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Abstract

In this paper, first we have established two sets of suffi-
cient conditions for a mapping to have unique fized point in
a intuitionistic fuzzy metric space and then we have redefined
the contraction mapping in a intuitionistic fuzzy metric space
and thereafter we proved the Banach Fixed Point theorem.
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1 Introduction

Fuzzy set theory was first introduce by Zadeh[I4] in 1965 to describe the situa-
tion in which data are imprecise or vague or uncertain. Thereafter the concept
of fuzzy set was generalized as intuitionistic fuzzy set by K. Atanassov[] in
1984. It has a wide range of application in the field of population dynamics ,
chaos control , computer programming , medicine , etc.

Using the idea of intuitionistic fuzzy set, Park[7] introduced the notion of intu-
itionistic fuzzy metric spaces with the help of continuous t-norms and contin-
uous t-conorms, which is a generalization of fuzzy metric space due to George
and Veeramani[2].

In intuitionistic fuzzy metric space, Mohamad[I] proved Banach Fixed Point
theorem. But in his paper[l], the definition of contractive mapping is not nat-
ural and to prove the iterative sequence is a Cauchy sequence, he first proved
that every iterative sequence is a contractive sequence and then assumed that
every contractive sequences are Cauchy.
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In our paper, we have redefined the notion of contraction mapping in a in-
tuitionistic fuzzy metric space and then directly, it has been proved that the
every iterative sequence is a Cauchy sequence, that is, we don’t need to assume
that every contractive sequences are Cauchy sequences. Thereafter we have
established the Banach Fixed Point theorem. In this paper, also, we have es-
tablished another two sets of sufficient conditions for a mapping to have unique
fixed point.

2 Preliminaries

We quote some definitions and statements of a few theorems which will be
needed in the sequel.

Definition 2.1 [j/. A binary operation * : [0, 1] x [0, 1] —
0, 1] s continuous t - norm if * satisfies the following conditions

[

(i) = is commutative and associative ,

(i) * s conlinuous ,

(iii) ax1 = a Vacel0,1],

(iv) axb < ¢ xd whenever a < ¢,b < danda,b,c,de [0, 1].

Definition 2.2 [j]. A binary operation o : [0, 1] x [0, 1] —
0, 1] s continuous t-conorm if o satisfies the following conditions
i) o is commutative and associative
i) o is continuous ,
i) ao0 = a Va € [0,1],
iv) aob < cod whenever a < ¢,b < danda,b,c,d € [0, 1].

Result 2.3 [5]. (a) Forany ry,re € (0,1) with ry > ro, there
exist r3, rqy € (0, 1) suchthat rq4 x r3 > 19 and 11 > T4 O To.
(b) Forany rs € (0, 1), there exist rg, r; € (0, 1) such that
re ¥ rg > r5 and vy o rp < 5.

Definition 2.4 [7/ Let * be a continuous t-norm , ¢ be a continuous t-
conorm and X be any non-empty set. An intuitionistic fuzzy metric or
in short IFM on X is an object of the form
A= A{(z,y,t), plz,y,t), viz,y,t)) : (z,y,t) €
X2 x (0, 00)} where u, v are fuzzy sets on X? x (0, 00) , u denotes the
degree of nearness and v denotes the degree of non—nearness of x and y rel-
ative to t satisfying the following conditions . for all x,y,z € X, s,t > 0
(i) p(r,y,t) +v(z,y,t) <1 V(z,y,t) € X?x(0,00);
(i) p(x,y,t) > 0;

(i) p(x,y,t) = 1 ifandonlyif = =y
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Z'U),U(Zlf,y,t) = ,U(y,l',t),
) ple,y,s)*p(y,z,t) < ple,z,s+1t);
) = (0, 1] s continuous;

y, o, t);
2, t) = wle,z, s +1);
(z,y,-):(0,00) = (0, 1] is continuous.

0
0 if and only if = = y;
(
Y

If A is a IFM on X |, the pair (X, A) will be called a intuitionistic
fuzzy metric space or in short IFMS.

