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Abstract

It is well-known that one-dimensional isentropic gas dynamics has two elementary
waves, i.e., shock wave and rarefaction wave. Among the two waves, only the rarefac-
tion wave can be connected with vacuum. Given a rarefaction wave with one-side
vacuum state to the compressible Euler equations, we can construct a sequence of
solutions to one-dimensional compressible isentropic Navier-Stokes equations which
converge to the above rarefaction wave with vacuum as the viscosity tends to zero.
Moreover, the uniform convergence rate is obtained. The proof consists of a scaling
argument and elementary energy analysis based on the underlying rarefaction wave

structures.
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1 Introduction and main result

In this paper, we investigate the zero dissipation limit of the one-dimensional com-

pressible isentropic Navier-Stokes equations

pr+ (pu)e =0, reR,t>0,

(1.1)

(pu) + (pu® 4+ p(p)), = € Uga,
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where p(t,z) > 0, u(t,z) and p represent the density, the velocity and the pressure of the
gas, respectively and € > 0 is the viscosity coefficient. Here we assume that the viscosity

coefficient € is a positive constant and the pressure p is given by the v—law:

p’\/
oy

p(p)

with v > 1 being the gas constant.
Formally, as € tends to zero, the limit system of the compressible Navier-Stokes equa-

tions (1.1) is the following inviscid Euler equations

Pt + (pu)m = Ov

(1.2)
(pu): + (pu® + p(p))s = 0.

The Euler system (1.2) is a strictly hyperbolic one for p > 0 whose characteristic fields

are both genuinely nonlinear, that is, in the equivalent system

p u p P\
(u)ﬁ(p'wp )()‘0

u P
pp)/p u
has two distinct eigenvalues

Ai(p,u) =u—+/p(p), Aa(p,u) = u++/p'(p)

with corresponding right eigenvectors

the Jacobi matrix

Ti(pa u) = (1> (_l)i

such that

i (p) + 2P(p)
2p/P'(p)

We can define the i—Riemann invariant (i = 1,2) by

1)+t /p @ds

ri(p,u) - Vp,u)‘i(pa u) = (

Silp,u) =u+ (—

such that
Vi Zilp,u) - ri(p,u) =0, Vp>0,u.
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The study of the limiting process of viscous flows when the viscosity tends to zero, is
one of the important problems in the theory of the compressible fluid. When the solution
of the inviscid flow is smooth, the zero dissipation limit can be solved by classical scaling
method. However, the inviscid compressible flow contains singularities such as shock and
the vacuum in general. Therefore, how to justify the zero dissipation limit to the Euler
equations with basic wave patterns and/or the vacuum is a natural and difficult problem.

There have been many results on the zero dissipation limit of the compressible fluid
with basic wave patterns without vacuums. For the system of the hyperbolic conservation

laws with artificial viscosity
up + f(U)r = EUga,

Goodman-Xin [4] verified the viscous limit for piecewise smooth solutions separated by
non-interacting shock waves using a matched asymptotic expansion method. For the com-
pressible isentropic Navier-Stokes equations (1.1), Hoff-Liu [5] first proved the vanishing
viscosity limit for piecewise constant shock even with initial layer. Later Xin [15] ob-
tained the zero dissipation limit for rarefaction waves without vacuum for both rarefac-
tion wave data and well-prepared smooth data. Then Wang [13] generalized the result of
Goodmann-Xin [4] to the isentropic Navier-Stokes equations (1.1). For the full Navier-
Stokes equations where the conservation of the energy is also involved, there are also
many results on the zero dissipation limit to the corresponding full Euler system with
basic wave patterns without vacuums. We refer to Jiang-Ni-Sun [8] and Xin-Zeng [16] for
the rarefaction wave, Wang [14] for the shock wave, Ma [10] for the contact discontinuity
and Huang-Wang-Yang [7] for the superposition of two rarefaction waves and a contact
discontinuity case.

More recently, Chen-Perepelitsa [2] proved the vanishing viscosity to the compressible
Euler equations for the compressible Navier-Stokes equations (1.1) by compensated com-
pactness method for the general case if the far field of the initial values of Euler system
(1.2) has no vacuums. Note that this result is quite universal since the initial values of
the FEuler system can contain vacuum states in the interior domain.

