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We consider the Einstein equations within the DBI scenario for a spatially flat Friedmann-
Robertson-Walker (FRW) spacetime without a cosmological constant. We derive the inflationary
scenario by applying the symmetry transformations which preserve the form of the Friedmann
and conservation equations. These form invariance transformations generate a symmetry group
parametrized by the Lorentz factor γ. We explicitly obtain an inflationary scenario by the coopera-
tive effect of adding energy density into the Friedmann equation. For the case of a constant Lorentz
factor, and under the slow roll assumption, we find the transformation rules for the scalar and
tensor power spectra of perturbations as well as their ratio under the action of the form invariance
symmetry group. Within this case and due to its relevance for the inflationary paradigm, we find
the general solution of the dynamical equations for a DBI field driven by an exponential potential
and show a broad set of inflationary solutions. The general solution can be split into three subsets
and all these behave asymptotically as a power law solution at early and at late times.
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I. INTRODUCTION

The inflationary paradigm [1]-[4] has been confirmed as
the most successful candidate for explaning the physics
of the early universe [5]. This cornerstone of modern cos-
mology solves many of the puzzles of the hot big bang
theory, explaning why the universe appears so close to
spatial flatness, why it is so homogeneous and isotropic
at large scales, and why it is not overwhelmed by mag-
netic monopoles [6]. The simplest theoretical framework
to implement inflation is given by a scalar field which
undergoes a slow roll period responsible for exponential
expansion of the universe at early times. Furthermore,
quantum fluctuations at early times provide the seeds for
the formation of large-scale structure with a spectrum of
adiabiatic, and nearly scale-invariant Gaussian density
perturbations. This prediction was confirmed using ob-
servational data, mainly those coming from the cosmic
microwave background radiation [7]-[9], the 2dF galaxy
redshift survey [10], and the SDSS luminous red galaxies
survey [11].
Recent progresses made within string theory in rela-

tion with the current view of cosmology have pointed out
other possible types of physical mechanisms which lead
to an inflationary era at early times. For example, brane
inflation tell us that inflation is entirely due to the motion
of D3-brane down a throat in a warped Calabi-Yau com-
pactification [12]; where the central scalar field kinetic
energy function is non-canonical and its form is deter-
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mined by T-duality, yielding the well known Dirac-Born-
Infeld action [13]. When the spatially homogenous con-
figurations are taken into account the action correspond-
ing to the inflaton field reduces to a DBI field theory
which was recently considered in the literature by many
authors [14]- [21]. An interesting aspect of this model
is a direct consequence of the nonlinear corrections in
the kinetic energy. These contributions naturally gener-
ate significant levels of primordial non-gaussianity in the
spectrum of curvature perturbations, moreover there is a
running of the non-gaussianity reported in [22]. In what
respect the inflation within the DBI scenario it is impor-
tant to remark that slow roll can be achieved through
a low sound speed instead of dynamical friction due to
expansion. Nowadays, the considerable interest devoted
to the inflation mechanism with DBI fields has allowed
to gain a better understanding of this attractive strings
inspired model [23]-[32], [33]-[36]. In this respect, the ex-
act solution exhibiting power-law inflation with a single
DBI field for several potentials and wraped functions was
found in [37].

Among the several appealing scenarios showing alter-
native ways to achieve an inflationary stage during the
evolution of the Universe, we are interested in DBI model.
In order to contribute to a deeper understanding of this
setup we are using the group of symmetry transforma-
tions whereby the Einstein equations for the spatially flat
FRW space time are form invariant [38]. The group of
symmetry is represented by a set of fundamental trans-
formations preserving the form of Friedmann and con-
servation equations, mixing geometrical quantities as the
expansion rate with quantities of the fluid as the pressure
and the energy density. The aforesaid “internal” symme-
try leads to a duality between contracting and expanding
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scenarios, including a phantom stage [39]- [46]. In this
context, the cooperative effects of adding energy density
into the Friedmann equation increases the Hubble pa-
rameter and the gravitational friction slowing down the
rolling of the scalar fields, and in consequence enhanc-
ing inflation. Even if a source is not energetic enough to
provide inflation when the fields are rolling down in iso-
lation, the cumulative effect of a regime of much bigger
energy density gives rise to enhanced inflation. This ef-
fect was shown to work for tachyon fields [40], interacting
fluids [42, 44], Chaplygin gases [43], DBI cosmologies [37],
fermions [45], quintom scenarios [46] brane-world models
[38]- [39], DGP cosmologies [47]- [48], in Bianchi type-
V cosmologies [49] and n-dimensional FRW cosmologies
[50].

