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REPRESENTABILITY OF DERIVED STACKS

J.P.PRIDHAM

ABSTRACT. Lurie’s representability theorem gives necessary and sufficient conditions
for a functor to be an almost finitely presented derived geometric stack. We establish
several variants of Lurie’s theorem, making the hypotheses easier to verify for many
applications. Provided a derived analogue of Schlessinger’s condition holds, the theorem
reduces to verifying conditions on the underived part and on cohomology groups. Another
simplification is that functors need only be defined on nilpotent extensions of discrete
rings. Finally, there is a semi-representability theorem, which can be applied to associate
explicit geometric stacks to dg-manifolds and related objects.
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INTRODUCTION

Artin’s representability theorem ([Art]) gives necessary and sufficient conditions for a
functor from R-algebras to groupoids to be representable by an algebraic Artin stack,
locally of finite presentation. In his thesis, Lurie established a similar result not just
for derived Artin 1-stacks, but for derived geometric Artin n-stacks. Explicitly, given a
functor F' : sAlgp — S from simplicial R-algebras to simplicial sets, [Lur] Theorems 7.1.6
and 7.5.1 give necessary and sufficient conditions for F' to be representable by a derived
geometric Artin n-stack, almost of finite presentation over R.

Lurie’s Representability Theorem is more natural than Artin’s in one important respect:
in the derived setting, existence of a functorial obstruction theory is an automatic conse-
quence of left-exactness. However, Lurie’s theorem can be difficult to verify for problems
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not explicitly coming from topology. The most basic difficulty can be showing that a
functor is homotopy-preserving, or finding a suitable functor which is. It tends to be even
more difficult to show that a functor is almost of finite presentation, or to verify that it is
a hypersheaf. The purpose of this paper is to adapt the representability theorems in [Lur]
and [TV], simplifying these criteria for a functor F' : sAlgp — S to be a geometric n-stack.

In [Lur], the key exactness properties used were cohesiveness and infinitesimal cohesive-
ness. These are said to hold for a functor F': sAlgr — S if the maps

0: F(AxpC)— F(A) g F(C)

to the homotopy fibre product are weak equivalences for all surjections (resp. nilpotent
surjections) A — B and C' — B. The key idea of this paper is to introduce a notion more
in line with Schlessinger’s conditions ([Sch]). We say that F' is homotopy-homogeneous if
0 is a weak equivalence for all nilpotent surjections A — B and arbitrary maps C — B.

The first major consequence is Theorem 1.22, showing that if F' is homotopy-
homogeneous, then it is almost finitely presented whenever the restriction 70(F)
Algy,r — S and the cohomology theories D (F,—) of the tangent spaces of F at dis-
crete points x are all finitely presented. This reduces the question to familiar invariants,
since the cohomology groups are usually naturally associated to the moduli problem. Like-
wise, Proposition 1.31 shows that to ensure that a homotopy-homogeneous functor F' is a
hypersheaf, it suffices to check that 7°F is a hypersheaf and that the modules D (F, —)
are quasi-coherent.

These results are applied to Proposition 1.32, which shows that with certain additional
finiteness hypotheses on D (F), a cotangent complex and obstruction theory exist for F.
This leads to Theorem 1.33, which replaces Lurie’s almost finite presentation condition
with those of Theorem 1.22. We then obtain Corollary 1.35, which incorporates the further
simplifications of Proposition 1.31.

A key principle in derived algebraic geometry is that the derived structure is no more
than an infinitesimal thickening of the underived objects. For instance, every simplicial
ring can be expressed as a composite of homotopy square-zero extensions of a discrete ring.
Proposition 2.7 strictifies this result, showing that we can work with extensions which are
nilpotent (rather than just homotopy nilpotent). This approach leads to Theorem 2.17,
which shows how the earlier representability results can be reformulated for functors on
dg or simplicial rings A for which A — HpA is nilpotent, thereby removing the need for
Lurie’s nilcompleteness hypothesis.

The last major result is Theorem 3.16, which shows how to construct representable
functors from functors which are not even homotopy-preserving. The key motivation is
Example 3.17, which constructs explicit derived geometric stacks from Kontsevich’s dg
manifolds.

The structure of the paper is as follows.

In Section 1, we recall Lurie’s Representability Theorem, introduce homotopy-
homogeneity, and establish the variants Theorem 1.33 and Corollary 1.35 of Lurie’s the-
orem. We also establish Proposition 1.37, which identifies weak equivalences between
geometric derived n-stacks, and Proposition 1.39, which gives a functorial criterion for
strong quasi-compactness.

Section 2 then introduces simplicial or dg algebras A for which A — HyA is a nilpotent
extension, showing in Theorem 2.17 how to re-interpret representability in terms of functor
on such algebras.

Finally, Section 3 introduces the notion of homotopy-surjecting functors; these map
square-zero acyclic extensions to surjections. For any such functor F', we construct another
functor WF, and Proposition 3.10 shows that this is homotopy-preserving whenever F is
homotopy-homogeneous and homotopy-surjecting. This leads to Theorem 3.16, which
gives sufficient conditions on F for WFE to be a derived geometric n-stack.
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1. REPRESENTABILITY OF DERIVED STACKS

We denote the category of simplicial sets by S, the category of simplicial rings by sRing,
and the category of simplicial R-algebras by sAlgp. We let dg+Algp be the category of
differential graded-commutative R-algebras in non-negative chain degrees. The homotopy
category Ho(C) of a category C is obtained by formally inverting weak equivalences.

1.1. Background. Given a simplicial ring R, a derived geometric n-stack over R is a
functor
F:sAlgp — S

satisfying many additional conditions. These are detailed in [T'V] Chapter 2.2 or [Lur] §5.1.
A more explicit characterisation in terms of certain simplicial cosimplicial rings is given in
[Pril] Theorem 7.21. However, for the purposes of this paper, these definitions are largely
superfluous, since it will be enough to consider functors satisfying Lurie’s Representability
Theorem:

Theorem 1.1. A homotopy-preserving functor F : sAlgr — S is a geometric derived
n-stack which is almost of finite presentation if and only if

(1) The functor F' commutes with filtered colimits when restricted to k-truncated objects
of sAlgp, for each k > 0.

(2) For any discrete commutative ring A, the space F(A) is n-truncated.

(3) The functor F is a hypersheaf for the étale topology.

(4) The functor F is cohesive: for any pair A — C, B — C' of surjective morphisms
in sAlgp, the induced map

F(Ax¢ B) = F(A) x}b0) F(B)

s a weak equivalence.

(5) The functor F is nilcomplete: for any A € sAlgp, the natural map F(A) —
gnz F(PiA) is an equivalence, where { P, A}y denotes the Moore-Postnikov tower
of A.

(6) Let B be a complete, discrete, local, Noetherian R-algebra, m C B the mazximal
ideal. Then the natural map F(B) — 1&12 F(B/m™) is a weak equivalence.

(7) Let x € F(C), where C is a (discrete) integral domain which is finitely generated
as a moR-algebra. For each i,n, the tangent module

Dy~ (F,C) = m(F(C & C[-n]) xpc) {z})

is a finitely generated C-module.

(8) R is a derived G-ring:
(a) moR is Noetherian,
(b) for each prime ideal p C moR, the p(moR)y-adic completion of (moR), is a

geometrically regular moR-algebra, and

(¢c) for all n, TR is a finite moR-module.

(9) R admits a dualising module in the sense of [Lur| Definition 3.6.1. [For discrete
rings, this is equivalent to a dualising complex. In particular, Z and Gorenstein
local rings are all derived G-rings with dualising modules.]

Proof. [Lur] Theorem 7.5.1. O

Readers unfamiliar with the conditions of this theorem should not despair, since the
conditions will be explained and considerably simplified over the course of this paper.

Remark 1.2. Note that there are slight differences in terminology between [TV] and [Lur].
In the former, only disjoint unions of affine schemes are O-representable, so arbitrary
schemes are 2-geometric stacks, and Artin stacks are 1-geometric stacks if and only if they
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have affine diagonal. In the latter, algebraic spaces are 0-stacks. A geometric n-stack is
called n-truncated in [TV], and it follows easily that every n-geometric stack in [TV] is
n-truncated. Conversely, every geometric n-stack is (n + 2)-geometric.

We can summarise this by saying that for a derived geometric stack X to be n-truncated
means that X — X5""" is an equivalence, or equivalently that X — x5 s representable
by derived algebraic spaces. For X to be n-geometric means that X — 25" s repre-
sentable by disjoint unions of derived affine schemes.

Theorem 1.33 takes the convention from [Lur], so “geometric derived n-stack” means
“n-truncated derived geometric stack”.

1.2. Tangent spaces and homogeneity.

Definition 1.3. We say that a map A — B in sRing is a square-zero extension if it is
surjective, and the kernel I is square-zero, i.e. satisfies 12 = 0.

Lemma 1.4. In Ho(sAlgg), square-zero extensions A — B with kernel I correspond up
to weak equivalence to the small extensions A of B by I in the sense of [Lur| Definition
3.3.1.

Proof. Given a square-zero extension A — B, observe that the kernel I is a simplicial
B-module. Choose an inclusion i : I < N of simplicial B-modules, with N acyclic, and
set B to be the simplicial algebra A @; N. Then B — B is a trivial fibration, and if we
let C = coker i, then
A= B X BaC B.
Now we need only observe that QC ~ M in the notation of [TV], so B — B & C gives
a homotopy derivation s : B — M[—1], with

A=BosM:=B Xi}ﬁ+s,B@M[—1},id+o B,

so A — B is a small extension in Lurie’s sense.