We further assume that (X, A) is a IFMS with the property
(xii) Foralla € (0,1), a*xa =a and a o a = a

Remark 2.5 [7/ In intuitionistic fuzzy metric space X, p(x,y,-) s
non-decreasing and v (x,y, ) is non-increasing for all z,y € X.

Definition 2.6 [2] A sequence { x,, }, in a intuitionistic fuzzy metric space
is said to be a Cauchy sequence if and only if for each v € (0, 1) and t >0
there exists ng € N such that p(x,, Tm,t) > 1—r and v(z,, Ty, t) <
r forall n,m > nq.

A sequence { x,, } in a intuitionistic fuzzy metric space is said to converge to
x € X if and only if for each v € (0,1) and t > 0 there ezxists ng € N
such that p(x,,x,t) > 1 —r and v(z,,z,t) < r forall n,m > ny.

Note 2.7 [13] A sequence { x, }, in an intuitionistic fuzzy metric space is
a Cauchy sequence if and only if

lim g (@, Tngp, t) = 1 and lim v(zn, Tngp, t) = 0

A sequence {x, }, in an intuitionistic fuzzy metric space converges x € X
if and only if

nlgmmu(xn,x,t) =1 and nh_)mooy(xn,:c,t) =0

Definition 2.8 [1/ An intuitionistic fuzzy metric space (X, A) has the prop-

erty @ if
tli)m w(lx,y,t) =1 and lim v(z,y,t) =0 foral z,y € X

t — oo

Definition 2.9 [/ Let (X, A) be a intuitionistic fuzzy metric space. We
will say the mapping f: X — X s t-uniformly continuous if for each ¢,
with 0 < & < 1, there exists 0 < r < 1, suchthat p(x,y,t) > 1—7r and

v(z,y,t) < rampliesp (f(z), f(y),t) =2 1—c and v (f(z), f(y), 1) <
e for each z,y € X and t > 0.
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Definition 2.10 [1] Let (X, A) be a intuitionistic fuzzy metric space. A
mapping f : X — X s intuitionistic fuzzy contractive if there exists
ke (0,1) such that

1 1
and 1> —— 1
v (f(z), fly), 1) k('/(fc,y,t) )
foreachx,y € X and t > 0. ( k is called the contractive constant of f.)

Proposition 2.11 [1] Let (X, A) be a intuitionistic fuzzy metric space.
If f:X — X s fuzzy contractive then f is t-uniformly continuous.

Definition 2.12 [1] Let ( X, A) be an intuitionistic fuzzy metric space. We

will say that the sequence { x, } in X is intuitionistic fuzzy contractive if there
ke (0,1) such that

and -1
V(LU”+1 y Lnt2, t)

forall t >0, n € N.

—_
vV
I =
N
<
—~
8

3
S|~
3
+
=
~
S~—
|
—_
~_—

Theorem 2.13 [1] Let (X, A) be a complete intuitionistic fuzzy metric
space with the property @& in which intuitionistic fuzzy contractive sequences
are Cauchy. Let T : X — X be a intuitionistic fuzzy contractive mapping
such that k is the contractive constant. Then T has a unique fized point.

3 Fixed-point theorems

Definition 3.1 Let (X, A) bean IFMS ,z € X, r € (0,1),t > 0,
B(l’,?”,t) = {y S X//’L(:'U7y7t) > 1 - T7V(x7y7t) < T}'
Then B(x,r,t) is called an open ball centered at x of radius r w.r.t. t.

Definition 3.2 Let (X, A) be an IFMS and P C X . P is said to be
a closed set in (X, A) if and only if any sequence {x,} in P converges
to x € P i.e, iff. nli_}moou(xn,x,t) =1 and nli_}mool/(xn,x,t) =0 =
x e P.
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Definition 3.3 Let (X, A) be an IFMS, z € X, r € (0,1), t > 0,
S(z,r,t)={ye X/pulz,y,t)>1—-r, v(z,y,t) <r}.

