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EXPANSIONS OF ONE DENSITY VIA POLYNOMIALS
ORTHOGONAL WITH RESPECT TO THE OTHER.

PAWEL J. SZABLOWSKI

ABSTRACT. We expand Chebyshev polynomials and some of its linear com-
bination in linear combinations of g—Hermite, Rogers and Al Salam-Chihara
polynomials and vice versa. We use these expansions to obtain expansions of
the some densities, including g—Normal and some related to it, in infinite series
of orthogonal polynomials allowing deeper analysis, discovering new proper-
ties. On the way we find an easy proof of expansion of of Poisson-Mehler
kernels for g—Hermite polynomials and also its inverse. We also formulate
simple rule relating one set of orthogonal polynomials to the other given the
properties of the ratio of the respective densities of measures orthogonalizing
these polynomials sets.

1. INTRODUCTION

The aim of this paper is formulate a simple rule of expanding one density in
terms of products of the other density times orthogonal polynomial with respect to
this density and present some of its consequences and applications. The original
aim of such expansions was to use them to find some ’ easy to generate’, simple
densities that bound from above other densities that are given in the form of infinite
products. Another words the original aim of such expansions was practical and
connected with the idea of generating i.i.d. sequences of observations drawn from
distributions given by densities that have some difficult to analyze form (e.g. in the
form of infinite product). Later however, it turned out that such expansions are
interesting by its own allowing deeper insight into distributions that are defined by
the densities involved. In particular 'two lines proofs’ are possible of identities that
traditionally are proved on half or more pages. Simple reflection leads to conclusion
that we deal with this type of situation in case of e.g. Mehler expansion formula,
recently obtained (see [I8]) expansion of ¢g—Normal density in terms products of
Wigner density times Chebyshev polynomials. Thus it is the time to generalize
it, formulate general rule and obtain some new expansions. It will turn out that
following this general rule, the difficulty of obtaining expansion of the type discussed
in the paper is shifted to difficulties in obtaining so called ” connection coefficients”
obtained in expanding one family of orthogonal polynomials with respect to the
other.

We will also obtain new expansions of so called ¢g—Conditional Normal density
in series of Kesten type density times some special combinations of Chebyshev
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polynomials as well as inversions of so to say Mehler, expansion formula. The two
above mentioned densities and distributions defined by them appeared recently in
works of Bozejko or Bryc at al. They were originally defined in terms of infinite
products and thus it is difficult to work with them for someone not familiar with
notation, notions and basic results in so called ¢—series theory. The ideas we are
presenting here are universal and can be applied to any densities and systems of
orthogonal polynomials.

The paper is organized as follows. The next section [2] presents general idea of
expansion, the main subject of the paper, as well as simple Proposition presenting
relationship between sets of polynomials given the ratio of the densities of measures
orthogonalizing the sets of polynomials. The task in a sense inverse to the idea of
expansion. This section contains also subsection 2.1] that presents some, believed
to be interesting, examples of expansions between simple measures orthogonaliz-
ing well known sets of polynomials such as Chebyshev, Hermite and some of their
combinations. In the next section [3] we introduce notation used in g—series the-
ory and then families of orthogonal polynomials that will be used in the sequel
as well as measures that make these sets of polynomials orthogonal. In particu-
lar we present here g—Hermite, Al-Salam-Chihara and Rogers (¢—utraspherical)
polynomials. The next section Ml is devoted to finding some connection coefficients
between some families of polynomials related to above mentioned families. Section
presents main results of the paper, that is expansions of one density in the series
of the other density times series of polynomials orthogonal to this other measure.
We also give some (by no means all possible) immediate consequences that lead to
some interesting identities. Finally section [0l contains lengthy proofs of the results
of section [l

2. IDEA OF EXPANSION

The idea of expansion that we are going to pursue is general, simple and is not
new (appeared e.g. in [2I], Exercise 2.9). We believe that it is very fruitful, has
not been sufficiently exploited and is as follows.

Suppose we have two measures o and [ defined on R. Let us define two spaces
Ly (R, B,«) and L2 (R, B, 3), where B denotes a set of Borel subsets, of real func-
tions defined on R, square integrable with respect to measures « and 3 respectively.
Assume also that supp 8 C supp « . Further suppose that we know the sets of or-
thogonal polynomials {a,, ()}, and {b, (x)}, -, defined on R that are orthogonal
with respect to measures a and /3 respectively. That is assume that we know, that
VYm,n > 0 fR an, () ap, () da(x) = Spma, and fR b () by, () dB () = Smnbn
Suppose also that we know connection coefficients between sets {a, (2)},,~, and
{bn (x)},,5¢ i.e. we know numbers v, . such that Vn > 1 a, (z) = >, _ bk (z) Vi
Further suppose that measures o & 3 have densities A (z) and B (x) respectively.
Then

o0

(2.1) B(x)=A(2) ) cnan (v),

n=0

where ¢, = 70,7180/ dn. The sense of () and the type of convergence in it de-
pends on the properties of functions B(z), A(z) and coefficients {c;,},>,. If
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Jr (B (z)? /A2 (;E)) do(x) < cothatisif B (z) /A (x) € L2 (R, B, «), series >~ chan ()
converges in Ly (R, B, a) and depending on coefficients {Cn}nzo we can even have

almost (with respect. to «) pointwise (if > .o, len|? logn < oo, see Rademacher-
Menshov thm.). However in general B (z) /A () is only integrable with respect to
measure «. Then one has to refer to distribution theory and Y - cnan () is in
general a distribution of 0 order.

To see that really ¢, = %ynéo/an , n > 0 let us multiply both sides of (2.1))
by oy, () let us integrate over R. On the left hand side we will get v, ,,bo since
[ bk () dp (x) = 0 for k > 1. On the right hand side we get Cpan,.

Remark 1. Of course to get expansion (2.1)) one needs only to calculate [; o, () d (x)
= Yo,m on the other hand to get connection coefficients one needs to do some algebra
without integration. This sometimes can be simpler.

The idea of relating sets of polynomials given the relationship between measures
that make these sets of polynomials orthogonal is not new (see e.g. [21I] Thm.2.7.1
(by Christoffel)), assertion iii). Christoffel’s relationship between sets of polynomi-
als given the fact that the ratio between orthogonalizing these polynomials measures
is a polynomial is accurate given zeros of this polynomial. If polynomial is of order
more than 2 it is hard to find these zeros as functions of coefficients. This is of
course limitation of possible applications of Christoffels result. The following sim-
ple Proposition can be viewed as simplified modification of Christoffel’s Theorem.
It contains series of simple remarks concerning relationships between discussed sets
of polynomials. They do not give precise relationship but in particular situation,
confronted together can give such connection. Besides here the only thing one has
to know about the ration of the measures is its expansion with respect to one of
these sets.