Conversely, given a homotopy derivation s : B — M|[—1]|, we may assume that B is
cofibrant, so lift this to a morphism B — B @ M[—1] of simplicial R-algebras. Taking a
surjection f : N — M|[—1] of simplicial B-modules, with N acyclic, we see that

B Xi}ﬁ+s,B@M[—1},id+o B~ B Xiqts Bam[-1),d (B S N),

since the right-hand map is a fibration. But this maps surjectively to B, with kernel
I := ker f, which is a B-module, so square-zero. Moreover M ~ I, so the respective
square-zero extensions are by the same module. O

Remark 1.5. Given a simplicial ring B and a simplicial B-module M, we may define a
derivation t : B @ M[—1] — M|[—1] given by 0 on B, and by the identity on M[—1]. The
corresponding square-zero extension (B @& M[—1]) @&; M is equivalent to B. In particular,
this means that B — B @ M[—1] is weakly equivalent to a square-zero extension.

Definition 1.6. Say that a functor between model categories is homotopy-preserving if
it maps weak equivalences to weak equivalences.

Definition 1.7. We say that a functor
F:sAlgr — S

is homotopy-homogeneous if for all square-zero extensions A — B and all maps C — B in
sAlgp, the natural map

F(AxpC) = F(A) x}bp) F(C)

to the homotopy fibre product is a weak equivalence.
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Definition 1.8. Given a homotopy-preserving homotopy-homogeneous functor F
sAlgp — S, a simplicial R-algebra A, and a point € F(A), define the tangent func-
tor
T,(F/R) : sModg — S

by

T,(F/R)(M) := F(A® M) x4 {}.
Lemma 1.9. If F satisfies the conditions of Definition 1.8, then up to non-canonical weak
equivalence, T,(F/R)(M) is an invariant of the class [x] € moF(A).

Proof. Given a path v: A' — F(A), we have equivalences
Ty0)(F/R)(M) = A' X! 4y F(A® M) =~ T,q)(F/R)(M),

so paths in F(A) give equivalences between stalks. Considering maps A% — F(A), we
see that these equivalences satisfy the cocycle condition up to homotopy, with the maps
A" — F(A) giving higher homotopies. Thus T(_)(F'/R)(M) forms a weak local coefficient
system on F(A). O

Definition 1.10. Given a simplicial abelian group A,, we denote the associated nor-
malised chain complex by NA. Recall that this is given by N(A), := (1,5 ker(0; : A, —
Ap—1), with differential dy. Then H,(NA) = 7. (A).
Using the Eilenberg-Zilber shuffle product, normalisation N extends to a functor
N : sRing — dg4+Ring
from simplicial rings to differential graded rings in non-negative chain degrees.
By the Dold-Kan correspondence, normalisation gives an equivalence of categories be-

tween simplicial abelian groups and chain complexes in non-negative degrees. For any
R € sRing, this extends to an equivalence

sModpr — dg4Modypg

between simplicial R-modules and N R-modules in non-negatively graded chain complexes.
Definition 1.11. Given a chain complex V', let V[r| be the chain complex V[r]; := V,4;.
Given a simplicial abelian group M and n > 0, let M[—n] := N~}(NM][-n]), where N~!
is inverse to the normalisation functor V.

For R € sRing, observe that this extends to a functor [—n] : sModr — sModg. Note
that m;M[—n] = m;—, M.

Lemma 1.12. For all F, A, M, x as in Definition 1.8, there is a natural abelian structure
on w; T, F(M). Moreover, there are natural isomorphisms
o (F/R)(M) = i T, F(M]-1)),
where homotopy groups are defined relative to the basepoint 0 given by the image of
T.(F/R)(0) = To(F/R)(M).
Proof. Addition in M gives a morphism
(A M) xps(AdM)2Ae(MaeM)— Ad M,
so the corresponding map
F(A® M) xfh F(Ae M) = F(Ae M).

induces an abelian structure on m; 7, F'(M).
For the second part, observe that M = 0 X}J(J[_l] 0, and that 0 — M|[—1] is surjective

(in the sense that it is surjective on 7g), so
h
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by homotopy-homogeneity, giving
To(F/R)(M) 2= 0 X, /iy (1)) O-
Thus mT(F/R)(M) = w1 Ty (F/R)(M]—1]), as required. O
Definition 1.13. For all F, A,z as above, and all simplicial A-modules M, define
Dy ~'(F, M) := mi(To(F/R)(M[-n])),
observing that this is well-defined, by Lemma 1.12.

Remark 1.14. Observe that if F' is a derived geometric n-stack, and = : Spec A — F over
Spec R, then D%,(F, M) = Extix(x*]LF/SpeCR,M), for LF/R the cotangent complex of F'
over R.

Lemma 1.15. For F, A,z as above, with f : A — B a morphism of simplicial R-algebras,
and M a simplicial B-module, there are natural isomorphisms

To(F/R)(feM) = T}, (F/R)(M),
and hence D%(F, f,M) = Di;*x(F, M).

Proof. This is just the observation that A @ f,M = A xp (B& M), so F(A& f.M)
F(A) xga(B) F(B® M).

O R

Proposition 1.16. If F' : sAlgp — S is homotopy-preserving and homotopy-homogeneous,

then for any square-zero extension e : I — A B in C, there is a sequence of sets

mo(FA) L5 mo(FB) % D(FB,DM(F, 1)),

where T'(—) denotes the global section functor. This is exact in the sense that the fibre of
0. over 0 is the image of f. Moreover, there is a group action of DY(F,I) on the fibre of
mo(FA) — mo(FB) over x, whose orbits are precisely the fibres of fu.

For any y € FoA, with x = f.y, the fibre of FA — FB over v is weakly equivalent to
T.(F/R,I), and the sequence above extends to a long exact sequence

.. Lﬂ'n(FA,y) Lﬂn(FB@) LD;_"(F,I) Lﬁn_l(FA,y) LI

L (FB,z) —2~DO(F,T) mo(FA).

—xy

Proof. The proof of [Pri3] Theorem 1.45 carries over to this context. The main idea is that
as in the proof of Lemma 1.4, there is a trivial fibration B — B, and A = B x g1 B,

with B — B@ [ [—1] a square-zero extension. By homotopy-homogeneity,

F(A) ~ F(B) X%(B@I[—l}) F(B),
and F(B) ~ F(B) since F is homotopy-preserving.
The rest of the proof then follows by studying the long exact sequence of homotopy
groups associated to the homotopy fibres of

F(B) - F(B® I[-1))

and of FA — FB, noting that F(A xp A) ~ F(A) x%(B) FB®lI). O
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1.3. Finite presentation.

Definition 1.17. Recall (e.g. from [GJ] Definition VI.3.4) that the Moore-Postnikov
tower { P, X} of a fibrant simplicial set X is given by

P, X, :=Im (X, — Hom(sk,A?, X)),

with the obvious simplicial structure. Here, sk, K denotes the n-skeleton of K, the sim-
plicial set generated by K<,,.
The spaces P, X form an inverse system X — ... = P,X — P, 1 X — ..., with
X =lim P, X, and
_fmeX qg<n
mpX = {7 IS

The maps P, X — P,,_1X are fibrations. If X is reduced, then so is P, X.

Definition 1.18. Define 7<;(sAlgg) to be the full subcategory of sAlgp consisting of
objects A with A = P, A, the kth Moore-Postnikov space.

Definition 1.19. Define the category 7<;Ho(sAlggr) to be the full subcategory of
Ho(sAlgp) consisting of objects A with mA = 0 for i > k. Define 7<j(sAlgg) to be
the full subcategory of sAlgp consisting of objects A with A = P A, the kth Postnikov
space. Note that 7<;Ho(sAlgp) is equivalent to the category Ho(7<x(sAlgg)) obtained by
localising 7<j(sAlgr) at weak equivalences.

Definition 1.20. Recall from [Lur| Proposition 5.3.10 that a homotopy-preserving functor
F : sAlgp — S is said to be almost of finite presentation if for all k£ and all filtered direct
systems {Aq }acr in 7<i(sAlgg), the map

limF(Aq) — F(lim A,)
is a weak equivalence.

Definition 1.21. Given a functor F : sAlgp — S, define 7°F : Alg, p — S by 70F(A) =
F(A).

Theorem 1.22. If a homotopy-preserving functor F : sAlgp — S is homotopy-
homogeneous, then it is almost of finite presentation if and only if the following hold:

(1) the functor n°F : Alg, r — S preserves filtered colimits;

(2) for all finitely generated A € Alg, p and all x € F(A)o, the functors DL(F,—) :
Mod 4 — Ab preserve filtered colimits for all i > 0.

Proof. Note that since 7F preserves filtered colimits, Lemma 1.12 implies that the func-
tors D! (F, —) : Moda — Ab preserve filtered colimits for all i < 0.

We need to prove that F preserves filtered homotopy colimits in the categories
T<k(sAlgr). We prove this by induction on k, the case k = 0 following by hypothesis.

Take a filtered direct system {A,} in 7<x(sAlgg), with homotopy colimit A. Let B, =
P._1A.,B=P._1A. Let M, := 7, Ay, M := 7, A, and observe that these are mgA,- and
mpA-modules respectively.

