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ON THE QUANTUM CLUSTER ALGEBRAS OF FINITE TYPES

MING DING

ABSTRACT. We extend the definition of the quantum analogue of Caldero-Chapoton
map defined by [I2][IT]. When @ is a quiver of finite type, we prove that the al-
gebra A (Q) generated by all generalized cluster variables(see Definition 2.T)) is
exactly the quantum cluster algebra EH j, (Q).

1. INTRODUCTION

Quantum cluster algebras were introduced by A. Berenstein and A. Zelevinsky [3]
to study the canonical basis. When ¢ = 1, the quantum cluster algebras are exactly
the corresponding cluster algebras which were introduced and studied by S.Fomin and
A. Zelevinsky in a series of papers [§][9][1]. The quantum analogue of the Caldero-
Chapoton formula [4] was defined by D. Rupel [12] and the author conjectured that
cluster variables could be expressed in terms of the quantum analogue of the Caldero-
Chapoton formula and proved it for cluster variables in finite types as well as in
almost acyclic clusters. Later this conjecture has been proved for acyclic equally
valued quivers in [11].

The cluster category is introduced for its combinatorial similarities with cluster
algebras. Different from the case in cluster algebras, for any objects M, N in clus-
ter category associated to quantum cluster algebra, it does not generally hold that
XnvXy = |k:|i%"N@MXN@M for any nygy € Z. Thus the natural problem is to
ask if Xyga is in the corresponding quantum cluster algebra. Hence it becomes
interesting to study the relation between the algebra generated by all generalized
cluster variables(see Definition 2T]) and the corresponding quantum cluster algebra.
In the case of cluster algebras, both of them are equal for finite and affine types
[5][7]. The aim of this article is to prove that for any quiver @ of finite type, the
algebra AH (@) generated by all generalized cluster variables is still the quantum
cluster algebra EH (Q).

2. PRELIMINARIES AND MAIN RESULT

2.1. Definition of quantum cluster algebra. Let L be a lattice of rank m and
AN : L X L — Z a skew-symmetric bilinear form. Set a formal variable ¢ and the ring
of integer Laurent polynomials Z[g*'/2]. Define the based quantum torus associated
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to the pair (L, A) to be the Z[¢*'/?]-algebra T with a distinguished Z[¢*'/?]-basis
{X¢:e € L} and the multiplication
XeXf — qA(e,f)/2Xe+f.
It is known that 7 is contained in its skew-field of fractions F. A toric frame in F
is a map M : Z™ — F \ {0} given by
M(e) = (X
where ¢ is an automorphism of F and n : Z™ — L is an isomorphism of lattices. By

the definition, the elements M (c) form a Z[g*'/?]-basis of the based quantum torus
Tu = ¢(T) and satisfy the following relations:

M(c)M(d) = ¢* V2N (c +d), M(c)M(d) = " =DM (d)M(c),
M(0) = 1, M(c) ™! = M(—c),
where A, is the skew-symmetric bilinear form on Z™ obtained from the lattice
isomorphism 7. Let A be the skew-symmetric m x m matrix defined by \;; =
Api(ei, e;) where {eq,...,e,} is the standard basis of Z™. Given a toric frame M,
let X; = M(e;). Then we have
T = ZIgPUXEY, XA XX = XX,
An easy computation shows that:
M(c) = g2 T cicdin X Xg2 .. Xom = X(©) (¢ € Z™),

Let A be an m x m skew-symmetric matrix and B an m X n matrix with n < m.
We call the pair (A, B) compatible it B"A = (D|0) is an n x m matrix with D =
diag(dy,--- ,dy,) where d; € N for 1 <4 <n. The pair (M, B) is called a quantum
seed if the pair (Ays, B) is compatible. Define the m x m matrix E = (e;;) as follows

52‘;‘ if j # k;
maz(0, —by) ifi#j=k.

For n,k € Z, k > 0, denote [Z]q = (qn_q(:;)_;(flf)ir,lg_;‘izwfl). Let ¢ = (¢1,...,¢m) €

Z™ with ¢, > 0. Define the toric frame M’ : Z™ — F \ {0} as follows:

(2.1) M'(c) = Z [Ck} d./ZM(Ec +pb*), M'(—c) = M'(c)™".

p=0 p

where the vector b¥ € Z™ is the k—th column of B. Then the quantum seed
(M’', B') is defined to be the mutation of (M, B) in direction k. Two quantum seeds
are called mutation-equivalent if they can be obtained from each other by a sequence
of mutations. Let C = {M’(e;) : i € [1,n]} where (M’, B') is mutation-equivalent
to (M, B). The elements of C are called cluster variables. Let P = {M(e;) : i €
[n + 1,m]} and the elements of P are called coefficients. Denote by ZP the ring
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of laurent polynomials generated by {qi%} U P. Then the quantum cluster algebra
A,(Ayr, B) is defined by the ZP-subalgebra of F generated by C.