Now we turn back to the case of the basic wave patterns with vacuum state. As pointed
out by Liu-Smoller [9], among the two nonlinear waves, i.e., shock and rarefaction waves,
to the one-dimensional compressible isentropic Euler equations (1.2), only the rarefaction
wave can be connected with vacuum. However, to our knowledge, so far there is no any
results on the zero dissipation limit of the system (1.1) in the case when the Euler system

(1.2) contain the rarefaction wave connected with the vacuum. In this paper, we investigate



this fundamental problem and want to obtain the decay rate with respect to the viscosity
€. First we give a description of the rarefaction wave connected with the vacuum to the
compressible Euler equations (1.2), see also the references [9] and [12]. For definiteness,
we consider the 2-rarefaction wave. If we consider the compressible Euler system (1.2)
with the Riemann initial data

{ p(0,2) =0, =<0, (13)

(p,u)(0,2) = (p4,uy), x>0,
where the left side is the vacuum state and p, > 0,u, are prescribed constants on the
right state, then the Riemann problem (1.2), (1.3) admits a 2—rarefaction wave connected
with the vacuum on the left side. By the fact that along the 2—rarefaction wave curve,
2—Riemann invariant Y (p, u) is constant in (z, t), we can get the velocity u_ = ¥s(py, uy)
being the speed of the fluid coming into the 2-rarefaction wave from the vacuum. This

2—rarefaction wave connecting the vacuum p = 0 to (p4,u, ) is the self-similar solution
(072, u)(€), (€= %) of (1.2) defined by

p2(€) =0, if &< A(0,u")=u_,
{ £, if u_ <& < Xalpg, uy), (1.4)

Aa(p2(€),um(€)) = Xo(posus), if €> Xa(ps,us),

2a(p"(8), u(€)) = B2(0,u) = Lalpy, us). (1.5)
Thus we can define the momentum of 2-rarefaction wave by
. prru™ it ph >0,
m"™(§) = oo (1.6)
0 it ph=0.

In the present paper, we want to construct a sequence of solutions (p¢, m¢)(z,t) to the
compressible Navier-Stokes equations (1.1) which converge to the 2-rarefaction wave
(ph, mb)(z/t) defined above as € tends to zero. We will ignore the effects of initial layers by
choosing the well-prepared initial data depending on the viscosity for the Navier-Stokes
equations .

The main novelty and difficulty of the paper is how to control the degeneracies caused
by the vacuum states. To overcome this difficulty, we will first cut off the 2-rarefaction
wave with vacuum along the rarefaction wave curve. More precisely, for any x> 0 to be
determined, the cut-off rarefaction wave will connect the state (p, u) = (i, u,,) and (p4, u)

where u, can be obtained uniquely by the definition of the 2-rarefaction wave curve.
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Then we will construct an approximate rarefaction wave to this cut-off rarefaction wave
through the Burgers equation. Finally, the desired solution sequences to the compressible
Navier-Stokes equations (1.1) could be constructed around the approximated rarefaction
wave. The uniform estimates to the perturbation of the solution sequences around the
approximate rarefaction wave can be got by the following two observations. One is the
fact that the viscosity € can control the degeneracies caused by the vacuum in some terms
by choosing suitably p = p(e). In fact, we choose p = e%\ Ine| in the present paper.
The other observation is that we can carry out the energy estimates under the a priori
assumption that the perturbation is suitably small in H*(R) norm with some decay rate
with respect to € as € tends to zero. See (3.8) in the below for the details. Note that this
a priori assumption is natural but is first used in studying zero dissipation limit to our
knowledge. With these two observations, we can close the a priori assumption and obtain
the desired results.

Now we state our main result as follows.

Theorem 1.1. Let (p™,m")(x/t) be the 2-rarefaction wave defined by (1.4)-(1.6) with
one-side vacuum state and 1 < v < 2. Then there exists a small positive constant €y such
that for any € € (0,¢), we can construct a global smooth solution (p*,m® = p‘uc)(x,t) to
the compressible Navier-Stokes equation (1.1) satisfying
(1)
(p° = p2,me —m™), (p°,m), € C°(0,+00; L*(R)),
mS, € L*(0,+00; L*(R)).