Proposition 1. Suppose o and  are two probability measures with densities respec-
tively A (x) and B (x) . Suppose further that monidl polynomials {ai};~, and {b;},~,
are orthogonal with respect to, measures o and B respectively. Suppose additionally
that we know that B (z) /A (x) = W (x), where W can expanded in the series of
polynomials a; (x) : W(x) = 1+ Zi\;l wia; () Ja; where a; = [a? (z) A(z)dz,
converging in Lo (R,B,a). Define wg = 1. Number N can be finite or infinite. Let
us recursively define the sequence of numbers {fn},~q. fo = 1 by the sequence of
equations for

n Z 1: an,zwz = 0,
i=0
where set w; =0 fori > N + 1 if N is finite.
i) Then monic polynomials defined by:

b (@) =D fuiai ()
1=0

satisfy [ &, () B(x)dx =0,n=1,2,... . Besides we have equality Vn > 1:

an (z) = Z Wn—i®; (T) .
i=0

1Polynomial pn (x) of order n is called monic if coefficient by z™ is equal to 1.
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i) If N is finite, then [a; (xz)dB (z) = w;, i = 1,...,N, and [a; (z)dB(z) =
0, Vi > N + 1. Hence in particular:

N
Qn, (.I) = (b'n, + Z '(Uigbn,i (ZE) ’
i=1

form> N+ 1.

iii) If N is finite then there exist N sequences {Vn,j}

n>1,1<j<N such that Vn > 1

N
an () = by, (z) + Zynyjbn,j (2).

Proof. Is moved to section (]

2.1. Simple examples.
(1) Let us consider A (z) = — L__ if + € (—1,1) and 0 otherwise and a,, ()

=
= T, (z) (Chebyshev Polynomials of the first kind). Further B (z) =

21 —2a? if x € (—1,1) and 0 otherwise and b, (z) = U, (z) (Chebyshev
Polynomials of the second kind). It is known that

1 1 for n=m=~0
/1Gn(x)am(I)A(I)d$ = {%57“” for n#0orm=#0 "’

1
/ bp () by () B(x)dx = pm.-

~1

Polynomials {T},} and {U,} satisfy the same three term recurrence with
different however initial condition for n = 1. Namely T_ (z) = U_; (2)
=0,Ty(z) =Uo(z) =1, Ty (z) = z, Uy () = 2z. Now notice that (U (x)
—U_1(2))/2 =2 =T (z) . Besides we have z(U,, (2)—Up—2 (2))/2 = (Upn+1
+ Un-1 (@) = Un—1 () + Un—3 (2)) = (Un41 (2) = Un—1(2))/2 + (Un-1 (2)
— Upn—3(x))/2 , which is a three term recurrence satisfied by polynomials
T,,. Hence:

Vn>1:T,(x) = (U, (z) — Up—2 (x)) /2.
/2 if k=n
Hence sequence we have vy, = 1, v, = { —1/2 if k=n-2 for
0 if otherwise
n > 1. Thus vq9 = 1, 791 = 0,72 = —1/2, 79, = 0 for n > 3. So we
have elementary relationship B (z) = A (z) (1 — Ty (x)) = 2A (z) (1 — 2?).
Similarly one can deduce that :
Ln/2]
Vn>1:Up(z) =2 Thoai(x)—(1+(-1)")/2
i=0

Hence v 2,41 =0, 70.2; = 1,0 =10,1,2,... . Thus we have

A(z) = B(2)>_ Usi(v)
1=0

and we do not have neither pointwise nor even mod g convergence. One
can deduce, following definition of distributions that right hand side of the
above equality is a distribution ¢, for which Vn > 1 t,, (T},) = 0, by 22)and
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orthogonality of {U;},-, with respect to B (x). However we are not going
to continue this topic since our main concern are regular, convergent cases.

Let
(1-p) Vi ®
2m((1 = p?)? = pry(1 4 p?) + p* (2% +?))
if z € (—2,2) and 0 otherwise and |y| < 2, |p| < 1 be a particular case of
Kesten density considered also in the sequel. It is known (also it follows

the fact that it is a particular case of considered in the sequel distribution
fon) that the following polynomials

kn (zly, p) = Up (2/2) = pyUp—1 (2/2) + p*Un—2 (¢/2)
when n > 2, k1 (z|y,p) = © — py and kg (z|yp) = 1 are orthogonal with
respect to measure defined by A.
As measure S let us take same measure as in the previous example but

re-scaled by 2. More precisely let 5 have density

1

B(x) = 2—\/4—:172.

0
Hence re-scaled Chebyshev polynomials U, (2/2) are orthogonal with re-
spect to B. If expansion of B is concerned we have

A (I|y,p) =

0 if n>2
Yon=193 P if n=2.
—py if n=1
Besides it is known (also from (3.9d)) that f 2 (z]y, p,0) A (zly, p) =

(1 — p?). Hence we have:

2
= Al(zly,p) (1 - ﬁkl (@ly, p) + 1f—2kz (wly,p)>

= A(zly,p) (1= p*)? = p(1 = Qzy(1 4+ p*) + (1 - @)p*(«® + 7)) /(1 = p°).
On the other hand one can easily derive (or it follows (4.7) in [19] considered
for ¢ = 0 and noting that hy, (z|0) = U, (z)) that
Un(2/2) = an MU i W/2) kj (z[y, p) .
7=0

Thus we have
A(zly, p) ZpU (y/2) Ui (2/2),

which is a particular case of P01sson -Mehler kernel to be discussed in the
sequel.

Following well known (see e.g. [I] Ex. 5, p. 339) formula concerning
Hermite polynomials H,, orthogonal with respect to measure da (x) =

\/%7 exp (—2?/2) dx 4 A (x) dx

n—t

1,1),Yn>1: H, (p:c—l—y\/l - p2) = i <7Z>pl (\/1 - p2) H;(x) Hy—i (y),

i=0
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we can rewrite it in the following form :

Vp e (—1,1),¥n > 1: Hy (z) = g (”) P H, (y) (m)""’ H,_, (—(x_l‘_”?) ,

since we have trivially x = py + /1 — p2$1_—p—y;, and view as ’connection
—p

coefficient formula’ between sets of polynomials {H,, (x)},,~, that are or-
thogonal with respect measure do and B

V1-— 2)an w)} that are orthogonal with respect to mea-

{( p <m . re orthogonal with resp m

sure df (z) = ﬁ exp (—%) x¥B (x) dz. An easy calculation
m(1—p

gives vy, = p"Hy (y) and @ = n! and we end up with famous Mehler Her-

mite Polynomial Formula

1 (—py)) _ 1 NS
(2.4) mexp<—2(1_p2)>—mexp< 2>;i!Hz()Hl(y),

which is better known in a form obtained from the above after dividing both

sides by \/— exp (—%2) and whose proof takes about a page in popular
handbooks of special functions.

