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INVARIANT SUBALGEBRAS OF AFFINE VERTEX ALGEBRAS
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ABSTRACT. Let gbe asimple Lie algebra of dimension n over C, and let V;(g) be the univer-
sal affine vertex algebra at level k. Suppose that G is a reductive group of automorphisms
of Vi (g) for all k € C, and let V;(g)¢ denote the invariant subalgebra. Assuming a conjec-
ture concerning a certain invariant subalgebra of the Heisenberg vertex algebra of rank n,
we show that Vj,(g)¢ is strongly finitely generated for generic values of k. Our conjecture
is true for n = 3, so the strong finite generation of Vj(g)“ for generic k holds in the case
g = slp, for any G. This is the first result of its kind.
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1. INTRODUCTION

We call a vertex algebra V strongly finitely generated if there exists a finite set of gen-
erators such that the collection of iterated Wick products of the generators and their
derivatives spans V. This property has several important consequences, and in partic-
ular implies that both Zhu's associative algebra A(V), and Zhu's commutative algebra
V/C5(V), are finitely generated. In recent work, we have investigated the strong finite
generation of invariant vertex algebras V¢, where V is simple and G is some reductive
group of automorphisms of V. This is a subtle and essentially “quantum” phenomenon,
and is generally destroyed by passing to the classical limit before taking invariants. Of-
ten, V admits a G-invariant filtration for which gr(V) is a commutative algebra with a
derivation (i.e., an abelian vertex algebra), and the classical limit gr(V®) is isomorphic to
(gr(V))¢ as a commutative algebra. Unlike V¢, gr(V%) is generally not finitely generated
as a vertex algebra, and a presentation will require both infinitely many generators and
infinitely many relations.

Key words and phrases. Invariant theory, vertex algebra, current algebra, orbifold construction, strong
finite generation, V-algebra.
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Isolated examples of this phenomenon have been known for some years (see for ex-
ample [BFH][EFH][DN][KWY]), although the first general results of this kind were ob-
tained by the author in [LII], in the case where V is the f7y-system S(V') associated to
the vector space V' = C". The full automorphism group of S(V') preserving a natural
conformal structure is GL,,. Our approach was to first establish the strong finite genera-
tion of S(V)%Ln, which was shown by Kac-Radul in [KR] to be isomorphic to the vertex
algebra W, ., with central charge —n. In [LI] we showed that W, _, has a minimal
strong generating set consisting of n? + 2n elements, and in particular is a W-algebra of
type W(1,2,3,...,n? + 2n). For an arbitrary reductive group G, S(V)¢ decomposes as a
direct sum of irreducible, highest-weight W, ., _,-modules. The strong finite generation
of Witoo,—n implies a certain finiteness property of the W, ., _,-submodules appearing
in §(V)¢. This property, together with some ideas from classical invariant theory, yielded
the strong finite generation of S(V')¢. Using the same approach, we also proved in [LII]
that invariant subalgebras of bc-systems and bc3y-systems are strongly finitely generated.

In [LIII] we attempted to carry out a similar study of the invariant subalgebras of the
rank n Heisenberg vertex algebra #(n). The full automorphism group of H(n) preserving
a natural conformal structure is the orthogonal group O(n). Motivated by classical invari-
ant theory, we conjectured that #(n)°™) has a minimal strong generating set consisting of
a vertex operator in each even weight 2, 4,6, ..., n*+ 3n. In other words, it is a W-algebra
of type W(2,4,6,...,n? + 3n). For n = 1, this was already known to Dong-Nagatomo
[DN], and we proved it by direct computation for n = 2 and n = 3, but we were unable
to prove it in general. However, using the same approach as [LII], we showed that the
strong finite generation of H(n)°™ implies the strong finite generation of H(n)“ for an
arbitrary reductive group G.

In this paper, we study invariant subalgebras of the universal affine vertex algebra V;(g)
of some simple, finite-dimensional complex Lie algebra g at level k. Recall that V},(g) has
generators X¢, which are linear in ¢ € g, and satisfy the OPE relations

X (2) X" (w) ~ k{€,m) (2 — w) 72 + X (w) (2 —w)

where (,) is the (normalized) Killing form. Let G be a reductive group of automorphisms
of Vi (g) for all k € C. In particular, G acts on the weight-one subspace V;(g)[1] = g, and G
preserves both the bracket and the bilinear form on g. Therefore G lies in the orthogonal
group O(n) for n = dim(g), so G also acts on the Heisenberg algebra H(n). A priori,
invariant subalgebras of Vj,(g) are much more complicated and difficult to study than the
examples considered above. However, we will see that the structure of V;(g)¢ is governed
to a certain extent by the structure of #(n)“. Our main result is

Theorem 1.1. Assume that H(n)°™ is strongly finitely generated for n = dim(g). Let G be a
reductive group of automorphims of V.(g) forall k € C. Then V.(g)¢ is strongly finitely generated
for generic values of k, i.e., for k € C\ K where K is at most countable.

Since H(3)°®) is strongly finitely generated, and in particular is a W-algebra of type
W(2,4,6,...,18), an immediate consequence of Theorem [I.1]is

Corollary 1.2. Let g = sl, and let G be a reductive group of automorphisms of Vj(sly) for all
k € C. Then Vj.(sl)“ is strongly finitely generated for generic values of k.
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The key idea behind the proof of Theorem [l is that both V;(g)¢ and H(n)¢ admit
G-invariant filtrations, and we have linear isomorphisms

M H(n)? = gr(H(n)%) = gr(H(n)) = gr(Va(9)?) = gr(Vi())” = Vi(a)®,
and isomorphisms of graded commutative rings
) gr(Vi(e)” = (Sym @ V)7 = gr(H(n))°.

J=0

Here V; =2 C" = g as G-modules. By a theorem of Weyl, there is a natural (infinite) gener-
ating set S for (Sym ;- V)¢ consisting of a finite set of generators for (Sym @;:01 V)¢
together with their polarizations. Under (1) and @), S corresponds to (infinite) strong
generating sets 7' and U for H(n)“ and V(g)“, respectively.

Since we are assuming the strong finite generation of #(n)°", there is a finite subset
T' = {p1,...,ps} C T, which strongly generates H(n)¢. In other words, H(n)¢ = (T"),

where (7”) denotes the space of normally ordered polynomials in py,...,p, and their
derivatives. This implies that any ¢ € 7" admits a “decoupling relation” of the form
(3) q:P(pla"'7p8)7

where P lies in (T"). The relations in (Sym @,.,V;)“ among the generators in S are
given by the second fundamental theorem of invariant theory for (G,V). We may view the
decoupling relation (3) as a deformation of such a classical relation.

Let U' C U C Vi(g)® be the set corresponding to 7" under (1), which we denote by
{p1,...,ps}, and let (U’) denote the space of normally ordered polynomials in p, ..., ps
and their derivatives. Given q € T, let ¢ € U be the element corresponding to ¢ under (I)).
We show that for generic values of &, the decoupling relations (3) can be used to construct
analogous (but more complicated) decoupling relations

(4) q:Q(ﬁlw"vﬁs)a

in V,(g)¢ for all ¢ € U, where @ lies in (U’). This implies that U’ is a strong generating set
for Vi.(g)¢ for generic values of k.