Other examples of multi-field inflationary models have
been explored in the literature [51]. One can see a resem-
blance between the enhanced inflation mechanism dis-
cussed here and the assisted inflation mechanism, where
the cooperative effects of adding several self-interacting
scalar fields driven by an exponential potential make in-
flation more likely. However, we are going to focus on
enhanced inflation because it works with any fluid and
does not require the use of self-interacting scalar fields or
a specific potential.

In what follows, and as we have anticipated above, we
will be concerned with enhanced inflation generated by
the subset of linear symmetry transformations. Hence,
we will be able to link two cosmological models hav-
ing different expansion rates, for instance non-accelerated
with accelerated ones and vice versa. As will be explained
in detail below, in the DBI scenario the key parameter of
the linear transformation of the form invariance symme-
try group is given by the Lorentz factor γ. Below, we will
see that in the constant γ case the Friedmann and con-
servation equations are fully integrated when the model
is driven by an exponential potential.

The paper is organized as follows. In Sec. II we give
a review on basic facts of the DBI model. In Subsec.
A, following the prescription developed by one of the au-
thors in [38], we investigate the existence of the form
invariance symmetry group within the DBI framework
when the group is parametrized by the Lorentz factor γ
and present the transformation rules for physical quanti-
ties, such as Hubble expansion rate, the scale factor, the
DBI field, the corresponding potential, the barotropic in-
dex, the warp factor, the flow parameters of the slow roll
approximation, the power spectra for scalar and tensor
primordial quantum fluctuations as well as their ratio.
We also give the conditions so that the DBI field drives
an accelerated expansion scenario. In Sec. III we find the
general solution for a DBI field driven by an exponential
potential with constant Lorentz factor. We present a de-
tailed study of the general solution and show explicitly
how enhanced inflation proceeds and how it is induced
by the form invariance symmetry group. Finally, in Sec.
IV we summarize and discuss our findings.

II. DBI ENHANCED INFLATION

Our scenario is that of a four-dimensional spatially flat
FRW spacetime

3H2 = ρ, (1)

ρ̇+ 3H(p+ ρ) = 0, (2)

filled with a non-canonical DBI field φ. Here, the dot
means differentiation with respect to the cosmological
time t and H = ȧ/a is the Hubble expansion rate. Using
the customary perfect fluid interpretation p = (Γ − 1)ρ,
where Γ is the barotropic index of the DBI field, we have

ρ =
γ2

γ + 1
φ̇2 + V (φ), p =

γ

γ + 1
φ̇2 − V (φ), (3)

γ =
1

√

1− f(φ)φ̇2

, γ > 1, (4)

and

Γ =
γφ̇2

ρ
, (5)

where, f(φ) > 0 is the warp factor, V = V (φ) > 0 is the

potential and
√

f(φ)φ̇ may be interpreted as the proper
velocity of the brane. Then, for a positive potential, we
have that Γ satisfies the following inequalities

0 ≤ Γ ≤ γ + 1

γ
. (6)

For comparison it is worth mentioning that when the
source of the Einstein equations corresponds to a scalar
field with a canonical kinetic term, say a quintessence
field ϕ, there are different forms to obtain inflationary
scenarios. In many of these scenarios the effective poten-
tial of a quintessence field is responsible for an epoch of
accelerated inflationary expansion.
Still within the quintessence context, inflationary sce-

