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Abstract
Recently, Auscher and Axelsson gave a new approach to non-smooth boundary value prob-
lems with L? data, that relies on some appropriate weighted maximal regularity estimates. As
part of the development of the corresponding L theory, we prove here the relevant weighted
maximal estimates in tent spaces TP for p in a certain open range. We also study the case
p = 00.

1 Introduction

Let —L be a densely defined closed linear operator acting on L?(R"™) and generating a bounded
analytic semigroup (e *);>q. We consider the maximal regularity operator defined by

t

Myf(t, ) = / L~ (s, )(x)ds,

0

for functions f € C.(Ry x R™). The boundedness of this operator on L?(R, x R") was established
by de Simon in [15]. The LP(R; x R™) case, for 1 < p < oo, turned out, however, to be much more
difficult. In [I0], Kalton and Lancien proved that M, could fail to be bounded on LP as soon as
p # 2. The necessary and sufficient assumption for L? boundedness was then found by Weis [16] to
be a vector-valued strengthening of analyticity, called R-analyticity. As many differential operators
L turn out to generate R-analytic semigroups, the L?” boundedness of M has subsequently been
successfully used in a variety of PDE situations (see [13] for a survey).

Recently, maximal regularity was used as an important tool in [2], where a new approach to
boundary value problems with L? data for divergence form elliptic systems on Lipschitz domains, is
developed. More precisely, in [2], the authors establish and use the boundedness of M, on weighted
spaces L2(Ry x R™;t%dtdx), for certain values of 3 € R. The use of these spaces is common in the
study of boundary value problems, where they are seen as variants of the tent space 72, introduced
by Coifman, Meyer and Stein in [6]. For p # 2, the corresponding spaces are weighted versions of
the tent spaces TP2, which are defined, for parameters 3 € R and m € N, as the completion of
C.(R4 x R™) with respect to

P

Tl () z
N gllTe.2.m (5 dtay) = /(//B(Ittiﬁ) |g(t,y)‘2ﬁ5dydt)2dx ,

n 0 R

the classical case corresponding to 3 = —1, m = 1, and being denoted simply by 77:2. The parameter
m is used to allow various homogeneities, and thus to make these spaces relevant in the study of
differential operators L of order m. To develop an analogue of [2] for L? data, we need boundedness
results for the maximal operator My, on these tent spaces. This is the purpose of this note. It will
be used in the study of such boundary value problems, as well as in the context of well-posedness
of non-autonomous Cauchy problems, in subsequent papers. The proof is based on recent results
and methods developed in [9], building on ideas from [5] and [§]. In Section 2l we recall the relevant
definitions and result from [9]. In Section [B] we then state and prove the adequate boundedness
results.
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2 Tools

When dealing with tent spaces, the key estimate needed is a change of aperture formula, i.e., a
comparison between the 772 norm and the norm

T 1B(z,at)(Y) 2dydt\ % ’
lallrge = | [ ([ [ 229 lgte, ) P22 |

n 0 Rn

for some parameter o > 0. Such a result was first established in [6], building on similar estimates in
[7], and analogues have since been developed in various contexts. Here we use the following version
given in [9 Theorem 4.3].

Theorem 2.1. Let 1 < p < oo and a > 1. There exists a constant C > 0 such that, for all f € TP2,
1 fllzee < [1fllgpe < O +loga)a™ | fllwez,
where T = min(p, 2).

Theorem 2.1] is actually a special case of the Banach space valued result obtained in [9] corre-
sponding to the scalar valued situation. Note, however, that it improves the power of a appearing

in the inequality from the n given in [6] to 2. This is crucial in what follows, and has been shown

to be optimal in [9].

Applying this to (¢,y) — 2 f{t™, y) instead of f, we also have the weighted result, where

1 2
B(z,atm) 2 2
gl 722m 1 atay) = / // = ‘ (t,y)| tﬂdydt) dx

1
P

Corollary 2.2. Let 1 <p < oo, me N, a > 1, and € R. There exists a constant C > 0 such
that, for all f € TP2™(t8dtdy),

”f”TPQ,m(tﬁdtdy) < HfHT£’2’m(t5dtdy) < C(l + 10g a)an/T”f”TPﬂ,m(tﬁdtdy)a
where T = min(p, 2).

To take advantage of this result, one needs to deal with families of operators, that behave nicely
with respect to tent norms. As pointed out in [9], this does not mean considering R-bounded families
(which means R-analytic semigroups when one considers (tLe '1);>0) as in the LP(R; x R™) case,
but tent bounded ones, i.e. families of operators with the following L? off-diagonal decay, also known
as Gaffney-Davies estimates.