2.2. Densities defined by infinite products. As it follows with those three
examples the idea of expanding one density with a help of another, can be fruitful
and lead to interesting formulae and consequently to deeper understanding of the
expanded distribution. Besides some recently used distributions have densities that
are defined with a help of infinite series. Infinite series are in many ways difficult
to deal with in particular to calculate many quantities that are interesting for
probabilists. That is why we will use this technique of expansion to accustom that
is to obtain another, more suitable for further analysis and research, form of three
densities that appeared recently and that are defined with through infinite series.

Two of these three distributions appeared in the context of so called Bryc pro-
cesses or fields (see details [2] and [4]) or g—Gaussian processes (for details see [g]).
Their densities are as follows:

(2.5) fn(zlq) = 2\/17_(11721_[ 1+q H k+1

defined for |¢| < 1 and |z] < \/7 that will be sometimes referred to g—Normal

(briefly g—N) distribution and
vl—g
24 — (1 — q)z?

00 1_p q )(1_qk+1) ((1+qk)2_(1_q)w2qk)
(2.6b) I] — (L= q)pg" (L + p2¢)zy + (1 — q)p2(a? + y2)q2*

(2.6a) fen (zly,p,q) =

2 .
defined for |¢| < 1, |p] < 1, |z|,]y| < 7= that will be referred to as

(y, p, q)—Conditional Normal, (briefly (y, p,¢q) — CN) distribution.
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Third one is a so called g—utraspherical density (density with respect to which
Rogers (called also g—utraspherical ) polynomials are orthogonal). It is given by

(2.7)
(el = [T ot i 54")
4 27 \/17—qx2 1 — Bd") (1 — B¢ ) (1 + BgF)2 — (1 — q)Bz2¢F)

defined also for |¢| < 1 and |z| < \/12_—(1 and |8| < 1. This distributions is closely

related to distributions ¢—N and (y, p,q) —CN. Namely we have the following.

Remark 2. Note that we have
(2.8)

(1- 5"
r(28,q) = fn (z]q) x H 1 — qu+1) ((1 +qu)2 —(1- q)B:qu’“)'

Moreover we also have fon (z|x,p,q) = fr(x|p,q) /(1 — p) since (1 — p2¢**)? —
(1 - @)pd* (1 + p2¢*)a® +2(1 — q)p?a%q* = (1 - pg*)” (1 + pg*)” = (1 — q)pa>q")
and limg_,1- fr(z|B,q) = %\/ﬁ'

These distributions appeared in the context of special functions in particular
in the context of Rogers polynomials . However only recently their importance
to both commutative and noncommutative probability became apparent. As men-
tioned before distributions fy (z|¢) and fon (x|y, p,q) reappeared in 1997 in the
paper [§] of Bozejko and Speicher in purely noncommutative probability context.
These families turn out to be important both for classical and noncommutative
probabilists as well as for physicists.

The following section of the paper is devoted to listing known properties of ¢-
Normal, (y,p,q) — CN, (8, q) —R distributions (section[3]). The other two sections
of the paper are devoted to discussion of new properties of these distributions that
are obtained from expansion presented in section Final section of the paper is
contains longer proofs of the results presented in the paper.

3. FAMILIES OF ORTHOGONAL POLYNOMIALS. THEIR PROPERTIES AND
RELATIONSHIPS

We will use traditional notation of g—series theory i.e. [0], = 0;[n], = 1+q+.. .+
[n],!
n—1 _ l—q | T n _ ) e when n> k>0
g = T ) = i ,with [0] =1, =< [k K],
=i iyt = i g ! mq 0 when  otherwise
Sometimes it will be useful to use so called g—Pochhammer symbol for n > 1 :

(a|Q)n = H?;Ol (1 - a’ql) ) with (a|Q)0 =1 ) (a’lua27 e 7ak|q)n = Hle (al|q) CItis

(2:9).,, Sk
easy to notice that (qlg),, = (1 — ¢)" [n],! and that [}] = ¢ @ (@ when n 2k = 0
q 0 when otherwise

Notice that (a|0), =1 —a for n > 1 and (all),, = (1 —a)". If it will not cause
misunderstanding Pochhammer symbol (a|g), will sometimes abbreviated to (a),, if

1 if z€A
0 if z¢A and S (q)

[ 2/\/1T—¢q,2//1T— } Recall that every family of orthogonal polynomials is
deﬁned by 3 term recursive relationship. The 3 families of orthogonal polynomials

choice of ¢ will be obvious. Let us also denote I4 (x) = {
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that we are going to use are defined by the following recursive relationships:

(3.1) Hyy(zlg) = «Hy (zlg) — [n], Ho-1 (2l9)

(3:2) Ryi1 (2[B,q) = (1—Bq") xR, (z]8,q)

(3.3) —(1=5%¢""") [n], Ru-1(z]8,9) ,

(3.4) Poia(zly,poq) = (z—pygq")P, (wly,p,q)

(3.5) —(1=p*¢" H)nlgPua(zly, p, ),

with H_i (zlg) = R-1(2|8,q) = P-1(2ly,p.q) = 0, Ho(zlqg) = Ro(z[B,q) =

Py (z|y, p,q) = 1. Here parameters 3, p,y,q have the following bounds: |¢| < 1,
18], 1p| < 1, y € R. The family (3 will be referred to as family of g—Hermite
polynomials, family (B:2]) will be referred to as family of Rogers polynomials. Fi-
nally family (8:) will be referred to as the family of Al-Salam-Chihara polynomials.

In fact in the literature (see e.g. [I]) more popular are these families transformed.
Namely as ¢g—Hermite polynomials often function polynomials

(3:6) ) = (1= 0" 1, (2l o >

sometimes called also continuous g—Hermite polynomials as Rogers polynomials

function
(3.7) Co (@18,0) = (9),, (1 — )" Ry, ( q) n>1
and as Al-Salam-Chihara function polynomials
(3.8) pulela,b,g) = (1= )" P, [ 2= =N

. n ) b) \/1 — q '\/ 1 — q ) )
for |B] < 1,a% > b > 0 (if we want these polynomials to have probabilistic interpre-
tation). For our purposes, closely connected with probability, the families defined
by BI), 32) and (B4) are more suitable.