Now, A, — B, and A — B are square-zero extensions up to homotopy (see for instance
[TV] Lemma 2.2.1.1), coming from essentially unique homotopy derivations § : B, —
My [—k — 1], with

- h _ h
Aq >~ Bq Xid8, Ba@®Ma|—k—1],id+0 Ba = Ba Xid1§ mo(A0)®Ma[—k—1],id+0 m0(Aq)-

Now, by Remark 1.5, the map mo(Aq) — mo(Aa) ® My [—k — 1] is weakly equivalent to
a square-zero extension. Thus, since F' is homotopy-homogeneous,

F(Aa) = F(Ba) Xi4 51 (ro(An)oMal—k-1]) F(T0(Aa))

and similarly for A.
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We wish to show that 6 : liﬂF(Aa) — F(A) is a weak equivalence, and our inductive
hypothesis gives hgl F(B,) ~ F(B). It therefore suffices to consider the homotopy fibre of
6 over y € F(B), which lifts to some § € F(Bg). If we let §, be the image of § in F(B,),
this gives

0y : hﬂ{ga} Xi}ﬁ+5,F(7ro(Aa)@Ma[_k_1}) F(mo(Aa)) — {y} X&+57F(WO(A)@M[_/§_1}) F(mo(A)).
Since we know that F(m(A)) = lim 7 (m0(Aq)), it suffices to show that for the images
T € F(moAy), © € F(mpA) of §u, y, the maps
lim F'(m0(Aa) & Ma[—k = 1]) X p(mo(aa)) {Za} = F(m0(A) & M|~k = 1]) X pre(a) {2}
are equivalences. Taking homotopy groups, this becomes
limy DA (F, M,,) — DA (B, M),
which by Lemma 1.15 is
ling DY (R, M) — DEFIH(E, M),

for & € F(moAg) the image of 7.

It will therefore suffice to show that the functors DL (F, —) : Mody, Az — Ab preserve
filtered colimits. If we express myAg as a filtered colimit of finitely generated o R-algebras,
then the condition that 7'F preserves filtered colimits allows us to write [Z] = [f.2] €
moF'(A), for z € F(C)y, with C a finitely-generated 7y R-algebra. Then

D%(F’ _) = }*Z(F7 _) = Di(Fv f*_)v
which preserves filtered colimits by hypothesis. O
1.4. Sheaves.

Definition 1.23. Let RTot g : ¢S — S be the derived total space functor from cosimplicial
simplicial sets to simplicial sets, given by

RTot s X* = holim X",
<—
neA

as in [GJ] §VIIIL.1. Explicitly,
RTotsX* = {z € [[(X")2" : Gigan = (04) Tns1, olytn = (04) 201},

whenever X is Reedy fibrant. Homotopy groups of the total space are related to a spectral
sequence given in [GJ] §VIIL.1.

Definition 1.24. A morphism f : A — B in sRing is said to be étale if 7 f is étale and the
maps mn(A) @ry(a) To(B) — 7, (B) are isomorphisms for all n. An étale morphism is said
to be an étale covering if the morphism Spec g f : SpecmgB — Spec mpA is a surjection of
schemes.

Definition 1.25. Given A € sRing and B*® € (sAlg,)*, we may regard B as a cocontin-
uous functor B : S — sAlgy, determined by B" = B(A™). Then B*® is said to be Reedy
cofibrant if the latching morphisms f,, : B(OA™) — B™ are cofibrations for all n > 0
(where B(0A%) = B(0) = B).

Definition 1.26. A Reedy cofibrant object B® € (sAlg,)> is an étale hypercover if the
latching morphisms are étale coverings. An arbitrary object C* € (sAlg,)? is an étale
hypercover if there exists a levelwise weak equivalence f : B* — C°, for B® a Reedy
cofibrant étale hypercover.

Definition 1.27. Given a simplicial hypercover A — B®, and a presheaf & over A, define
the cosimplicial complex C*(B*/A, &) by C"(B*/A, &) = Z(B").
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Definition 1.28. A homotopy-preserving functor F : sAlg — S is said to be a hypersheaf
for the étale topology if it satisfies the following conditions.

(1) It preserves finite products up to homotopy; this means that for any finite (possibly
empty) subset {A4;} of sAlgp, the map

F(T4) =[] Fa)

is a weak equivalence.
(2) For all étale hypercovers A — B®, the natural map

F(A) — RTot C(B°*/A, F)
is a weak equivalence, for C' as in Definition 1.27.

Remark 1.29. The same definition applies for functors Alg, r — S. Given a groupoid-
valued functor I' : Alg, r — Gpd, the nerve BT': Alg, r — S is a hypersheaf if and only
if I' is a stack (in the sense of [LMB]).

Definition 1.30. Say that a functor F': sAlg — B is nilcomplete if for any A € sAlgp,
the natural map F(A) — 1&12 F(P;A) to the homotopy limit is an equivalence.

Proposition 1.31. Take a homotopy-homogeneous nilcomplete homotopy-preserving func-
tor F': sAlg — S. If

(1) «°F : Alg, r — S is a hypersheaf, and
(2) for all A € Alg, g, all x € F(A)o, all A-modules M and all étale morphisms
f:A— A, the maps

D;(F, M) XA A — D*I(F,M ®A A/)
(induced by Lemma 1.15) are isomorphisms,

then F is a hypersheaf.

Proof. Take an étale hypercover f : A — B®. The first observation to make is that
PLA — P, B® is also an étale hypercover. Assume inductively that

F(P,_1A) = RTot C(P,_B*/P,_1A,F)
is an equivalence (the case k = 1 following because 7°F is a hypersheaf). Now P,A —
P;_1 A is a square-zero extension up to homotopy (see for instance [TV] Lemma 2.2.1.1),
coming from an essentially unique homotopy derivation 0 : P,_1 A — (7 A)[—k — 1], with
h
PrA ~ P 1A Xiq 5 r Ags(rp A)[—k—1] TOA-
Since F' is homotopy-homogeneous and homotopy-preserving, this means that

F(PyA) = F(Pi-14) Xy ac(mpa) k1)) F (10 A).

For the inductive step, it suffices to show that for any point 2 € 79F(A), the homotopy
fibres of F(P,A) and of RTot C'(P,B*/P,A, F) over x are weakly equivalent. From the
expression above, we see that

F(PeA)s = F(Pio1A)s X, (51 (my 1) k1)) 10},
and the corresponding statement for he hypercover is

RTot C(Pp—1B*/PAF) =~ RTot (F(Peo1B*)fo X'ty 1/ (my o) —k—1)) 10})

~

F(Pro1A)e XRerot Ty (1) Ry (m ) k1)) 103

using the inductive hypothesis and the fact the RTot commutes with homotopy fibre
products.
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This reduces the problem to showing that the map T,(F/R,(m;A)[—k — 1]) —
RTot Ty, (F/R, (m;B®*)[—k — 1]) is a weak equivalence. Since the cohomology groups D*
commute with étale base change, it follows that the map

RTot T,(F/R, (muA)[—k — 1]) @4 B® — RTot Ty, (F/R, (,B*)[—k — 1))

is a weak equivalence. Since A — B*® is an étale hypercover (and hence an fpqc hypercover),
the map

T,(F/R, (m,A)[~k — 1]) — RTot T,(F/R, (m,A)[—k — 1]) ©4 B®

is also a weak equivalence, completing the inductive step.
Finally, since F' is nilcomplete, we get

F(A) =~ lm"F(PA)

k
RTot C(B*/A, F) =~ lim"RTotC(P,B*/PyA, F),
k
which completes the proof. O

1.5. Representability.

Proposition 1.32. Take a Noetherian simplicial ring R, and a homotopy-preserving func-
tor F': sAlgp — S, satisfying the following conditions:
(1) For all discrete rings A, F(A) is n-truncated, i.e. m;F(A) =0 for alli >n .
(2) F is homotopy-homogeneous, i.e. for all square-zero extensions A — C and all
maps B — C, the map

F(Ax¢ B) = F(A) X} F(B)

is an equivalence.
(3) F is nilcomplete, i.e. for all A, the map

F(A) = lim"F(P,A)

is an equivalence, for {PyA} the Postnikov tower of A.

(4) F is a hypersheaf for the étale topology.

(5) 7°F : Alg, ,p — S preserves filtered colimits.

(6) R admits a dualising module, in the sense of [Lur| Definition 3.6.1. Examples are
anything admitting o dualising complex in the sense of [Har| Ch. V, such as Z or
Gorenstein local rings, and any simplicial ring almost of finite presentation over a
Noetherian ring with a dualising module.

(7) for all finitely generated A € Alg, r and all x € F(A)g, the functors D% (F,—) :
Mod g — Ab preserve filtered colimits for all i > 0.

(8) for all finitely generated integral domains A € Alg, p and all x € F(A)o, the
groups Di(F, A) are all finitely generated A-modules.

Then there is an almost perfect cotangent complex L g in the sense of [Lur].

Proof. This is an adaptation of [Lur] Theorem 7.4.1. After applying Theorem 1.22 to show
that F' is almost of finite presentation, the only difference is in condition (2), where we
only consider square-zero extensions A — C' (rather than all surjections), but also allow
arbitrary maps B — C' (rather than just surjections). The key observation is that we still
satisfy the conditions of [Lur] Theorem 3.6.9, guaranteeing local existence of the cotangent
complex, while Lemma 1.15 provides the required compatibility. O

Theorem 1.33. Let R be a derived G-ring admitting a dualising module, and F' : sAlgp —
S a homotopy-preserving functor. Then F is a geometric derived n-stack which is almost of
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finite presentation if and only if the conditions of Corollary 1.32 hold, and for all discrete
local Noetherian moR-algebras A, with maximal ideal m, the map

F(A) - lim"F(4/m")
s a weak equivalence.
Proof. This is essentially the same as [Lur] Theorem 7.5.1, by combining ibid. Theorem
7.1.6 with Proposition 1.32 (rather than ibid. Theorem 7.4.1).
Note that our revised (:ondition~ (2) implies infinitesimal cohesiveness, since, for any
square-zero extensions 0 = M — A — A~—> 0, we may set B to be the mapping cone (so
B ~ A), and consider the fibre product A ~ B XZ&BM[—I] A.

