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In this document, an attempt to derive a cardinalized probability hypothesis density filter
(CPHD) (corrector formula only) for extended targets is given.
1 Derivation

We first give some quantities related to the derivation.

e The extended target measurements are distributed according to an iid cluster process. The
corresponding likelihood is given as

f(Z]z) = n!P.(nlx) [ ] p-(zl2) (1)

z€Z
e The false alarms are distributed according to an iid cluster process also.

f(Zra) =nlPra(n) ] pra(z) (2)

2E€EZpA

e The multitarget prior f(Xg|Zop.x—1) is assumed to be an iid cluster process.

F(Xel Zow—r) = n'Peiy(n) [ prsaplzr) (3)
TR EXy
where
Prsik(ar) £ Nk_‘;i_le\kq(xk) (4)

with Nyjp—1 = [ Dyjp—1(2s) dzy.

The p.g.fl corresponding to the updated multitarget density f(Xy|Zx) is then given as

2_F[0, h]
_ 0Zy
Grklh] = 7&F[0, 1 (5)
where
Flg,h] £ / WX GlglX] £ (X|Z41)0X (6)
Glglx] 2 / I (21X)62 (7)

e Calculation of G[g|X]: Suppose given the target states X the measurement sets corre-
sponding to different targets are independent. Assume that targets are detected with
probabilities pp(x). Then the p.g.fl for a single targets measurements become

Glgla] =1 = pp(x) + pp(x)Gzlglz] (8)
Then p.g.fl for the measurements belonging to all targets become
GlglX] = (1 = pp(x) + pp(2)Gzlglz])* (9)
With the addition of false alarms we have

Gl9|X] = Gralg)(1 = pp(x) + pp(x)Gzlgla])™ (10)



e Calculation of F[g, h]: substituting G[g|X] above into the definition of F'[g, h] we get

Flg.n) = [ 1¥Gralgl(L - pol@) + po(@)Gzlglel ¥ F(X|Ze)6X (1)
~Gralg) [ (b(1 = po(e) + po(@)Gelola))* F(X|Z)oX  (12)
=GralglGus 1 [b(1 — pp(@) + po ()G zlglo] (13)
=G ralg)Grjp—1[M(1 — pp + ppGzlg]] (14)

where we omitted the arguments x of the functions.

For the iid cluster processes, we know the following identities

Gralg] =Gra(pralg)) (15)
Gzlglr] =Gz (p:[g]|x) (16)

where the functions Gpa(:) and Gz(-|z) are the probability generating functions for the car-
dinality distributions Pr(-) and P,(-|z) respectively. We also know the following derivative
expressions.

)
(n 1
s;Cll=G gD [ »(= (17)
z€Z
Now taking the derivatives of F'[g, h] with respect to Z.

= Flg, 1] =G hpraldhpraa) G (i [0(1 = o + poG(p:19))

+ Grarala) Gy (prie1 [0 = + P0G (p:19))] )pige—1 (DG (:[9))p- (1)

GO\ (pralg))
Gra(pralg))

. G,(j“)ﬁ_l <pk\k71 [h(l —pp +ppGz(p2 [9]))]

Grjk-1 <pk\k—1 [h(1 = pp +ppGz(p-l9]))]

—rlg, h]m(zn(

pra(z1)

)Pk|k—1 [hpDG(zl)(Pz [9])M]>

—F[g, hppa(21) (Cgﬁx(pm [g])

6L (s [00 = 9+ 0G0 0] Y1 [0 G o fo) L2 )

pra(21)
(18)
where we use the functions Cg%( ) and Ck| w_1(+) defined as
(i-1)
. aW (4 ‘
Cra(z) £ ( Gijﬁy@i) = log" Gpa(x) (19)
(i-1)
| Gl (@)
i k|k—1 i
C,iﬂg,l(x) 2 (Gkgkl()) = log"”) Gijp—1(2) (20)



The second order derivative is given as

)

55 Floh) :F[g,h]< 11 pFA(z/)>< 11 <C§7lf)l(pFA[g])

zl=2z1,22 zl=2z1,22

/

+ Chi <pk\k—1 [h(1 = pp +ppGz(p:[9]))] )p’“““‘l [hpDG(Zl)(pZ[g])z%é’)])

+ ¢ (pralg)) + Cﬁ;_l (pk\k—l [R(1—pp +pDGZ(pz[g]))]>
IT pea[rooG el 2220 ]

pra(?)