2.2. The quantum Caldero-Chapoton map and main result. Let k be a finite
field with cardinality |k| = ¢ and m > n be two positive integers and @) an acyclic
valued quiver with vertex set {1,...,m}. Denote the subset {n + 1,...,m} by C.

The full subquiver () on the vertices 1,...,n is called the principal part of @
Let B be the m x n matrix associated to the quiver () whose entry in position
(i,7) given by
b;; = |{arrowsi — j}| — [{arrows j — ¢}
for 1 <i<m,1 < j <n. Denote by I the left m x n submatrix of the identity
matrix of size m x m. Assume that there exists some antisymmetric m X m integer
matrix A such that

2.2 a-B) =[5

where [, is the identity matrix of size n x n. Let R= éé be the m x n matrix with
its entry in position (7, j) given by

Tij 1= dimkEXt,l@(Sj, S;) = [{arrows j — i}|.

for1 <i<m,1<j<n. Set Rir = E@,p. Denote the principal parts of the matrices

B and R by B and R respectively. Note that B=R"—Rand B=R"—R.
Let C@ be the cluster category of k(Q, i.e., the orbit category of the derived category

D*(Q) by the functor F = 7o [—1](see [2]). Let I; be the indecomposable injective

kQ module for 1 < i < m. Then the indecomposable kQ-modules and I;[-1] for
1 <4 < m exhaust all indecomposable objects of the cluster category C5. Each
object M in C@ can be uniquely decomposed as:

M = My & In[—1]

where My is a module and ) is an injective module. The cluster category Cg is a
2-Calabi-Yau category, i.e, for any objects M, N € Cg:

Extéé (M, N) = DExtéQ (N, M)
where D = Homy(—, k) is the standard duality.
The Euler form on k@Q-modules M and N is given by
(M, N} = dim;Hom(M, N) — dimzExt' (M, N).

Note that the Euler form only depends on the dimension vectors of M and N.
The quantum Caldero-Chapoton map of an acyclic quiver ) has been defined in
[12][11]. For our purpose, we need to extend these definitions to the following map

X ObJC@ — T
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defined by the following rule: If M is a kQ-module and I is an injective kQ-module,
then
Xmer-1 Z |GrM|q™ slem—c—i) y —Be—(I- Rt’")m-i-dlmsod’

where dim/ = i,dimM = m and Gr.M denotes the set of all submodules V' of M
with dimV = e. We note that

XP[I] — XTP — X@P/radP — X@soc[ — XI[—I} =X 1.

for any projective l{:@—module P and injective k@—module I with socI = P/radP. In
the following, we denote by the corresponding underlined small letter x the dimension
vector of a k@Q)-module X and view x as a column vector in Z".

Definition 2.1. X is called the generalized cluster variable, if L is kQ)-module
or L = MaI[-1] € Cy satisfying that M is a kQ-module and I is an injective

k@-module.

Denote by AH;(Q) is the ZP-algebra generated by all the generalized cluster
variables and by EH||(Q) is the corresponding quantum cluster algebra, i.e, the ZP-
algebra generated by all the cluster variables. The main result of this article is the
following theorem:

Theorem 2.2. For any quiver Q of finite type, we have EHy(Q) = AH i (Q).

Remark 2.3. It is an open problem that Theorem holds for affine types because
it is difficult to check whether the generalized cluster variables associated to regular
modules in homogeneous tubes of degree at least two are in quantum cluster algebra.

3. PROOF OF THE MAIN THEOREM

In this section, we fix a quiver @ of finite type with n vertices. Firstly, we recall
some notations. For any kQ—modules M, N and E, denote by ¥, the cardinality
of the set Ext1 (M N)g which is the subset of Ext (M , N') consisting of those

equivalence classes of short exact sequences with mlddle term isomorphic to M ([10
Section 4]). Let F}% be the number of submodules U of M such that U is isomorphic
to B and M/U is isomorphic to A. Then by definition, we have

Gr(M)| = ) Fip
A,B;dimB=¢
Denote by [M, N]' = dimkExtllg@(M, N) and [M, N] = dim;Hom;5(M, N). The fol-

lowing Theorem [B.1] proved in [6] and Proposition give the explicit relations
between XXy and Xyagns-

Theorem 3.1. [6] Let M and N be kQ-modules. Then

1 T_ ptr m T_ptr n
§MN X Xy = MO RO § 8
E
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Let M be any kQ-module and I any injective kQ—module. Define
Hom, (M, I)py == {f : M — I|ker f = B, coker f = I'}.