The idea of studying Vi (g)“ via the simpler object #(n)% is analogous to studying
classical invariant rings of the form U(g)“ via the Poincare-Birkhoff-Witt abelianization
Sym(g)® = gr(U(g)¢) = gr(U(g))“. Here U(g) denotes the universal enveloping algebra
of g, and G is a group of automorphisms of U(g). A generating set for U(g)“ can be ob-
tained from a generating set for Sym(g)®, and the leading term of a relation among the
generators of U(g)“ corresponds to a relation among the generators of Sym(g)®. How-
ever, more subtle information about the structure and representation theory of U(g)“ can-
not be reconstructed in this way. Likewise, we can view #(n) as a kind of “partial abelian-
ization” of Vi (g). By passing to the full abelianization gr(Vi(g)) = Sym D, V; of Vi(g),
we destroy too much structure, and gr(Vi(g))“ generally fails to be finitely generated. By
contrast, H(n) retains enough structure (notably, it is still a simple vertex algebra) so that
strong generating sets for H(n)“ and V;(g)¢ are closely related.

A deformable WW-algebra is a family of conformal vertex algebras V. where c is the Vi-
rasoro central charge, equipped with strong generating sets A. = {af,...,al}, whose
structure constants are continuous functions of ¢ with isolated singularities. In this ter-
minology, the structure constants are the coefficients of each normally ordered monomial
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in the elements of A. and their derivatives, which appear in the OPE of a{(z)aj(w), for
,7=1,...,r

For arbitrary k, let W(g, G, k) denote the vertex subalgebra of V,(g)“ generated by
U'. Clearly (U') C W(g,G, k), and the equality (U') = W(g, G, k) holds precisely when
Wi(g, G, k) is strongly generated by U’. Assuming the strong finite generation of H(n)°,
an 1mmed1ate consequence of Theorem [1.1is that W(g, G, k) is a deformable WV -algebra.

In fact, the structure constants of W(g, G, k) are rational functions of k, so the equality
(U") = W(g, G, k) holds for all but finitely many values of k.

Many open questions remain, the most important of which is to establish the strong fi-
nite generation of H(n)°™ for n > 4. Even in the case n = 3 where this is known, it would
be useful to obtain more precise quantitative information about #(3)“ and V;(sl,)%, such
as minimal strong generating sets, or at least good bounds on the number and conformal
weights of the generators. The proof in [LIII] that the strong finite generation of #(n)°™
implies that of H(n) for any reductive group G is essentially constructive, but it is likely
that the generating sets it produces are far from minimal. Moreover, since the relations
in Vi(g)¢ are more complicated than those in H(n)®, it is likely that a minimal strong
generating set for V;(g)® is smaller than a minimal set for (n)C.

Finally, we expect that the vertex algebras W(g, G, k) form a new and rich class of de-
formable WW-algebras, and it is important to study their representation theory as well as
their structure. For generic values of k, W(g, G, k) will be simple, but for certain special
values of k these algebras should possess nontrivial ideals. It is possible that there exist
new rational vertex algebras arising as quotients of vertex algebras of this kind.

2. VERTEX ALGEBRAS

In this section, we define vertex algebras, which have been discussed from various
different points of view in the literature (see for example [B][ELM][K][EBZ]). We will
follow the formalism developed in [LZI] and partly in [Li]. Let V' = V;, & V; be a super
vector space over C, and let z, w be formal variables. By QO(V'), we mean the space of all
linear maps

V= V((2) ={D)_v(n)z"""v(n) € V, v(n) = 0 for n >> 0}.
neL
Each element o € QO(V') can be uniquely represented as a power series
a=a(z):= Z a(n)z™" "t € (End V)|[[z, 27Y]].
neL
We refer to a(n) as the nth Fourier mode of a(z). Each a € QO(V) is assumed to be of the
shape a = ag + a; where a; : V; = Vi1 ;((2)) for i, j € Z/2Z, and we write |a;| = 1.

On QO(V) there is a set of nonassociative bilinear operations o,,, indexed by n € Z,
which we call the nth circle products. For homogeneous a,b € QO(V), they are defined
by

a(w) o, b(w) = Res,a(2)b(w) tzsw|(z — w)" — (=) Res b(w)a(2) tjwsp(z —w)™
Here ¢~ 1w f(z,w) € C[[z,2z7!, w, w™!]] denotes the power series expansion of a rational

function f in the region |z| > |w|. We usually omit the symbol ¢[.~,| and just write
(z — w)~! to mean the expansion in the region |z| > |w|, and write —(w — z)~! to mean the
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expansion in |w| > |z|. It is easy to check that a(w) o,, b(w) above is a well-defined element
of QO(V).

The non-negative circle products are connected through the operator product expansion
(OPE) formula. For a,b € QO(V'), we have

) a(z)b(w) = Z a(w) o, b(w) (z —w) "'+ 1 a(2)b(w) :,

—-n

which is often written as a(2)b(w) ~ >_ ., a(w) o, b(w) (2 —w) "', where ~ means equal

modulo the term

ca(2)b(w) 1 = a(z)_b(w) + (=1)Plp(w)a(z),.
Here a(z)- = Y., _oa(n)z”" " and a(z); = >,.pa(n)z "' Note that : a(w)b(w) :is a
well-defined element of QO(V'). It is called the Wick product of a and b, and it coincides
with a o_; b. The other negative circle products are related to this by

nla(z)o_,—1b(z) =:(0"a(2))b(z) :,

where 9 denotes the formal differentiation operator . For a;(2), ..., ai(z) € QO(V), the
k-fold iterated Wick product is defined to be

(6) cay(2)ag(z) - ap(z) = a(2)b(z) ¢,
where b(z) = : az(z) - - - ar(z) : . We often omit the formal variable z when no confusion
will arise.

The set QO(V') is a nonassociative algebra with the operations o,, and a unit 1. We have
lo,a = 0,_1aforalln,and ao, 1 = 6, _1a forn > —1. A linear subspace A C QO(V)
containing 1 which is closed under the circle products will be called a quantum operator
algebra (QOA). In particular A is closed under J since da = ao_,1. Many formal algebraic
notions are immediately clear: a homomorphism is just a linear map that sends 1 to 1
and preserves all circle products; a module over A is a vector space M equipped with a
homomorphism A — QO(M), etc. A subset S = {a;| i € I} of Ais said to generate A if
any element a € A can be written as a linear combination of nonassociative words in the
letters a;, o, for i € I and n € Z. We say that S strongly generates A if any a € A can be
written as a linear combination of words in the letters a;, o,, for n < 0. Equivalently, A is
spanned by the collection {: 0 a;, () - - OFma;, (2) : | i1, ... im €I, ki, km > 0}

We say that a,b € QO(V') quantum commute if (z — w)™[a(z), b(w)] = 0 for some N >
0. Here [,] denotes the super bracket. This condition implies that @ o,, b = 0 for n >
N, so (B) becomes a finite sum. If N can be chosen to be 0, we say that a,b commute.
A commutative quantum operator algebra (CQOA) is a QOA whose elements pairwise
quantum commute. Finally, the notion of a CQOA is equivalent to the notion of a vertex
algebra. Every CQOA A is itself a faithful .A-module, called the left regular module. Define

p: A= QO(A), ara, aQb=> (ao,b) "
nez

Then p is an injective QOA homomorphism, and the quadruple of structures (A, p, 1, 0)
is a vertex algebra in the sense of [FLM]. Conversely, if (V,Y, 1, D) is a vertex algebra, the
collection Y (V) € QO(V) is a CQOA. We will refer to a CQOA simply as a vertex algebra
throughout the rest of this paper.