2'=2z1,22

+ <1£|1/1—1 <pk\k71 [h(1 = pp + ppGz(p:19)))] >pk|k71 [hpDG(Z2) (=la)) ] p:(2)

z'=z1,29
(21)
Then we can write the general formula as

%th (HPFA >ZH<|)pFA

Z'eZ PLZWEP

+ Z Ck‘k 1<pk|k 1M1 —=pp +ppGz(p:lg ) H nvlg, h) (22)

QIW Veo

where

(2
wlout] 2 e [hooG o.lg) TT 22050 (23)
z'eV

A proof of ([22) can be found in Section [6l Setting g = 0 and taking derivative with respect to
b 6 ) (1)
525710 h =5~ F[0, h]ck\k—l (pklk—1 (1 = pp +pDGZ(O))]>

x (1 —pp(z) + pp(x)G2(0)) prj—1 ()

+r0( TLoea)) ¥ ( 11 (400

ez PLZ (WEP

+ Z Ck\k 1(pk|k 1M1 = pp +ppGz(0 ) H nv [0, h))

QLW Veo
ZQAW Ck\k 1 (pk|k 1 [h(l —Dpp+ pDGZ(O))]> HVeQ nv [0’ h]

<>

C(|W\)( )

Wep

( + > o/w Ck|k 1<pk\k 1 [h(1=pp +pDGZ(0))D [Ty eonv[0, Al >
(24)

:%F[O h]ck\lz'fl (pk|k71 [h(l —pD +pDGZ(0))]>

% (1= pp(x) + pp()G2(0))pijp_1 ()

+FOh<HpFA >Z II <C<w|()

z'eZ PLZ (WGP

+ Z Ck\k 1(pk|k 1M1 = pp +ppGz(0 > H nv [0, h))

QLW VeQ

4

Pra(z’)

)



dosw (HVeQ nv [0, h]) (C,ﬁf | (pk\k 1[h(1 = pp +pDGZ(0))])

x(1 = pp(x) + pp(x)G2z(0))Pkik— 1(

+C;9|k‘)1 (Pkm 1[h(1 = pp + PGz (0 >
o po@)G5" (O T1, EOVhpFA(‘ ) page- 1r)>
Z nv[0,h]
X
w
wep ()
+294W Ck\k 1(Plc|k 1[h(1 —PD +PDGZ(0))]> HVGQ 77\/[0 h]
(25)

Evaluating at h = 1, we get
0 9 1) 1
EEF[O 1] ﬁF[O 1]

Ck‘;_l (pk|k71 [1—pp +pDGZ(0)D (1 —pp(x) + pp(2)G2(0)) prjp—1 ()

+F01<HPFA )Z(H (}ZV”U
2'eZ PLZ \WEP
+ Z Clclk 1<pk\k 1 1—PD+pDGZ > H nv [0, 1>>
QLW

Ve

dow <HV€Q nv [0, 1]) (C,ﬁﬁ <pk\k71 [1—pp+ pDGZ(O)]>

(1 _pD( ) + pp ()G 7(0)) Prj—1(2)
+Ck\k 1 (pk|k 1 [1 —DPD +pDGz(0)])
pp(z )G(‘W‘)(O)Hz’ev %pk\k 1(z)

X ZVGQ nv10,1] - - )
X
erp < ) )
+>osw Ck|k 1<pk\k—1 [1-pp +pDGZ(0)]> [IyeconvI(0,1]

(26)
Defining additional quantities
ag 2 I wvio, 1] (27)
vVeQ
Bw = }‘W' Z §;§‘|k‘ 1<pk\k 1[1—=pp +ppGz(0 )]) aQ (28)
oUW
we get
0 9 pio,1] =2 Fo,11cV 1 Gz(0)])(1 G(0
52570101 =5—Fl ]Ck‘k,l(mm—ﬂ —pp +ppGz( )])( —pp(x) +pp(2)G2(0)) prip—1(2)
+F01<Hm )Z(Hﬁw)
2ez PLZ \WeP
> osw @0 <C,§'§'f1” <pk|k—1 [1—pp+ PDGZ(O)])
(1 - pD( )+ pp(2)Gz(0)) prjr—1(x) 20
X VVZEP Bw +Ck\k 1(pk|k 1[1 —DPD +pDGZ(0)]) ( )
G(‘WU 0 , pz(z/\ac,) (x
% ZVGQ pp(x) ( )E;{e(]vl]pFA(z Y Pk|k 1( ))