Hence S(x,r,t) is said to be a closed ball centered at x of radius r w.r.t.
tiff. any sequence {x,} in S(x,r,t) convergestoytheny € S(x,r,t).

Theorem 3.4 (Contraction on a closed ball) :- Suppose (X, A) is a com-
plete IFMS with the property & in which IF contractive sequences are Cauchy.
Let T : X — X be IF contractive mapping on S(zo, r,t) with contractive
constant k. Moreover, assume that

1 1
-1 < (1—-k& ( —1)
p(xo, T(xg), t) ( ) 1 —r
d ! 1> L (1 1)
an v (20, T(0), ) 1— % \r
Then T has unique fized point in S(xo, r,t) .
Proof. Let x1 = T(xg), 12 = T(x1) = T?*(x0), -+, T = T(x_1)

ie, x, = T"(zxg) foralln € N. Now

1 1 T
_ 1 1—]{:( —1): 1—]{:< >
p(xg, xp, 1) < ) 1 -7 ( ) 1 -7
1 T
oL () e
e ,u(xo,xl,t)<( ) 1 -7 +
_r—rk+1—7”_1—7’/€
N 1 -7 1=
_ -
= M(xo’xl’t)>1—rk:> r
= M(l’0,$1,t)>1—r (Z)
Again,
1 s 1 (1—7“)
v(xg, x1,1) 1 -k r
) 1 S 1 —r L
Y e, o t) (1 — k)
l=r+r—-rk 1-rk
r(1 — k) _r(l—l{;)
r(l — k)
= V($0,l’1,t)<ﬁ<7’

= v(xg,z1,t) <71 (i1)
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(i)and (i) = =z € S(xg, 7, 1).

Assume that =1, o, -+, ,_1 € S(xo, 1, t). Weshow that z, € S(xqo,r,t).
L 1 = L 1
M(l’l,l’g,t) M(T(xO)aT(zl)?t)
< -1
- <M<$07$17 t) )
<k:< > since i (xg, x1,t) >1 — r]
N 1 <k<1—1+r>+1_ rk +1_rk‘+1—r
pw(xzy, xg,t) 1—r 17 B 1—r
| 1 r(k—1) + 1
i.e., <
p(zy, x9,t) 1 —r
1 -7 1 —r
= pu(wy, xe, t) > = > 1—r

T+r(k—1) 1—-r(l—k)
= p(xy,x9,t) > 1—r

Again,
! 1= ! 1
v(wy, zo,t) v (T (xo), T(z1),1)
ST T
— k\v(xy,x1,t)
1 1 1
i.e., -1 > = -1
v(zy, zo,t) k\v(zg,z1,t)
- 1 (1 1) 1 (1—7’)
E \r ok r
N 1 >1—r+1_1—r+rk_1—r(1—k)
v(my, zo,t) rk B rk B rk
i.e v(xy, xa,t) < b <r
) 1, 42, 1—T<1—]€)

= v(xy,x2,t) <r

Similarly it can be shown that ,

p(zy, xz3,t) > 1—r , v(xg,xg,t) <r, - u(erp_1,x,,t) > 1—r
and v (T,_1, Ty, 1) < T

Thus, we see that ,

t t t
p(xo, T, t) > 1 <xo,x1,—)*u <x1,x2,—)*---*u <wn_1,xn,—)
n n n
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>T-r)xQ=7r)*--x1=7r)=1-r

ie., p(xo,zp,t) > 1—r
t t t
v(ze, ,,t) < 1/(mo,xl,—)ou(:L’l,xg,—)<>~-~<>y(:L’n_l,xn,—>
n n n

<TroOro--or =7
Thus , p(xg, zp,t) > 1 —randv(xg, z,,t) < r
= x, € S(xg,r,t)
Hence, by the theorem 22[1], T has unique fixed point in S(zg, r, t).

