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TOWARD A MACKEY FORMULA FOR COMPACT
RESTRICTION OF CHARACTER SHEAVES

PRAMOD N. ACHAR AND CLIFTON L.R. CUNNINGHAM

ABSTRACT. We generalize [6l Theorem 3] to a Mackey-type formula for the
compact restriction of a semisimple perverse sheaf produced by parabolic in-
duction from a character sheaf, under certain conditions on the parahoric group
scheme used to define compact restriction. This provides new tools for match-
ing character sheaves with admissible representations.

INTRODUCTION

In this paper we prove a Mackey-type formula for the compact restriction func-
tors introduced in [6]. The main result, Theorem [I applies to any connected
reductive linear algebraic group G over any non-Archimendean local field K that
satisfies the following three hypotheses:

(H.0) G is the generic fibre of a smooth, connected reductive group scheme over
the ring of integers Ok of K;
(H.1) the characteristic of K is not 2 (in particular, this condition is met if the
characteristic of K is 0);
(H.2) for every parabolic subgroup Pz’ C G Xgpee(x) Spec (K) there is a finite
unramified extension K’ of K and a subgroup P C G Xgpec(x) Spec (K')
such that P Xgpec(k) Spec (]K) is conjugate to Pz’ by an element of G(K').
Here, K is a separable algebraic closure of K and K is the maximal tamely ramified
extension of K contained in K.

As far as applications to representation theory are concerned, these are, arguably,
mild hypotheses. Hypothesis H.0 is equivalent to demanding that the Bruhat-Tits
building of G(K) admits a hyperspecial vertex (see [22]). Every quasi-split reductive
linear algebraic group over K that splits over an unramified extension of K satisfies
this hypothesis (again, see [22]). Hypothesis H.1 is met whenever K is a finite
extension of Q, and p > 2. Hypothesis H.2 is satisfied if G is quasi-split over a
maximal unramified extension of K and so, in particular, if G is quasi-split over K.
If G is specified, Hypothesis H.2 has the effect of imposing a lower bound on the
residual characteristic of K that depends on GG. One large and interesting class of
algebraic groups to which Theorem [[lapplies (because they satisfy Hypotheses H.0,
H.1 and H.2) consists of unramified linear algebraic groups G over non-Archimedean
local fields K of characteristic 0 or greater than 3.

In order to state Theorem [I we must recall a few facts concerning parahoric
group schemes. In [4] and [5], Francois Bruhat and Jacques Tits showed that
parahoric subgroups of G(K) (where G is a connected reductive linear algebraic
group over K) may be understood as subgroups arising from a class of smooth group
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schemes over Spec (Og) with generic fibre G; these smooth integral models for G
are habitually called parahoric group schemes. They further showed that parahoric
group schemes are parametrized by facets in the Bruhat-Tits building for G(K).
Let I(G,K) denote the Bruhat-Tits building for G(K) and for each = € I(G, K), let
G, denote the parahoric group scheme attached to (the minimal facet containing)
x. Then G, is a smooth group scheme over Spec (Dx) and its generic fibre, (G, )k,
is G. The group G, (Ok) of Og-rational points on G, is a parahoric subgroup of
G(K) and every parahoric subgroup of G(K) arises in this manner. Although the
special fibre of G, denoted by (G, )r, in this paper, is a connected linear algebraic
group over the residue field F, of K, it is generally not a reductive group scheme.
Parahoric group schemes are generally not reductive group schemes. In fact, G, is
reductive precisely when the parahoric subgroup G, (Ok) is hyperspecial; in this
case, x is a hyperspecial vertex in I(G,K). Even if z is not hyperspecial, it is useful
to consider the map (of group schemes over Fy) vg : (G,)r, — (Qz)ﬁd to the
maximal reductive quotient of (G, )r, .

One more notion is required in order to state Theorem [I} the compact restric-
tion functors introduced in [6]. These are designed with applications to characters
of admissible representations in mind; here we recall their definition only. Each
parahoric group scheme G, determines a compact restriction functor

CI‘eS(Qm)D]K : Dg(GKv(@l) - Dg((Qm)%‘ida Qf)a
introduced in [6, Definition 1] and defined by
CI’EBS(QI)D]K = (V(QI)D]K)! (dim ng/2) R\I/(QI)D]K.