Now dividing by %F[O, 1] to obtain Dy (), we get

Dyj(x) =(1 — pp(x) +PD(9U)GZ(0))C;§|1;,1 <pk\k—1 [1—pp +ppGz(0)] >Pk\k71($)

ZQ4W (670} <Ck|k 1 % <pk\k—1 [1 —pp + pDGZ(O)D

1 x (1 —=pp(x) + pp(x)G2(0)) prjk—1 ()
> Pz (HWEP ﬁW) Dwep Bw +§,§"f'_)1 <pk\k—1 [1 —pp +ppGz(0 )])

pD(m)GgWD 0)ILrev 5;(14(‘2/))1’16\1@ 1(513))

XY veo v [0.1)

szz HWGP Bw
(30)

Defining coefficients wp as

wp 2 HWG’P /BW
szz HWeP Bw

we get
Dye(z) =(1 — pp(x) + pD(w)GZ(O))Cé‘llz,l (Pk|k_1 [1-pp +pDGZ(0)])Pk|k—1(9C)

ZQZWO‘Q<Ckk 1 <pk|k 1[1=pp+ppGz(0 )D

(1_pD( )+ pp()G2(0)) Prj—1()
+ Z wp Z ,BW +Ck\k 1(pk|k 1[1—pD +pDGZ( )]) (32)

PLZ wePp W
oGSV (0) ey ZE 5 pyi @ )>

zlev prA(z

X ZVGQ nv[0,1]

=(1—pp(z) + pD(CU)GZ(O))C;g‘l;Z_l (pk|k71 [1—pp +ppGz(0)] )pk|k71($)

Zggwag <Ckk 1 <Pk|k 1[1—pD +ppGz(0 )D
(1—PD( )+ pp(x)Gz(0))

+ w Az
7;2 L erp Bw +Ck‘k 1 (pk|k 1[1=pp +PDGZ(0)]) Pijk-1(2)
po@) G (0) ey 225122
% ZVGQ nv [0,1] o >
(33)
If now we define a constant
k= Z wp Z Z OZQCWC 1 <pk\k—1 [1—pp +pDGZ(0)]> (34)
PLZ WG'P QZW

Dyi.() :(C;S;i,l + k) (1 —pp(z) +PD(9U)GZ(0))Pk|k 1( )

- Z wp Z Z a Ckl‘fl 1 H p:(z |x pk\k 1(z)  (35)

PLZ WEP W oow | 0 1]

where we have dropped the argument of the terms Clg';gil <pk‘k_1 [1 —pp + pDGZ(O)]> for sim-
plicity.



We have Gy [h] as

FI0.0 . e (5710)

+2ow Ck|k . <pk\k 1 [h(1—pp + PDGZ(O))]) [Tveonvl0, h])

Gyplh] = - (36)
FI0.1) S T (6570)
+>ow Cél\kq (pklk—l [1—pp+ PDGZ(O)]) [Tveonvl0, 1]>
Grjk—1 <pk\k—1 [h(1 —pp + pDGz(O))])
Grlk—1 (pk|k71 [1-pp +pDGZ(0)])
Zpgz HWeP (C(W| ( ) + ZQAW <k|k 1 <pk\k 1 [h(l —pp + pDGZ(O))]) HVeQ UV[O’ h])
: >psz Hwep Bw
(37)
Then,
Grik-1 (ﬂﬁpk\kq [1—pp+ PDGZ(O)])
Gr(r) =

Grle—1 (pk\k—l [1—pp+ pDGZ(O)]>

dopsz 1 lwep <<(W| 0)+ > o w O‘Qw‘Q‘Clg\%'—)l <xpk|k—1 [1 —PD +pDGZ(O)]>>

X

Yopszwep Bw
(38)
Gk\kq(wpk\kq[-]) > pszwep <<(W| 0) +> o w agfﬂlglgiguc‘ 1<$pk\k [ ]))
- Gk\k—l(ﬁ”k\k—l[']) >psz Hwep Bw
(39)

where we skipped the arguments of py;_; [1 —pp +ppG Z(O)] for the sake of clarity.



2  Summary

Calculate the quantities Dyi(z) and Gy, () from the given quantities Dy, (x) and Gyjp—1(z)
as follows.