To see that the revised condition (2) is necessary, we adapt [Lur] Proposition 5.3.7. It
suffices to show that for any smooth surjective map U — F of n-stacks, the map

U(A) x5y U(B) = F(A) X}y F(B)

is surjective, for all square-zero extensions A — C. Moreover, the argument of [Lur]
Proposition 5.3.7 allows us to replace A X B with an étale algebra over it, giving a local
lift of a point x € F(B) to u € U(B). The problem then reduces to showing that

U(A) X{y(oy U(B) = F(A) X U(B)
is surjective, but this follows from pulling back the surjection
U(A) = U(C) Xy F(B)
given by the smoothness of U — F. g
Remark 1.34. The Milnor exact sequence ([GJ] Proposition 2.15) gives a sequence

°— lilmHF(A/mr) — wi(@hF(A/mr)) — l&lmF(A/mT) —

which is exact as groups for ¢ > 1 and as pointed sets for ¢ = 0. Thus the condition of
Theorem 1.33 can be rephrased to say that the map

f() : WQF(A) — @WQF(A/I‘HT)

is surjective, that for all z € F'(A) the maps
fiz:mi(FA x) —>L7T, (A/m"), z)

are surjective for all 7 > 1 and that the resulting maps
1
ker f; o — l'&lﬂi+1(F(A/mr), x)
T

are surjective for all ¢ > 0.

Now, we can say that an inverse system {G, },cn of groups satisfies the Mittag-Leffler
condition if for all r, the images Im (G5 — G )s>, satisfy the descending chain condition.
In that case, the usual abelian proof (see e.g. [Wei| Proposition 3.5.7) adapts to show that
m'{G,}, = 1.

Hence, if each system {Im (m;(F(A/m*),z) — m;(F(A/m"),x))}s>, satisfies the Mittag-
Leffler condition for ¢ > 1, then the condition of Theorem 1.33 reduces to requiring that
the maps

) — Lﬂ', (A/m")

be isomorphisms for all 7.
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Corollary 1.35. Let R be a derived G-ring admitting a dualising module (in the sense of
[Lur] Definition 3.6.1) and F : sAlgp — S a homotopy-preserving functor. Then F is a
geometric derived n-stack which is almost of finite presentation if and only if the following
conditions hold
(1) For all discrete rings A, F(A) is n-truncated, i.e. m;F(A) =0 for alli >n .
(2) F is homotopy-homogeneous, i.e. for all square-zero extensions A — C and all
maps B — C, the map

F(Ax¢ B) = F(A) X} F(B)

is an equivalence.
(3) F is nilcomplete, i.e. for all A, the map

F(A) = lim"F(P,A)

is an equivalence, for {PyA} the Postnikov tower of A.

(4) ™F : Alg. g — S is a hypersheaf for the étale topology.

(5) momF : Alg, r — Set preserves filtered colimits.

(6) For all A € Alg, p and all x € F(A), the functors mj(n°F,z) : Alg, — Set
preserve filtered colimits for all i > 0.

(7) for all finitely generated integral domains A € Alg, g, all z € F(A)o and all étale
morphisms f: A — A’, the maps

D, (F,A)®a A" = D}, (F, A')

are isomorphisms.
(8) for all finitely generated A € Alg, p and all x € F(A)o, the functors Di(F,—) :
Mod 4 — Ab preserve filtered colimits for all i > 0.
(9) for all finitely generated integral domains A € Alg, r and all x € F(A)o, the
groups D% (F, A) are all finitely generated A-modules.
(10) for all discrete local Noetherian moR-algebras A, with mazimal ideal m, the map

F(A) = lim"F(A/m")

is a weak equivalence (see Remark 1.34 for a reformulation).

Proof. If F is a derived n-stack of almost finite presentation, then the étale sheaf A —
D%, (F,A") on Y := Spec A is just

utly (x*LF/E Oy,

which is necessarily quasi-coherent, as z*L%" /B is equivalent to a complex of finitely gener-
ated locally free sheaves (for instance by the results of [Pril] §6). Combined with Theorem
1.33, this ensures that all the conditions are necessary, once we note that conditions 5 and
6 are equivalent to 7°F : Alg, r — S preserving filtered colimits.

For the converse, we just need to show that F' is a hypersheaf in order to ensure that it
satisfies the conditions of Theorem 1.33. This follows almost immediately from Proposition
1.31, first noting that condition (7) above combines with almost finite presentation and
exactness of the tangent complex to ensure that for all A € Alg, g, all € F(A)o, all
A-modules M and all étale morphisms f : A — A’, the maps

Di(F,M)®4 A" — D}, (F,M ®4 AN
are isomorphisms. O
Remark 1.36. Although Corollary 1.35 seems more complicated than Theorem 1.33, since
it has an extra condition, it is much easier to verify in practice. This is because F'(A) is

only n-truncated when A is discrete, so it is much easier to check that 7F is a hypersheaf
than to do the same for F.
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Proposition 1.37. Take a morphism o : F' — G of almost finitely presented geometric
derived n-stacks a over R. Then « is a weak equivalence if and only if
(1) 2 : 1F — 7°G is a weak equivalence of functors Alg, . r — S, and
(2) the maps DL(F, A) — D¢ (G, A) are isomorphisms for all finitely generated integral
domains A € Alg, g, all x € F(A)y, and all i > 0.

Proof. 1t suffices to show that LY/% ~ 0. For if this is the case, then [TV] Corollary 2.2.5.6
implies that « is étale. By applying [TV] Theorem 2.2.2.6 locally, it follows that an étale
morphism o must be a weak equivalence whenever 7% is so.

Now, ]LF/ ¢ is the cone of a*LG/B — 1F/ R so we wish to show that this map is an
equivalence locally. This is equivalent to saying that for all integral domains A € moR, all
moR-modules M, all z € F(A) and all 4, the maps

DL(F,M) — D}, (G, M)

are isomorphisms.
For i < 0, these isomorphisms follow immediately from the hypothesis that 7%a be an
equivalence. For i > 0, we first note that finite presentation of 7°F means that we may

assume that A is finitely generated. We then have an almost perfect complex a;*I[f /% with
the property that

Extl, (z*LE/%, 4) = 0
for all 4, so Extfg(x*]LF/ G, P) = 0 for all almost perfect A-complexes P (using nilcomplete-
ness of F' and G). In particular,

Di (F/G, M) = Ext’y ("L M) =0

for all finite A-modules. Almost finite presentation of F and G now gives that
DL(F/G,M) = 0 for all A-modules M, completing the proof. O

1.6. Strong quasi-compactness.

Lemma 1.38. If S is a set of separably closed fields, and X = Spec ([[,cq k), then every
surjective étale morphism f:Y — X of affine schemes has a section.

Proof. Since f is surjective, the canonical maps Spec k — X admit lifts to Y, for all k € S,
combining to give a map [[,.qSpeck — Y. Since Y is affine, this is equivalent to giving
amap X — Y, and this is automatically a section of f. O

Proposition 1.39. A morphism F — G of geometric m-stacks is strongly quasi-compact
if and only if for all sets S of separably closed fields, the map

FLT®) = (LT F®0) <, s oy LR
kes kes kes

18 a weak equivalence in S.

Proof. Let Z = Spec ([[,cg k), and fix an element g € G(Z) . If F — G is strongly
quasi-compact, then F’ xg’ g Z 1s strongly quasi-compact, so by [Pril] Theorem 4.9, there
exists a simplicial affine scheme X whose sheafification X? is F xg Z. Now, Lemma, 1.38
implies that Z is weakly initial in the category of étale hypercovers of Z, so (for instance
by [Pril] Corollary 5.6) X#(Z) ~ X(Z). Now, since X is simplicial affine, it preserves
arbitrary limits of rings, so
X(Z)= [ Xk =] x42).
kesS kesS

which proves that the condition is necessary.
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To prove that the condition is sufficient, we need to show that for any affine scheme U
and any morphism U — G, the homotopy fibre product F' ng is strongly quasi-compact.
Since U is affine, it satisfies the condition, so F xg U will also, and so we may assume
that G = U or even SpecZ.

Now, it follows (for instance from the proof of [Pril] Theorem 4.9) that if an n-geometric
stack F' admits an n-atlas U — F', with U quasi-compact, and the diagonal F' — F' x F
is strongly quasi-compact, then F' is strongly quasi-compact.

We will proceed by induction on n (noting that we use n-geometric, as in Remark 1.2,
rather than n-truncated). A 0-geometric stack F' is a disjoint union of affine schemes, so
is separated, and in particular its diagonal is strongly quasi-compact.

Assume that an n-geometric stack F' has strongly quasi-compact diagonal and satisfies
the condition above, and take an n-atlas V' — F for V 0-geometric (where we interpret
a 0O-atlas as an isomorphism). Let S be a set of representatives of equivalence classes of
geometric points of V', and set Z = Spec ([[,cq k). Since F satisfies the condition above,

F(Z) = H F(k),
kesS
so the points Speck — V' — F' combine to define a map f: Z — F.