narios can be obtained also from a more general point of
view by using the group of transformations which pre-
serve the form of the Friedmann and conservation equa-
tions [38]. In this case the cooperative effects of adding
energy density into the Friedmann equation, instead of
quintessence fields, lead different enhanced inflationary
scenarios, including phantom one [39]. In this interpre-
tation of the inflationary paradigm, the configurations of
one and several quintessence fields are related by a simple
symmetry transformation of the corresponding Einstein-
Klein-Gordon equations. In this sense they can be con-
sidered as equivalent cosmological models [38].
Now, DBI theory is a framework where the inflation is

naturally related with the cooperative effects of adding
energy density into the Friedmann equation instead of
the cumulative effects of several DBI fields. As opposed
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to the quintessence field, now the factor γ normally in-
creases or magnifies the energy density of the scalar field.
This motivation follows from the inequality ρ(γ) ≥ ρϕ,
where ρϕ = ρ(γ = 1) is the quintessence field, and the
physical assumption that the warp factor f(φ) is positive
definite. Therefore, the energy density for the DBI field
has an increased magnitude as compared with the energy
density of the quintessence field.

A. Form invariance symmetry in DBI theory

A form invariance transformation is a prescription re-
lating the quantities (H, ρ, p) of a FRW cosmology ful-
filling Eqs. (1-2) with the quantities (H̄, ρ̄, p̄) of another
FRW cosmology described by the Eqs. 3H̄2 = ρ̄ and
˙̄ρ + 3H̄(p̄ + ρ̄) = 0. Although the last system of equa-
tions have the same form than the original ones (1-2),
both systems represent two different FRW cosmologies
because their sources are different. Now we assume that
these two cosmologies can be associated with each other
by means of the transformation ρ̄ = γ2ρ. Then the form
of the FRW cosmology is then preserved if we complete
the transformation as follows

ρ̄ = γ2ρ, (7)

H̄ = γH, (8)

Γ̄ =
Γ

γ
− 2γ̇

3Hγ2
. (9)

The latter equation allow us to construct inflationary
scenarios (0 < Γ̄ < 2/3) from a non-inflationary one
(2/3 < Γ) by taking a DBI field that verifies Eq. (9),
we then get

1− 2ρ

3φ̇2
<

2γ̇H

γ2φ̇2
< 1. (10)

For the simplest case, γ = const. with fφ̇2 = const.,
the inequalities (10) are substituted by

V

φ̇2
>

3

2
− γ2

γ + 1
. (11)

Now, integrating Eq. (8) we get the relevant transforma-
tion rule for the scale factor

ā = aγ . (12)

The transformation laws for the field, the potential and
the barotropic index and are obtained from Eqs. (3), (5)
and (7)

˙̄φ
2
= γφ̇2, (13)

V̄ = γ2V +
γ3(γ − 1)

γ + 1
φ̇2, (14)

Γ̄ =
Γ

γ
, (15)

where we have assumed that the parameter γ of the form
invariance transformations (7) is an invariant quantity

γ̄ = γ. Hence, fφ̇2 is an invariant quantity as well and
the warp factor transforms in the same way that the
barotropic index (9,15) does

f̄ =
f

γ
. (16)

Finally, taking into account that necessarily γ > 1, the
DBI field accelerates the expansion of the universe en-
hancing inflation when γ > 3Γ/2.

B. Slow roll approximation

A central ingredient of the inflation perturbation is the
slow roll approximation. Even when this approximation
has not been required by our study of the enhanced in-
flation in the DBI theory because we have used an inter-
nal symmetry of the Friedmann and field equations, it
is important to know the transformation rule of the flow
parameters under the form invariance transformations to
apply it on the power spectra and obtain an overview of
the limitations imposed by this approximation. This will
set the foundations for the prediction of observational
features, and will allow for a critical appraisal of the DBI
inflationary scenario.
Following [33], [35], [55], it can be shown that the

three nonzero fundamental flow parameters, for a con-
stant Lorentz factor, are given by

ǫ =
2

γ

(

H ′(φ)

H(φ)

)2

, (17)

η =
2

γ

H ′′

H
, (18)

ζ =
4

γ2

H ′H ′′′

H2
, (19)

where the prime stands for derivates with respect to the
fields φ. The slow roll approximation is valid when |ǫ| <<
1, |η| << 1, and |ζ| << 1 and these requirements impose
constraints on the form of the potential and the value of
the initial conditions. In the constant γ case, using the
form invariance transformations (8) and (13), one shows
that the flow parameter change as