Families of polynomials {Hy}<,,{P,},~; and {R,}-, have the following basic
properties: - B -

2z
V1—ygq

Lemma 1.
- 0 when n#m
(3.9a) VneN: /S(q) H, (z|q) Hy, (z|q) fn (z|q) dz = { [n]q! when m—m
(3.9b) /S( ) Hy (zlq) fon (zly, p,q) dz = p" Hy (ylq)
q
(3.9¢)
- 0 when n#m
/S(q) P (2ly, p,q) P (xly, p. q) fon (xly, p,q) da —{ (/). [nl,! when n=m °
(3.9d)
0 when n#m
/ Ry (%]8,q) Rn (2(8,q) fr(2]B,0)dz = (1-8)(8?),,[nl!
— A when n=m
(3.9¢)

Vipilslpel <1 /S( )fCN (xly, p1,q) fen Wz, pas @) dy = fon (2|2, p1pe. q) -
q
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Vi (¢, B)

Wa (q)
(3.10) max |H, (z|q)] < W7

veS(q) (1—q)"/2 ze
here Wi () = S0 ], Vi (g, 8) = 3 M
where W, (Q) = Zi:O [i]q7 n (%5) = Zi:o @), @,

Proof. (3.9a), (3.9h)), follow [21] (and also [2], [4]). To prove (3.9d) and (3.9d) we use
[1] , standard knowledge on orthogonal polynomials and formulae (BEI) and (32).
First let us denote A4,, = fs( ) R2(x|B,q)fr (x|B,q) dx and Q,, = fs(q) (zly, p, @) fon (z|y, p, q) dx.
Further we multiply both sides (8:4) and (8:2) once respectively by Pn 1 (zly, p, q)
and R,_1(z|B,q) and then by P,y1 (z]y,p,q) and R,41 (z|8,q) and integrate re-
spectively with respect. fon and fr over S(g) obtaining respectively | S(g) T X

Py (zly, p,q) X P (zly, p,q) % fon (2ly,p,q)de = (1 — p*¢"")[n];Qn—1 and

(1= B4") [g(g) ©x R (218, 0) X Ry—1 (2[5, 0) % fr (2|8, q) dw = (1=52¢" ") [n], An—s
and then Qni1 = [g() ©Pnt1 (2]y, 0, ) Pu (2ly, p. @) fon (2ly, p, q) dz and Apyy =

(1= p5g™) fS(q) x X Ry, (2|8, q) X Rny1 (218, q) X fr (2|8, ¢) dx. From these equations
we deduce that respectively Q,, = (1—p?¢"1)[n],Qn-1and A,, = % (1- ﬁQq"_l) [n], An—1
from which follows (3.9d) by iteration. ([3.9d) we prove in a similar way.

Formula (3.9¢) is taken from [2] and [3] can be also found in [§].

Formula [BI0) follows formulae 13.1.10 and 13.2.16 of [2I] and 8] and B7). O

max R (2|8, 9)] <

We will also use, mentioned already Chebyshev, polynomials of the first T, (z)
defined by T, (cosf) = cosnf and second kind U, (x) defined by U, (cosf) =
w and ordinary (probabilistic) Hermite polynomials H,, (z) i.e. polynomi-
als orthogonal with respect to \/— exp(—22/2). They satisfy 3—term recurrence.

Recall that Chebyshev polynomials satisfy 3—term recurrence (B11]), below while

Polynomials H,, satisfy 3—term recurrence (312 below.
(3.11) 22U, () = Upt1(x) +Up-1(x),
(3.12) xHy, (x) = Hpy1(z) +nH,

with Ty (z) = Up(x) = Ho(z) = 1, Th (x) = Hy(x) = x, Uy (z) = 2z. More-
over we will be using re-scaled versions of polynomials 7T, and U, that is T, (z|q)

=T (2yT=q/2) /(1 — @)"? and U, (z|g) = Uy, (zyT—q/2) / (1 — q)"*. These

modified polynomials are orthogonal with respect to modified densmes that appear

in the context of Chebyshev polynomials. That is we have fS U, (z|q) Un, (2|q) fu (z|q) dx
= O and fS (x]q) Tin (2]Q) fr (z|q) dx = dpn /2 1fn\/m21and11fn:m

= 0, where we denoted

(3.13) fo (z]q) Isg) (@) V(1 = q) (4= (1 - q)a?)/2m,

(3.14) frala) = Isq (@) /(VQ—q)/ (4~ (1~ q)z)n).
Density fy functions sometimes in the literature as Wigner distribution with radius
2/4/1 — q. In the sequel will also appear distribution fon (x|y, p,0) re-scaled in the

following way
(3.15)

(L-p) VT—a/T— (g

2 ((1 —p2)? = p(1—q) (1 + p?) 2y + (1 — q)p? (22 + y2)

K ($|y,p,q) = )IS(q) (.I)
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that is a particular case of so called Kesten distribution and which is nothing else
but re-scaled density A (z) considered above in example 2.

We have Proposition that relates cases defined by special values of parameters
to known families of polynomials or distributions:

Proposition 2. 1. fon (z]y,0,q) = fr(z]|0,q) = fn(zlg) = fu(z]q) (q), X
[T (L+6%)? = (1 - q)2°¢"),

2.Vn >0 : R, (2|0,q) = H, (z|q), H, (z]0) = U, (x/2), H, (z|1) = H, (),

Ru(e|Ba) _ oTn(2vT=1/2)

(8)., (

q

hmﬁ*>1* I—q)/2

(1 p?)"2H, < ¢—) . Pu(aly. p,0) = Un (¢/2) = pyUn—1 (w/2) + p*Un 2 (x/2)

daf
4. relationship (3.98) reduces for p = 0 to relationship (3.9d) with m = 0,

5. fn (z]0) = %\/4 —22Ic_g9s (z), fn (2]1) = \/% exp (—:102/2) , fr(z]1,q) =
fT ($|Q)a ,
6. fon (zly, p,0) = fK (zly,p), fon (zly,p,1) = \/ﬁew (—(;(;”23)) .

Proof. 1. is obvious. 2. follows observation that [B.I]) simplifies to (311]) and (312l
for ¢ = 0 and ¢ = 1 respectively while [B2)) simplifies to BI)). To calculate
limg_~q- W let us first denote @, (x|8,q) = W and write 3—term re-

M _R2 n—1
currence for it obtaining Q11 (2|8, ) = 2Qn (218, )~ e ii—sersiepgr=r @n—1 (z18,9)
with Q-1 (z]8,q) =0, Qo (x|8,q) = 1. Let B— > 17. Then one gets recognizes 3—

term recurrence for polynomials Tn((le);%Q). This form property can also be found

in [2T] , formula 13.2.15.
3. First three assertions follow either direct observation in the case of P, (z|y, p, 0) or

comparison of ([B4]) and ([BI2]) considered for substitution z— > (x — py)//1 — p?

and then multiplication of both sides by (1 — p2) (D72 third assertion follows fol-
lowing observations: P_j (z|y,p,0) = 0, Py (z|y, p,0) = 1, P; (z|y, p,0) =z — py ,
Py (zly, p,0) = x (z — py)— (1 = p*) , Pat1 (2ly, p,0) = 2P, (2y, p,0)—=Pru—1 (2]y, p,0)
for n > 2 which is equation (BI1)). 5. and 6. Their first assertions are obvious. Sec-
ondly we notice that passing to the limit g— > 1~ and applying 2. and 3. we obtain
well known relationships defining Hermite polynomials. Hence Hermite polynomi-
als are orthogonal with respect to measure defined by fn (x|1). Thus distributions
defined by fy and fon tend to normal N (0,1) and N (py, (1 — p?)) distributions
weakly as g— > 1. So it is natural to define fy (z|1) and fon (z]y, p,q) as they
are in 5. and 6. (]