Dyyi() Z(C,E‘l,l_l + &) (1 — pp(z) + pp(2)G2(0)) pgj—1 (@ )

(144
pp(x)Gy p.(? |z
+ Z wp Z Z @Q li‘f‘)l w0, 1] H ‘ pk|k 1(z) (40)
€Q

PLZ WEP QZW

Gk\kq(ﬁl)k\kq[-]) >psz1lwep (C(WI (0) + Zgzw aQCUlQlCISkD1 <~’5Pk\k 1[ D)

Gp(z) =
Grlk—1 (Pk|k—1 [- ]) > psz Hwep Bw
(41)
where we skipped the arguments of pyj_1[1 —pp +ppGz(0)] for the sake of clarity and
Dyji—1(7)
1D () dr 42
Prjk—1() [ D (@) 4z (42)
(1) (i-1)
(4) s [ Gra@)
- 4
Cra(®) <GFA(x)> (43)
(i-1)
G(l) T
(3) N k|k—1 "
Ck|k71( ) (Gkk1($)) (44)

k= Z wp Z Z OCQC;J\%I 1 (pk|k—1 [1—pp +pDGZ(0)]) (45)

PLZ WE’P QZW

Iy HWGP Pw 46
“r szz HWeP Pw (46)
Bw 20 + > Ck‘k 1<pk|k 1[1=pp+ppGz(0 )]) s} (47)
QLW
ag 2 [ mwio,1] (48)
Ve
119, h] Epiyp— 1[hpDG D Z];[V p]; zA ] (49)



3 Calculating Posterior Cardinality Distribution F;(n)

In this section, we are going to calculate the posterior cardinality distribution Py x(n) based on
the posterior cardinality probability generating function (p.g.f.) Gyi(z). For any cardinality
distribution, p.g.f. pair given as P(n)-G(x) we know the relationship

P(n) = —G™(0) (50)

which we are going to use in this calculation. In the previous sections, we calculated the posterior
cardinality p.g.f. Gp,(z) as

Gk\kq(ﬂﬁpk\kq[-D > pszwep (C(m( )+ ow QQ$|Q|<1£‘|k‘1<$pk\k [ ]))

Grp(x) =
o Grlp—1 (pk\k—l [ ]) 2pszlwep Bw

(51)

Here, the denominators on the right hand side are constant with respect to x and for this reason,
we are going to take the derivative of only the numerator terms.
For the derivative of the multiplication of two functions, we have

(F@)9@)™ = > Cuat " ()9 (x) (52)
i=1
where Cy,; is the binomial coefficient given as
n!
Crpi = m (53)

We have the generalization of this derivative rule as
(n)

M Mo
@] = Y Conin [[£7@) (54)
j=1 j=1

0<iy,i2,....ipg <M
i1+ig+-tipr=n

where Cy;, . i,, 15 the multinomial coefficient given as
n!
Crlis,oiing = il ing! (55)
We are going to use the following lemmas in the calculation.
Lemma 1 Derivatives of the term Gyjp_y <xpk|k,1 [ . ]) are given as
(n) _ " ~(n)
Gk\k—l <$pk\k—1 [ : ]) ‘;;;:o —(pklk—l [ ‘ ]) Gk|k—1(0) (56)
n
Zn!(Pk|kf1 E ]) Pyjr—1(n) (57)
where Py_1(+) is the predicted cardinality distribution. O

Lemma 2 Derivatives of the term < (|W\)( 0) +> o, an‘Q‘Ck‘k 1($Pk|k 1[ ])) are given

as

< (\Wl Z agx\Q\ClQl <xpk|k 1[ ]))W

QLW

(‘WD( n0+n' Z O‘QCk‘|§‘)1( )
=0 ‘QQfW

(58)
Notice that the derivative is equal to 0 if n > |[W|. 0



Lemma 3 The nth derivative of the summation

S I << WD0) + 3 agal@clel 1(xpk|k - D) (59)

PLZWEP QLW
18 glven as

|P|

Z Z n\zl, SiP H <C ‘W‘ 1170 + Z]' Z QQC]E:"%DI( )) (60)

PLZ _ 0<i1,i2,.5p <[P QLW

PE{W; }L Pl it A+ijp|=n IQl=1;
i <IWj;| V)

—nl Y 3 H(c(w Sij0 + Z gy, (0 ) (61)