The main examples we consider are the universal affine vertex algebras and their invariant
subalgebras. Let g be a finite-dimensional Lie algebra over C, equipped with a symmetric,
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invariant bilinear form B. The loop algebra g[t,¢™'] = g ® C[t, ¢ '] has a one-dimensional
central extension g = g[t,t '] & Ck determined by B, with bracket

(&8, t™] = [£, n)t"™™ 4+ nB(E,1)0n4m ok,

and Z-gradation deg(£t") = n, deg(k) = 0. Let g>0 = €D,,~, 9, Where g, denotes the
subspace of degree n, and let C' be the one-dimensional §>,-module on which " acts
trivially for n > 0, and & acts by the identity. Define V' = U(g) ®us.,) C, and let X¢(n) €
End(V) be the linear operator representing £t on V. Define X¢(z) = > ez XE(n)z""1,
which is easily seen to lie in QO(V') and satisfy the OPE relation

XE(2) X7 (w) ~ B, m)(z — w) ™2 + X&) (w)(z — w) .

The vertex algebra O(g, B) generated by {X*| £ € g} is known as the universal affine
vertex algebra, or current algebra, associated to g and B.

Two special cases will be important to us. First, suppose that g is simple, so that B is
a scalar multiple of the (normalized) Killing form (,), for some scalar k. In this case, it
is customary to denote O(g, B) by Vi(g). Let n = dim(g), and fix an orthonormal basis
{&1,...,&,} for g relative to (,). For k # —h" where h" is the dual Coxeter number, Vj,(g)
is a conformal vertex algebra with Virasoro element

n

1
L(z) = ———— ) : X%(2)X%(2):
) = g o XX
of central charge %, such that each X% is primary of weight one. This Virasoro ele-

ment is known as the Sugawara conformal vector. At the critical level k # —h", L(z) does
not exist, but V;(g) still possesses a quasi-conformal structure; there is an action of the Lie
subalgebra {L,| n > —1} of the Virasoro algebra, such that L_; acts by translation, L,
acts diagonalizably, and each X% has weight one. We will always assume that Vj,(g) is
equipped with this conformal weight grading; note that the weight-one subspace V(g)[1]
is then linearly isomorphic to g. Any group G of automorphisms of V(g) preserving this
grading must act on g and preserve both the bracket and the bilinear form.

Next, suppose that g is abelian, and that B is nondegenerate. Then O(g, B) is just the
rank n Heisenberg vertex algebra 7 (n). If we choose an orthonormal basis {¢, .. ., &,} for
g, H(n) is generated by {a' = X%|i=1,... n}, satisfying the OPE relations

a(2)ad (w) ~ 8 (2 —w) ™2
There is a conformal structure of central charge n on #(n), with Virasoro element
1 . 7 7
L(z) = 5 D ral(z)dl(2) 1

1=1

under which each o' is primary of weight one.

3. CATEGORY R

Let R be the category of vertex algebras A equipped with a Z-filtration
(7) Ao CAqy CAg C--- A= U A

k>0



such that Ay = C,and for all a € A, b € Ag), we have
8) ao,be A(k+l)a forn <0,

) ao,be Apyi—1), forn>0.

Elements a(z) € A(q) \ A(4-1) are said to have degree d.

Filtrations on vertex algebras satisfying (8)-(9) were introduced in [Li], and are known
as good increasing filtrations. If A possesses such a filtration, the associated graded object
gr(A) = @,~0 Aw)/ Ap—1) is a Z>(-graded associative, supercommutative algebra with a
unit 1 under a product induced by the Wick product on A. In general, there is no natural
linear map A — gr(A), but for each r > 1 we have the projection

(10) ¢r 2 Ay = Ay /Ap—1) C gr(A).

Moreover, gr(A) has a derivation 0 of degree zero (induced by the operator 9 = - on A),
and for each a € Ay and n > 0, the operator ao,, on A induces a derivation of degree
d — k on gr(A), which we denote by a(n). Here

k= sup{j > 1| Ay on Ay C Apgs—jy V1, 5,m > 0},

as in [LL]. Finally, these derivations give gr(.A) the structure of a vertex Poisson algebra.

The assignment A — g¢r(A) is a functor from R to the category of Z-,-graded su-
percommutative rings with a differential 0 of degree 0, which we will call J-rings. A
0-ring is the same thing as an abelian vertex algebra, that is, a vertex algebra V in which
la(z),b(w)] = 0 for all a,b € V. A O-ring A is said to be generated by a subset {a;| i € I}
if {0%a;| i € I,k > 0} generates A as a graded ring. The key feature of R is the following
reconstruction property [LLJ:

Lemma 3.1. Let A be a vertex algebra in R and let {a;| i € I} be a set of generators for gr(A)
as a 0-ring, where a; is homogeneous of degree d;. If a;(2) € Aa,) are vertex operators such that
¢4;(ai(2)) = a;, then A is strongly generated as a vertex algebra by {a;(z)| i € I}.

As shown in [LI], there is a similar reconstruction property for kernels of surjective
morphisms in R. Let f : A — B be a morphism in R with kernel 7, such that f maps
Ay onto By for all & > 0. The kernel J of the induced map gr(f) : gr(A) — gr(B) is
a homogeneous 0-ideal (i.e., 0J C J). A set {a;| i € I} such that @; is homogeneous of
degree d; is said to generate J as a O-ideal if {9%q;| i € I, k > 0} generates J as an ideal.

Lemma 3.2. Let {a;|i € I} be a generating set for J as a O-ideal, where a; is homogeneous
of degree d;. Then there exist vertex operators a;(z) € A, with ¢q,(a;(2)) = a;, such that
{ai(2)| i € I} generates J as a vertex algebra ideal.

For any Lie algebra g and bilinear form B, O(g, B) admits a good increasing filtration

(11) O(g, B)o) CO(g, B)yyC---,  O(g,B)=|JO(g, B)y,

>0

where O(g, B)(;) is defined to be the vector space spanned by iterated Wick products of
the generators X% and their derivatives, of length at most j. We say that elements of
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O(g, B)j) \ O(g, B)(j—1) have degree j. For any group G of weight-preserving automor-
phisms of O(g, B), this filtration is G-invariant, and we have an isomorphism of commu-
tative algebras

(12) gr(O(g, B)) = Sym P V;,

Jj=0

were V; = g as G-modules. The generators of ¢gr(O(g, B)) are X f, which correspond to
the vertex operators 9/ X% . Since O(g, B) has a basis consisting of iterated Wick products
of the generators and their derivatives, O(g, B) = ¢r(O(g, B)) as vector spaces, although
not canonically. The filtration (IT)) is inherited by O(g, B)“, and

(13) gr(O(s, B))“ = gr(0(g, B)°) = (Sym P V;)*

J=0
as commutative rings. Finally, note that Sym P, V; has a natural d-ring structure, where
the derivation 0 acts on the generators z; € V, by d(z;) = z,4;. Clearly 0 commutes with
the action of G, so d acts on (Sym &, V;)¢, and is an isomorphism of 9-rings.