Here RU (g ), - DY(Gg, Q) — DZ((QI)E,QE) is the nearby cycles functor (de-
fined as in [T, 4.4.1], for example) for the group scheme (G,)o, : =G, Xspec(ox)
Spec (O ), where O is the ring of integers of a fixed separable algebraic closure
K of K, and (dimvg_ /2) indicates Tate twist by dimvg /2. Notice that the com-
pact restriction functor uses push-forward with compact supports of the morphism

V@, )s, (G )r, — (Qw)]%zd obtained from vg by extending scalars from F, (the

residue field of K) to F, (the residue field of K). Hypothesis H.0 ensures that
dimvg_ is even [0, Lemma 2].

Now we may state Theorem [I supposing Hypotheses H.1 and H.2 are met for G
over K: if K'/K is a finite unramified extension and if P is a parabolic subgroup of
G Xgpec(k) Spec (K') with reductive quotient L X gpeqx) Spec (K') (so L is a ‘twisted
Levi subgroup’ of G), then for every x € I(G,K) for which that star of z € I(G,K)
contains a hyperspecial vertex (in which case Hypothesis H.0 is also met) there is
a finite set S C G(K') such that

cres ind%* g~ @ ind(gm)%Zd g (cres g)
(Gp)ox M py ges Ve (ZPu)g, Ly g)og )
for every character sheaf G of Lg:=L Xgpec(x) Spec (]K) The finite set S, the
parabolic subgroups vg , (9P, )g, of (Qm)%id, the integral models L,,, appearing
m CI‘eS(Lm,g)
Theorem 11

In [6] we showed that the compact restriction functors cres(g ) og satisfy proper-
ties that go some way to showing that they are cohomological analogues of compact
restriction functors for admissible representations. Theorem [I] extends this analogy

oy and the meaning of g(cres@m,g)g]K G), are all given in the proof of
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by providing a Mackey-type formula for cresig ) DKindguﬁfg in certain cases. We

believe that the condition placed on x (that its star contains a hyperspecial vertex)
is unnecessary; that is the content of Conjecture [l and the subject of current work.

Before concluding this introduction we acknowledge the elephant in the room:
we do not know if the compact restriction cres(g ) DK}' of a character sheaf F of
Gf is, in general, a semisimple perverse sheaf. However, if z( is hyperspecial, then
cres(gmo)%}' = R\IJ(Q%)D]K]-", which is perverse if F is perverse. In Proposition [
we show that more is true: if F is a character sheaf of Gg and x¢ is hyperspecial,
then cres(gzo)ok}' is a direct sum of character sheaves of (G, )I%id = (G, )5, and
therefore a semisimple perverse sheaf of geometric origin. This is a crucial ingredient
in the proof of Theorem [l

We offer our thanks to Hadi Salmasian, who supplied several ideas for this paper.

1. CUSPIDAL PERVERSE SHEAVES

Let k be any algebraically closed field and let Gx be any connected reductive
linear algebraic group over k. A perverse sheaf F on Gk is a strongly cuspidal
perverse sheaf [11}, 7.1.5] if:

(SC.1) there is some n € N invertible in k such that F is equivariant with respect
to the Gk x Z¢g, action on Gy defined by (g, 2):hw 2"ghg™1;

(SC.2) resgi‘]: = 0 for every proper parabolic subgroup Py C Gk.

A perverse sheaf F is a cuspidal perverse sheaf if it satisfies an a priori weaker
condition, articulated in [I0, 7.1.1]; in particular, every strongly cuspidal perverse
sheaf is a cuspidal perverse sheaf. In [T} 7.1.6], Lusztig showed that every character
sheaf is cuspidal if and only if it is strongly cuspidal. He also showed [14, Theo-
rem 23.1(b)] that if Gy is classical or exceptional in good characteristic, then every
simple cuspidal perverse sheaf on Gy is a character sheaf. Accordingly, in these
cases, it has been known for some time that every simple cuspidal perverse sheaf
is a cuspidal character sheaf. More recently, Ostrik has made this result uncondi-
tional: every simple cuspidal perverse sheaf of Gy is a cuspidal character sheaf of
Gk, for every connected reductive linear algebraic group Gy over any algebraically
closed field k [16] Theorem 2.12].