As V — F is an atlas, for some étale cover Z' — Z, f lifts to a map f: Z' — V. But
Lemma 1.38 implies that Z’ — Z has a section, so we have a lifting f : Z — V of f.
Now, V' = [[,c; Va is a disjoint union of affine schemes, and since Z is quasi-compact,
there is some finite subset J C I with U := ], c; Vo containing the image of Z. But U
is then quasi-compact, and U — F' is surjective, hence an n-atlas, which completes the
induction. O

Corollary 1.40. A morphism F — G of geometric derived stacks is strongly quasi-
compact if and only if for all sets S of separably closed fields, the map

F(IT# = (T F) x{y, g ey GUT #)

keS keS keS
18 a weak equivalence in S.

Proof. The morphism F — G is strongly quasi-compact if and only if 7°F — 70G is a
strongly quasi-compact morphism of geometric stacks, so we apply Proposition 1.39. 0O

2. COMPLETE SIMPLICIAL AND CHAIN ALGEBRAS

Proposition 2.1. Take a cofibrantly generated model category C. Assume that D is a
complete and cocomplete category, equipped with an adjunction

U

D_1C,
F

with U preserving filtered colimits. If UF maps generating trivial cofibrations to weak
equivalences, then D has a cofibrantly generated model structure in with a morphism f is
a fibration or a weak equivalence whenever U f is so.

This adjunction is a pair of Quillen equivalences if and only if the unit morphism A —
UF A is a weak equivalence for all cofibrant objects A € C.

Proof. To see that this defines a model structure on D, note that since U preserves filtered
colimits, for any small object I € C, the object FI is small in D, so we may apply [Hir]
Theorem 11.3.2 to obtain the model structure on D.

Since U reflects weak equivalences, by [Hov| Corollary 1.3.16, the functors F + U
form a pair of Quillen equivalences if and only if the morphisms Rn : A — RUF A are
weak equivalences for all cofibrant A € C. Since U preserves weak equivalences, the map
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UB — RUB is a weak equivalence for all B € D. Thus the unit n: A - UF A is a weak
equivalence if and only if Ry is so. O

Fix a Noetherian ring R.

Definition 2.2. Say that a simplicial R-algebra A is finitely generated if there are finite
sets Xy C A, of generators, closed under the degeneracy operations, with only finitely
many elements of Uq >4 being non-degenerate.

Define FGsAlgp to be the category of finitely generated simplicial R-algebras. De-
fine FGdg+Algr to be the category of finitely generated non-negatively graded chain
R-algebras (if R is a Q-algebra).

Definition 2.3. Given A € sAlgp, define A := lim A/I%, for T4 = ker(A — mpA). Given
A € dgyAlgp, define A= @n A/I7%, for T4 =ker(A — HpA).

Definition 2.4. Define F G/SHgR to be the full subcategory of FGsAlgp consisting of

objects of the form A, for A € FGsAlgg. Define FGd/g-Jr\AlgR to be the full subcategory
of FGdgyAlgp consisting of objects of the form A, for A € FGdg4+Algp

Lemma 2.5. The categories F' @ r and F Gd/g+\Alg r contain all finite colimits.

Proof. The initial object is R (which equals R whenever R is discrete), and the cofibre
coproduct of A < B — (' is given by
AépC = A®p C.
O

Proposition 2.6. For C = FG/S_A\lgR or FGd/g:AIgR, the category ind(C) is equivalent to
the category of left-exact functors F : C°PP — Set, i.e. functors for which
(1) F(R) is the one-point set, and
(2) the map
is an isomorphism for all diagrams A < B — C.
The equivalence is given by sending a direct system {Ay}a to the functor F(B) =
lim Home (B, Ay).-

Proof. For A € C, a subobject of A°PP € C°PP ig just a surjective map A — B in C, or
equivalently a simplicial (resp. dg) ideal of A. Since A is Noetherian, it satisfies ACC on
such ideals, and hence A°PP satisfies DCC on subobjects. Therefore C°PP is an Artinian
category containing all finite limits, so the required result is given by [Gro|, Corollary to
Proposition 3.1. ]

Proposition 2.7. There are cofibrantly generated model structures on the categories
ind(FGsAlgr) and ind(FGdgAlgr) in which a morphism f : {Aa}a — {Bglg is a
fibration or a weak equivalence whenever the corresponding map

ling f  lim A, — ling By
o B
in sAlgp or dgyAlgg is so.
For these model structures, the functors
U: ind(FG/ngR) —  sAlgp
U :ind(FGdg, Algp) — dgiAlgp
given by U({Aa}a) = lim Aq are right Quillen equivalences.
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Proof. We begin by showing that ind(F' G/Sﬁg r) and ind(F G@lg r) are complete and
cocomplete. By Lemma 2.5, they contain finite colimits, and the proof of [Isa] Proposition
11.1 then ensures that they contain arbitrary coproducts, and hence arbitrary colimits.
It follows immediately from Proposition 2.6 that the categories contain arbitrary limits,
since any limit of left-exact functors is left-exact.

We need to establish that the functors U have left adjoints. Since R is Noetherian,
finitely generated objects over R are finitely presented, so the functors

lim ind(FGsAlgr) — sAlgp
lig (ind(FGdgyAlgr) — dgiAlgp

are equivalences of categories. The left adjoints

F:ind(FGsAlgp) — ind(FGsAlgp)
F :ind(FGdg1Algg) — ind(FG@Jr\AlgR)

to U are thus given by {Aq}a — {Aqta.

It is immediate that U preserves filtered colimits, so we may apply Proposition 2.1 to
construct the model structures. It only remains to show that U is a Quillen equivalence.
By Proposition 2.1, we need only show that, for any cofibrant A € sAlgp or A € dgyAlgp,
the map

A—-UFA
is a weak equivalence. If we write A = lim = Aq, for Ay € FGsAlgg (or Ay € FGdg1Algg),
then
UFA = lim A,.

Thus it suffices to show that for A € FGsAlgy (or A € FGdg,Algg), the map A — A
is a weak equivalence. If A € FGsAlgp, then each A, is Noetherian, so [Pril] Theorem
8.6 gives the required equivalence. If A € FGdg;Algg, then Ay is Noetherian and each
A, is a finite Ag-module, so [Pril] Lemma 8.36 gives the required equivalence. O

Lemma 2.8. The category ind(FG/SﬁgR) (resp. ind(FG@lgR) ) is equivalent to a full
subcategory C of sAlgp (resp. dg+Algg). If Ia = ker(A — HpA) , then A is an object of
C if and only if it contains the I 4-adic completions of all its finitely generated subalgebras.

Proof. Tt is immediate that A satisfies the condition above if and only if A = UF A for
the functors U and F from the proof of Proposition 2.7. Thus we need only show that

the functor U : ind(F GsAlgR) — F sAlg given by {A,} — 1&1 A, is full and faithful.

It suffices to show that for A € FGsAlgR and B € 1nd(FGsAlgR) Hom(A4, lim Bg) =
lﬂ Hom(A, Bg). To do this, express A as lim Aq, for A" C A, € FGsAlgg (Wlth A= A).
Then

Hom(A, lim Bg) = lim Hom(A,, lim Bg)

— lijn)lli%Hom(Aa,Bﬁ)
= hﬂhA’IHom(AaaBﬁ)7
a B

but A, = A, giving the required result. O
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2.1. Nilpotent algebras.

Definition 2.9. Say that a surjection A — B in dg+ Algp, (resp. sAlgp) is a little extension
if the kernel K satisfies I4 - K = 0. Say that an acyclic little extension is tiny if K (resp.
NK) is of the form cone(M)[—r] for some HypA-module (resp. mpA-module) M.

Note that acyclic little extensions are necessarily square-zero, but that arbitrary little
extensions need not be.

Definition 2.10. Define dg;Ni (resp. sNg) to be the full subcategory of dg,Algp
(resp. sAlgp) consisting of objects A for which the map A — HpA (resp. A — mpA) has
nilpotent kernel. Define dg4N% (resp. sA%) to be the full subcategory of dg4+Ng (resp.
sNR) consisting of objects A for which A; =0 (resp. N;A = 0) for all > 0.

Lemma 2.11. Every surjective weak equivalence f : A — B in dg+./\/'}|’% (resp. S./\/’;%)
factors as a composition of tiny acyclic extensions.

b
Proof. We first prove this for dg.Nr . Let K = ker(f), and observe that the good
truncations

K; 1>
(15 K)i =2, K i=r
0 i<r

are also dg ideals in A. Since A is concentrated in degrees [0,d] for some d, we get a
factorisation of f into acyclic surjections

A= A/(TZdK) — A/(Tz(d—l)K) — ... A/(TZ()K) = B.

We therefore reduce to the case where K is concentrated in degrees r,r + 1.

Let s be least such that K, - I = 0; if s = 1 then f is already a tiny acyclic extension.
We will proceed by induction on s. Since K — (K/I4 - K), we have H,(K/I4 - K) = 0.
This means that the inclusion 7, (K/I4-K) — (K/I4-K) is a quasi-isomorphism of ideals
in A. If we set B := (A/IaK)/(m>K/I4K) and K" := ker(A — B’), then I - K" =0
so f” : B' = B is an acyclic little extension. In fact, for M := (K/I4 - K),, we have
K" = cone(M)[—r], so f” is a tiny acyclic extension.

Now, for K" :=ker(f': A — B') we have K. = (I4K),, so K.-I5" = 0, so by induction
f! factors as a composition of tiny acyclic extensions. This completes the inductive step.