Definition 2.3. A family of bounded linear operators (T});>0 C B(L?*(R")) is said to satisfy off-
diagonal estimates of order M, with homogeneity m, if, for all Borel sets E, F' C R™, all t > 0, and
all f € L?(R"):
dist(E, F)™—M
tite sl < (14 EEE gy,

In what follows || - || denotes the norm in L?(R™).

As proven, for instance, in [4], many differential operators of order m, such as (for m = 2)
divergence form elliptic operators with bounded measurable complex coeflicients, are such that
(tLe~t);>0 satisfies off-diagonal estimates of any order, with homogeneity m. This condition can,
in fact, be seen as a replacement for the classical gaussian kernel estimates satisfied in the case of
more regular coefficients.



3 Results

Theorem 3.1. Let m € N, § € (—o0,1), p € (m,oo) N (1,00), and 7 = min(p,2). If

tLe ') satisfies off-diagonal estimates of order M > - with homogeneity m, then M, extends
- mT
to a bounded operator on TP>™(t8dtdy).

Proof. The proof is very much inspired by similar estimates in [5] and [9]. Let f € €.(R; x R™).
Given (t,z) € Ry x R™ and j € Z,, we consider

Cilo.t) Bla,t)if j =0,
i(z,t) = , ,
e B(x,27t)\B(x,27~'t) otherwise.

(oo}

We write [[Mpf|zr2 < 37 Z Z J; where
k=1 75=0

B =

—k

Ly = /(7/13(””;7@‘ / Le M1, s F(s ) )ds‘ thydt)%d:v :

3

3k

R 0 Rn g—k—1¢
!
J. = T Itm) Le—(t=3) 2 B 5
;= /(// \/ eI s ) w)ds| Pdyr) e
R™ 0 R»

Fixing j > 0, k > 1 we first estimate I, ; as follows. For fixed z € R",

[e'e] 2=k 2
(9L . CRES
/0 /B(M%)‘/Q“tm (e o (5 W) ds| 17 dy dt

< [ et o] ) R
- 0 B(z t%) 9—k—1¢ Cj(z,4t%) ! Y t—s Y
27 k¢
S / / / ‘(t—S)Lef(tfs)L(l f( ‘ dy) — =200 dt
- 27k= 1t (zt%) C(w4tm)
2imy 5 .

< y . B_R—l
~ / ,/2 k— 1t2 1+ ) ||1B(112j+2t%)f(87 )||2t det

00 k1

—ko—25mM 2 ,@_7_1 9

S 2772 / (/ dt)Hl ks 1 f(s,0)]], ds

0o ok 2,20t T3

o0
k(41— —9j 2 g_n
s 2 2]mM/o HlB(mQﬂ'*%”s%)ﬂs")H2 s7 7 ds.

In the second inequality, we use Cauchy-Schwarz inequality for the integral with respect to ¢, the
fact that ¢ — s ~ ¢ for s € Ug>1[27F71¢,27%¢] C [0, £] and Fubini’s theorem to exchange the integral
in ¢ and the integral in y. The next inequality follows from the off-diagonal estimate verified by
(t — s)Le~ =)L and again the fact that t — s ~ t. By Corollary EZ2 this gives

Iy S (G + k)2 FGER=D=32 270 M=) £l 15 apay)

where 7 = min(p, 2). It follows that > > I j < [|fllre2m@saiay) since M > -= and - +1— 3 >
k=1j=0

2% (Note that for p > 2, this requires 5 < 1).



We now turn to Jo and remark that Jo < ([ Jo(z)% dz) %, where
o0 2 ;
Jo(z) = //‘/Le*(tfs)L(g(s,')(y)ds‘ 0w dy dt

with g(s,y) = 1B( . L)(y)f(s, y). The inside integral can be rewritten as

t t
Mpg(t,-) — €_§LML9(§a )

As My, is bounded on L?(R, x R"™;t%~wdydt) by [3, Theorem 3.1] and (e *F

bounded on L2(R™), we get

Bo@) S [y g F s s

We finally turn to J;, for j > 1. For fixed z € R",

[e%s) t
2
—(t—s)L B—=
[ [ oy @] [ L8, o Fs ) wds] ey
%

0 R»

)t>0 is uniformly

00 t
ds \2 5 =
— —(t=s)L 7 ) B
< [ [ ([le=aLe b0, W] Ry
0 R~ %
00 t d
_ —(t—s)L 2 ST B |
S [ty @ [le=9ze 0, e )W)l Gty
0 R~ %
® 27 2M
—92 AN 2 g_n_q
< //(t_s) (1+t—5> HlB(z,zﬁzs%)f(S")stﬂ mds dt
0
[e'e) 2s 2]
—jm(2M—2 t 2 p—n
s 2@ [ a2 (10 20 a1 s )37 R s
0 s