The following result together with Theorem [B.1] is essentially important for us to
prove Theorem 2.2

Proposition 3.2. With the above notations, we have

1 T—R*")m,—dimsoc
M X Xy = 2 R, ~dim I)Z |Homy5(M, I) pr| Xper-1-

B,I'
Proof.
X Xr-
_ Z q—%(H,G) F%X—ég—(f—étf)mX@socl
G,H

_1 1 _Bh—(T—Rtr 2 _Bh_(T_ptr :
_ }:q JUH.G) M. (A~ Bl (TR )m dimsocl) yr ~ B (TR ymr+dimsocl
G.H
1 _(T_ ptr : _1 AR : _RBb_(T_ptr :
_ qu( (I-R )@MSOCUE q 2<H,G>q21\( Bﬁ,wsocl)p(%{X Bh—(I—-R")m-+dimsocl

G,H
_ q%A((f_E“'m,—cn_msod) 2: q—%<H,G>q—%[H,I] M X~ Bh~(I—R'")m+dimsocl
G,.H

Here we use the fact that
A(—Bh, dimsocl) = —h"" B A(dimsocl) = —h" (dimsocl) = —[H, I].
Note that we have the following commutative diagram

0 0

Y=—=Y

And short exact sequences
0—B—M-—A—70

0—A—I—1I—0.
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It follows that
S PR PN =) FSFN., [Hom (M, I)pp| = [Aut(A)|FALF,
B G A

and

Z ‘Aut(A)‘FII’AFEX = Z ‘Homk@(Gu Ixr| = q[G’H = q<G’I>-
A" X I'.X

By [10, Lemma 1], we have (f— é“’);’ = dimsocl. Now we can compute the term

> [Hom,g(M, D pr| Xpar-y

B,I’
= E |Aut(A)|FALF ,Aq—§<YX 1) pB X~ By- (=R )b+dimsocl”
A7B7I/7X7Y
_1 _ B St . ,
= E q 2 (X I>|AUt( )IE ’AFAXFGYX By~(I=R")b+dimsoct
AGI XY

_ Zq (G, I) q -3¢ HG—I>FC%X—E@—(T—R”)MCU_WOCI
_ Z q (M,I) q_% q—%(H,G) Fc% X_B'@—(T—Etf)mﬂﬁimsocz

_ M ) Z g LIHI] I )FGHX—EQ—(f—ﬁ”)m-i-di_msocI.

Here we use the facts

‘'+a=1i z+a= /

g=z—i=g—a
And
—éy — (I — R")b + dimsocl’
— —Bh—(I—R")(m—i—1i)+ dimsocl’
—Bh — (I — R™Ym + (I — R")(i — ') + dimsocI’
~Bh— (I — R™)m+ (I — R")i
— —Bh— (I — R")m + dimsocI.

This finishes the proof.
Remark 3.3. Proposition holds for any acyclic quiver.

The following lemma is well-known. Here we give a sketch of proof.

Lemma 3.4. Let
M — E— N5 M[1]
be a non-split triangle in Cz. Then

dimkExtéé (E,E) < dimkExtéé (M®N,M & N).
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Proof. For any object L € Cg, applying the functor Extéé(—, L) to the above non-
split triangle gives rise to the exact sequence

0 — kerf, — Exté@(N, L) LEN Extéé(E, L)% Extéé(M, L) — cokergp, — 0
Thus we have
dimkkerfL—i-dimkExté@ (E, L)+dimgcokergy, = di:rnkExtéc5 (N, L) —l—dimkExté@ (M, L)
Hence
dimkExtéé (E,N) < dimkExtéé (N,N) + dimkExtéé (M, N)
dimkExtéQ (E,E) < dimkExtéé (N, E) + dimkExtéé (M, E).
Note that 0 # € € ker fyr, we have
dimkExtéé (B, M) < dimkExtéé (N, M) + dimkExtéé (M, M)
Therefore
dimkExtéé (M®N,M®&N) > dimkExtéé (E,N)+ dimkExtéQ (E, M)
= dimkExtéé (N, E) + dimkExtéé (M, E)
> dimkExtéé(E, E).
This proves our assertion. 0]

Proof of the Theorem[2.2: We only need to prove that for any generalized cluster
variable X € AH 3 (Q), then X} € EH(Q).

Let L = @i.:l n;L;,n; € N where L;(1 < i <) are indecomposable objects in Cg.
Thus Xp,(1 <i <) are in EH ) (Q). By Theorem B.Il, Proposition 3.2 and Lemma
B4 we get that

XX X = g Xy + S Fop (057 X

dimExt} _(B,E)<dimyExt}_(L,L)
Q Q

where ny, € Z and f,,(¢*2) € Z[q*2]. Thus by induction, we can prove that X, €
ngW(Q) which implies 57‘[‘k|(Q) = AHW‘(Q)
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