PAZP 0<i1,i2,..81p | <[Pl J=1 QéW
Pé{Wj}‘j:‘l i1+i2+-+ip|=n Q=
i;<|Wj| Vi

where we used (B4]) and the condition i; < |W;| Vj of the second summation is added just to
reduce the number of possibilities. O

Now we are ready for the final result using the derivative of the multiplication rule (52) and
the three lemmas above as follows.

n

1 n—i
Pyj(n) £ o o
K|k Gk‘k_1<pk‘k_1[.]> ZPLZ HWeP By ; (pk|k 1[ ]) elk—1

(\Wl (e
SR S | (e z adf0) o)
PLZ 0<i1,i2,.. ,2‘73‘<"P|j 1 QLW
7) {W }‘ ‘1 i1+i2+-- +Z‘73‘ =1 [Q|=

i; <[W5|

4 Reducing CPHD for extended targets to PHD for extended
targets

Now we check whether the CPHD equations given above reduce to PHD when the cluster
processes are replaced by Poisson processes. This is done also for checking the formulas given
above. First we give the related quantities.

e The extended target measurements are distributed according to a Poisson process. The
corresponding likelihood is given as

f(Z)z) = n!P.(n|z) [] p:(zl2) (63)
zZ€EZ
where
e~ V(@) AN
P,(n|x) = +() (64)

e The false alarms are distributed according to a Poisson process also.

f(Zpa) =n'Pra(n) ] pra(z (65)
2€ZF A
where
—A\n
e "\
Pra(n) = n' (66)
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e The multitarget prior f(Xy|Zo.x—1) is assumed to be a Poisson process.

F( Xkl Zog—1) = n'Ppji(n H Pr1)k(T) (67)
!L’kEXk
where
Prs1je(Tr) = N;;\;,le\k—ﬂxk) (68)

with Ngjp—1 = J Dyj—1() dzg. We have the cardinality distribution Py q;(n) given as

e Nklk—1 1
A AT

Py yar(n) = (69)

n!

We here must note that the probability generating function and functionals corresponding to a
Poisson process with parameter A and density p(-) corresponds to

G(z) =exp(Ax — \) and G[h] = exp(Ap[h] — A) (70)
We have
G (z) = \"G(x) = N exp(\z — \) (71)
Also the following expression holds.
G™(0) = A\ (72)

The functions (ra and (x—; are then given as

(1) (i-1) .
FA('%') (GFA($)> ( ) N =1 7,1 ( )
(i-1)
: Gyl (@) 0 i > 1
(i) a [ Tklk—1 _ (i-1) _ v>4 4
x) = = (Nyp_ = = Npjp_10; 74
Chpe—1(@) G () (Ngjg—1) {Nkkl i kk—101  (74)

2 Flg.h =F[g,h](Hpm )Z 11 (C (prala)

2eZ PLZWEP

+ Z C,ﬁ‘“ﬁ‘ 1<pk\k 1[M(1 = pp + PGz (p:[g > H nvlg, >, (75)

QLW Ve

all terms in the summation )5y becomes zero except Q = {W} which means that there is

only one set in the partition Q and it is V = W. Also from above, we have nglvl)(x) = Mjw)1-
Substituting these into the above equation

55ZF[ | =Flg, h]( H pFA(z')> Z H <)\5|W,1 + Nijp—1mwlg, h]) (76)

z'eZ PLZWEP

This equation is the same as the equation Mahler derived for %F [9,h] 1L Eq. (28)]. In the
CPHD equation

Dyi.() :(C;S;z_l + ) (1 — pp(x) + pp(2)Gz(0)) pgj—1 ()

x (W o |
+ Z wp Z Z o Ckl\fl . pp( )GZ (0) H pa(?| )pk\k—l(x) (77)
Veo

!
PLZ WeP W ooow nv[0,1] iy pra(2’)

11



By above facts, it is easy to see that k = 0. Substituting above facts into this equation we have
Dyx(2) =(1 — pp(x) + pp(x)Gz(0 ))Dk\k 1(95)

P e LA Foic AU FOIC ' Deos (@) (78)

57z wep Pw w0, 1] ’eWpFA

Seeing that agyy = nw (0, 1] we get
Dyyi(z) =(1 — pp(z) + pp(2)Gz (0 ))Dk\k 1(z)

(w N
3w Z”G H”‘kwu (79)