Finally, for f : A — B in sA/? , normalisation gives an equivalence of categories between
simplicial A-modules and non-negatively graded dg N A-modules. In particular, it gives
an equivalence between the categories of ideals, and hence quotients of A correspond to
quotients of NA. If Nf is a tiny acyclic extension, then so is f, since NK is automati-
cally an HyN A-module, and HyNA = mgA. The proof above expresses NA — NB as a
composition of tiny acyclic extensions, which thus yields such an expression for A -+ B. [

— b — b
Definition 2.12. Define F'GsAlgp (resp. FGdgiAlgg ) to be the full subcategory of
FGsAlgp (resp. FGdg4Algp) consisting of objects A for which A; = 0 (resp. N;A = 0)
for all ¢ > 0.
— b

Lemma 2.13. For any surjective weak equivalence f : A — B in FGsAlgp (resp.

— b
FGdgyAlgr ), the associated morphism

{A/IG} — {B/I5}

n pro(dgg\/%) (resp. pro(sj\/’%)) s isomorphic to an inverse limit of surjective weak
equivalences in dg . Nr (resp. sNg).



18 J.P.PRIDHAM

Proof. With reasoning as at the end of Lemma 2.11, it suffices to prove this for

F G@lgRb. The first observation to make is that if f and g are composable mor-
phisms satisfying the conclusions of this lemma, then fg also satisfies the conclusions. Let
K = ker(f); since A is concentrated in degrees [0, d] for some d, we get a factorisation of
f into acyclic surjections

A= A/(TZdK) — A/(Tz(d—l)K) e ¢ A/(TZOK) =B,
and therefore reduce to the case where K is concentrated in degrees r,r + 1.
Set I := I4 and J := Ip; we now define a dg ideal I(n)’ < A to be generated by I"
and K11 Nd~1(I"), and set A(n) := A/I(n)". There is a surjection A(n) — B/J", with
kernel K/(K NI(n)'). This is given by

K./(KNI"), i=r
(K/KNIn))i={ Key1/(Kpyr Nd2I™)  i=r+1
0 i#Err+ 1.

Since d : K,,1 — K, is an isomorphism, so is d : K, 41 Nd~'I" — (K NI"™),, which means
that Hy(K/K N1(n)") =0, so A(n') — B/J" is a weak equivalence.

Thus it only remains to show that the pro-objects {A/I"},, and {A/I(n)’'}, are isomor-
phic. Since I"™ C I(n)’, there is an obvious morphism A/I" — A/I(n)’, and it remains to
construct an inverse in the pro-category, Observe that Ag is a Noetherian ring, and that
(I"), and K, are finitely generated Ap-modules.

Now, (K NI"), = K, NI} "(I"), for all n > r. By the Artin-Rees Lemma ([Mat]
Theorem 8.5), there exists some ¢ > r such that for all n > ¢, this is

I “(Kr N Ig"(17)y) = Lo~ (K 0 (19)r)-

Thus K,41 Nd~1(I") is just 1§ K11 Nd~1(I¢). Therefore I(n) C I""¢, so giving maps
A/I(n) — A/I" ¢, and hence the required inverse in the pro-category. O

2.2. A nilpotent representability theorem. Let d\ ;z (or simply dA/ b) be either of the
categories sN?, or dg N7,

Remark 2.14. Note that the constructions of §1.2 carry over to the categories dA/ E, since
they are closed under fibre products.

Lemma 2.15. Given a weak equivalence f : A — B between fibrant objects in a right
proper model category C, there exists a diagram

B,

such that gg, g1 are trivial fibrations, gy oi = f and ggoi = id.

Proof. Let C' := A XfBev, B!, for B! the path object of B, and let gy be given by
projection onto A. The projection C' — B! is the pullback of A — B along the fibration
B! — B, so is a weak equivalence by right properness. Define g; to be the composition
of this with the trivial fibration evy : Bl — B. The projection go is the pullback of the
trivial fibration evy : B — B along f, so is a trivial fibration.

It only remains to show that g; is a fibration. Since B! — B x B is a fibration, pulling
back along f shows that (go,91) : C — A x B is a fibration, and since A is fibrant, we
deduce that A x B — B is a fibration, so g; must be a fibration. O
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Lemma 2.16. If a homotopy-preserving functor F : dN E — S is homotopy-homogeneous,
then it is almost of finite presentation if and only if the following hold:
(1) the functor 7F : Alg, r — S preserves filtered colimits;
(2) for all finitely generated A € Alg, p and all v € F(A)o, the functors D} (F,—) :
Mod 4 — Ab preserve filtered colimits for all i > 0.

Proof. This is essentially the same as Theorem 1.22 — we need only show that any square
extension A — B in sN% (resp. dgiN%) is of the foom A = B xpgy B, for B — B a
weak equivalence, and some derivation B — M. Now just note that such an expression is
constructed in the proof of Lemma 1.4. O

Theorem 2.17. Let R be a derived G-ring admitting a dualising module (in the sense
of [Lur] Definition 3.6.1) and take a functor F : d/\/’fz — S. Then F is the restriction of
an almost finitely presented geometric derived n-stack F' : dAlgp — S if and only if the
following conditions hold

(1) F maps tiny acyclic extensions to weak equivalences.

(2) For all discrete rings A, F(A) is n-truncated, i.e. m;F(A) =0 for alli >n .

(3) F is homotopy-homogeneous, i.e. for all square-zero extensions A — C and all

maps B — C, the map

F(Ax¢ B) = F(A) X} F(B)

s an equivalence.

(4) ©OF : Alg. r — S is a hypersheaf for the étale topology.

(5) momF : Alg, r — Set preserves filtered colimits.

(6) For all A € Alg, p and all x € F(A), the functors mj(n"F,z) : Alg, — Set
preserve filtered colimits for all i > 0.

(7) for all finitely generated integral domains A € Alg, g, all x € F(A)o and all étale
morphisms f: A — A’, the maps

D;(F,A) @4 A" — D}, (F, A')

are isomorphisms. ‘

(8) for all finitely generated A € Alg, p and all x € F(A)o, the functors Dy (F,—) :
Mod 4 — Ab preserve filtered colimits for all i > 0.

(9) for all finitely generated integral domains A € Alg, p and all x € F(A)g, the

groups Di(F, A) are all finitely generated A-modules.
(10) for all discrete local Noetherian moR-algebras A, with mazimal ideal m, the map

' F(A) — lim"F(A/m")
is a weak equivalence (see Remark 1.34 for a reformulation).

Moreover, F' is uniquely determined by F (up to weak equivalence).

Proof. We will deal with the simplicial case. Since normalisation gives an equivalence
N :sN jb% — dgs N E when R is a Q-algebra, the dg case is entirely similar.

First observe that F extends to a functor I : pro(sN%) — S, given by F({A®}.c/) =
r&l?el F(A(Z))'

Define F’ as follows. For any A € sAlgp, write A = liﬂAa, for A, € FGsAlgp, and
set

F'(A) = lim" limg F({ P Aa/T}, }nen)-
k «a

We first show that F” is homotopy-preserving; it follows from Lemma 2.11 and the proof
of Proposition 2.7 that F is homotopy-preserving. Note that the formula for F’ defines
a functor F” on ind(FGsAlgg), and that F’ is the composition of F” with the derived
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left Quillen functor of Proposition 2.7. By Lemma 2.15, it suffices to show that F” maps
trivial fibrations to weak equivalences. Any such morphism is isomorphic to one of the
form {Aq}a — {Ba}a, where each A, — By is a surjective weak equivalence in F' G/sﬁg R-
Note that Py A, — Pr B, is also a surjective weak equivalence, so we may apply Lemma
2.13, which implies that

F({PxAa/I% Ynew) = F({PiBa/I}, bnen)

is a weak equivalence, since F is homotopy-preserving. Thus F” (and hence F’) is
homotopy-preserving.
If A € sN}, note that

F'(A) = lig F(Aq) ~ F(A),

by nilpotence and almost finite presentation, respectively, noting that as in the proof of
Theorem 1.33, conditions (5), (6) and (8) ensure almost finite presentation of F. Thus
F ~ F’]SN;?; in particular, this ensures that D% ((F'), M) = D% (F, M).

Since P A, = 11_11)1 P A, (for A, as above), it follows immediately that F' is nilcomplete.
Likewise, 7'F automatically preserves filtered colimits, as do the functors D (F,—) :
Moda — Ab. Therefore F’ satisfies the conditions of Corollary 1.35.

Finally, it remains to show that I’ is uniquely determined by F. Assume that we
have some geometric derived stack G : sAlgp — S, almost of finite presentation, with
G|, N, F. Then, since G is nilcomplete and almost of finite presentation, we must have

G(A) =~ lim"G(PA)

k
~ lim" lim G(P,Aq)
k o

> lim" lim G(PyAa),
k o

where we write A = lim A, as a filtered colimit of finitely generated subalgebras, and the
final isomorphism comes from the weak equivalence A, — Ay of [Pril] Theorem 8.6.

Now, if we take an inverse system {B;}; in sAlg in which the morphisms B; — B;
induce isomorphisms moB; — moB;j, then G(@h B;) ~ l'glh G(B;) (as G is a geometric
derived stack, so has an atlas as in [Pril] Theorem 7.19). In particular,

G(Pida) = Glim Pda/(I3,)

12

l'gth(PkAa/(IZa))
= 1w F(P AW /(T4,)
= F(PA,).
Thus
G(A) ~ lim" lim lim" (P, A,),
k (% n
as required. O

Remark 2.18. Note that if we replace d\}, with sNg or dg4+Ng, then the theorem remains
true, provided we impose the additional condition that F' be nilcomplete, in the sense that
for all A, the map F(A) — @12 F(P,A) is a weak equivalence.
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2.3. Covers. We end with a criterion which allows us to verify the key representability
properties on formally étale covers.