ǭ =
ǫ

γ
, (20)

η̄ =
η

γ
, (21)

ζ̄ =
ζ

γ2
. (22)

Therefore, we conclude that the slow roll approxima-
tion is enhanced when the energy density is increased in
the Friedmann equation.
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C. Power spectra

Density fluctuations generated during the inflationary
era are the key ingredient for the formation of large
scale structures, and leave different observational im-
prints which may provide a way to constrain inflation-
ary parameters and discriminate among different mod-
els. Consequently, we will be interested in the effect of
the form invariance symmetry on the properties of the
spectrum and spectral index for the perturbations that
would be created during an inflationary period.
The power spectrum sfor scalar primordial quantum

fluctuation was first derived in [52] and reads

Ps(k̃)|aH=k̃ =
1

8π2

H2

ǫcs
, (23)

where c2s = ∂p/∂ρ = 1/γ2 is the speed of sound and the
quantity (23) is evaluated at the time of horizon crossing.
Using (8) and (20), we find that the power spectrum (23)
changes as follows

P̄s(k̃) = γ3Ps(k̃). (24)

The latter result shows that a form invariance transfor-
mation, within the DBI model, enhances the power spec-
trum of the primordial perturbation by a factor γ3. Thus,
a DBI cosmological model with γ > 1 will have naturally
amplified primordial quantum fluctuations. On the other
side, the power spectra for the tensor perturbations are
given by

PT (k̃)|aH=k̃ =
2

π2
H2 ∝ ρ. (25)

The tensor power spectrum changes as P̄T = γ2PT under
a form invariance symmetry. Then the ratio of power in
tensor modes versus scalar modes [52]

r =
PT

Ps
, (26)

transforms as

r̄ =
r

γ
, (27)

and we find that r̄ < r for γ > 1. Enhanced inflation thus
lowers r and makes it easier to meet the 2σ observational
bound from WMAP7 [54], which is r < 0.24 for a power-
law power spectrum (actually, this bound gets almost
two times larger if the power-law assumption is relaxed
to admit a running index). Future experiments devoted
to polarization like CMBPol [56] or Quijote [57] may offer
an improved estimation of this bound.
Another important issue in the DBI model is related

with the non-gaussianities in the perturbation spectra
due to its non-canonical kinetic term. A rough estimator
of the non-gaussianity level depends essentially on the
Lorentz factor [15, 18, 55]

fNL =
35

108

(

γ2 − 1
)

(28)

Then, this measure remains invariant under the action of
the form invariance symmetry. As given by WMAP7 [54],
the current 2σ observational bound for non-gaussianity
is −10 < fNL < 74, thus implying γ < 15. Of course,
tighter constraints will very likely be obtained from fu-
ture missions like those cited above.

III. THE EXPONENTIAL POTENTIAL

We start this section by introducing an exponential
potential to show explicitly, in this special case, that
the form invariance symmetry leads to enhanced inflation
through the factor γ. For a DBI scenario with γ = const.,
after combining Eqs. (1-3), we obtain the Friedmann and
field equations

3H2 =
γ2

γ + 1
φ̇2 + V, (29)

φ̈+
3(γ + 1)

2γ
Hφ̇+ (γ + 1)

V ′

2γ2
= 0, (30)

with V ′ = dV/dφ, and the useful equations

− 2Ḣ = γφ̇2, (31)

3H2 +
2γ

γ + 1
Ḣ = V. (32)

A simple realization of the condition (11) is to assume

that V (φ) ∝ φ̇2 (with an appropriate proportionality fac-

tor to be determined later). Hence, V ′φ̇ ∝ φ̇φ̈, V ′ ∝ φ̈
and from Eq. (29) we get H ∝ V 1/2. Inserting all these
results in the equation field (30) we obtain V ′ ∝ V , mean-
ing that the DBI field is driven by an exponential poten-
tial. Therefore, we will write the potential as