As suggested in assertion 3. of the Proposition 2] we will be using notation
kn (x]y, p) instead P, (x|y, p, 0) which seems to be simpler. Besides we have ko (x|y, p)
=1, ki (zly,p) = © = py, k2 (zly,p) = x(z — py) — (1 — p?) and kn4a1 (zly, p) =
akn (xlyp) = kn—1 (2ly, p) -

Remark 3. Since polynomials {ky (z|y,p)}, >, are orthogonal to measure with

density A (x) of example 2, or more precisely with density fr (x|y,p,0), we de-
duce (by simple change change of variables in appropriate integral) that polynomials

{kn (zvT=qlyyT— q,p)}n>0 are orthogonal with respect to fx (x|y, p,q)
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Hence in particular fy is a generalization of N (0,1) density, while fon is
a generalization of N (py,1— p?) density. It is also known see e.g. [4] that
fen (zly, p,q) / fn (x]q) follows Lancaster type expansion. Namely we have:

o0

(1-p°¢")
(310) lcl:[O (1= p%g%)% — (1 = q@)pg"(1 + p2¢**)zy + (1 — q)p?(2? + y?)g?*

= Z Hy(z|q)Hn(ylq),

converges uniformly and defines the Poisson-Mehler kernel. It is an almost obvious
generalization of (Z4]) and (23). We will prove and generalize it by our expansion
idea in the next section.

4. AUXILIARY RESULTS

In this section we are going either to recall or to calculate connection coefficients
of one family of orthogonal polynomials with respect to the others. First we will
recall known results, exposing some of the families of connection coefficients. To
do this let us introduce one more family of polynomials {B, (z|¢)},, that are
orthogonal but with respect to some complex measure. They play an auxiliary
role. They satisfy the following 3—term recursive equation:

(4.1) Bt (ylg) = —q"yBn (ylg) + ¢" " [n], Bn-1 (ylg) ;7 > 0,

with B_1 (y|q) =0, By (y|lg) = 1. Formula (16) of [4] allows to express then through
q—Hermite polynomials.

z"q”("’z)ﬂHn(i\/ﬁx%) for ¢ >0
(_1)71(71—1)/2|q|n(n—2)/2Hn(_\/m:d%) for q< 0"’
where i = \/—1. Obviously we have B,, (z|0) = 0 for n > 2 and also we can see that
By, (z|1) = i"H, (iy), n > 0. The properties of families of polynomials {H,},,~,,
{P.}, >0 {Bn}, >0 including met in the literature *connection coefficient formulae’
are be collected in the following Lemma

Lemma 2. i) Vn > 1: P, (zly,p,q) = X7 [5]0" 77 Bu—j (ylg) H; (2q) ,

ii)Vn>O:Z?:0H n—j (zlq) H; (z|q) =0,

i) ¥n > 0 Hy (wlg) = 5o [5]0" ™ Hn—; (yla) P («ly, p,q) .

i) > 05U, (oyT=3/2) = S22 (-1 (1 ga-igpire ["7], Ha-a (xla)
and Hy (ylg) = S50 (1= )20 ([7], = a1 [, ) Unak (3/T=/2)

n B n n—2k

v) Vi > 18],y <1: Ry(zly,q) = E/E . B (‘I;/(‘I))n z)k(gq()i) - = {fqg (1-

q)_kRn—2k (:E|B7q)7

in particular: Ry, (x]v,q) = L"/QJ (—1)’“7’“(1’“(’“_1)/2%1?%—% (zlq)

Ln/2] (0),,(1=Bg" ")
and H, (z|q) = ;0 B A @, (@), o) = Ln—2k (z]8,4q)

Namely we have: B, (z|q) = {

Proof. Formulae given in assertions i) and ii) are given in Remark 1 following
Theorem 1 in [4]. iii) We start with formula (4.7) in [I9] that gives connec-
tion coefficients of h,, with respect to p,. Then we pass to polynomials H, &
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P, using formulae h, (x|q) = (1 —q)"/2 H, (\/?””Tqm) ,n>1and p,(zla,b,q) =

(1- q)n/Z P, (ﬁw_q \/(fi_q)b, Vb, q) . By the way notice that this formula can be
easily derived from assertions i) and ii) by standard change of order of summation.
iv ) Follows ’change of base’ formula in continuous g—Hermite polynomials (i.e.
polynomials h,,) in e.g. [20], [22] or [23] (formula 7.2) that states that

[n/2]
hn (I|p) = Z Cn,n72k (pv Q) h’n72k (I|q)
k=0
where
k .
Crvm—2k (p, q) _ Z (_1)j pk—jqj(j-i-l)/z |:n — 2./€ + ]] %
; J
j=0 q

n ; n
(|: ] _ pn72k+2j+1 |: ) ] )
k—7 » k—j—1 »
again expressed for polynomials h,,, next one observes that hy, (z0) = U, (z), [}] 0
=1forn >0,k =0,...,nhence we have ¢, n—2x (0,q) = (=1)F gh(k+1)/2 [";k]q and

consequently U, (z) = ,EZ/OQJ (=1)F gh(k+1)/2 [”;k}qhn_gk (x|q), similarly we get

Cnin—2r (4:0) = ¢*([}] ,—a" "2+ [,",] ) and consequently h, (xlq) = Y21 ¢ ([}],

—gn 2kl [kfl]q)Un,gk (z) . Now it remains to return to polynomials H,, . v) It is
in fact celebrated connection coefficient formula for Rogers polynomials which was
in fact expressed in term of polynomials C,,. Other formulae in this assertions are
in fact applications of the first formula with 8 = 0 in the first case and v = 0 in

the second and using the fact that R, (z|0,q) = H, (z|q) . O

We have an important proposition generalizing assertion ii) of the Lemma above.
We will use it in the proof of the Lemma [3] below.

Lemma 3. Vn > 0:

i)
(42) Un (:c\/l - q/2) = Din(y,0,9) Pk (2ly, p,) ,

k=0
where
[(n—k)/2] ) o i i n—j
Dkyn (y7p7 q) _ Z (_1).7 (1 _ q)’ﬂ/ —J qJ(J+1)/2 |:n o ]:| X
§=0
n—Fk—=Jj| . p_2j
n Hy o .