For every cuspidal character sheaf F there is a cuspidal pair (3,€) [9, Defini-
tion 2.4] such that F = ji,. &[dim¥] [10, Proposition 3.12] where j : ¥ — Gk
is the inclusion of the locally closed subvariety ¥. The cuspidal character sheaf
Jix E[dim X)) is clean [11] Definition 7.7] if

Jre E[dim ] 2 ji E[dim X] & j, E[dim X].

A connected, reductive linear algebraic group is clean [12] 13.9.2] if every cuspidal
character sheaf of every Levi subgroup of G is clean. Lusztig has conjectured that
every connected reductive linear algebraic group Gk over an algebraically closed
field k is clean, and has shown [I4] Theorem 23.1 (a)] that if the characteristic of
the field k is not 2, 3 or 5 then Gy is clean; in fact, [I4, Theorem 23.1 (a)] shows
much more. This result was strengthened by Shoji in [17] and [I8], and again by
Ostrik [I6] Theorem 1], in light of which we now know that if the characteristic of
k is not 2 or if Gk has no factors of type Fy or Eg, then Gy is clean. In particular,
if the characteristic of k is not 2, then Gy is clean.



4 PRAMOD N. ACHAR AND CLIFTON L.R. CUNNINGHAM

Proposition 1. If Gk is clean then every strongly cuspidal perverse sheaf on Gy
is a direct sum of cuspidal character sheaves; in particular, under these conditions
every strongly cuspidal perverse sheaf on Gy is semisimple of geometric origin.

Proof. The category of perverse sheaves on Gy is Artinian and Noetherian: every
perverse sheaf has finite length [I, Théoreme 4.3.1 (i)]. We prove Proposition [ by
induction on the length (of the composition series) of cuspidal perverse sheaves on
Gk. First, suppose F is a cuspidal perverse sheaf and the length of F is 1. Then
F is a simple perverse sheaf and a strongly cuspidal perverse sheaf, and therefore
a cuspidal character sheaf, by hypothesis.

Next, suppose F is a strongly cuspidal perverse sheaf with length at least 2. Let
G be a simple sub-object of F. Arguing as in [I0} 1.9.1], it follows that G satisfies
condition SC.1 above (with n determined by F); in particular, G is an equivariant
perverse sheaf.

We will demonstrate that G satisfies condition SC.2. In the abelian category of
perverse sheaves, form the short exact sequence below.

(1) 0 G F F|G 0

Then F/G is equivariant (again, use [10, 1.9.1]). Let Fx C G be a proper parabolic
subgroup; let Ly be its reductive quotient. Since resguz‘ : Mg, Gy = My, Ly is
an exact functor (on and to equivariant perverse sheaves) it takes (II) to the short
exact sequence below.

(2) 0 —> res%fg — res%f]—" —_— resgnf (F/G)——=0

Since F is a strongly cuspidal perverse sheaf (by hypothesis) and the sequence is
exact, resg]i‘g = 0. Since P was an arbitrary proper parabolic subgroup of G,
it follows that G is a strongly cuspidal perverse sheaf. Since G is also simple, by
hypothesis, it follows that G is a cuspidal character sheaf.

The paragraph above also shows that resguf (F/G) = 0 for every proper parabolic
subgroup of Gg. Thus, F/G is a strongly cuspidal perverse sheaf. Since the length
of F/G is strictly less that that of F, it follows (from the induction hypothesis)
that F/G is a direct sum of cuspidal character sheaves. Accordingly, we write
F/G = @ic1Gi, where each G; is a cuspidal character sheaf. Since F is an extension
of F/G by G, it corresponds to an element of Ext'(F/G,G). Now, Ext!'(F/G,G) =
[Lics Ext'(Gi,G). Recall that G and each G; are cuspidal character sheaves. It now
follows from Lemma [ that Ext'(G;,G) = 0, and therefore that Ext'(F/G,G) = 0.
This means that the short exact sequence in () is split. Thus,

F=FlGaG= oG ag.
1€
Therefore, F is a direct sum of cuspidal character sheaves. O

Lemma 1. If Gy is clean then Extl(gi,g) = 0 for all cuspidal character sheaves
Gi, G of Gy.