4. SOME CLASSICAL INVARIANT THEORY

We briefly recall some terminology and results about invariant rings of the form

R = (Sym @ V),
J=0
where each V; is isomorphic to some fixed G-module V. In the terminology of Weyl, a
first fundamental theorem of invariant theory for the pair (G, V) is a set of generators for R.
In some treatments, a first fundamental theorem is defined as a set of generators for the
larger ring (Sym @;.,(V; & V;))Y, where V* = V* as G-modules, but here we only need
to consider (Sym @;-, ;). A second fundamental theorem of invariant theory for (G, V) is a
set of generators for the ideal of relations among the generators of R.

First and second fundamental theorems of invariant theory are known for the stan-
dard representations of the classical groups [We] and for the adjoint representations of
the classical groups [P], but in general it is quite difficult to describe these rings explicitly.
However, there is a certain qualitative result of Weyl (I1.5 Theorem 2.5A of [We])) that will
be useful. Note that for all p > 0, there is an action of GL, on @?;é V; which commutes
with the action of G. The natural inclusions GL, — GL, for p < ¢ sending

M 0

M — [0 Iq_p]

induces an action of GL,, = lim, . GL, on -, V;. We obtain an action of G' L on

Sym D ;-, V; by algebra automorphisms, which commutes with the action of G. Hence

G Lo acts on R as well. The elements of o € G'L, are known as polarization operators, and
given f € R, o f is known as a polarization of f.

Theorem 4.1. (Weyl) R is generated by the set of polarizations of any set of generators for
(Sym @;:é V;)¢, where n = dim(V'). Since G is reductive, (Sym @;:é V)€ is finitely gener-

ated. Hence there exists a finite set { f1, ..., f,} of homogeneous elements of R, whose polarizations
generate R.



Note that taking the complete set of polarizations is unnecessary. We can always find a
minimal set S of polarizations of { f1, ..., f,} which generates R, such that no element of .S
is a nontrivial polynomial in other elements of S. Clearly for all p > n, S N (Sym @?:o)G
will be a finite generating set for (Sym EB?ZO)G. Next, recall that R has the structure of a
0-ring. For our purposes, we will need a minimal set of generators for R as a 0-ring, and
our set S may not be minimal in this sense. Any element of S of the form 9*s for s € S
and k£ > 0, and any nontrivial polynomial in the elements of S and their derivatives can
be removed, and the resulting set will still generate R as a J-ring.

~Y

Let V be a vertex algebra with a good increasing filtration such that V¢ = gr(V%) as
linear spaces, and gr(V)9 = gr(V%) = (Sym@;.,V;)¢ = R as d-rings, where V} is iso-
morphic to some finite-dimensional G-module V, for all j > 0. Of course, our main
example of such a vertex algebra is O(g, B) where V' = g. Choose homogeneous elements
{f1,..., fr} C R whose polarizations generate R, and choose a minimal set S of polar-
izations which generates R as a d-ring. Let T = {s(z)| s € S} C V® be the set of vertex
operators corresponding to S under the linear isomorphism V¢ = R. By Lemma T is

a strong generating set for V.

Given a homogeneous polynomial p € gr(V%) = R of degree d, a normal ordering of p
will be a choice of normally ordered polynomial P € (V%) ), obtained by replacing each
s € S by s(z) € T, and replacing ordinary products with iterated Wick products of the
form (6). Of course P is not unique, but for any choice of P we have ¢,(P) = p, where

da: (V)@ = (V) / (V) € gr(VY)
is the usual projection.

Suppose that p is a relation among the generators of R coming from the second funda-
mental theorem for (G, V), which we may assume to be homogeneous of degree d. Let
P? € V¢ be some normal ordering of p. Since gr(V%) & R as graded rings, it follows that
P?lies in V(j_,). The polynomial ¢4_1(P?) € R is homogeneous of degree d — 1; if it is
nonzero, it can be expressed as a polynomial in the variables s € S and their derivatives.
Choose some normal ordering of this polynomial, and call this vertex operator —P4!.
Then P? + P41 has the property that

¢a(PT+ P =p, P4+ P e (V) ).

Continuing this process, we arrive at a vertex operator

d
(14) P=>Y PreVe

k=1
which is identically zero. We view P as a quantum correction of the relation p, and it is
easy to see by induction on degree that all normally ordered polynomial relations in V¢
among the elements of 7" and their derivatives, are consequences of relations of this kind.

In general, R will not be finitely generated as a 0-ring. However, since the relations
are more complicated than their classical counterparts, it is still possible for V¢ to be
strongly generated as a vertex algebra by a finite subset 7" C 7. For this to happen, each
elementt € T\ 7" must admit a “decoupling relation” expressing it as a normally ordered
polynomial in the elements of 7" and their derivatives. Given a relation in V¢ of the form
(14), suppose that some t € T'\ T" appears in P* for some k < d, with nonzero coefficient.
If the remaining terms in (I4) only depend on the elements of 7" and their derivatives, we
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can solve for ¢ to obtain such a decoupling relation. The existence of a complete set of de-
coupling relations for all t € 7"\ 1" is clearly a very subtle and nonclassical phenomenon,
since it depends on precise properties of the quantum corrections appearing in relations
of the form (14).

5. RECOLLECTIONS ON INVARIANTS OF HEISENBERG ALGEBRAS

In [LIII] we studied invariant subalgebras of the rank n Heisenberg vertex algebra #(n),
and we briefly recall our main results. Recall that 7 (n) = gr(#(n)) as linear spaces, and
gr(H(n)) = Sym @ ,., V; as commutative rings. Here V; is spanned by {a}| i = 1,...,n},
where o is the image of &’a’(z) under the projection ¢, : H(n)qy — H(n)qy/H(n)e) C
gr(#H(n)). The action of O(n) on H(n) preserves the filtration and induces an action of
O(n) on gr(?—[( )) and V; = C" as O(n)-modules for all j > 0. We have a linear isomor-

phism H(n)°™ = gr(H(n)°™), and isomorphisms of commutative rings
(15) gr(H(n)°™) == (gr(H(n))°™ = (Sym @ V;)°
j>0

The following classical theorem of Weyl [We|] describes the generators and relations of the
ring (Sym @), V;)O:

Theorem 5.1. For j > 0, let V; be the copy of the standard O(n)-module C™ with orthonormal
basis {z; ;| i = .,n}. The invariant ring (Sym €D, V;)0™ is generated by the quadratics

(16) Qap = Z%,axab, 0<a<b.