Note 3.5 [t follows from the proof of Theorem 2.13[1] that for any x € X
the sequence of iterates {T™(x)} converges to the fixed point of T.

Lemma 3.6 Let (X, A) be IFMS and T : X — X be t-uniformly con-
tinuous on X. If x, — x as n — oo in (X, A) then T(x,) — T(x)
as n —oo in (X, A).

Proof. Proof directly follows from the definitions of t-uniformly continuity
and convergence of a sequence in a IFMS.

Lemma 3.7 Let (X, A) be IFMS. If z,, — zand y, — yin (X, A)
then p(Tn, Y, t) = p(z,y,t)andv(z,, yo,t) = v(z,y,t)asn —
oo forallt > 0in R .

Proof. We have,

m p(,, @, t) = ,nh_>:fnoo v(z,,z,t) =0
and lim w(yn,y,t) =1, lim v(yn,y,t) =0
)2 0 (e, ) o (e )
> ,LL(I ) (:L’,y,£>*,u(y ynaz
4 4
= nli_)moou(:cn,yn,t) > u(z,y,t)

t
2
t t t
u (e y) b (o ) o (o)
X

>
= pu(z,y,t) > limoou( ny Yn,t) Vit > 0.

im p(zp, Yo, t) = pu(x,y,t) forall t > 0,

n — oo

Similarly, lim v(xy, Yo, t) = v(x,y,t) forall £ > 0.
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Theorem 3.8 (X, A) be a complete IFMS with the property # in which
IF contractive sequences are Cauchy sequences and T : X — X be a t-
uniformly continuous on X. If for same positive integer m, T™ is a IF con-
tractive mapping with k its contractive constant then T has a unique fixed
point.

Proof.llLet B = T™, n be a arbitrary but fixed positive integer and

g € X.

we now show that B"T(xzg) — B™(xp) in (X, A).

Now,

L 1 = L —1

p (B"T'(xo) , B"(wo) , t) p (BB~ 1T(xo)), B(B"*(z0)) , t)
<k < 1 _ 1> <
o\ (B T (x) , Br~ o) , 1) B

1

< k" -1
- M(T(l’o),l’o,t) )

1
-1
K (B”T(SL’O), B”(LL’O) ) t) )
= nli_)moou(B”T(:co), B™(xzo),t) = 1, forall t > 0.

<0

n — o

= 0 < lim<

Similarly, — lim v (B"T(xy), B™(zo), t) = 0, forall t > 0.

Thus, B"T(xg) — B"(z)in (X, A).

Again, by the theorem 22[I], we see that B has a unique fixed point x(say),
and from the note [3.5], it follows that B"(zg) — zas n — oo in (X, A).

Since T is t-uniformly continuous on X, it follows from the above lemmal[3.6]
that B"T(xg) = T B™(xy) — T(x)asn — ocoin (X, A).

= lim _p (B"T(xg), B™(z9),t) = 1 and lim v (B™"T(xg), B™"(zg), t) =
0. By lemma [3.7], we have

lim g (T(z), z,t) = 1and im v (T(x), z,t) =0, forall ¢t > 0,

ie., w(T(x),z,t) =1 and v (T(x),z,t) = 0, forall ¢ > 0.

= T(z) = © = xis a fixed point of T.

If 2" is a fixed point of T, i.e., T(2z') = ', then T™(z") = T™ Y(T(z)) =

T Y2') = .- = 2 = B(2') = 2 = 2’ is a fixed point of B.

But x is the unique fixed point of B, therefore # = 2z which implies that x is

the unique fixed point of T.
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Definition 3.9 Let (X, A) be IFMS and T : X — X. T is said to be
TS-IF contractive mapping if there exists k € (0, 1) such that

kp(T(), T(y),t) > plz,y,t)

and v(T(x), Tly),t) <v(x,y,t)Vt>D0.

| =

Theorem 3.10 Let (X, A) be a complete IFMS with the property @
and T : X — X be TS-IF contractive mapping with k its contraction constant.
Then T has a unique fized point.