Proof. Let G (resp. G;) be a clean cuspidal character sheaf of Gi. Then there is a
unique cuspidal pair (X,&) (resp. (X;,&;)) such that G = IC*(X, £)[dim X] (resp.
G; = IC*(%;,&)[dim X;]). Since we have assumed Gy is clean, G (resp. G;) is a
clean cuspidal character sheaf. Since G (resp. G) is clean, G = ji. E[dim Y] =
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(Ji)r Eildim 3;]).

Consider two cases. On the one hand, if ¥ # %; then ¥NX; = @ (this is a property
of cuspidal pairs), and since G; and G are clean, it follows that Ext'(G;,G) = 0 for
trivial reasons (they have disjoint support). On the other hand, suppose ¥ = ;.
Then Ext'(G;, G) = Ext! (j1.&[dim %], j1,.£[dim ¥]). Since G; and G are clean,

Ext! (j1.&[dim ], j1,.E[dim X)) 2 Ext! (&, j.E).
By adjunction,
Ext!(ji&;, j+€) = Ext*(j* &, €) = Ext' (&, E).

Now &; and & are local systems on ¥ corresponding (under an equivalence of cat-
egories determined by the choice of a geometric point 5 on ¥) to irreducible Q-
representations of the algebraic fundamental group 71 (X, §). This group is compact
(since it is profinite) and Q is algebraically closed of characteristic 0, so the cate-
gory of Qg-representations of (X, 5) is semisimple. Thus, Ext*(&;, &) = 0. O

2. A LITTLE GEOMETRY

Proposition 2. Let G be a connected, reductive linear algebraic group over a mon-
Archimedean local field K. For every parabolic subgroup P C G and for every
x € I(L,K) there is a smooth integral model P, for P such that P (Ox) = P(K)N
G, (Ox). Moreover, if L is the Levi subgroup of P and if x actually lies in the
building I(L,K) as a sub-building of I(G,K), then the quotient w : P — L extends
to a morphism of smooth integral models =, : P, — L, , where L, is the parahoric

group scheme for L determined by x as an element of I(L,K).

Proof. Let P, be the schematic closure of P in G,. Observe that P is a closed
subscheme of G and recall that, by definition (cf. [2, §2.5], for example), P, is
the smallest closed sub-scheme of G, containing P. By [23] §2.6, Lemmal, P, is a
model of P and P, is a subscheme of G,. Let P, — G, be the closed immersion
extending P — G such that P, (Ok) = P(K) NG, (Ok) [0, 1.7].

Now we show that the Og-scheme P, is smooth. Let T" be a maximal torus of
G contained in L and let ® be the root system determined by the pair (G,T'). To
simplify the exposition, we give the proof of smoothness for the case when P is a
Borel subgroup B with Levi T.

Without loss of generality, suppose x lies in the apartment for 7. Let T be the
Néron-Raynaud model for T'. Arguing as in the proof of [23] §7, Theorem)], write B,,
as T xU,, where U, is the image of [ ], Uq,, under multiplication, where the product
is taken over all roots in @ that are positive for B and where U, is the unique
smooth integral model of the root subgroup U, C G such that Uy (Ok) = Ua(K)z,0
(¢f. [B §4.3]). Since T and U, are smooth, and since the product is taken over
Spec (Ok), it follows that B, is also smooth.

The last point is clear. (Il

3. G,,-EQUIVARIANT BASE CHANGE

Notation from Proposition
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Proposition 3. Let P be a parabolic subgroup of P with Levi subgroup L. Suppose
xo € I(L,K) — I(G,K) is hyperspecial. For every equivariant perverse sheaf G on

G
K>
cres resGKg = res(gwo)iq cres g

Lag)og P T (P, )5, (Gag)og ¥+
Proof.

Gk

cres res
(LIO)D]K P]Kg

=R, )o, (mp )t (G1p:)

= ((mg0)r, )t R¥p, s, (Glp,) (Lemma [2])

= ((@e )7, )1 (R‘I’(Lmo)g]K g) |(£z0)iq (smooth base change)
(G, )Tq

=: res@mz);q cres(gzo)DKQ

O

Lemma 2. Let P be a parabolic subgroup of G with Levi subgroup L. Suppose
x € I(L,K) — I(G,K). If F is an equivariant perverse sheaf on Pg then there is
a canonical isomorphism

RUp o, (@)e ) F = (e, RYp ) T

Proof. The quotient w : P — L is not proper, so this is not an instance of proper
base change. Instead, we must do some work. The proof of Lemma [2is obtained by
introducing an action of G, o, on P, and then adapting results from [3, Lemma 6]
and [19, Corollary 1]. Appendix [A] explains how the terms ‘invariant-theoretic
quotient’ and ‘contracting’ are used below.