< 2_2ij/HlB(m,zjﬂs%)f(S")stﬂ_%d‘s’
0

where we have used Cauchy-Schwarz inequality in the second inequality, the off-diagonal estimates
and the fact that s < ¢ in the third, Fubini’s theorem and the fact that s > % in the fourth, and the
change of variable o = % in the last. An application of Corollary 2.2] then gives

Jj 5 2_ijj2j% ||f||TP’2’m(t5dtdy) = j2_j(mM_%)||f||TP’2’m(t5dtdy)7

and the proof is concluded by summing the estimates.

O

An end-point result holds for p = oco. In this context the appropriate tent space consists of

functions such that |g(t, z)[? 424

space 6.(Ry x R™) with respect to

dzxdt
lolfn=  sup o / o(t,2)
(z,r)eR™ xR 4

B(z,r) 0

is a Carleson measure, and is defined as the completion of the



We also consider the weighted version defined by

s
T / /mwﬁﬁmw
(z,r)eR™ xR 4 .

B(z,rm) 0

Theorem 3.2. Let m € N, and B € (—o0,1). If (tLe 'L);>¢ satisfies off-diagonal estimates of
order M > 5, with homogeneity m, then My, extends to a bounded operator on T2 (B dtdy).

Proof. Pick a ball B(z,rm ). Let

T

2= / / (Myf)(t, )2t ddt.

We want to show that I? < 7 || f||2.. 2 (t5dtdy)- Ve Set

/ /|MLf )(t, z)|*tP dadt

where f;(s,z) = f(s,a:)lc (2.4 L)(.I)l(oﬂ‘)(s) for j > 0. Thus by Minkowsky inequality, I < )" I;.
i (z,4rm

For Iy we use again [3, Theorem 1.3] which implies that M, is bounded on L?(R, x R™ t?dxdt).
Thus

@s/‘ﬁmmemﬁm%me

1
B(z,4rm) 0

Next, for j # 0, we proceed as in the proof of Theorem B.1] to obtain

r 27kt
© QI e\ —2M
ZJ’/ 1+ T) s ) Ft s d
— S
k=170 g-k-1¢

M\ —2M
// =) (14 0 sl M3t ds
0 t
2

Exchanging the order of integration, and using the fact that ¢ ~ ¢t — s in the first part and that ¢t ~ s
in the second, we have the following.

50 2 kpoktly
25 Y 2kgmymMy2M / / M () |2 adbds
k=1 0 ok g

r 2s
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where we used 8 < 1. We thus have
iy ;L
Ij2 S2 QJWM(QJT”” )n”f”%“mv?vm(tﬂdtdy)’
and the condition M > % allows us to sum these estimates. O

Remark 3.3. Assuming off-diagonal estimates, instead of kernel estimates, allows to deal with differ-
ential operators L with rough coefficients. The harmonic analytic objects associated with L then fall
outside the Calderén-Zygmund class, and it is common (see for instance [I]) for their boundedness
range to be a proper subset of (1,00). Here, our range (%,oo] includes [2,00] as 8 < 1,

which is consistent with [2]. In the case of classical tent spaces, i.e., m = 1 and g = —1, it is the
range (2., 00|, where 2, denotes the Sobolev exponent f—J’r‘Q We do not know, however, if this range

is optimal.

Remark 3.4. Theorem is a maximal regularity result for parabolic Carleson measures norms.
This is quite natural from the point of view of non-linear parabolic PDE (where maximal regularity
is often used), and such norm have, actually, already been used in the context of Navier-Stokes
equations in [I1], and, subsequently, for some geometric non-linear PDE in [12]. Theorem [B1lis also
reminiscent of Krylov’s Littlewood-Paley estimates, and of their recent far-reaching generalization
in [I4]. In fact, the methods and results from [9], on which this paper relies, use the same circle of
ideas (R-boundedness, Kalton-Weis v multiplier theorem...) as [14]. The combination of these ideas
into a ”conical square function” approach to stochastic maximal regularity will be the subject of
another forthcoming paper.
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