Proof. Let x € X and z,, = T"(x) for all n € N. Now for each t > 0,

kﬂ(x2> I1>t) = kﬂ(T(xl)a T(I)> t)

Z :U’(xlv €, t)
7;’6’7 k,u(@, x17t> > :U’(xlaxu t)
and
1 1
EV(»Tz, T, t) = EV(T(xl),T($)>t)
<v(xp,x,t)
1
i'ew EV(xg,l’l,t) < V($1>Iat)
Again,

k/’l/(x37 L2 t) = kp (T(x2> ) T(Il)v t)

Z M(x27x17t)

= kzﬂ(1’3>$2>t)Zk‘ﬂ(@,l’wt)z ,U(l’l,l’,t)
Z€,]€M(l’3,l’2,t>2ﬂ(l’1,l’,t>
and
1 1
EV(IB’ T2 , t) = EV(T(.C(,’Q),T(.Z(Il),t)
SV(,’L‘Q,LUl,t)
1 1
= pV(x?”SCzat) < cv(xg, a1, t) < vim, x,t)
_ 1
ie., —v(x3, o, t) <v(m,x,t)



10 T.K. Samanta , Sumit Mohinta , and Iqgbal H. Jebril

By Mathematical induction, we have,
k" u(xpir, opn, t) > p(xy, x,t) and
1
o v(zpi1, Tn, t) < v(xy, x,t), forallt > 0.
We now verify that {x,} is a cauchy sequence in (X, A). Let t; = %.
/J’( Lny Tn+p, t)

> pw(Zn s Tpgrs t1) % p( Tns1, Tngo, t1) % o % f(Tpyp_1, Tntp, t1)

1 1
= (ﬁ k”,u(;pn, xn-i—latl)) * (kﬁ"+1 kn+1#(37n+1>ﬂ7n+2’ tl)) Ko

1 _
*<kn+p—1 knTr 1U($n+p—1>IN+patl))
1 1 1
(ﬁu(x17x’t1)>*<kn+l :u(xlv 7t1)>* (W:u(xl7 7t1))
1 1 1
<ﬁﬂ($1>$>t1)> * (ﬁ#(xl,f, tl)) = (ﬁ#(xl,f,tl))

vV

v

1 .

= 1 < lim_ (k p(xy, t1)> < nh_)rnoou(:cn, Tpip,t) <1
= nh_):rnoou(:cn, Tpip,t) =1
In the similar way, we have,
= nleooy(zn, Tpip,t) =0
Hence {z,}, is a cauchy sequence in (X, A).
So, 3y € X such that z, — y asn — oo in (X, A).
Now,

. 1

e, p(T() T() 8) > 1 p(on. v, t)

1 T T t) > 1 ! t _ ! 1

= m op (), Ty), t) 2 lm p(en, y, t) = >

= 1 < lim_ p(T(x,), T(x),t) <1
= lim pu (T(z,), T(x),t) =1

n — o0

Again,

~—
~
~—
N
o
AN
—~
8
S
<
~
~—
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= lim v (T(x,), T(y),t) < lim kv(z,,y,t) =0

n — 0o n — 00
= lim v (T(z,), T(x),t) =0

Thus we see that

lim p (T(x,),T(y),t) = 1and nli_)mool/(T(xn),T(y),t) = 0, forallt > 0.

= lim T(z,) = T(y)in (X, A) = lim z,1 = T(y)in (X, A).

e,y = T(y)
=y is a fixed point of T.
To prove the uniqueness, assume T'(z) = z for some z € X. Then for

t > 0, we have

ply,z,t) = p(Tl),T(2),t)

v

v

— 1 < lim

n—oo kn

= pu(y,z,t) =1

v(y,z,t) = v(T(Qy), T(2),1t)

— 0 < u(y,z,t) < lim E" u(y,z,t) <0

= v(y,z,t) =0
= Yy =z
This completes the proof.
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