(2) As wiscosity € — 0, (pS,m)(x,t) converges to (p">,m"™)(x/t) pointwisely except the
original point (0,0). Furthermore, for any given positive constant h, there ezists a constant
Cy, > 0, independent of €, such that

sup [|p°(- £) = p*(5) [l < Cre'/*|Ine],

=h " (1.7)
sup |[me(-, 1) — m"2(=)||ze < Cre'/®|Ine| V2.
t>h t

Remark 1.2. Similar results to Theorem 1.1 holds for the case v > 2. However, some

terms like p'=2, p?=3 in (3.14) below will be degenerate on the vacuum states when v > 2.

Consequently, the convergence rate with respect to € may be slower than that in Theorem

1.1 and may depend on . Here we just consider the case 1 < v < 2 for simplicity. The

case v > 2 will be shown in the forthcoming paper.



Remark 1.3. From the proof of Theorem 1.1 we can see that our main result also holds for
a one-dimensional compressible Navier-Stokes equation with density-dependent viscosity,
which reads

P+ (pu>m =0,

(/)U)t + (pu2 —+ p'y)x — E(paum)m, (18)

with o« > 0. For example, to the viscous Saint-Venant system for laminar shallow water
derived from incompressible Navier-Stokes system with a moving free surface, see [1, 5|,
the parameter in (1.8) is taken as o = 1,y = 2. In this situation, since viscosity vanishes

at vacuum, the convergence rate may become slower than that in our main Theorem 1.1.

Remark 1.4. Our result and method can also be generalized to the full compressible
Navier-Stokes equations with heat-conductivity and the Boltzmann equation with slab sym-

metry. This is left to the forthcoming paper.

Remark 1.5. It is also interesting to study the zero dissipation limit of compressible
Navier-Stokes equations (1.1) in the case when the Euler system (1.2) has two rarefaction
waves with the vacuum states in the middle. However, it is nontrivial to cut off these
rarefaction waves with vacuum along corresponding rarefaction wave curves. In fact, the
wave structure containing two rarefaction waves with the medium vacuum is destroyed in
the cut-off precess, which is quite different from the single rarefaction wave case considered

i the present paper.

The rest of the paper is organized as follows. In section 2, we construct a smooth
2-rarefaction wave which approximates the cut-off rarefaction wave based on the inviscid
Burgers equation. And the proof the Theorem 1.1 is given in Section 3.

Throughout this paper, H(R),l = 0,1, 2, ..., denotes the I-th order Sobolev space with

its norm

!
; 1
£l = O 117z, and ||| := | - | 2(ay).
§=0

while L?(dz) means the L? integral over R with respect to the Lebesgue measure dz,
and z = x or y. For simplicity, we also write C' as generic positive constants which are

independent of time ¢t and viscosity € unless otherwise stated.



2 Rarefaction waves

Since there is no exact rarefaction wave profile for the Navier-Stokes equations (1.1),
the following approximate rarefaction wave profile satisfying the Euler equations was
motivated by Matsumura-Nishihara [11] and Xin [15]. For the completeness of the presen-
tation, we include its definition and the properties listed in Lemma 2.1. However, Lemma
2.1 is a little different from [15] as stated after the Lemma.

Consider the Riemann problem for the inviscid Burgers equation:

wy + ww, = 0,

w-, x <0, (2.1)
w(w,0) = { w x>0
+ .

If w_ < wy, then the Riemann problem (2.1) admits a rarefaction wave solution w”(x,t) =

w" (%) given by

w—, %S’UJ_,
T
W)= 5w <f<w, (2.2)
W4, T wy

As in [15], the approximate rarefaction wave to the compressible Navier-Stokes equations

(1.1) can be constructed by the solution of the Burgers equation

wy + ww, = 0,

w(0,z) = ws(z) = w(g) _wptwo | wp—wo (2.3)

x
hZ
5 5 tan 5

where ¢ > 0 is a small parameter to be determined. In fact, we choose § = ¢5 in (3.9) in
the following. Note that the solution wj(¢, z) of the problem (2.3) is given by

wj(t, x) = ws(zo(t, x)), x = o(t, z) + ws(zo(t, 2))t.
And wj(t, z) has the following properties:

Lemma 2.1. The problem (2.3) has a unique smooth global solution wj(xz,t) for each
0 > 0 such that

(1) w- < wi(z,t) < wy, Oywi(z,t) >0, forx eR, t>0, J>0.