Definition 2.19. A transformation a : F — G of functors F,G : dN® — S is said to be
homotopy formally étale if for all square-zero extensions A — B, the map

F(A) = F(B) x{p) G(A)
is an equivalence.

Proposition 2.20. Let a : F — G be a homotopy formally étale morphism of functors
F.G:dN” —'S. If G is homotopy-homogeneous (resp. homotopy-preserving), then so is
F. Conversely, if a is surjective (in the sense that moF(A) — moG(A) for all A) and F is
homotopy-homogeneous (resp. homotopy-preserving ), then so is G.

Proof. Take a square-zero extension A — B, and a morphism C' — B, noting that A xp
C — (' is then another square-zero extension. Since « is homotopy formally étale,

F(AxpC) ~ G(AxpC)xhk.FC
FAxpp FC =~ [G(A) x¢p F(B)] xtp FC
~ G(A) xyp FC

~ (GA xLpGC) Lo FC.

Thus homogeneity of G implies homogeneity of F, and if 7o F'C' — moGC' is surjective for
all C'; then homogeneity of F' implies homogeneity of G.
Now take a tiny acyclic extension A — B in dN”. Since « is homotopy formally étale,

F(A) =~ G(A) x{yp) F(B),

so if GG is homotopy-preserving, then F' maps tiny acyclic extensions to weak equivalences.
By Lemmas 2.11 and 2.15, this implies that F' is homotopy-preserving. If moF'(B) —
moG(B) is surjective for all B, then the converse holds. O

3. PRE-REPRESENTABILITY
3.1. Simplicial structures.

Definition 3.1. Define simplicial structures (in the sense of [GJ]| Definition 11.2.1) on
sAlgy and ind(FGsAlgy) as follows. For A € sAlgg and K € S, AKX is defined by

(AK), = Homg(K x A™ A).

Then for A =€ ind(F CTsA\lg r), A is uniquely determined via Lemma 2.8 by the property
that U(AK) = (UA)K.
Spaces Hom(A, B) € S of morphisms are then given by

Hom(A, B),, := Hom(A, BA").
We need to check that this is well-defined:

Lemma 3.2. For A € ind(FG/SﬁgR) and K € S, we have AX € ind(FG/sEgR). More-
over, if A — moA is a nilpotent extension, then so is AKX — mo(AK).

Proof. AX can be expressed as the limit
l<i£1 AA’!L ;
(A ryear

since the inclusion functor U : ind(F G/SHgR) — sAlgp is a right adjoint, it preserves
arbitrary limits, so it suffices to show that A2" € ind(FGsAlgg).
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Write A = hﬂa Ag, for A, € FG/sEgR. Since A" is finite, we have A%" = liga AR",
so we may assume that A € I G/Sﬁg R-

The exact sequence 0 — 4 — A — mgA — 0 gives an exact sequence 0 — [ ﬁn —
AR 5 A = 0 (as (mgA)A" = mpA, since A™ is connected). Since A™ is contractible,
mo(I3") = mo(I4) =0, so I4an = I}". Hence

lim (A% /Ifan) = Jm(A%" /(13")™) = lim(A/T])2" = A",

so AA" € FG/sﬁgR.
Finally, if I} = 0, then (/4 "ym =0, so I tan = 0 for all n, and hence I'{% = 0 for all
K eS. O

In fact, this makes ind(F CTSA\lg r) into a simplicial model category in the sense of [GJ]
Ch. II (with U : ind(FGsAlgg) — sAlgg becoming a simplicial right Quillen equivalence).

Although this is not the case for dg4Algp or ind(F G@lg}g), we now show that they
carry compatible weak simplicial structures.

Definition 3.3. Explicitly, we say that a model category C has a weak simplicial structure
if we have the following data:

(1) a functor Hom, : C°PP x C — S such that Hom (A4, B)y = Hom¢(A4, B).
(2) a functor (fS)°PP x C — C (where fS is the category of finite simplicial sets),
denoted by (K, B) — BX, with natural isomorphisms

Home (A, BY) = Homg (K, Hom. (A, B)).

These must satisfy the property (known as SM7) that if i : A — B is a cofibration in C,
and p: X — Y a fibration, then

Home (B, X) — Homg(A, X) X gom, (4,y) Home(B,Y)
is a fibration in S which is trivial whenever either i or p is a weak equivalence.

This means that C satisfies all of the axioms of a simplicial model category from [GJ]
Ch. II except for conditions (2) and (3) of Definition II1.2.1 (which require that for all
objects A € C, the functors Hom,(A4,—) : C — S and Hom,(—, A) : C°?? — S have left
adjoints).

Note that this is enough to ensure that C is still a simplicial model category in the sense

of [Qui.

Lemma 3.4. The model categories dg+Algp and ind(FGd/g+\AlgR) carry weak simplicial
structures.

Proof. First set €0, to be the cochain algebra
Qltost1,- - tn, dto, dir, ... dtn] /(O ti—1,) _ dt;)

of rational differential forms on the n-simplex A™. These fit together to form a simplicial
complex Qo of DG-algebras, and we define A2" as the good truncation A2" := 7 >0(A®Q,).
Note that this construction only commutes with finite limits, so only extends to define AX
for finite simplﬁzi sets K, and does not have a left adjoint.

For A € FGdg, Algy, we replace AX with its completion over Ho(AX), and extend this
construction to ind(F G@Jr\Alg r) in the obvious way.

That these have the required properties follows because the matching maps €2, — M,
are surjective. Explicitly,

M,Q = Q,/(t tn,Zto i1 (dt) s - ty).
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O

Definition 3.5. Although the categories s\ jb% and dg N, jb% are not model categories, we
endow them with weak simplicial structures inherited from sAlgp and dgyAlgpg, respec-
tively. The key observation is that for K € fS and A € dN”, the object AX lies in
dN”.

3.2. Deriving functors.

Definition 3.6. Given a functor F' : dN® — S, we define F : C — sS, the category of
bisimplicial sets, by
F(A), := F(A®").

For a functor F' : C — Set, we will abuse notation by also writing F' : C — S for the
composition C £ Set — S.

Proposition 3.7. If [ : AN® — S is homotopy-homogeneous, then for A — B an acyclic
little extension in dAN” and K € S finite, the map

F(AK) — (MIFL(E(A)) X?MI’L{E(B)) F(BK)

is a weak equivalence in S.

Proof. We prove this by induction on the dimension of K. If K is dimension 0 (i.e.
discrete), then the map is automatically an equivalence, as

MJF(A) = E(A)§ = F(AY).

Now assume the statement holds for all finite simplicial sets of dimension < n, take
K of dimension n, and let K’ := sk, 1K, the (n — 1)-skeleton. Thus there is a pushout
square

(0A™ x N, K)U (A" x L,K) —— A" x K,

| |

K’ —_— K,
where L, K is the nth latching object and N,,K = K,, — L, K. Hence we have a pullback
square

AK — BX X o AX’

! l

BE X B(ATx Kn) AA"XKn) _ , BK X[B(BAannKuB(ManK)} [A(@AnXNnK) > A(AnanK)]‘

Now, since A — B is an acyclic little extension, the map A2" — A9A2" X goan BA" is a
square-zero extension, so the bottom map in the diagram above is a square-zero extension,
giving a homotopy pullback square

F(AK) — F(B¥) x;(BK,) F(AK)

! l

F(BK) X}IS"(BA”)Kn F(AAn)Kn N F(BK) X?F(BBA”)NnKXF(BA”)LnK] [F(AaAn)N"K X F(AAn)L"K].

Here, the top right isomorphism comes from AK" s BE' the bottom left from A2" —
BA" and the bottom right from A2" — BA" and from A%2" — B92": these are all
square-zero extensions and F' is homotopy-homogeneous.
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By induction (using F(AX') =~ (M},F(A)) F(BX') and F(A%A")

h
" (af, E(B))
(M!F(A)) X (MPF(B)) F(B92")), we can rewrite this as saying that the following square is
a homotopy pullback

F(AK) — F(BX) XF@,E(B)

l !

F(AR)En —— F(BX) X (i p(pyvns x p(paryiai) [My E(A)N 5 F(ARY)EnKT,

Mh,F(A)

F(B¥) xffg(BM)Kn

Now just observe that this pullback defines F'(B¥) x MIF(B) MRLF(A), as required. O
Definition 3.8. Say that a functor F' : dN” — S is homotopy-surjecting if for all tiny
acyclic extensions A — B, the map

moF(A) = moF(B)
is surjective.

Definition 3.9. Define W : sS — S to be the right adjoint to Illusie’s total Dec functor
given by DEC (X)n = Xintnt1. Explicitly,

p
Wyp(X) = {(wo,21,...,2p) € [ [ Xip-ilO§wi = 012111, VO < i < p}

i=0
with operations
v v v h h h
Oi(zo,...,xp) = (07x0,0;_121,...,0{Ti—1,0;Tit1, 07 Tita,...,0 xp),
v v v h h h
oi(xo,...,xp) = (070,07 1%1,...,00%i, 0T, 0, Tit1,...,0;Tp).

In [CR], it is established that the canonical natural transformation
diag X - WX
from the diagonal is a weak equivalence for all X.

Corollary 3.10. If a homotopy-homogeneous functor F': dN — S is homotopy-surjecting,
then the functor WE : AN — 'S is homotopy-preserving.