V = V0 e
−Bφ, (33)

where V0 and B are constants with V0 > 0.
The exact solution of the Friedmann and field equa-

tions (29-30) for the exponential potential (33) (so called
Liouville potential) includes power law solutions, a par-
ticular explicit solution depending on the cosmological
time and the general solution which implicitly depends
on a function of the cosmological time. All these solu-
tions have the common feature of a power law asymptotic
behavior.
To proceed we introduce an auxiliary function of the

cosmological time L(t) and rewrite φ̇ in terms of this new
variable as

φ̇ =
B

γ
H + L. (34)

This becomes a first integral of the DBI field equation
(30) whenever the function L satisfies the equation

L̇+
3H(γ + 1)

2γ
L = 0. (35)
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By inserting the solution of the last equation L =
b a−3(γ+1)/2γ into Eq. (34), we get the first integral of
the field equation (30)

φ̇ =
B

γ
H + b a−

3(γ+1)
2γ , (36)

where b is an integration constant. Thus, the Liouville
potential (33) helps us to find the first integral of the
field equation by turning the latter into a separable non-
linear differential equation. The separation yields two
parts: one depends exclusively on geometrical quantities,
whereas the other depends on quantities that characterize
the field.
Replacing the first integral (36) into the Friedmann

equation (29), we get a quadratic equation in the expan-
sion rate H

[

3(γ + 1)−B2
]

H2 − 2γbBH

a3(γ+1)/2γ
− γ2b2

a3(γ+1)/γ
− V = 0,

(37)
whose discriminant D must be definite positive to obtain
real valued scale factors, so we find the following inequal-
ity:

[3(γ + 1)−B2]V +
3γ2b2

a3(γ+1)/γ
> 0. (38)

Note that the coefficient of the potential must be positive
so that the inequality (38) holds in the limit of large scale
factor, so one concludes that the restriction

B2 < 3(γ + 1), (39)

must hold in order to have real valued solutions with non
null potential.

A. Power law solutions

For the particular b = 0 case the first integral (36)

becomes φ̇ = BH/γ, so by integration we get φ =
(B/γ) ln a, where the integration constant has been set
to zero. On the other hand by combining Eqs. (29), (30)
and (33) the field equation (30) reduces to

φ̈+
B

2
φ̇2 = 0. (40)

After integrating twice the Eq. (40), we get the DBI
field, the scale factor from a = exp(γφ/B) and V0 from
the Friedmann equation (29), they read

a = t2γ/B
2

, φ =
2

B
ln t, (41)

V0 =
4γ2

B2

[

3

B2
− 1

γ + 1

]

. (42)

The DBI model enhances inflation for any value of B
such that γ > B/2. In a way, for arbitrary γ values the

enhanced framework generalizes the assisted inflation. In
fact, by applying the form invariance transformation (7),

(8) and (12) on the power law solution a = t2/B
2

, we ob-

tain ā = aγ = t2γ/B
2

. It means that the transformed
cosmological DBI model is filled with an energy den-
sity ρ̄ larger than the energy density ρ of the original
model, because ρ̄ = γ2ρ with γ > 1. This shows explic-
itly that the cooperative effects of adding energy density
into the Friedmann equation enhances inflation. Simi-
larly the barotropic index Γ of the DBI field transforms
as Γ̄ = Γ/γ under a form invariance transformation en-
hancing inflation for γ > 3Γ/2 .
The particular power law solution a = t2γ/3(γ+1) is

excluded for the exponential potential because in this
case B2 = 3(γ + 1) and V0 vanishes in Eq. (42).

B. Particular explicit solution

In order to obtain some particular explicit solutions of
Eqs. (29), (30) and (33), we combine Eqs. (31), (36)
which lead us to a nonlinear second order differential
equation for the scale factor a:

− 2Ḣ = γ

[

B2H2

γ2
+

2bBH

γ
a−

3(γ+1)
2γ + b2a−

3(γ+1)
γ

]

.