(2) The following estimates hold for all t >0, 6 >0 and p€ [1,00]:

102w (-, )| r <C(wy —w )VP(5 4+ 8)71H7, (2.4)

G2 1) 0 <O 1) 541, (25)
Pwi(x,t),  40wi(z,t)

R (2.6)

(3) There exist a constant &y € (0,1) such that for 6 € (0,6, > 0,

5 (- ) = w" ()l < COtH(In(1 + 1) + [ I 3]).

The proof of Lemma 2.1 can be found in [15]. However, the description of Lemma 2.1

is equivalent to but a little different from [15]. Take the estimation (2.4) as an example,
which is described by

10,05 (-, )| e < Cmin{(wy —w_ )6~ P, (wy —w_ )PP, (2.4)

in Xin’s paper [15]. In fact, two estimations (2.4) and (2.4)" are equivalent for fixed wave
strength w, —w_. However, the advantage of Lemma 2.1 is that the energy estimate can
be carried out for all the time since there is no singularity to the approximate rarefaction
wave even at ¢ = 0. While in Xin’s paper [15], the energy estimate must be done in two
time-scalings, that is, finite-time and large-time, due to the singularity of the estimations
of the approximate rarefaction wave at ¢ = 0.

As mentioned in the introduction, we will cut off the 2-rarefaction wave with vacuum
along the wave curve in order to overcome the difficulty caused by the vacuum,. More
precisely, for any small ¢ > 0 to be determined, we can get a state (p,u) = (p,u,)
belonging to the 2-rarefaction wave curve. From the fact that 2-Riemann invariant 3, (p, u)
is constant along the 2-rarefaction wave curve, we can compute explicitly that wu, =
Yo(p4sus) + %M
connecting the state (y, u,) and the state (p.,u.) which can be expressed by

2. Now we can get a new 2-rarefaction wave (P2, u2)(€), (§ = z/t)

)‘Q(M>uu)a 6 < )\2(,u>uu)>
)\2([);2,’&;2)(6) = 67 AQ(M?”M) < 6 < )\2(p+>u+)> (27)
Aa(pysus), &> Aalpg, uq).

22(pz27u:;2> = 22(M7uﬂ> = 22(p+7u+)' (28>
[t is easy to show that the cut-off 2-rarefaction wave (p;2, u;2)(x/t) approaches 2-rarefaction

wave with vacuum (p™, u™?)(x/t) as p tends to zero. So we have
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Lemma 2.2. There exist a constant py € (0,1) such that for u € (0, o, t > 0,

[Cop2, mi2 ) (/1) = (p7,m™) (- /1) [ = < C.

The proof is directly from the explicit solution formula, so we omit it for brevity.
Now the approximate rarefaction wave (p,, 5, 4, s)(x,t) of the cut-off 2-rarefaction wave

(p}2,u;2)() to compressible Navier-Stokes equations (1.2) can be defined by

Wy = )‘2(p+7u+)7 w- = >\2(,u,uu),
wg(ta I) = )\2([)M76a au,é)(ta ZIZ'), (29)
Z2(ﬁu,5a ﬂu,é)(za t) = Z2(p+a u-‘r) = 22(:“’ uu)a

where wj is defined in (2.3). From then on, we will omit the subscription of (s, ts,,.) (2, t)
as (p, u)(z,t) for simplicity. Then the approximate cut-off 2-rarefaction wave (p, @) defined

above satisfies
ﬁt + (ﬁﬂ)x = 07
_ - ) (2.10)
(pu), + (pu® + p(p)), =0,
and the properties listed in the following Lemma.

Lemma 2.3. The approzimate cut-off 2-rarefaction wave (p,u) defined in (2.9) satisfies
the following properties:

(i) Uy (z,t) = ’Y+1( w§), >0, forzeR, t>0;
5, — pszvum’ and Pyy = ﬁg%wﬂm + 3—T“Yﬁ2—w(ﬂx)2'

(ii) The following estimates hold for all t >0, § >0 and pe [1,00]:
g (-, )| r < Clwy — w_)YP(§ 4 t) 711/,
T (-, )| 2r < C(6 4 t) 16~ 1H1/P,

(iii) There exist a constant &g € (0,1) such that for § € (0,d),t > 0,

1(p = P2 @ —u2) (-, 1)l < OOt~ (In(1 +¢) + | Ind)).