[n_k_%}p k—25 (y]q)

i)
(4.3) kn (w\/l —qlyv/1— qm) = Crn (y,0.9) Pr (2ly. p, ) ,

k=0

where
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[(n—F)/2] :
j n/2—j n— 1(J— n-— 1 —J
Cin(W,p0) = Y, (Z1) (1—g"* 7 g0/ [n—k—2} x
=0 J1q
i+ k k=17 ok
J — gk J ok 2 H_i—aj (ylq)
k k
q q
Remark 4. Notice that Dy, (y, p,q) (0*),, [F],! =
fé}% Up (2v/T=14/2) Py, (zly, p, q) fon (x]y, p, q) dz
and Ck n (y P4 ) (pQ)k [k]q| =
fé}ﬁ w (2T = qlyy/'T—=¢q,p.0) P (x]y, p,q) fon (zly, p, q) da.
1 if k=0
L define the followi tity: [2k — 1] /! =
et us define the following quantity: [ lq { H§:1[2i_1]q i ok>1

We have also some interesting corollaries based on the following easy observations
following simple induction applied to formulae (BII), (BII), assertion 3. of the

Proposition 2 ([@1l), and B.2)).
0 if n=2%k-1

Remark 5. i) U, (0) = 1% if =% k=1,2,...
i) Up (1) = (=1)" Up (=1) = (n+ 1),
iii) Up (3) = (<1123 (n 41 -3 | (n+2)/3)),
if n=2k—

H, ( 2 ) = W"g‘i)m, where W, (q) by[BI0 and n > 1,

1—q (
-1 1—p ) n =2k
v) ky (Oly, p) = )) ) Z:; n— o — 1 L k=1,2,...
1 k(1 — ) if n=3k
n (Ly, p) = (py+p) if n=3k-1 k=12,...
kll—py) if n=3k-2
if n=2k—1
UZ)B ) k:(k: 1) [2]€ ]q” Zf n =2k ,k:1,2,...

B 0 if n=2k-1
vid) Fn (0, p,0) = { (=¥ (P2|q2)k 2k — 1]q!! if n =2k

Corollary 1. i)Vg € (—1,1);n > 1: 1—¢"(»+1/2 = POy 0(1 Q)" giuth/2 [2" J} [2n—
25 — 1),
i) ¥g,p € (1,10 > 1: Py (Oly, p,q) = X770 [5] (=1) 9"~ Buos; (yla) 24 — 1,

Proof. 1) We put x = 0 in assertion ¢v) of Lemma [2] use assertion iv) of Remark [B]
substitute n— > 2n, perform necessary simplifications, we get including fact that:
(1—q)k 2k — 1= (ql¢*)k—1 and Hy (0]q) = 1 which leads to conclusion that the

summand for j = n is equal to ¢"("t1/2,

ii) We put = 0 and apply assertion iii) of Lemma [2] and then use iv) of the
Remark [ O
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5. EXPANSIONS

In this section we are going to apply general idea of expansion presented in
section 2 use results of section Ml and obtain expansions of some presented above
densities in terms of the others. Since there will many such expansions to formulate
all of them in one theorem would lead to clumsy and unclear statement. Instead we
device this section unto many subsections entitled by the names of densities that
will expanded in its body.

5.1. fy and fy. Using assertion of iv) of lemma [2] we deduce that coefficients

0 ' =2k+1
Yo.n in expanding fy is given by v, ,, = k Zf " +1h k=
0,n o,n (_1) qk(k+1)/2 zf n = 2k,
0,1,... and we end up with an expansion
(5.1 falela) = fu(ela) Y (D" ¢ D20 (2T q/2),
k=0

which was obtained and discussed in [I8] with a help of so called ”triple product
identity”.

Using another assertion of iv) of lemma [2lwe get the inverse of the above expan-
sion. Namely we have

0 if n=2k+1,
Yo = (1—q)_kq’“([Qkk]q—q[ﬁfl}q) if  n=2k,

. _ k(q_ k41 .
Notice that (1 —¢) " ¢ ([%ﬂq —q 2k ]q) /12K = %. Since we have also

[B9al we see that we have:

(5.2) fu(ala) = S (alo) 30— «

k=0 Dis1

)k+l
——————— Ho (z]q) .

As corollaries we get the following useful formulae:

o0

H (1+¢")? = (1 —qa2’¢") => (- 1)* k<k+1/2U2k( T4 /2)

k=1 k=0

which reduces (after putting « = 0) to well known
(@)oo (—0)2 = (0o (°1¢%) . = D g/
k=0

which is a particular case of 'triple product identity’ or to (after putting z2(1 — q)
=4) to

o0

(@) =D (1) (k+1) "+

k=0

and

Hyy, (v|q),

> ¢* ’““) 1-gq)"
Z k

k=0

2

(A+¢")* = (-

el
Il
—
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since (¢)y / (@), = (¢**') and (¢),y = (1—¢q)(¢?), from which we get for
example (by setting x = 0) identity

)k
1+Z 7{1)]6[%—1]

or (after inserting 2 (1 — ¢) = 4 and applying assertion iv) of Remark [f):

(q);j _ Z " Wor (q) '

=0 (Q)k (Q)k+1

()0 (—0)%

5.2. fy and fon. We use assertion i) of lemma 2] we deduce that coefficients v ,,
in expanding fon is given by v, ,, = p" By, (ylq) . Keeping in mind (3.9d) we get

oo n

p
(5:3)  fw (ala) = fon (#ly:p.0) D oy Ba (0la) P (ely. 01 )
= (0%),, [n]q!
We use assertion iii) of lemma [2] we deduce that coefficients 7, , in expanding
fen is given by v, ,, = p" Hy (ylq) - Keeping in mind ([3:9a)) we get:

o0 n

(5.4) fon (@ly, pq) = fx (xlg) > [STq n (ylq) Hn (z]q) -
n=0

Notice that (54 is in fact famous Poisson-Mehler kernel of g— Hermite polynomials,
while (B3) is its inverse. Compare [5] for another proof of (54]). Notice that for
every fixed m, > W% n (Ylq) Pn (z|y, p, q) is not a symmetric function of
x and y, while when m = oo it is!

As a corollary (after putting y = x and then using Remark [2]) we get the following
interesting expansion

(%) o
(5.5a) 5 5
(0 [iso ((1 +pg¥)” = (1—q) pxzq’“)
(5.5b) :2%%%mw
n=0 q’

, which reduces to well known formula (see [2I], Exercise 12.2(b))

@%=Zfﬁmm

(p)oo n=0 q)n
after inserting x = 2/4/1 — ¢ and applying B.I0 or after inserting = = 0, to

2 2k+1 1 _ q2]—1)

H 1—pq2’“ +Zp2kH7q2j)’

(12k—1),11)° o (1=¢¥7Y) ().  _
o = o ey and gt =

since as it can be easily noticed
(1 p2q2k+l)
Hk 0~ (1—p2¢2F) -
As far as convergence of series (B3)) and (54) is concerned then we see that
for |pl,lg| < 1 and 2,y € S, function g(zly, p,q) = fon (2ly.p,q) /I (zla) =
(P2)os TTiZo (1=p2¢?*)2—(1—q)pg* (1+p> qz")zer(l q)p* (2 +y?)g** both bounded and “cut




16 PAWEL J. SZABLOWSKI
away from zero’ hence its square as well as inverse of this square are integrable on
compact interval Sj,.