The kernel I,, of the homomorphism C[Qqs] — (Sym @ -, V;)°™ sending Qa — qa is gener-
ated by the (n + 1) x (n + 1) determinants

Qivgo + Qigijn
(17) dry= : :
Qingo *+ Qinn

In this notation, qq,, for a > b is defined to be qy, ,, and I = (i, ... ,i,) and J = (Jo, ..., jn) are
lists of integers satisfying

(18) 0<ipg< - <in, 0<jo<- < jn.

Under the projection
Ba : (H(n)7™) o) = (H(n)?™) 5/ (H(n)7™) 1) C gr(H(n)°™) = (Sym @ V)<

7>0

the generators q,;, of (Sym @, V;)9( correspond to vertex operators w, ;, given by
(19) Wap = Z 0% el 0<a<b.

By Lemma[3.T] the set {w, ;| 0 < a < b} is a strong generating set for H(n)°. In fact, there
is a somewhat more economical set of strong generators which is more natural from the
point of view of vertex algebras. For each m > 0, let A,, denote the vector space spanned
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by {was| a + b = m}, which is homogeneous of weight m + 2. We have dim(A,,,) = m =
dim(As,,+1) and

dim (Agpn/0(Asm-1)) =1, dim (Agpn+1/0(Asm)) = 0.
For m > 0, define
(20) 77 = Woom-
Clearly j*™ is not a total derivative, so A,,, has a decomposition
(21) Ao = 0(Agym—1) ® (j27) = 07 (Asm-—2) © (5°™),
where (j*") is the linear span of j*". Similarly,
(22) Agmi1 = (A1) ® (05°™) = 0°(Agm2) @ (05°™),

and it is easy to see that {0%;2"%| 0 < ¢ < m} and {90**!1j2™~%]0 < i < m} are bases
of Ay, and Ay, 1, respectively. It follows that {j*"| m > 0} is an alternative strong

generating set for H(n)°™.

We can realize H(n)°™ as the quotient of a vertex algebra V,, which is freely generated
by vertex operators {J>"(z)| m > 0}, under a map =, : V,, — H(n)°™ sending J>™
j2™. In other words, there are no normally ordered polynomial relations in V,, among the
generators and their derivatives. There is an alternative strong generating set

{Qa,b| 0 S a S b}

for V, such that 7,(€2,5) = w,,. Recall the variables @, ;, and ¢, appearing in Theorem
Bl Since V, is freely generated by {J*"| m > 0}, and the sets {Q,,] 0 < a < b} and
{0FJ*™| k,m > 0} form bases for the same vector space, we may identify gr(V,) with
C[Qap], and we identify gr(H(n)°™) with C[q,s]/I,. Under this identification, gr(m,) :
gr(Va) — gr(H(n)°™) is just the quotient map sending Q. + Gu.p-

There is a good increasing filtration on V,, such that (V,) ) is spanned by iterated Wick
products of the generators (), ;, of length at most &, and (V,,)2k+1) = (Vn) k). Equipped
with this filtration, V, lies in the category R, and 7, is a morphism in R. Clearly 7, maps
each filtered piece (V,,)(x) onto (H(n)°™) ), so the hypotheses of LemmaB.2 are satisfied.
Since I,, = Ker(gr(m,)) is generated by the determinants d; ;, we can apply Lemma [3.2]
to find vertex operators Dy ; € (V,)(2n+2) satisfying ¢o,12(D1.5) = dr 5, such that {Dy s}
generates 7,,. Here

Dont2 (Vn)(2n+2) — (Vn)(2n+2)/(vn)(2n+l) C gr(Vn)
is the usual projection. Since €2, ; has weight a + b + 2, it follows that
(23) wt(Drg) = I+ [T+ 2042, |I|= ia, |J=D ja
a=0 a=0
Since there are no relations in H(n)°™ of degree less than 2n + 2, Dy ; is uniquely deter-
mined by the conditions

(24) Gon+2(Dry) =dry,  m(Dry) =0.

Given a homogeneous polynomial p € gr(V,) = C[Q, ] of degree k in the variables (), s,
recall that a normal ordering of p is a choice of normally ordered polynomial P € (V,)x),
obtained by replacing @), by €,;, and replacing ordinary products with iterated Wick

products. For any choice of P we have ¢o,(P) = p. Let D?ff,” € (Vn)@n+2) be some
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normal ordering of d; ;. Then m,(D3"?) € (H(n)°™)(y). Using the procedure outlined
in Section @ we can find a sequence of quantum corrections D7¥, for k = 1,...,n, which
are homogeneous, normally ordered polynomials of degree k in the variables €2, ;, such
that 317} D7, lies in the kernel of m,. We have

n+1

(25) Dy, = Z D7,
k=1

since Dj ; is uniquely characterized by @24). In this decomposition, the term D7 ; lies in
the space A,, spanned by {Q,;| @ + b = m}, for m = |I| + |J| + 2n. Recall that for m even,
Ay = 0?A,_0 @ (J™), and for m odd, A, = 9*A,,_3 & (0J™'). For m even (respectively
odd), define pr,, : A,, — (J™) (respectively pr,, : A, — (8J™ ') to be the projection
onto the second term. Define the remainder

(26) Ry = prm(D.?,J)'

For all I,.J, the remainder R, ; is independent of the choice of decomposition (25).
There is a distinguished element Dy = D(g ., (0,....n) Which is the unique element of Z, of
minimal weight n? + 3n + 2, and we denote its remainder by R,. Clearly R, is a scalar
multiple of j°+3", and the condition R, # 0 is equivalent to the existence of a decoupling
relation of the form

n243n 0 - n243m—
(27) U = P50, 52, 5T

in #(n)°™, where P is a normally ordered polynomial in j°,;2,...,;%*"~2 and their
derivatives. In [LIII] we made the following conjecture:

Conjecture 5.2. Foralln > 1, Ry # 0.

If Ry # 0, starting with (27), it is easy to construct higher decoupling relations

(28) j2r = Q2r(j07j27"'7jn2+3n_2)a

for all 7 > n?® + 3n, where Q, is a normally ordered polynomial in j°, ;2 ..., j7 32
and their derivatives. This implies that #(n)°™ has a minimal strong generating set
{5°,5%,...,§7°*3=21 ‘and in particular is a W-algebra of type W(2,4,6, ..., 1> + 3n). For
n = 1, this was proven by Dong-Nagatomo in [DN]. By computer calculation we showed
that for n = 2 we have R, = 2270 and for n = 3 we have R, = — 2212 J'¥. However, we

600 ; 705600
were unable to prove our conjecture in general.