3 Proof of Theorem 1.1

In order to prove Theorem 1.1, we regard the solution (p¢, u¢) as the perturbation
around the approximate rarefaction wave (p,u). Consider the Cauchy problem for (1.1)

with smooth initial data

(p°,u)(z,t = 0) = (p, u)(x,0). (3.1)
Then we introduce the perturbation
(@, )y, 7) = (p, u) (2, t) — (P, w)(x, 1), (3.2)
where y, 7 are the scaled variables as
t
Yy = £> T=-, (33)
€ €

and (p°, u®) is assumed to be the solution to the problem (1.1). For the simplicity of the
notation, we will omit the superscription of (p¢, u€) as (p,u) from now on if there is no
confusion of the notation. Substituting (3.2) and (3.3) into (1.1) and (3.1) and using the

definition for (p, @), we obtain

¢7’ + P% + u¢y = _f> (34)
Pz + puid, +p/(p>¢y — Yy = —9, (3.5)
(¢, ¢)(y,0) =0, (3.6)
where
f = ﬂy¢ + py¢>

3.7
g = —Uyy + pYuy + py [p/(p) - gp/(ﬁ) . 39

We seck a global (in time) solution (¢, ) to the problem (3.4) — (3.6). To this end,
we define the solution space for (3.4) — (3.6) by

X(0.7) = {(6,0)|(6,0) € CO0, 7 H'(R)), 6, € L2(0,71; LA(R)),
Uy € L0, 7 H(R)) }

with 0 < 771 < 4+00.
In what follows, we always carry out the analysis under the a priori assumptions

sup [|o( )l < €% sup [[p(, )l < €5 (3-8)

0<7<m1 0<7<m1
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Take

p=e"1nel, §=¢gllt (3.9)
in the sequel. Then we have p > 2¢'/6 if € < 1. Under the a priori assumption (3.8), we
can get

p 3p
—<p< = 3.10
5 SPS (3.10)
In fact,

i i i 15
P:P+¢EP—||¢||LOOEP—El/GEP—§M2§> (3.11)

1 3p
p=p+0<p+lldlim <p+e <prou< L (3.12)

where we used Sobolev inequality || @]z < v/2||¢]|/?||¢,||*/?. Moreover, we can obtain
Cip" 20" < plp) —p(p) — P'(p)9 < Cap?*0". (3.13)

under the a priori assumption (3.8) and the condition 1 <~ < 2.
Since the proof for the local existence of the solution to (3.4) — (3.6) is standard, we
omit it for brevity. To prove Theorem 1.1, it is sufficient to prove the following a priori

estimates.

Lemma 3.1. (A priori estimates) Let1 <~ <2 and (¢,v) € X(0,71) be a solution
to the problem (3.4) — (3.6). Then under the a priori assumption (3.8), there exist positive
constants ey and C' independent of €, such that if 0 < € < €y, then

(o 777268+ 6+ 4 )

g 22 (3.14)
+(//ﬂ%+ﬁ”%&+ww%ﬁmﬁ+ig@MSOW%MW@
0o JR
Consequently,
sup |lo(+, 7) ||z~ < 061/6\ lne|_1/4,
0<r<71
<r< 3.15
ap. (7l < O™l 2 (319
0<r<m

Proof of Lemma 3.1: The proof of Lemma 3.1 consists of the following steps.

Step 1. First, define
2

B = 0(p.p) + 5 (3.16)
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where

B(p,p) = / O PP ge L) pp) - p()e).  (317)
Direct computations yield
(0B)_+ ol — v+ (p0) ~ p(P)¥]
2+, (p(p) — p(5) = P/(P)0) + ity = iy,
Then integrating the above equation over R! x [0, 7] and using (3.10), (3.13) and (3.17)

imply

/R (ﬁwz T W_2¢2>dy + /OT /R (ws + 0, + ﬁﬂy¢2>dyd7 < C/OT /R |ty | dydr.
(3.18)

By Sobolev inequality and Lemma 2.3, we can obtain

/0 /R gyl dydr < C / gyl 112y |2

1 1/2 1/2
C [ gl e
LT T
5| e e [

IN

IA

)3 ||[* P dr (3.19)

IN

17,1 © 3/2
_Z d = = 112 —1/3/ sy
] Itar s g IatE o (i [ )

€

1 /T 9 1 _ 19 1/2
< = Wy ||7dT + = sup ||+ C(—) .