(43)
By making the change of variables

s = aB
2/2γ , τ = bB t, m = −3(γ + 1)

B2
, (44)

it follows from Eq. (39) that m ≤ −1, hence the Eq.(43)
becomes a second order nonlinear differential equation
for s(τ):

s̈+ smṡ+
1

4
s2m+1 = 0, (45)

where the dot stands for differentiation with respect to
the argument of the function. Once we have found the
solution of Eq. (45), we will obtain the “scale factor a”
in terms of the cosmic time t by using Eqs. (44). After
that we must constraint the “scale factor a” in order for
it to be a comply with the Friedmann equation (29) also.
This will allow us to bind the two integration constants,
provided that the two integrations of Eq. (45) are related,
so that finally we have the true scale factor with only one
relevant integration constant.
By making a change of variable s(τ) → v(τ)

ṡ = αsm+1 + s
v̇

v
, (46)

where α is a constant to be determined later. Under this
new variable Eq. (45) can be recast as

[

(m+ 1)α2 + α+
1

4

]

s2m+1+[(m+ 2)α+ 1]
v̇

v
+s

v̈

v
= 0.

(47)
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For the two values, m = 0 with α = −1/2 and m = −4
with α = 1/2, the last equation reduces to

v̈ = 0. (48)

We discard the m = 0 value because it entails B2 → ∞
and a vanishing exponential potential (33). However, for
m = −4, we integrate Eq. (46) and obtain

s−4 =
v−4

2
∫

v−4dτ
. (49)

By solving the latter with v given by Eq. (48), i.e, v =
b1+ b2τ , where b1 and b2 are constants, and substituting
into the first Eq. (44), we obtain the scale factor

a =

[

2
(

kτ4 − τ
)

3

]2γ/3(γ+1)

. (50)

Without loss of generality, the quantity (kτ4−τ) must be
restricted to remain positive definite, so we take b1 = 0
and the constant k becomes a redefinition of the old one.
The DBI field φ(τ) is obtained by integrating the first

integral (36) of the field equation (30)

φ =
1

B
ln

[ |φ0|
3

τ2(kτ4 − τ)

]

, (51)

where φ0 is an integration constant. Finally, from Eqs.
(33) and (51), we find the exponential potential as a func-
tion of the cosmological time

V =
3V0τ

2

|φ0| (kτ4 − τ)
. (52)

To constrain the integration constants we use the scale
factor (50) to calculate H , Ḣ and insert them along with
the potential (52) into the Friedmann equation (32). The
dependence on the variable v is missed and we find a
relation between b, φ0, k and V0:

k =
V0(γ + 1)

4|φ0|b2γ2
. (53)

This gives a positive definite constant k. Hence, the scale
factor (50) and the DBI field (51), whose integration con-
stants verify the relation (53), are exact solutions of the
Friedmann and field equations (29)-(30) for the exponen-
tial potential (52).

C. Implicit general solution

Motived by the use of the exponential potential in the
framework DBI inflation framework, we will find the gen-
eral implicit solutions of Eqs. (29), (30) and (33). To this
end, we will solve Eq. (45) by using the form invariance
group generated by a non-local transformation of vari-
ables acting on the nonlinear differential equation

s̈+ F ṡ+ β F

∫

Fds+ νF = 0, (54)

where s = s(τ), F = F (s) is any integrable real function,
the dot means differentiation with respect to τ whereas
β and ν are constant parameters. In our DBI model
Eq. (45) is obtained from Eq. (54) by selecting F = sn.
Below, we will use a non-local transformation of variables
to linearize Eq. (54).
We introduce a new pair of variables (h, η) by means

of the variable transformations

F (s)ds = G(h)dh, F (s)dτ = G(h)dη, (55)

where G(h) is an integrable real function. The inte-
gration of the first transformation in Eq. (55) defines
h = h(s). However, the second transformation in Eq.
(55) cannot be integrated until we know the functions
F (s) and G(η). For this reason it defines a non-local
variable transformation. Although, we do not know it
explicitly, it transforms the Eq. (54) into a nonlinear
ordinary differential equation having the same form,

h′′ +Gh′ + βG

∫

Gdh+ νG = 0, (56)