For an arbitrary reductive group G of automorphisms of #(n), the structure of H(n)“
can be understood by decomposing H(n)“ as a module over H(n)°™. By Theorem 5.1
of [LII], the Zhu algebra of H(n)°™ is abelian, which implies that all its irreducible,
admissible modules are highest-weight modules. Moreover, H(n)“ decomposes as a di-
rect sum of irreducible, highest-weight #(n)°™-modules. In fact, there is a finite set of
H(n)°™-submodules of H(n)¢ whose direct sum contains an (infinite) strong generating
for H(n)“. By Lemma 6.2 of [LIII], this shows that H(n)¢ is finitely generated as a vertex
algebra. If we further assume Conjecture 5.2} it follows from Theorem 6.1 of [LIII] that
H(n)Y is strongly finitely generated. The precise description of H(n)°™ as a W-algebra
of type W(2,4,6,...,n* + 3n) is not necessary; the proof of Theorem 6.1 of [LIII] only
requires a strong finite generating set for H(n)°™ to exist.
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6. INVARIANT SUBALGEBRAS OF Vj(g)

Let g be a simple Lie algebra of dimension n, and let G be a reductive group of weight-
preserving automorphisms of V(g), for all £ € C. Since G acts on g and preserves both
the bracket and the bilinear form, G lies in O(n), and therefore acts on #(n) as well. In
this section, we will assume Conjecture [5.2] which implies the strong finite generation of
H(n)C. We prove Theorem LT which states that under this assumption, V;(g)“ is strongly
finitely generated for generic values of k. Since our conjecture is true for n = 3, and in
particular #(3)°®) is a W-algebra of type W(2,4,6, . .., 18), an immediate consequence is
that for g = sly, Vi(sly)® is strongly finitely generated for generic values of k.

The key idea behind the proof of Theorem that both Vi(g) and H(n) admit G-
invariant, good increasing filtrations, and we have linear isomorphisms

H(n) = gr(H(n)®) = gr(H(n))" = gr(Vi(e)®) = gr(Vi(9)® = Vi(e)“

and isomorphisms of graded commutative rings

gr(Vi(9))? = (Sym P V)% = gr(H(n))°,
Jj=20
where V; & C" = g as G-modules, for all j > 0. Hence both V,.(g)“ and H(n)“ can be
viewed as deformations of the same classical invariant ring R = (Sym @, V;)“. By The-

orem [4.1] there is a finite set { f1, ..., f;} of homogeneous generators for (Sym @;‘;01 Vi),
whose polarizations generate R. Let {d;,...,d,} be the set of distinct degrees of the el-
ements {fi,..., f;}, with d; < dy < --- < d,. Since the action of GL., on R preserves
degree, all polarizations of these elements must have degree d; for some j = 1,...,7. As
in Section 4] we may choose a minimal subset S of these polarizations, which generates
R as a O-ring. It follows from Lemma B that the sets T' C H(n)® and U C Vj(g)® corre-
sponding to S under the linear isomorphisms H(n)® = R = V;(g)Y, are strong generating

sets for H(n)“ and Vi (g)%, respectively.

Even though S is a minimal generating set for R as a 0-ring, 7" and U need not be
minimal strong generating sets for H(n)“ and V;.(g)“, respectively, as vertex algebras. In
fact, since we are assuming the strong finite generation of H(n)“, there is a finite set

T, = {plv s 7p8}7

which we may assume without loss of generality to be a subset of 7', which strongly
generates H(n)“. In other words, H(n)® = (T"), where (T”) denotes the space of normally
ordered polynomials in py,...,ps and their derivatives. Let S’ C S C R be the subset
corresponding to 7" under the linear isomorphism #(n)® = R, and let (S’) denote the
space of polynomials in the elements of S’ and their derivatives. In general, S’ will not
generate R as a 0-ring, so (S’) will be a proper subset of S. Since S is a minimal generating
set for R as a O-ring, it follows that

(29) (S\S)Nn(s) =0.
Otherwise such elements could be removed from S and the resulting set would still gen-
erate R as a 0-ring.

Let wy be the maximal weight of elements of 7". Without loss of generality, we may
assume that 7" contains all elements of 7" of weight at most wy. Let ¢ € T be a vertex
operator of weight w > w, and degree d, which must coincide with d; for some j =
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1,...,r, since these are the only possible degrees of elements of 7. Since 7" is a strong
generating set for 7(n)®, there exists a decoupling relation

(30) q=P(p1,...,ps)

where P lies in (7”). Without loss of generality, let us choose P so that its leading term
has minimal degree e. We may write

p=>"r

a=d;
where d; is the minimal degree of the elements of 7', and P* € (1”) is a homogeneous,
normally ordered polynomial of total degree a. (In other words, P is a normal ordering of
some homogeneous polynomial of degree « in the elements of S and their derivatives).
Moreover, since there are only double contractions in the vertex algebra #(n), we may
assume that the degree of each nontrivial term appearing in P has the same parity as d.
In other words, P* = 0 whenever a — d = 1 modulo 2. In particular, e has the same parity
as d. It is clear from (29) that e > d and that the leading term P° is a normal ordering
of some relation in R; as is Section 4, we may view (30) as a quantum correction of this
relation. In fact, we can rewrite (30) in the form

(31) » Ar=o, A% = P* for a #d, At =pl_yq.

a=d,

It is convenient to introduce the parameter % into our Heisenberg algebra H(n). We
denote by H;.(n) the vertex algebra with generators o'(z), i = 1,...,n, and OPE relations

o' (2)ad (w) ~ k& j(z —w) 72

Of course the vertex algebras #;(n) are all isomorphic for k£ # 0, and for any reductive
G C O(n), the invariant subalgebras H(n)® are isomorphic as well. The generators of
Hy.(n)¢ are the same for all k # 0, but since each double contraction among the generators
of Hj(n) introduces a factor of k, the decoupling relation corresponding to (30) becomes

(32) [y = 3 kil pe,
a=d1
We use the same notation 7" = {py,...,p,} for our strong generating set, regarded now
as a subset of H,,(n)“. As above, we may rewrite (32) in the form
(33) > ke AT =0,
a=d;

Let U' C U C Vi(g)“ denote the subset corresponding to 7" under the linear isomor-
phism H;.(n)¢ = R = Vi (g)¢. Let p; € U’ be the elements corresponding to p; € 77, and let
(U") denote the space of normally ordered polynomials in py, . . ., p; and their derivatives.
Given ¢ € U corresponding to ¢ € T', we will use the modified decoupling relation (32) to
construct an analogous relation

(34) Ak)G=) Q"

a=d,
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for Gin Vi (g)“. Here Q* is a normally ordered polynomial of total degree a in the elements
of U and their derivatives, and the coefficient A(k) is a polynomial in £ whose leading term
is k2(¢=9)_ Unlike P* which lies in (1"}, Q® need not lie in (U’), so (34) need not be a decou-
pling relation, and will require further modification. If we work in an orthonormal basis
{X%|i=1,...,n}for grelative to (, ), the second-order poles in the OPEs of X% (2) X% (w)
and o'(z)a? (w) are the same, namely k9; ;(z —w) 2. Therefore passing from H;(n) to Vi(g)
amounts to “turning on” the first-order polar part of the OPEs among the generators X*
of Vi(g).

Given a normally ordered polynomial P € H;(n)® in the elements of 7', let P € V;(g)¢
denote the corresponding normally ordered polynomial in the elements of U. Since
gr(He(n))¢ =2 R = gr(Vi(g))“ as graded rings, P is a normal ordering of a relation in
R. As in Section [} there exist B* € V,(g)¢ of degree a for a = d,...,e with B® = pe,
and ) ., B® = 0. Note that the indices a need not be parity-homogenous because there
are both single and double contractions in V;(g)®. There is a lot of flexibility in the choice
of these quantum corrections, and as we shall see, certain pieces have to be chosen with
some care.