Proof. Consider the homotopy matching maps (for the Reedy model structure on bisim-
plicial sets)
F(A)n — E(B)n X Mh, . F(B) MgAnE(A)
of
F(A) = E(B),
for an acyclic little extension A — B. By Lemma 2.11, we may replace tiny acyclic
extensions with little acyclic extensions in the definition of homotopy-surjections.
By Proposition 3.7, the map above is weakly equivalent to

F(A") — F(B"),

where A’ = A2" B’ = BA" x goan A92". Now, A’ — B’ is a little acyclic extension, so
the homotopy matching maps of F(A) — F(B) are surjective on m (as « is homotopy-
surjecting).

For any Reedy fibrant replacement f : R — F(B) of F(A) — F(B), the homotopy
matching maps must also be surjective on my. However, for Reedy fibrations, matching
objects model homotopy matching objects, so f is a Reedy surjective fibration, and hence a
horizontal levelwise trivial fibration (the matching maps being surjective). It is therefore a
diagonal weak equivalence by [GJ] Proposition IV.1.7, and [CR] then shows that W f is also
a weak equivalence. Lemma 2.15 then implies that W F preserves all weak equivalences.

O
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Proposition 3.11. If F : dN® — S is homotopy-homogeneous, then for A — B a little
extension in AN” and K a contractible finite simplicial set, the map

F(AK) — (MIFL(E(A)) X?MI’L{E(B)) F(BK)

s a weak equivalence in S.

Proof. We adapt the proof of Proposition 3.7, proceeding by induction on the dimension
of K. If K is of dimension 0, the statement is automatically true.

For any contractible finite simplicial set &, any morphism A? — K can be expressed as
an iterated pushout of anodyne extensions A”* — A™. In particular, if K has dimension
n, there is a contractible simplicial set K’ C K of dimension n — 1, with the map K’ — K
an iterated pushout of the maps A™* — A™ for various k. The proposition holds by
induction for K’ and A™*, and is automatically satisfied by A™.

Since the map A2" — BA" x BATE AMNF is an acyclic little extension, the proof of
Proposition 3.7 adapts to show that the proposition is satisfied by K, as required. O

Corollary 3.12. If a homotopy-homogeneous functor F' : dN — 'S is homotopy-surjecting,
then the functor WE : AN — S is homotopy-homogeneous.

Proof. Take a little extension A — B; by Proposition 3.11, the relative homotopy partial
matching object
Mkn,kE(A) XF&}L

ALK

e E(B)

is
An,k h A"
F(A™T) xF(BAn,k)F(B ).
Since AA" — AA™" x pAnk BA" is an acyclic little extension, homotopy-surjectivity of
F' thus implies that the homotopy partial matching map

F(A), — My, .F(A) x’;% rm) E(B)n

gives a surjection on .
If we take a Reedy fibrant replacement R for F(A) over F(B), this says that

Ry, — MynixR XMy, F(B) F(B)n

is surjective on 7y — since it is (automatically) a fibration, this implies that it is surjective
levelwise.

Thus f : R — F(B) is a Reedy fibration and a horizontal levelwise Kan fibration, so
[GJ] Lemma IV.4.8 implies that diag f is a fibration, so for any map C' — B,

(diag F(A)) X{(4iag p(py) (diag E(C)) = (diag R) X (ding p(p)) (diag F£(C))
= diag (R x(p) £(C))
~  diag (E(A) X F(C))
~ diag F(AxpC),
the penultimate equivalence following because R — F(B) is a Reedy fibrant replacement

for F'(A), and the final one because F' is homotopy-homogeneous.
Finally, [CR] shows that WX and diag X are weakly equivalent for all X, so

(WE(A) X (s gy (WE(C)) =~ WE(A x5 C).

Any extension A — B in dN with kernel K can be expressed as the composition of the
little extensions A/(INT'K) — A/(I}K), making WE homotopy-homogeneous (and in
fact cohesive in the sense of Theorem 1.1). O

Lemma 3.13. For a homotopy-preserving functor F' : dN — S, the natural transformation
F — WF is a weak equivalence.
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Proof. The transformation comes from applying W to the maps F(A) — F(A) of bisim-
plicial sets coming from the canonical maps A — A®".
Since A — A2" is a weak equivalence, the maps F(A) — F (A) are also weak equiva-

lences levelwise, so F' = WF — WF is a weak equivalence (as W sends levelwise weak
equivalences to weak equivalences). O

3.3. Representability.

Definition 3.14. Given a homotopy-surjecting homotopy-homogeneous functor F :
dAN?% — S, A€ Algy g, * € Fo(A), and an A-module M, define D} (F, M) as follows.
For ¢ <0, set
D (F, M) = m_i(F(A® M) x4 {z}).
For i > 0, set
DL(F, M) = mo(F(A & M|—i]) xa 4y {}) /70 (F(A & cone(M)[1 — i) X 1) {ar}).

Note that homotopy-homogeneity of F' ensures that these are abelian groups for all 7,
and that the multiplicative action of A on M gives them the structure of A-modules.

Lemma 3.15. For all F, A, M as above, there are canonical isomorphisms
D (F, M) = Dy, (WE, M),

where the group on the left-hand side is defined as in Definition 3.14, and that on the right
as in Definition 1.183.
In particular, if F' is homotopy-preserving, then Definitions 3.1/ and 1.13 are consistent.

Proof. We begin by noting that F is indeed homotopy-preserving and homotopy-
homogeneous, by Corollaries 3.10 and 3.12. Since F(A) = F(A) for all A € Algy,g,
it follows immediately that D (F, M) = Di(WE, M) for all i < 0. Now for i > 0,

DL(WE,M) = mo(W(Tu(E/R)(M[~i)))
= mo(To(F/R)(M[~))) /mo(F((A & M[—i)® x a1 A) xB p) {a})
—i))) /70 (T (F/R)(M[~i]2")),

= mo(T%(F/R)(M[—i
where the quotient is taken by the map 0y — 01 coming from the projections M A ML
AN% = sNb, then M[—i]A" = M[—i]@cone(M)[1—1i], so Di(W E, M) = D (F, M). When
dN?, = dg4 N7, we have more work to do. In this case, M[—i]®" = 750(M[—i] ® Q). The
key observation to make is that M[—i] & cone(M)[1 — i] can be expressed as a retract of
T>o(M[—i] ® ) over M & M given by m ® 1 — (m,0), m ® zg — (0,m) for n > 0, and
m ® zgdzg — (0,dm/(n +1)). Thus

(8o — 1) : mo(Tu (F/R)(M[~i]A") — mo(Ty (F/R)(M[~i)))

has the same image as mo(T(F/R)(cone(M)[1 — i]) — mwo(T(F/R)(M[—i])), so
DL(IWF, M) = D (F, M).

Finally, if F' is homotopy-preserving, then Lemma 3.13 shows that the map F — WF
is a weak equivalence, making the definitions consistent. O

)
)

Theorem 3.16. Let R be a derived G-ring admitting a dualising module (in the sense of
[Lur] Definition 3.6.1) and take a functor F : d/\/}bz — S satisfying the following conditions.

(1) F is homotopy-surjecting, i.e. it maps tiny acyclic extensions to surjections (on

o).
(2) For all discrete rings A, F(A) is n-truncated, i.e. mF(A) =0 for alli>n .
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(3) F is homotopy-homogeneous, i.e. for all square-zero extensions A — C and all
maps B — C, the map

F(Ax¢ B) = F(A) X} F(B)

s an equivalence.

(4) ©OF : Algy, g — S is a hypersheaf for the étale topology.

(5) momF : Algy,p — Set preserves filtered colimits.

(6) For all A € Algy,p and all x € F(A), the functors m(m"F,z) : Algy — Set
preserve filtered colimits for all i > 0.

(7) for all finitely generated integral domains A € Algy g, all x € F(A)o and all étale
morphisms f: A — A’, the maps

DX (F, A) @4 A — D% (F, A)

are isomorphisms.
(8) for all finitely generated A € Algy,r and all x € F(A)o, the functors DL(F,—) :
Mod 4 — Ab preserve filtered colimits for all i > 0.
(9) for all finitely generated integral domains A € Algy r and all x € F(A)o, the
groups D'(F, A) are all finitely generated A-modules.
(10) for all discrete local Noetherian HoR-algebras A, with mazximal ideal m, the map

' F(A) — lim"F(A/m")
s a weak equivalence.

Then W F is the restriction to d/\/’jb% of a geometric derived n-stack F' : sAlgp — S (resp.
F' : dgyAlgp — S), which is almost of finite presentation. Moreover, F' is uniquely
determined by F (up to weak equivalence).

Proof. By Corollaries 3.10 and 3.12, WF is homotopy-preserving and homotopy-
homogeneous. Since 7°F = 7%F, the map 7'F — 7'WF is a weak equivalence. Lemma
3.15 then shows that Di(F, M) = Di(WF, M), so WF satisfies all the conditions of
Theorem 2.17. g

Ezample 3.17. If X is a dg manifold (in the sense of [CFK1]), then the functor X :
ngr/\/'}?;z — Set given by X(A) = Hom(Spec A, X) satisfies the conditions of Theorem 3.16,
so X :dg N, jb% — S is a geometric derived 0-stack.

In fact, X is just the hypersheafification of X. This follows because X is a geometric
derived O-stack, so X! = X, and there is thus a map f : X! — X. Since X! is a
geometric derived 0O-stack (as can be shown for instance by observing that it is equivalent
to the derived stack Gpd(X)f of [Pril] §8.4), Proposition 1.37 implies that f must be an
equivalence.

This example will be adapted further in [Pri2], constructing geometric derived n-stacks
from DG Lie algebras similar to those used in [CFK2] and [CFK1].
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