Remark 6. Dividing both sides of {5.3) and (53) by fn (x|q) , passing with g— >
17 and keeping in mind that B, (z|1) = i"H, (iz) and that

Py (zly, p, 1) = (\/1 - p2) H, (i;l—p—?)we get:

S ﬁ T = 3 L 1T 7(:c—py)
(5.6) 1/;n!Hn( )Hn(y)—;n!(l_pg)n/gﬂn( )m(m)

Here however situation is different. Series Y.~ %Hn () Hy, (y), as it is known,
is convergent for all x,y € R and |p| < 1, while series (&.6) only for z,y € R
and p? < 1/2 since then function f%(z|q)/fon (z|y, p,q) = exp(— (2(1 pg) + 2?) is
integrable with respect x over whole R.

5.3. fn and fr. We use last two statements of assertion v) of lemma[2 we deduce
that coefficients v, ,, in expanding fr is given by

{ 0 if n=2k+1,
70,71 = ﬂk(Q) ; _ ’
@@, a-gF W =2k
k=0,1,.... Keeping in mid (B.9al) we get:
00 ﬂk
(5.7) fr(x|B,q) = I~ (2la) ) 77 Hon (z]q) -
P RIETD

As a corollary let us take 8 = p and use (2.8) and compare it with (G5). We will
get then for |q,|p| < 1,22 (1 —q) < 2:

o0 oo

<1—>Zﬁ =35 A o Hon ().

Next we use second assertion of v) of lemma l and deduce that coefficient v, ,, in
expanding fy is by

0 if n=2k+1
Ton T (=)t 2 B a i =2k,

k=0,1,.... We use also (3.9d) and get

7 - _ (M) (1 =7¢%%)
(5.8)  fn(zlg) = fr (17|%Q)];)(—”Y)qu(k 1)/2(1_];) [k]q!(,yz)sz% (@|v,q)-

Again we can deduce that one of the series is the inverse of the other.

54. fx and fon.. We will be using assertion ii) of Lemma [B] Remark Bl and the
fact that for n > 1:

2/VI=g
/ fz<(€|yqu2 (5\/1— alyv/1—¢ p)d§

2/ VT=g
— 9 7(1_
= ﬁ/sz z/v/T—aly/ 1—q,p,0)kn(x|y,p)dx_17_q.



EXPANSIONS OF DENSITIES 17

Beside notice that Co 1 (v, p,q ) = 1. Hence 8, (y,p,q) = 0. Consequently we get
vxe<ﬁ \/—>y€<\/— \/—>0<|p|<1q€( 1,1)

fon (2ly, p,q) = fr (z]p,q) 1+Zﬁ Y, 0,4) kn(2\/1 = qlyy/1—q,p)))

where B, (y, p.q) = Y5 (-1)7 (1 —q)k/H gF =2 [T b2y o5 (ylq) -

5.5. fu and fon. Using assertion i) of Lemma [ and calculating in the similar
way we get: Vo €< \/I—qu’ \/%Tq >y €< \/I—%q, \/%q >:0<|p| <1l;qg€ (—1,1),

(5.9) fon (@ly, p,q) = fu (zlg) 1+ v, (v, p,9) Ui (w\/l - Q/2) :
k=1

T p,) = S (1) (1= @) < g URDR [T pF 2 o (yla)

Corollary 2.
=) k/2 k

Cal R P L 1‘q 2 Hy, (yla) my, (0)
k=0

(%) o (@°14°)

HZO o (1 + p2q2k + p4q4k — /1= qpqu(l + p2q2k) + (1 _ q)p2y2q2k)

= 1+Z (Vs (W2, @) + Varr1 (5 0:0))

where {n (c])},€271 are given recursively n_, (q) = 0,19 (q) = 1, M1 (@) = 13 (@)
- (1 - qk) Ne—1(q), k>0.

Proof. We insert x = 1/4/T — ¢ in (B.9]) and use assertion iii of Remark [l which sim-
plifies to simple rule Usp, o (1/2) = 0, Usp, (1/2) = Uspyi (1/2) (—1)*™. Then we
insert x = 1/y/T — ¢ in (2.6)) and ([BI3) and use the fact that (1 — p?q?*)? +p2 2k =
14 p%¢** + p*q**. On the way we also use B.I6), identity (¢) ., [Tre; (1+¢* + q%)
= [, (1—q3k) = (q & )OO , the fact (1—q)k/2Hk (\/1177) = hx(1/2) and
the fact the g—Hermite polynomials h,, (x|q) satisfy relationship: hp41 (z]|q) =
2wh (z]q) = (L= ¢") hn—1 (]q) - O

6. PROOFS

Proof of the Proposition[1l i) Notice that ¢,, is monic polynomial of degree n, for
n > 1. Now let us calculate [, ¢, (z) B (z) dz. We have :

¢n(x)B z)dx fn [ l( )aj(x)A(‘T)d‘r
i 3

nAm

Z frn—iw; =0
i=0

forn > 1. Conversely, lest us consider polynomial defined by p,, (z) = >_7" o wn—i; () .
We have pp(z) = 330" wn—i 35— fi-ja; (r) = g aj () 3 wn—ifij =
=0 05 (¥) 3op g Wn—jkfre = 2250 5 () 22520 Ws frjms = an (7) -
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ii) Let us define coefficients ¢, ; by the following expansion:

= i Cn,ibi (),
=0

The fact that {a,} and {b,} are monic implies that ¥n > 0 : ¢, ,, = 1. ii) implies
that ¢; 0 = w;, 1 <n;c,po = 0for n > N+ 1. Besides we have the following relation-
ships between coefficients ¢, ; that is implied by 3—terms recurrences satisfied by
families {a;} and {b;}. On one hand we have za, () = apt1 + @napn + dpan—1 =
bn+1 + (n + Cnt1,n)bn + Z?_Ol (Cnt1,i + QnCni + Gpcp—1,) b; on the other za, (x)
_Zz Ocnz( z+1+ﬂ b +ﬂ bz 1) —bn+1+(cnn 1+ﬂ )b +Zz 1 (an 1+ﬂ an
+ ﬂzcn,hq) + Bocn,o + ﬂlcn,l. Equating these two sides we get:

Qy + Cn+1,n = Cnon—1 + ﬂnv
V1<i<n—1:cpt1,i+ @nCni~+ GnCn1,;=Cni—1+ BiCni+ Bicn,i—i-la
Cn+1,0 + QnCn 0 + dncn—l,O = ﬁocn,O + Blcn,l-
From the last of these equations we deduce that ¢, ; = 0 for n > N + 2. Similarly
by considering equation
Cn+1,1 + QnCn,1 + dncn—l,l = Cn,0 + Bicn,l + Bicn,2

we deduce that ¢, 2 = 0 for n > N 4 3 and so on. We see that then ¢, ; = 0 for
n > N 4 i+ 1. In particular it means that ¢, ,—; =0for j > N +1 . [l

Proof. of Lemmaf3l i) We will argue straightforwardly using formulae from asser-
tions ) and #4) of Lemma [ and then comparing it with assertion iv) of the same
lemma.

