lie in the n-dimensional hyper-
planes given in the space R by the equations z1 = 0, 1 = 1 respectively. Then
the (n + 1)-dimensional volume of their convex hull A equals

n 1 n n n
A +1 - n——|—1 (AO + Q2 (AO,Al) +A1) (8)

Proof. For a € [0,1], the section A, of the polyhedron A by the hyperplane
x1 = « consists of points of the form (1 — a)x + ay, where x € Ag, and y € A;y.
It follows that A, = (1 — a)Ag + A1, and therefore

n

AL — / (Ag)"dor = / [Zc;ai(l—a)"—"(Al)i(Ao)"—ida :
[0,1] [0,1]

1=0

Taking into account that
/ (@(1— )" da = il (n — )/ (n+ 1) = 1/((n + 1)C),
[0,1]

one obtains the formula (§). O

Applying (8) to the parts of the polyhedron A and using the invariance of the
mixed volume with respect to parallel translations of its arguments one obtains

A" =1/(n+ 1) (8§ + 207 + 65 + Q3 (80, 6+) + Q5 (s, 62)). (9)

The equations of Theorem [ for x(K),x(L) follows now from @), ), (&), (@),
@, @. O

2.1 The corollaries in combinatorial geometry.

For a reduced polynomial of degree two P,(t) = t> + p1(z)t + p2(z) the strata
M,N,O C (C*)™ are empty and thus their Euler characteristics are equal to zero.
This fact respects the formulae of Theorem [ (taking into account that dy = {0}).
The stratum L is given by the equation p? — 4py = 0. It follows from Theorem [II
that for generic pi1,po the Euler characteristic of L is given by the formula:

(L) = (=1)""'n! [267 + QB(6., 2], (10)

where 0, = (01 U 1/262).

Using the method of toroidal compactifications that was provided by A. Kho-
vanski for studying the invariants of non-degenerate hypersurfaces in the torus
(C*)™ (see [3]), one can prove another formula for the Euler characteristic of the
stratum L by induction on n:

X(L) = (=1)""nl[(26,)" — Q3(20.,81) + Q5 (51, 82))- (11)

The coexistence of the two formulae (I0), (II]) does not induce contradiction
because the polyhedra d,, 1,9 are related.



Proposition 1 Consider a pair of arbitrary convex bodies S1,S2 C R™ and the
convex hull of their union Sy = (S1 U Ss). Then one has

R"™(Sp,S1,52) =0, (12)
where R"(xo,z1,x2) = (2" — 2)zf + Q5 (21, 222) — Q5 (2z0, 1) — Q5 (z0, 222).

Proof. Assume first, that Sp,59 are integer polyhedra. Consider a generic pair
of Laurent polynomials pq,ps with fixed Newton polyhedra Si,2S5 respectively.
There are the formulae (I0), (II) for the Euler characteristic of the stratum
L C (C*)™, that corresponds to the coincidence of the roots of the polynomial
P,(t) = t* + p1(z) t + p2(z), and these formulae imply the equation (IZ).

Assume now, that Sy, SS9 are polyhedra with rational coordinates of all their
vertices. There exists a natural number k£ € N such that kSi,kSy are integer
polyhedra. One has: R"(So, S1,S2) = (1/k™)R"(kSo, kS1, kS2) = 0.

Finally, let’s consider the general case of an arbitrary pair Sp,.52 of convex
bodies. Consider a couple of consequences (S%), (S%) of polyhedra with rational
coordinates of all their vertices such that S¢ o Sy, S% = Sy (one can choose

the n-dimensional volume of symmetric difference of two bodies as the metric on
the set of convex bodies in the space R™). Let S = (St U S%) Then one has:
R™(So, 51, 52) = lim; 00 R™(Sp, 57, 55) = 0. T

Example. Let n = 2. Then R"(zg,x1,%2) = 2x(2) + 22129 — 22071 — 2T0T2 =
2(zg —x1)(xg —x2). Thus one obtains the following corollary: for any three convex
figures Sp, S1,S2 C R? that are connected by the relation Sy = (S;USs) one has:

(So — S1)(So — S2) = 0.

3 The case of a polynomial of degree three

For k = 3, the parameter space (C*)" splits into 8 strata. The strata K, L, M, N, O
are defined in the previous section, and one has 3 new strata in addition — H:
deg(P,) = 3 and the roots of the polynomial P, are distinct; I: deg(P,) = 3 and
the polynomial has a double root; J: deg(P,) = 3 and the polynomial has a triple
root.

Consider the inclusion R® C R**1 ¢ R®*2, where the first space is equipped
by the coordinates k = (ky,ks...,k,), the second one is equipped by the addi-
tional coordinate k; (see the previous section), and the third one has moreover the
additional coordinate k, that corresponds to an additional complex variable o.