s [P+ S vaol? + 0(5)
Combining (3.18) and (3.19) and recalling (3.9) yield

/ (mb? + ;ﬂ‘zqs?)dy + / / [¢§ + p7 2,07 + paywﬂ dydr < Ce3|Ine|~1/2.
R o JR

(3.20)
Step 2. We make use of the idea in [6] with modifications to derive the estimation of

¢,. We first differentiate (3.4) with respect to y and then multiply the resulted equation
by ¢y/p” to get

2
P
2p3

2p3

)y + ¢?ﬁ/2¢y B _%(uyygb + Py + 20y1y). (3.21)

(535)- +(
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Multiplying (3.5) by ¢,/p* gives

2 2
¢¢y) (¢Z>r — 16) ) ¢2 ( )ﬁ wypy;by

2
u wygb + 2p, ?Mby +Pyyw +py7yw;b _ﬁﬂy¢—¢;z/ = —g¢—§’-
P P P P P P

Adding (3.21) and (3.22) together, then integrating the resulted equation over R! x [0, 7]

imply
/ (¢—2 + % / / ydydT

2
/ / V240 ¢y Qﬁy% —ﬁyy% ﬁyﬂyi?+puy% (3.23)

(

(3.22)

Gy (- _ _ %
—p—g (uyy¢ + Py + 2pywy) - gp—g}dydr
Combination of (3.20) and (3.23) leads to
/ <¢ 7+ 2¢>2 )y + / / (02 + 720,0% + 0 + 7762 ) dydr
_ Yy R Vo _
<o [ {12 2+ o+ i o+ 0,25+ 1, S

U
+ %mmpy%ywmg |}dydT+Cel/3une| v

9
= Z I + CeIne| 712,
i=1

(3.24)
Then we estimate the terms on the right hand side of (3.24) one by one. By Cauchy’s
inequality, Lemma 2.3 and (3.10), we obtain

T 1 T T —
- / / 1, 222 \dyar < / Iy lI2dr + C / / 72,0 M dydr
o JR P 8 Jo 0o JR P

1 [ T
<1 [ Mwlpar+cpste [* [ prtngtayar (3.25)

1 07_ 1 - 0 R
<! / Iy I2dr + / / 72,6 dydr
3 ), 3 )y Ju

where we have used the fact that

Cpu 9 te<Cu26 e = Ce%\ Ine| 2 < if e 1.

1
87
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(3.26)

py=07 1,

Note that

we can get
I :/ /|ﬁy%\dyd7'
o JR P
1 T T
<5 [ lparec [ 3oy
i 0 Jr (3.27)
§§/ ]|¢y]|2d7'—|—05_16/ /ﬁﬂy¢2dyd7'
<3 / o+ [ / pit,Pdydr

from Lemma 2.1 and the fact (7) in Lemma 2.3, we have

5m

(3.28)

if e < 1.
Recalling that |wj,,| < C
2(3 - f}g ﬁ2—~/

Par =207
- *2‘%22).

Thus we can compute

T 2
:/ /|ﬁyyw—\dyd7'
<5 [ [ tpute Favar+ €5 [ [ fpagtlayar
(3.29)
g/ /puywzdydT
<§/ pi, b dydr if ve€(1,2] and e < 1
(3.30)

Similarly, we can get
o= [ Poiaar < [ o i g [ iy

14



By Lemma 2.3 and (3.26), we can obtain

Y -
Iy :/ /|pyuy—2\dyd7'
7
/ /puy¢ dydT+C’/ /uyp —2p? _3+7dyd7'
__ 2 —y—2= 2
/ /Rpuy¢ dydeLCngHy/o /Rp Uy @~dydr
T 1 T
/ / piy W dydr + < / / P, dydr
R 8Jo Jr

5 1
< Ces|lne|™ < 3 if ve(1,2] and e < 1.