The important observation is that the coefficients of all monomials appearing in B* are
polynomials in k. The leading degree of such a coefficient, regarded as a polynomial in £,
will be called the k-degree. 1t is clear from the OPE relations in Vj(g) that each double con-
traction among the generators X¢, which lowers the total degree by two, will introduce
a factor of £, and each single contraction, which lowers the degree by one, will not intro-
duce a factor of k. For each term B* for which a has the the same parity as e, the highest
k-degree that can occur is §(e — a), which occurs only if every possible contraction was a
double contraction. These terms are therefore the same as the corresponding terms in the
relation (33) in Hy,(n)®. More precisely, for all a of the same parity as e, we may choose
B® so that

(35) B = k2l fo 4.

where (- --) consists of monomials whose coefficients have lower k-degree. Note also
that when a has the same parity as e, the coefficient of each term appearing in B*~! has
k-degree at most 3 (e — a).

In degree d, since A = P! — gand P? € (T"), it follows that
(36) Bt = pHe-dpi _ pe-ag i (..

where the coefficient of each term appearing in (- - - ) has k-degree at most 1 (e — d) — 1. If
g appearsin (- - - ), we can rewrite (36) in the form

B = k0P = Mk)G + (),
where ¢ does not appear in (---), and A(k) is a polynomial in & whose leading term is
k2= Finally, letting Q* = B® for a # d and Q¢ = B® + \(k)g, we obtain a relation
Ak)G = _,, Q" of the form (34). Note that Q7 is independent of §, and whenever a and
e have the same parity, Q“ satisfies
Q¥ = kzlepe .
where the coefficient of each term in (- - - ) has lower k-degree. For a < ¢, the term P lies
in (U’), but the other terms appearing in * need not lie in (U’), and can depend on other
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elements of U. We need to systematically eliminate these variables for generic values of
k, and construct a decoupling relation expressing G as an element of (U’).

We begin with the elements of weight wy + 1. Recall that d,...,d, are the distinct
degrees of the elements of U, withd; < dy < --- <d,. For j = 1,...,r,let {G;1,...,q;4,}
be the set of elements of U of weight wy + 1 and degree d;. Let

{Qj,la RN Qj,tj} - T C Hk(’n)G, {Sj71, ey Sj7tj} C S - R
be the sets corresponding to {g; 1, ..., ., } under the linear isomorphisms Vi(g)¢ =2 R
Hy(n)C. First we consider the elements ¢, 1, . . ., ¢1.4, of minimal degree d;. For each of the

corresponding elements ¢, ; € T', there is a decoupling relation

€1,i

(37) kalenimdgy = 3 7 ka0 py,

a=d;

in H;(n)% of the form (B2), where e, ; has the same parity as d;, and each P/, lies in (T").
There is a corresponding relation

€1,i

(38) Ma(R)a =) Q1
a=dx
in Vi(g)¢ of the form (34), where the coefficient A, ;(k) has k-degree %(el,i —dy), and Gy,
does not appear in Q{}. Since the term P} appearing in (37) lies in (I"), and g;,; lies in
T\T forj=1,...,t,it follows from (29) that ¢; ; does not appear in Pldj. Therefore the
coefficient of ¢ ; in Q’f}i for j # i can have k-degree at most 3(e;; — di) — 1. We may write
il}i in the form

E 62] q1] )

where ¢; ;(k) = 0, and the term (- - -) 11es in (U’). Clearly each ¢; j(k) for j # i has k-degree
at most %(eu — dy) — 1. We can rewrite these relations in the form of a linear system of ¢;
equations

(39) Zm,j(k‘)qu =R;, i=1,... 1.

In this notation, p; ;(k) = € ;(k) for j # i, and pu;;(k) = —A1,(k). Moreover, the vertex
operator R;; = Y., R¢, has the property that R{, € (U’), since all the elements of
degree d; that do not lie in (U’) now appear on the left hand side of (39). In fact, we claim
that for d; < a < dy, each term R, lies in (U’). Since every element of U has degree d; for
somei = 1,...,7,and d; < a < dy, it follows that R{; is a normally ordered polynomial
in the degree d; elements of U and their derivatives. Since a > d;, each term in R{; must
be nonlinear in these generators, and in particular « must be a multiple of d;. Since the
weight of R{; is wy + 1, each factor of degree d; appearing in each monomial can have

weight at most wy, and hence will lie in (U”).

Since the diagonal entries 1, ;(k) appearing in (39) have k-degree %(el,i — dy), and all
other entries , j(k) for j # i have lower k-degree, the determinant of this system is a
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nonzero polynomial of leading k-degree 3i", 1(e1; — d;). Hence this system is invertible
over the fraction field C(k), so we obtain new relations of the form

61 i
(40) Gi=»_ St i=1.. 4

a=d
Here S}, is a normally ordered polynomial in the elements of U and their derivatives,
which is homogeneous of degree a. By construction, S7, lies in (U”) for d; < a < d,. Note
that the indices ¢} ; need not be the same as the indices e; ; appearing in the old relations

G8).

Clearly the higher terms SY{, for a > d, need not lie in (U’), so we need to iterate this
procedure and further modlfy the relations (40). Recall that G21,...,G24, € U are the
elements of degree d; and weight wy + 1, and qg,l, ..., Q2,4, are the corresponding elements
of T C Hi(n)“. There are decoupling relations in H;(n)“

€2
(41) k%(ew_dﬂQZi _ Z k%(e;i—a)Pzai

a=d;
of the form (32), where e, ; has the same parity as d», and Py is a homogeneous normally
ordered polynomial of degree a in (T”). The corresponding relation in V,(g)¢ is of the
form

€24
(42) Aoa(k)goi = Y @5,

a=d1
where Ay ;(k) has k-degree 1(e»; — d»). Moreover, the leading term Q5% = P,%", and for
each a of the same parity as dy, we have (5, = fp2(e2i~a) Pgi + - -+, where the coefficient
of each monomial appearing in (---) has k-degree at most 3(es; — a) — 1. In degree ds,

;{3. is independent of ¢, ;, but may depend on the elements ¢, ; for j # i. However, the
coefficient of ¢ ; in ngi will have k-degree at most 1 (e3; — da) — 1.

By degree and weight considerations, the terms Q5 ; for d; < a < d, eachliein (U’). The
argument is the same as the proof of the corresponding statement for R{;. On the other
hand, the degree d; term Q%" in @2) need not lie in (U’), and may depend on the elements
Gi1,---q11- Weneed to ehmmate these terms using the relations #0) constructed above.
Suppose first that d; and d; have the same parity. Since the degree d; term Pzdj € Hi(n)®
in lies in (17), it follows that the coefficient of each term ¢, 1, . . ., ¢1+, appearing in Qg}i
can have k-degree at most %(62’2‘ —dy) — 1. If g1 ; appears in ngi forsomel =1,...,t;, we
can use (@0) in the case i = [ to eliminate it. Of course this can introduce a new multiple
of ¢o; for j = 1,...,ty, in degree d,. However, the maximal k-degree of terms appearing
in Sdl is — (d2 — dy), which is a negative integer since (40) has been normalized so that
the &- degree of the left hand side is zero. Hence the coefficients of these new multiples of
g»,; must be rational functions of k, of k-degree at most

1 1 1
—(6272' — dl) —1- §(d2 — dl) = 5(627i — dg) — 1.