In order the use [3], we must establish the following facts.

(B.1) m: P — L is the invariant-theoretic quotient of a contracting K-action of
Gy x on P;

B.2) F is equivariant for the action of G,, z on Pz obtained by extension of

q K K Y

scalars;

(B.3) @, : P, — L, is the invariant-theoretic quotient of a contracting Ok-action
of Gy o, on P;

(B.4) (j(gm)%)* F is equivariant for the action of G, o, on (P,)o, obtained by
extension of scalars.

Although B.1 and B.2 actually follow from B.3 and B.4, we begin by explaining
what B.1 and B.2 mean and how to use them to prove part of this lemma, before
moving on to the more complicated statements B.3 and B.4 and how to use them.
To simplify the exposition, here we only treat the case when P is a Borel subgroup.

As in the proof of Proposition [2] let T" be a maximal torus of G contained
in L and let ® be the root system determined by the pair (G,T). Let B be a
Borel subgroup of G with Levi T; let U O Up be the unipotent radical of B.
Let ®1 be the set of roots in ® that are positive for B. Let § be the character
of Zp = T defined by 6 = $ 3 .4+ @; this is a (strongly) dominant weight and
the co-character ¢ is a dominant cocharacter. Then s : Gm g X B — B, defined
by pi ¢ (2,b) = 6(2)bd(2)7L, is an action of G, x on B. Moreover, because &
centralizes T', the restriction of y to Gy, g X U defines an action puy of Gy, g on U
such that p(z,u x t) = py(z,u) x ¢, with reference to B = U x T. Accordingly,
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BCGmx = [Cmx T, Using the classical monomorphisms g, : Gq g — U with image
U, (see [21] for example) and their fundamental properties (see or [20, 1.1, 1.2(b)],
for example), it follows that Ugm‘K = 1. (The main point here is U = [] co+ Ua
and tuy (E)t7 = un(a(t)€).) Thus, BSmx = T. Moreover, it follows from these
same fundamental facts that there is a map i : Af, x B — B such that the following
diagram commutes,

Gm,K x B = B

~. A

Ak x B

where the bottom-left arrow is the open subscheme in the first component and the
identity on the second. Since this is exactly what it means to say that the action
of G, x on B is contracting, and since B®m = T, it follows automatically that
T = B//Gmx (c¢f. Appendix [A]) and that = : B — T is the invariant-theoretic
quotient (¢f. Appendix [A]). Thus, B.1 is established.

Extending scalars from K to K gives an K-action of Gm g on Bg which again
is contracting. Because F is an equivariant perverse sheaf for conjugation, and
because the K-action of G g on Bg is defined by conjugation by the co-character
9, F is equivariant for this action also. This establishes B.2.

We now explain the significance of facts B.1 and B.2. Let (g : Lg — Pg be
inclusion. This is a section of g : Pg — Lg. Thus, mg o is the identity morphism
of Lg, so mg, (g, is isomorphic to the identity functor. Composing 7z, with the
adjunction morphism id — g, tg*, we thereby obtain a morphism of functors
Tg, — tg* and, dually, tz' — 7g,. Now, because of B.1 and B.2, [3 §6] applies and
shows that these morphisms of functors induce isomorphisms on G, g-equivariant
sheaves! In particular,

3) ' F = gy F
Accordingly,
(4) RY( o Ty F 2 (ign,)0,)" (GL)s, ) & F-

With reference to notation from Proposition 2 let ¢, : L, — P, be inclusion.
Then (1, )g = tg and, by base change,

() (Lo, )x (L)) F = (L)og)' (ie,)o,)s F-

Arguing as above, we obtain a morphism of functors ((¢,)o,) — (7)o )
We will see that this is an isomorphism of functors on the appropriate category of
sheaves. To do this, we turn to B.3 and B.4.