W

P/Z  WeP ew P
We also see that
Bw = E«lw' Z §;§‘|k‘ 1<pk\k—1 [1—pp +pDGZ(O)]>aQ (80)
YAl
=M1+ Nep—10(wy (81)
=Aw),1 + Nije—1mw [0, 1] (82)
(Jw) pz
=Xjw |1 + Nij—1Pk|e— 1[pDG| 0 0 JI ] (83)
" pra(z
eW
pz
=A0\w |1 + Dijp—1 [pDG VI H ] (84)
oy Pra(z
ew
(85)

Dividing and multiplying all quantities in the last summation by A"W! and distributing, we
obtain

Dyyi(x) =(1 = pp(x) + pp(2)Gz(0 ))Dk|k 1(z)

pp(x) G(‘W| ps(z ’\x
+7§Z I/I;P A~ Wigy, ,I;IV \pra(z Dij—1(2) (86)
Defining the new coefficient
dw :)\—|W\5W .
DY )I\W\‘S\Wl 1+ Dy [pDG ,1;[, )\pFA ] (88)
=8wia + Duge-t [poGY(0) gv ApFA ] (89)

which are the same coefficients defined in [I]. Also it is easy to see that

N HWep IBW

P >psz Hwep Bw 0
_ [Tiwep AV Bw o1
>psz Hwep A-WBw 1)
_ HWGP dw 92
szz HWeP dw 42)

12



which are the same wp coefficients in [I]. Knowing that G‘ZW|(O) = yIWl(2)e=®) we get
Dyyi(x) =(1 — pp(x) + pp(z )e_q/(x))Dk\k 1()

N Z Z pp(x Je —(z)

PLZ wePp Z2’eW

which is the same formula in [, Eq. (5)].

5 Reducing CPHD for extended targets to CPHD for standard
targets

For standard targets, P,(n|z) = 0 except for n = 1 where it is unity i.e., P,(1|z) = 1 which
makes Gz(z) = z. Then

10, 1] 2o oG (0) T P:(z ] (94)
oy pra(z
_ PRk [hprpj( ))} VI=1V={} (95)
0 otherwise
=Dk|k 1[hPD p:(Z) }5\/ 1 (96)
|k— pra(z') \4F
This gives
/
ag 2 [[ mv(0,1] = [ pun— 1{ (( ),)]5|Q| W (97)
Ve zeW
where Q is a partition of the set W.
Bw = lWD Z C;S“g‘ 1<pk\k 1[1=pp +ppGz(0 )]) agQ (98)
QLW
/
w (Jw1)
G800+ G (s [1 = p]) TT e [po 22t (99)
zleWw

Substituting these into Gy .[h] we get

. Grlk—1 <pk\k 1 [M(1 = pp + pDGZ(O))])

Grlk—1 (Pk|k—1 [1—pp+ pDGZ(O)])

Zpgz HWeP << D ( ) + ZQAW <k|k 1<pk\lc 1 [h(l —PD +pDGZ(O))]) HVeQ UV[O’ h])

Griplh] £

X

ZPAZ HWeP Bw
(100)

Grjk—1 <pk\k—1 [h(1 - PD)])
Grlk—1 (pk|k71 1 —PDD
>opszwep (C(W| (0) + Ck|\llj/‘1<p/l<~‘ll’f 1[h(1 = pD)]) L ew Prik—1 {h pl;j( ))}>

Spuz wep <<(W| (0) + Clg‘l‘;Wl(pk\kﬂ [1 — pD]) [ cw Prjk—1 prFA >
(10

X
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_ Grlk—1 <pk\k—1 [h(1 - PD)])
Grlr—1 (pk|k71 1 —PDD

Spozwer 50 <1Og Gra(pralgl) +log Gijr—1 (pk|k71 [h(1—=pp + PDI&[Q])]))

X g=0
Sz wep 5o (108; Gra(pralg]) +1og Gjp—1 (Pk|k—1 [1—pp+ prz[QH) B
(102)
G <pk\k—1 [h(1 - PD)])
Grr—1 (pk|k71 [1- PD])
S pszwep 5o log (GFA(pFA[Q])Gk|k—1 (pk\k—l [h(1—pp +prz[9])])> .
X 9=
szz HWGP % log (GFA(PFA[Q])GM—1 (Pk|k—1 [1 —PD +DPDP: [9]]) -
(103)

where we used the facts that f(}l) = logGpa and fCliTlifl = log Gy to obtain (I02)). We
can see that for any p.g.fl., G[g]

|Z]
> II (GW'[QH%M) Sy (104)

PLZWEP

from the product rule for functional derivatives (See [2, 8th row of Table 11.2].). Since G[g] is
arbitrary, we can replace it with G[g] — G[0] which gives

_ 1Z]
> 11 (16l - Glop+ 5215 ) = HEA_C0 (105)

PLZWEP

Now, evaluating both sides at g = 0, we get

6G 5(Glg] — G[o))4!
PLZWEP

(106)

g=0
Now suppose we have two functionals and we need to evaluate the following ration.