Denote by v; the vector in R”*2 that has only one non-zero coordinate k; = 1.
Denote by v, the vector in R”*? that has only one non-zero coordinate v, = 1. De-
note by Aj 23 the Newton polyhedron of the Laurent polynomial p1t? + pot + p3.
Denote by ©; the Newton polyhedron of the Laurent polynomial o + p;t3~*
(i =0,1,2,3) in n + 2 variables. One has: Aj23 = ((01 + 2v¢) U (52 + v¢) U d3),
D; = (v, U (0; + (3 —1)y)).



Theorem 2 For generic Laurent polynomials p; with fired Newton polyhedra §;,
1=0,1,2,3, one has:
X(H) =(=1)"n! [(n 4+ 1)(n + 2)Q} (Do, D1, D2, D3)+
+ (n+ DA™ + Q5 (60, Ar2s))—
— 205 — 05 — Q5 (o, 03) — Q3(d1, d2,d3) — Q4 (0o, 01, 62, d3)],
X(I) =(=1)"""n! [2(n + 1) (n + 2)Q (Do, D1, D2, D)+
+ (n+ DA™ + Q5 (60, Ar2s))—
— 365 — 05 — Q3 (00, 03) — 2Q5(d1, 62, 63) — 2Q (0, 01, 02, I3)],
X(J) =(=1)"n! [(n + 1)(n + 2)Q} (Do, D1, D2, D3) — Q3 (61,62, 53)—
— Q% (o, 01,02, 93)],
X(K) =(=1)"""n! [(n + 1)Q5™ (60, M) — 6 — Q5 (do, d3)+
+ Q5 (00, 01, 02) + Q4 (do, 01, d2, 3)],
X(L) =(=1)"n! [(n + 1)Q5 ™" (8o, A123) — 265 — Q5 (S0, 63)—
— @3(80,01) + Q5 (00,01, 62) + Q7 (do, 61,02, 03)],
X(M) =(=1)"n! [Q5 (00, 01) + Q5 (0, d1,2)],
X(N) =(=1)"""n! [Q5 (80, 01, 2) + Q' (8o, 61, 62, 83)],
x(0) =(=1)"n! Q}(bo, 01, 2, 03),
where the polynomials QF are defined on the page[2.

The generality condition consists of the following requirements. The systems of
Laurent polynomials in n variables

{po,p1,p2,p3}, {Po, 1,2}, {P1, P2, P3} {0, P1}{Po, 3} {po}, {ps}
are non-degenerate with respect to its systems of Newton polyhedra
{00, 61, 02,03}, {d0, 01,02}, {61,02,03}, {do, 01}, {d0,03}, {do}, {d3}
respectively. The systems of Laurent polynomials in n + 1 variables
{po, p1t* + pat + ps}, {P}

are non-degenerate with respect to its systems of Newton polyhedra

{507 A123}7 {A}

respectively. Finally, the system of Laurent polynomials in n + 2 variables {o —
3pot3, 0 + pit?, 0 — paot, o + 3p3} is non-degenerate with respect to its Newton poly-
hedra {9, D1,D2,D3}.

Proof. The equations of the Theorem [] appear as the solution of a system of 8
independent linear equations. One obtains the first of them calculating the Euler
characteristic of the torus (C*)™:

X(H) +x(I) 4+ x(J) + x(K) + x(L) + x(M) + x(N) + x(0) =0 (13)



The sets O, NUO, MUNUO, KULUMUNUO are given by the systems

of Newton polyhedra {po,p1,p2,p3}, {Po,p1,p2}, {Po,p1}, and {po} respectively.
Applying the equation (Il) to these systems one obtains 4 equations:

x(0) = (=1)"n! Q% (0o, 61, 62, 03),

X(N) + x(0) = (=1)""'n! Q%(bo, 01, 02), (14)
X(M) + x(N) + x(0) = (=1)"n! Q3 (do, 1),

X(K) + x(L) + x(M) 4+ x(N) + x(0) = (=1)"'n! 43

One obtains two extra equations calculating the following integrals with re-
spect to the Euler characteristic. Consider the subsets Y, Z C (C*)" x C, where
Y = {(z,t) | deg P, < 2, P,(t) = 0}, Z = {(z,t) | Ps(t) = 0}. Let m1: Y —
(CH™, my: Z — (C*)™ be the restrictions of the projection 7: (C*)" x C — (C*)"
onto the first factor. Let us calculate the integrals with respect to the FEuler char-
acteristic:

)= [ ertmiae =[x )