where ′ denotes differentiation with respect to η. In other
words Eqs. (54) and (56) are related between them by
the formal changes F ↔ G, s ↔ h and τ ↔ η. Then,
the non-local transformation (55) preserves the form of
these equations mapping solutions of Eq. (54) into solu-
tions of Eq. (56) for any pair of functions F (s) and G(η),
linking solutions of two different physical configurations.
Taking into account the nature of the non-local change of
variables (55), it is not always possible to find explicit so-
lutions of the Eq. (54). However, the procedure based in
the use of the form invariance relates the class of nonlin-
ear differential equations (54), generated by the function
F (s), with the linear damped harmonic oscillator equa-
tion, by selecting G(h) = const.. In our case, we apply
this procedure by choosing the specific parametrization
F (s) = sm an d G(h) = 1 in Eqs. (54) and (56). These
two different configurations are described by the equa-
tions

s̈+ smṡ+
β

m+ 1
s2m+1 + νsm = 0, (57)

h′′ + h′ + βh+ ν = 0, (58)

and their solutions are related by the non-local vari-
able transformations (55) evaluated on the above specific
parametrization

h =

∫

smds, η =

∫

smdτ . (59)

Summarizing, the non-local change of variables (59)
transforms the non-linear differential equation (57), de-
scribing a DBI field driven by an exponential potential,
into a linear damped harmonic oscillator equation (58)
with a constant gravitational field. It means that the
non-local change of variables (59) alters the Lie point
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symmetry of these two physical problems making them
essentially the same in the new variables (h,η).
Comparing our equation (45) with Eqs. (57) and (58),

we have two different cases to analyze,

• m 6= −1, ν = 0, F (s) = sm, β = (m+ 1)/4

• m = −1, β = 0, F (s) = 1/s, ν = 1/4

For which the Eq. (45) becomes

h′′ + h′ +
m+ 1

4
h = 0, m 6= −1, (60)

h′′ + h′ +
1

4
= 0. m = −1. (61)

For m 6= −1 and ν = 0, we obtain from Eqs. (33),
(36), (44), (59) and (60) the scale factor, the DBI field
and the potential

a(η) =
[

(m+ 1)
(

c1e
λ−η + c2e

λ+η
)]

2γ

B2
−3(γ+1)

, (62)

φ(η) =
1

B

[

ln |φ0|+ η +
B2

γ
ln a

]

, (63)

V =
V0 e

−η

|φ0| aB2/γ
, (64)

where λ± = (−1±√−m)/2 are the roots of the character-
istic polynomial of the Eq. (60) and φ0 is an integration
constant. Now, inserting Eqs. (62), (63) and (64) into
the Friedmann equation (32), the integration constants
are constrained so they satisfy the following relation:

c1c2 =
B4V0

12γ2b2[B2 − 3(γ + 1)]|φ0|
. (65)

Defining the constant C2 = −4c1c2 and taking into ac-
count Eqs. (44), (62) and (65), we obtain the final form
of the scale factor for B2 − 3(γ + 1) < 0,

a =

[

C e−η/2 sinh

(

√

3(γ + 1)

2B
η − σ

)]

2γ

B2
−3(γ+1)

. (66)

At early times, η → ∞, the DBI model begins at a
singularity where the scale factor reads

ae ≈ e2λ
+γ∆η/[B2

−3(γ+1)]. (67)

The relation between the implicit time η and the cosmo-
logical time is given by the second Eq. (59),

∆τ ≈ e3λ
+(γ+1)∆η/[B2

−3(γ+1)], (68)

then, composing the last two equations we obtain the
initial behavior of the implicit solutions

ae ≈ ∆τ2γ/3(γ+1). (69)

At late times the constant σ defines the limit value
of the implicit time η∞ = 2Bσ/

√

3(γ + 1) where the
scale factor reaches a = ∞. To find the behavior of the
latter set of solutions for a large scale factor, we expand
it near η∞ by making η = η∞ + ∆η with ∆η > 0 and
∆η/η∞ ≪ 1. In this limit, the scale factor behaves as

al ≈ ∆η
2γ

B2
−3(γ+1) , (70)

while from the second Eq. (59), the cosmological time
becomes

∆τ ≈ ∆η
B2

B2
−3(γ+1) . (71)

Finally, from the last two we get

al ≈ ∆τ2γ/B
2

. (72)

Eqs. (69) and (72) show that the DBI model driven by
an exponential potential interpolates between two fluids
with barotropic indexes Γe = (γ+1)/γ and Γl = B2/3γ.
Actually the barotropic index of the DBI field becomes
variable and it can be calculated by inserting the exact
scale factor (66) into Γ = −2Ḣ/3H2, hence the final
result is

Γ =
γ + 1

γ





B −
√

3(γ + 1) tanh

√
3(γ+1)

2B η − σ
√

3(γ + 1)−B tanh

√
3(γ+1)

2B η − σ





2

.