5G (G [g]=Gh[0])Z!
ZPZZ HWEP (5_‘/[/1[0] 0z |g:0 (107)

Ypszlwer 5210 %ZGQ[OD‘Z‘

lg=0

This division gives § indeterminate form. One must use 'Hopital’s rule |Z| — 1 times (take

derivatives of the numerator and denominator |Z| — 1 times with respect to g), to get

L 6Gi[g]
> psz wep 5310 _ % |9:0 (108)

G
Z'PZZ HWG'P (S_V[?[O] JCZ;QZM |g:0
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Using this formula for evaluating (I03)), we obtain

Grlk-1 <pk|k71 [A(1 - PD)])
Gk|k—1<pk\k—1 1 —pD])

2 log <GFA(]0FA[ DGrik—1 <pk|k—1 [h(1 —pp + prz[g])D)

Grlh] =

g=0 (109)

2 log< AWralg))Grgit (pre—1 [~ po +prz[gH)>>‘

_W (Gralg)Grjg—1[M(1 = pp +ppp=19)]) | _
[

9=0

g=0
(110)
5 (GpalglGre—1[1 — pp + ppP:[d]]) ‘gzo

which is the formula for CPHD for standard targets (See [3, Equations (113) and (114)].).

6 Proof of the Main Equation (22)

The proof is by induction as in [I]. The formula can be seen to be satisfied for first and second

order derivatives in (I8) and (2I)) respectively. We assume that for |Z| = m the formula is
satisfied as below.

0

ﬁF[g’ :F[ga h]< H pFA ) Z H < |W‘ pFA )+ Z C]gu%‘ 1 H nv ga ) 111)

z'eZ PLZWEP QLW Ve

Now we need to show that the formula is satisfied for Z U z,.

%%F[g, h] :6%* (F[g, h]< H pra(z ) Z H (C(m (pralgl) + Z C;gf‘ 1V€Q77V g, >>

z'eZ PLZWEP QLW
(112)
=F[g,h ( II pratz )(ng;(pFA[g])
2'eZ Uz,

+ el

x> 11 (C}ZVD(I)FA[Q]) + ) <,§‘|§‘ I wvlss >

PLZ WeP QLW Veg

+ Flg,h < H pra(z >Z H <C1(m (pralg ZCkI‘fIIHUvgy ))

2/ €Z Uz, PLZ (WGP QLW Ve

C(|W\+1)(p A[g])
+ Zouw (Tveamlo ) (G5 ni-lo szw%ﬁ’}hw

. qw
wep (pFA[ ]) + ZQLW Ck|k 1 HVEQ 77\/[97 h]
(113)
( [T pracz > > 11 (C}ZV')(I)FA[Q]) + > i T o, >
2'€ZUzy PLZ WePU{z} QLW VeQ
h]( 11 pFA(Z/)> > ( 11 <Cl(m (pralg)) + > Ck‘k I ovles h))
€20z P/Z \WEP o/w Veo
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pralg) + oo Gt Tlveouge. mvlg: bl

Uzs 195P
+ZQZW (HVgg nV[ga ]) ZVGQ n‘;v[g[?ﬂ ])>

C (IW|+1) (

% (114)
%; ¢ rala) + Eoow G Mveo v, bl
( IT pracz ) > 11 (C(W' wrale) + > i 11 wvlo, )
2/ €ZUz, PLZWePU{z«} QLW Ve
h]< 11 pFA(Z/)> > ( 11 ( D (palg + ) Ckl‘%l I vles >>
HEZUz, PLZ \WEP QW Veo
Z SZVHU(]?FA[Q]) + ZQgWU{z*} Ck|k 1 HVEQ nvlg, h] (115)

wer G oeale) + oo Gt vea v lo bl

rlg)( IT weat)) S TT (0 wralsd+ 3 i T wloet)

2'€ZUzy PLZU{z} WEP QW VeQ
(116)

which completes the proof.
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