2

Since the coefficient \y;(k) of ¢2,; in (42) has k-degree %(627,' — dy), any multiple of ¢,
introduced by our procedure of eliminating the degree d; terms ¢;; cannot cancel the
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term A ;(k)G2;. SO we can collect terms involving ¢»; and rewrite our relation in the form

!
€2.i

(43) vo,i(k) G2 = Z RS,,-,

a=d;

where the coefficient 15 ;(k) is a rational function of k-degree 3(es; — ds), and Rj, lies in
(U') for dy < a < dy. Note that our elimination procedure may have introduced terms in
degree greater than e, ;, so it is possible that e;; > e, ;. Finally, the degree d, term Rgfi is
independent of ¢, ;, and still has the property that the coefficient of any term of the form
q2,j for j # i has k-degree at most %(62’2‘ —dy) — 1.

Next, suppose that d; and d, have opposite parity. Since the parity of e, ; is the same as
the parity of d; (and hence opposite to the parity of d;), the coefficient of each term in Qg}i
can have k-degree at most £ (es; —d; — 1). Any terms appearing in Qg}i of the form ¢, ; can
be eliminated using the relations (40). Since the maximal k-degree of terms appearing in
Sff’l is —1(dy — dy + 1), this procedure may introduce new terms of the form ¢, ; in degree
d,, but their coefficients will be rational functions in k, of k-degree at most

%(6272' - dl - ]_) - %(dg - dl + ]_) = %(egﬂ‘ - dg) — 1.

Thus we can collect terms involving ¢, ; as above, and we obtain a similar relation of the
form @3), where Rg; lies in (U’) for dy < a < dy. As above, Rgfi is independent of ¢, ;, but
may depend on ¢, ; for j # i. However, the coefficient of such terms can have k-degree at
most $(ez,; — da) — 1.

Regardless of whether d; and d; have the same or opposite parity, each monomial ap-
pearing in Rg, for dy < a < d3 must be nonlinear in the elements of U of degrees d; or
dy, and their derivatives. Since the weight of each factor can be at most wy, it follows that

5. € (U') for dy < a < d3. The degree d, term Rgfi need not lie in (U’), but we can elimi-
nate the terms ¢, ; for j # i which do not lie in (U’) using the same procedure we used in
the degree d; case. First, we rewrite the relations (43)) in the form of a linear system of ¢,
equations

t2
S hig(K)dag = Sag =1, 1
j=1

Here y; (k) = —1»,(k), which has k-degree %(62’2' — dy), and p; ;(k) has k-degree at most
5(e2;—dy) —1for j # i. Moreover, the vertex operators S, ; = ZZidl 5 ; have the property
that S5, € (U’) for d; < a < ds. As in the case of (39), the corresponding determinant is

invertible over C(k), so we obtain new relations

1
€24

Gi= Y T4,

a=d;

fori = 1,...,t;, where by construction, T3, lies in (U’) for d; < a < d3. Note that the
upper indices e ; may be different from ¢}, ;. Of course T3, need not lie in (U’) for a > ds.
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Now, using the same procedure, for each element Gs 1, . . ., G3, € U of weight wy,+1 and
degree d;, we can construct a relation of the form
€s3,i
Gsi= Y T5,,
a=d;

where Ty, € (U') for d; < a < dy. Continuing this process, in degree d;_;, each element
gj—1,fori=1,... t;_; satisfies a relation

€j—1,i

(44) TRTE D
a=d;
where T3 | ; € (U') for d; < a < d;. Finally, in the highest degree d, among elements of U,

we have honest decoupling relations

€rg

Gri= Y T
a=d;
fori = 1,...,t,, where each T}, lies in (U’). Now we can substitute these relations into
the relations for ¢,_1,; in the case j = r, eliminating all variables of the form ¢, ; that
occur in T}* , , for a > d,. This produces decoupling relations expressing each g, ; as an
element of (U"), fori=1,... ¢._;.

Inductively, once we have constructed decoupling relation for all elements of the form
gey with j < k < randl = 1,...,t, we can eliminate all variables of the form ¢, for
J < k < rin the relations (44) for ¢;_,,. We obtain decoupling relations expressing each
Gj—1,; fori = 1,...,t,_4, as an element of (U’). At the end of this procedure, we have a
decoupling relation for each element of U of weight w,+1. We repeat this entire procedure
for weights wy + 2, wy + 3, etc. This shows that if we work over the field C(k), we can
tind a complete set of decoupling relations, expressing each element of U as an element
of (U").

For arbitrary k, let W(g, G, k) denote the vertex subalgebra of V,(g)“ generated by U’.
Clearly (U') C W(g,G, k), and it is easy to see that (U’) = W(g, G, k) precisely when
W(g, G, k) is strongly generated by U’. In each weight w, the construction of our decou-
pling relations required us to invert a finite set of determinants over C(k) which are cer-
tain rational function of k, so finitely many values of £ must be excluded. Taking the
union of these excluded values over all weights, it follows that the set of k£ for which the
equality

(45) (U') =W(g,G. k) = Vi(9)®

can fail is at most countable. Therefore (45) holds for generic values of k. This completes
the proof of Theorem [L.1]

A deformable WW-algebra is a family of conformal vertex algebras V. where c is the Vi-
rasoro central charge, equipped with strong generating sets A. = {af,...,a’}, whose
structure constants are continuous functions of ¢ with isolated singularities. Recall that
the structure constants are the coefficients of each normally ordered monomial in the el-

ements of A. and their derivatives, which appear in the OPE of af(z)aj(w), for i,j =

1,...,7. Assuming the strong finite generation of #(n)°™, we claim that W(g, G, k) is a
deformable WW-algebra. Let E C C be the set of all values of k for which (U’') = W(g, G, k).
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For k € E, the structure constants of W(g, G, k) are clearly rational functions of k. Since
there are only finitely many structure constants, there can be only finitely many singular
points &y, ..., k;, and we have £ = C\ {ky, ..., k}. The claim follows from the fact that

the Virasoro central charge c is given by kfﬁ(vg) , 80 k is a rational function of c. In the case

g = sly, Corollary shows that W(sl,, G, k) is indeed a deformable WW-algebra for any
reductive group G of automorphisms of V. (sl).

To the best of our knowledge, Corollary [1.2]is the first result of its kind asserting that
invariant subalgebras of Vj,(g) for some simple g are strongly finitely generated. We em-
phasize that this is a very preliminary result. A priori, it is possible that the set D on
which (45) holds, is a proper subset of E. In other words, there may be values of & for
which (U’) = W(g, G, k), but W(g, G, k) is a proper subset of V;(g)“. Moreover, for k ¢ D,
it is possible that V;(g)“ is still strongly finitely generated, even though U’ will not be
a strong generating set in this case. We hope to study the structure and representation
theory of the vertex algebras V;(g)“ in more detail in future work.
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