For z € HUTUJ, one has: 7, '(z) = (. The pre-image 7, '(z) consists of three
points for z € H, consists of two points for z € I, and consists of one point for
z € J. For z € K, the pre-images under both maps consist of two points; for
z € LU M, consist of one point; for z € N, the pre-images are empty; finally,
for z € O, the pre-images are isomorphic to C, thus X(ﬂ'i_l(z)) =1,i =1,2.
Therefore, one has:

x(Y) = x(0) + x(M) + x(L) + 2x(K),

)+ x(M) + (L) + 2(K) + x(J) + 2x(1) + (). )

=
G
I
=
Q

Consider the decompositions Y = Y1UYs, Z = Z1UZ5, where Y1 = Y N (C*)"+L,
Z1=ZN(CH" T Yy = {(z,t) €Y |t =0}, Zo = {(z,t) € Z | t = 0}. The strata
Y1, Z1 are given in (C*)"*! by the systems {po,p1t? + pot + p3}, {P} respec-
tively. The strata Ys,Z, are given in (C*)™ by the systems {pg,p3}, and {ps}
respectively. Applying the equations (II) one obtains the Euler characteristics of
the strata Y, Z. One substitutes the answers into the formulae (I5) and obtains
the two linear equations:

X(0) +x(M) + x(L) + 2x(K) =
= (=1)"nl ((n+ 1)Q5+" (do, A123) — Q5 (J0,33)), (16)

X(0) +x(M) + x(L) + 2x(K) + x(J) + 2x(I) + 3x(H) =
= (—=D)"n! ((n+ DA™ —62). (17)
The equations (4], (I6]) provide the characteristics of the strata K, L, M, N,O.

One obtains the characteristics of the strata H, I, .J using the equations (I3]), (I7),
and the following final (eigth) equation.



Consider the set
W = {(z,t0) € (C*)" x C | P,(t) = (9P,/0t)(to) = (*P,/0t*)(to) = 0}.
Arguments similar to the calculation of x(Y) and x(Z) provide that

x(W) = x(0) + x(J). (18)

One has: W = Wy UWs, where Wy = W N (C)", Wy = {(z,t) € W | t = 0}.
The stratum W is given in (C*)™ by the system {p1, p2, ps}. Therefore,

x(Wa) = (=1)""1n! Q3(61, 82, 83). (19)

Let us find x(W;). The set W7 is given in the torus (C*)"*! by the system {P =
OP/ot = 9*P/0t?> = 0}. This system of Laurent polynomials may be degenerate
with respect to its Newton polyhedra, thus one can not apply to it the equation ().
One can see that the above system is equivalent to the following one, which may
be still degenerate: {3pgt® + 3p3 = 3pgt® — pat = 3pot> + p1t2 = 0}. Consider now
the system of Laurent polynomials in n 4+ 2 variables

{0_ 3p0t370-+p1t270- _p2t70+3p3}' (20)

Denote the set of common zeroes of this system in the torus (C*)"*2 by w.
The projection s: (C*)"*! x C, — (C*)"*! onto the hyperplane of the coordi-
nates (z,t) embeds the set W into the stratum W;. Namely, let us consider the
decomposition W1 = W{UW/', where W{ = {(z,t) € Wi | po(z) # 0} and W{ =
{(z,t) € W1 | po(z) = 0}. Then one has: s(W) = W{. The set W' is given in C"*!
by the following system of equations in n variables: {py = p1 = p2 = p3 = 0}.
Therefore, W}’ is a fibration with the fibre C* and x(W]") = 0. It follows that:

X(W1) = x(Wf) = x(W). (21)

Claim. For generic Laurent polynomials p; with fixed Newton polyhedra &;, i =
0,1,2,3, the system of Laurent polynomials (20) is non-degenerate with respect
to its Newton polyhedra ®g, 01,92, D3.

Proof. Denote by L; the affine space of Laurent polynomials S in n + 1 variables
such that Ag C ©;, 1 = 0,1,2,3. The set of non-degenerate systems {Sy, Sy, S2, S5}
of Laurent polynomials with fixed Newton polyhedra ©¢,®1, 02,03 form a Zariski
open subset U in the product IT = H?:o P(L;) of projectivizations of the affine
spaces. The formulae (20]) provide an inclusion of the set ¥ of systems {pg, p1, p2,p3}
of Laurent polynomials with fixed Newton polyhedra &g, d1,d2,d3 into the variety
II. This inclusion realizes ¥ as an open subset of II. The set of non-degenerate
systems of the form (20) is U N¥, and therefore, is a Zariski open subset in ¥. O

Applying the equation () to the system (20)), and taking into account (IS,
(@9, 1)), one gets the last needed linear equation:

X(0) +x(J) = (=1)"n![(n + 1)(n + 2)QT (Do, D1, D2, D3)—
— Q5(01,082,03)]. (22)
O
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