(73)
For the m = −1 (B2 = 3(γ + 1)), β = 0 and ν = 1/4

case we have

a(η) = exp

[

2γ

3(γ + 1)

(

d1 + d2 e
−η − η

4

)

]

, (74)

φ(η) =
1

B

[

ln |φ0|+ η +
B2

γ
ln a

]

. (75)

Combining Eqs. (32), (64), (74) and (75), the integration
constants should fulfill the following constraint:

d2 =
(γ + 1)V0

4γ2b2|φ0|
. (76)

Hence the final scale factor can be rewritten as

a(η) = a0 exp

[

− γη

6(γ + 1)
+

V0 e
η

6γb2|φ0|

]

, (77)

where a0 is a redefinition of the constant d1.
Summarizing, the general solution of the a DBI field

driven by an exponential potential and constant factor γ
is composed by scale factors (41), (50), (66), (77) and the
corresponding DBI fields (41), (51), (63), (75). Analyz-
ing the asymptotic limits of the scale factor (66) we see
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that ae → t2γ/3(γ+1) at early times and al → t2γ/B
2

at

late times. It transits from ae ≈ t1/3 and al ≈ t2/B
2

for
γ → 1 (quintessence field) to ae ≈ t2/3 and al ≈ t2γ/B

2

for γ ≫ 1 (DBI field), showing that the exponents in-
crease from 1/3 and (γ/B2) to 2/3 and (2γ/B2) at early
times and (late times) respectively. Therefore, a DBI
field driven by an exponential potential does not inflate
near the initial singularity. However, away from the sin-
gularity, when the time proceeds, the inflation becomes
more probable and it is enhanced by the factor γ within
the DBI framework.

IV. CONCLUSION

By using the very appealing form invariance symmetry
group contained in the Friedmann and conservation equa-
tions, we have given a full description of the enhanced
inflation within the DBI cosmological model for spatially
flat FRW spacetimes and we have shown that the co-
operative effects of increasing the energy density in the
Friedmann equation makes inflation more likely. We have
increased the energy density of the DBI field by means of
the form invariance transformation ρ = γ2ρ, through the
“real Lorentz factor” γ > 1. It substitutes the configura-
tion of n self-interacting DBI fields, contrasting with the
assisted inflation originally derived for the quintessence
field. In the peculiar case that the Lorentz factor γ is a
natural number, it plays the same role that the number of
n self-interacting DBI fields. Hence, the DBI field accel-
erates the expansion of the universe, leading to an infla-
tionary era, when its barotropic index Γ and the Lorentz
factor γ satisfy the inequality γ > 3Γ/2.

In this context we have also investigated some interest-

ing examples by determining the transformation rules for
the scalar and tensor power spectra, as well as their ratio,
and the slow roll parameters under the action of the form
invariance transformations. We have found that the pri-
mordial quantum fluctuations are naturally amplified by
γ and the slow roll approximation is enhanced when the
energy density is increased in the Friedmann equation.
We have obtained the general solution of the Fried-

mann and DBI field equations for a constant Lorentz
factor when the DBI field is driven by an exponential
potential. The general solutions has been split into
three subsets, power law solutions, an explicit particular
solutions and the implicit general solution. We have
shown that they all share the property that at early and
at late times they behave asymptotically as power law
solutions. The first subset of solutions exhibit enhanced
inflation under a form invariance transformation. On the
other hand, the asymptotic behavior of the remaining
two subsets of solutions at late times indicates that
inflation becomes more probable and it is enhanced by
the γ factor.
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