‘We have .
ZZ,O Dir (4, 0:0) Pe 2]y, ,0) = X4—0 Dion (05 0,0) Sk [¥] 0¥~ Bio—s (ylg) Hi (2q)
(1

Zz o Hi qu D i [k Dy (Y, p,q) Br—i (y|q) . Let us denote

Gin (v, 0,0) = > 1, mqukn (y, p, q) Br—i (y|q) . We have using formula Dy, ,, (y, p, q) -
Gin(y,p,q) = zn: m P Bi—i (yla) X Din (y,p,9)

k=i b'da

2 H P" " Bi—i (ylq) ; (1) (1 —q) q [n_k_j]

l(n—1)/2] _ ) . 9
_ (=1 (1 - q)n/Q*J qj(j+1)/2pn7i72j {” - J} [” B J} %
j J g Lolg
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Now Zn 2 [n_;gz__fj] Br—i (ylq) Hn—r—25 (ylg) =

n—i—2j [n—i—2j 1 if n—i=2j
Zs:O [ s ] (y|q) n—i—2j— s(y|q) { 0 Zf n—i>2j

ii) of Lemma

by assertion

0 if m—1iisodd
Hence Gi,n (%/)7 Q) = (_1)m(1 _ q)n/2—mqm(m+l)/2 [n;lm}q ’Lf n—i—=29%9m °

S0 4o D (4, p,) Pi (2ly. poq) = Z?OHZ- (2lq) Gin (y. prq) = S8 (~1)m(1-
g™/ 2 mgm(m+1/2[n m} n—2m (z|q) = U (/T = ¢/2) by assertion iv) of Lemma

ii) Notice that Co,0 (¥, p,4) = 1, Cnn (4, p,0) = (1=0)"%, Con (y, p,0) = (1-p°)
X I (A1 (1= P U2 5 [P o2 o (ylg), Cotn (4, 4)

= (1-¢)"*qpy[n—1],. Hence Co1(y.p.q) = 0 and Ci1(y,p,q) = (1 — q)"/2,

Coz2 (y,0,9) = —(1=p?), Cr2 (y,p,9) = (1 —q)gpy. Thus equation {3J) is satisfied
for n = 0,1, 2. For larger n formula will be proved straightforwardly. Let us consider

expression W, (z|y, p,q) = 325 _o Cr.n (¥, £, @) Pr (2]y. p, q) . We have

n l(n—k)/2] .
. N2 ek ( i n—1—j
Wa(aly.poq) = D Pilaly.pq) D (=1 (1—q)"/* 7 qnhti=)/2 {n—k—%]
§=0 !

k=0

j+k k=11 \ o
X({ N } —quk[ L p"TF A H, a5 (ylg)

q q

ln/2] _ s ey Tn—1—]
_ —1Y (1 = )= J(J+1)/2

;0( Y (1- g g kz_o{n—k—%]q

q

j+k k=11 i
T e [T ) s Gl P el
q

L. . . rn—l—j i [n—1—3] ![i+Fk],
Nown—k+j(j —3)/2=j( +1)/24+n—k—-2j, [n—kl—gjj]q [th]q = [n—k—?j]q![lz]q![j]q!

_ Ltk [n ]] ["_%Land [s—l—j} [j+k—1]q = [n—1-4]," :[n—_l—j} [n_szZ’

= Tn—J], j] q k —k—2j q k n7k72j]q![k]q![j71]q! j—1 q k
hence
[n/2] _ o 1 n—j
Walelyp) = 3 (-1 (1= g/ gt M)
j:O =gl T 1
[ ) } q R L o (ylg) Pe (2ly, p. @)
k= q
L/2J _ o Tn—1—
= Y (1) (1 g qj(””/zq"_z][ _— }
j=1 J q
n=2j n—2j
X [ i } "R Hy oy (ylg) Pr (2ly, p, q) -
k=0 q
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Now we apply assertion iii) of Lemma[and also the simple fact that ¢" =%~ [k+j],
=[n—jlq — [n — k — 2j]4 and get after applying assertion iv) of Lemma [2]

/2]

; n/2—i (s n—27l,|n—j
W) = U (0T a/2) = 3 (-1 (1= g2 giowo2 b =2 0
= m—=gl, L J 1,

n—25—1 n— j—l

X Z [ ]pn_Qj_an—k—%(y|Q)Pk(‘T|y797Q)
q
Ln/2J _ PR 1

_ 2 1) (1 = )27 GiG+1D)/2 n—25 H,_o: .

p ;( ) (1—4q) ¢ q j—l ) 2; (z]q)

Now we apply formula H,,__2; (ylq) = yHn—1-k—2; (y|q)—[n—1—-2j—k|¢Hn—2-2j—(ylq)

and split first sum into two. Since [2=2d¢ ["fj} = ["71”] we see that the first of
[n J]q J dq J q

these two sums is equal to py/1 — qyU,—1 ($\/1 — q/2) . Hence

Wa(alyp0) = U (23/T=0/2) = py/T=qyUn 1 (23/T=4/2)

£ 3 (17 (1= g2t giovve =2 n )
;0 =i, L 1y
"L -2 -1 :
x> [ ; ][n—1—k—2j]qp"‘2j"“Hn_z_k_zj(qu)Pk(:va,mq)
k=0 q
lnj2-1 o
D DR R R i il Kl A}
§=0 q

Notice that 32,207 "~ [n—1—k—=24lyp" 2 F Hy 21 —; (ylg) Px (z]y, p, q)

=[n—1-2§]4p*Hp—2-2; (z|q) by assertion iii) of Lemma[2 Besides % ["J_J}
q q

= [”’;ﬂ] . Thus sum of the last two summands is equal to
q

p2(1—q) Z}zézj—l (_1)3‘ (1- q)n/2—1—j gut/2 [n—;—j}q n—1-— 2]-] H, 2 2; (z|q)

+ p? E]LZ{E_H (_1)3‘ (1_q)n/2—1—j qj(j+1)/2qn7j*1[n7]2 J}q n_2_2; (z|q) . Now
[

1) == 2g), = = 1= ], ["2] and (- g) [0~ 1= ] = 1-q" 7,
hence the sum of last two summands is equal to

P (S (=g OR[N s (2lg) = pUn—2 (23T 4/2)
by assertion iv) of Lemma O
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