IN

0| = ol = 0o

(3.31)

IN

IN

due to the fact that

62

362

C

Similarly, we can get

//| w¢y|dyd7‘
<3 [ W epdr o [ [ pu iy
T (3.32)
<3 [ 1o oz [ mtayar
0
1 (7 43 __
<z [0+ / | gy
8 Jo 8 Jo Jr
By Lemma 2.3, the equality (3.26) and Cauchy’s inequality, we have
:/ /|py¢_gwy|dyd7'
<3| o paric [ / % yrdydr
<3 | 1o,

< —/ !|p(7_3)/2¢y||2d7+C’e|lne|_4/ /widydr
8 Jo 0o Jr

(3.33)
,dydT
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Similarly, we can calculate

/ | 128,6ldyar

<3 [ a0 [ [ 5l dyr

1
g/ ||P 2 ¢y||2d7+053 1+27/ /uyp ¢t dydr

1
<3 [ 15T o e+ cdime [ [ ap-2dayar

Finally, we have

:// |g¢%’|dydfslf ||p”73¢y||2d7+0f/ 9y
o JR P 8 Jo o Jr P

Recalling that (3.7), (3.10) and (3.26), we obtain

Uyy| + Py + Clp7 2 by
_ _ _ay—1
Uyy| + [pUyp| + Clp7 uy |

gl <|
<|

Thus the last term in (3.35) can be estimated by

IN

IN

IN

<

<

’/ pi
o 7u2¢2dydT+C’/ / H2¢2dyd7'
/ o r+ O / [ G + 72,67y
Ca (7’ - 2dT+C—/ / Py + yp" 9% dydr
Ceé|lne|_3+065|lne|_2// Py + ,p" 2% dydr
o Jr

1 T
Ces|Ine|™ + §/ / (P, ® + ,p7 ¢ dydr, if €< 1.
0 R

Combining (3.24)-(3.37), we obtain

< CeéY3|Ine ™12

16

(3.34)

(3.35)

(3.36)

(3.37)

/R (pv* + 77207 + 62 ) dy + /0 /R (62 + 720,08 + 02 + 762 dyir

(3.38)



Step 3. As the last step, we estimate sup ||1,||. For this, multiplying (3.5) by —,,/p

gives

¢2 ; Z / yryy Zy vy
(5 = (Yyor +uw )y +uy% —p (p)% o= g%. (3.39)

Integrating the above equation over R x [0, 7] yields

/wyd +// W yy )dyds _// wyy% g% ¢3}dyd7’

(3.40)
Firstly, we have

T 1 T 2 T y—3
‘/ /p’(ﬂ)—wyy%dydT‘ < —/ /@dydﬂr(?/ 177 ¢y |1 *dr. (3.41)
0o JRr p 8Jo Jr P 0

Then from (3.37) and (3.38), we obtain

‘/ /g@dydT‘g / / dydT—l—C"/ /g—dydT
o JR P R (3.42)
< —/ /ﬂdydT—i-Cel/ane\_l/Q.
8Jo Jr P

Furthermore, we can compute that

’/ /—ydydT <C'/ ’Wyy“ ||¢y||2d7'
//%dydfw/ o, 1% dr
< 8/ /@DymyalTjLCsouT113 ||¢y||3/ I, [2dr (3.43)

S—/ /ﬂdydeLC’eé/ by ||*dr.
8Jo Jr P 0

Combining (3.40)-(3.43) and using (3.10) and (3.38), we have

T 2
/ Y2y +/ / (w2 + @)dydr < OB\ eV, (3.44)
R 0 JR P

Therefore, (3.14) can be verified by combining (3.38) and (3.44). By using Sobolev in-

equality, we can get

sup ¢ (-, )IILoo<f sup [|o(:, 20y, IV < CeOlIne| 7, (3.45)

0<7<m <r<m

17



and

sup [(-, 7)|| e Sﬁosup oG M2y (T

0<r<m <r<m
<V2uTE swp VR G Il (346)
< O 1nE|T:1T}2.
So we verify the a priori assumption (3.8) if ¢ < 1 and complete the proof of Lemma 3.1.
O

Proof of Theorem 1.1: Recall that p = €'/%|Ine¢|, § = ¢'/%. For any given positive

constant h, there exist a constant C, > 0, independent of €, such that

sup (1) = o ()1
t>h

< . - (-, 1) — p"(=)]| oo TOCY (- oo)
< sup (I|¢( Tz + 1120 ) = oDl + 1AL () = 2 ()l
< Ch(el/6|lne|_1/4—|—5|ln5|—|—,u>
< Che/%lInel,
and
sup (-, £) = m" ()1~
t>h
< Csup (100Dl + 160Dl + ) = (Dl + () = )
< C’h<61/8\lne|_1/2+61/6|1ne|_1/4+5|1n5\+,u)
< Chet®|Ine|V2,
Thus the proof of Theorem 1.1 is complete. O
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