In order to prove B.3 and B.4 we may suppose, without loss of generality, that
xo lies in the apartment determined by T'. Set I":=1"_; this is the Néron-Raynaud
model for T'. Each co-character of T' extends to a K-morphism G, o, — T, as in the
proof of [6, Proposition 4]. Using [6} §2.3], define an Ox-action p_: Gy o, X B, —
B, as above (using the extension of the dominant co-character 6). To see that
this action is contracting (cf. Appendix [A]) recall, for each o € ®, the smooth
integral scheme U, for U, that appeared in the proof of Proposition 2l and also
U,. Each U, comes equipped with a K-morphism uq  : Gq — Uq, that satisfies
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the analogue of [20] 1.1] and U, satisfies the analogue [20, 1.2(b)] with regards to
the additive schemes Uy !

ﬁm
Gm,DK X Em

T

Ay, x B,

| =

x

The proof of B.1, above, adapts to the present context, and gives B.3. The fact
that jp  is morphism of group schemes gives B.4.

The final miracle is that the proof in [3| §6], which is largely formal, applies to
the category of Og-schemes. Accordingly, facts B.3 and B.4 determine

(6) ((t)oz)' (o )x F = (m)ox (e,)s, )s F-
Thus,

(1) (iwe,) (L)on) Gipe,)s F 2 (iw,)e,)" (@)oo (e,)e, )x F-

=—x

By base change,

®)  (ir,)0,)" (@e)ogh Gp,o, )+ F = (me)r, ) (ice,)o,)" Uip,)o, )x F
and by the definition of the nearby cycles functor,

9) (@), (ipyo, )" U)o, )s F = (@)e, ) R ), F.
Combining Equations @), (&), (@), @) and (@) gives the proof of Lemma 2 O

4. NEARBY CYCLES OF CUSPIDAL CHARACTER SHEAVES

Proposition 4. Suppose G is a connected, reductive linear algebraic group over a
non-Archimedean local field K. If G, is hyperspecial and G is a cuspidal character

sheaf of Gg then cres@%)%g is a strongly cuspidal perverse sheaf on (G, )E‘q-

Proof. First we show that cresg Dkg is a strongly cuspidal perverse sheaf. Let
(e

QF, be a proper parabolic subgroup of (G,, )]%Cd; let Mg, be the Levi subgroup of
red
Q7 . We will see that res(q;mo fa cres(g )ng =0.

q Fq )

The parabolic subgroup Q]ﬁq is defined over some finite extension Fy of Fg, so
we write Q]Fq =Q XSpcc(]F ) Spec (Fq) where @) is a linear algebraic group over F .
Let M be the reductive quotient of Q. Let K’ be the unramified extension of K in K
with residue field Fy. Let 2 denote the image of ¢ under I(G,K) — I(G,K’) and
let G, be the parahoric group scheme for G/ determined by xp. (Since K'/K is
unramified, Gy = G, Xspec(0x) Spec (Okr). Pick 2’ € I(G,K’) such that 2’ >
and Py <, = @ and (G, )ied = M, where Py <o is as defined in [6, §2.1] (where it

< . <
is denoted by P,<y). (Such an 2’ can be found because, locally, the affine building
at xf, corresponds to the (spherical) building for (Q%)ch‘f [8].) Then
q
(Gap)g (G (G

q
res cres =Tes cres =Tes cres .
Qs (@)oY Qs, (G,p)0p Y (Quy<a)s, TG0, 9
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On the other hand, the relative position of z{, and 2’ in I(G,K’) also determines a
proper parabolic subgroup P of Gk such that (B%)fFC‘} = Py <,. Thus,
. <

(Gm’ )F (G, )7
—xn’tq o —xn’tq
res(P%Sw,)?q cres(g%)%g = res@zé)ﬁq cres(g%)%g.

It follows from Proposition [B] (with K replaced by K') that,

e (St )5 cre G = cre esEG
r S(g%)?q T€8(G, )0p ¥ = CTOS(L, )0y TSP Y,

where L is the Levi subgroup of P. (Observe that xz{, lies in the image of I(L,K') —

I(G,K'), by design.) We have used the fact that G is a cuspidal character sheaf

since it is strongly cuspidal. Since P is a proper parabolic subgroup of G, it follows
red

that resIGDKEQ = 0. We have now seen that resQ_z“ Fa

g, cres(gwo)%g = 0 for every
proper parabolic subgroup Qf, of (G,, )]%Cd. Thus, cresg ) Dkg satisfies condition
q —Q

SC.2 (¢f. Section[Il). To verify condition SC.1 one uses [10, 1.9.1], as in the proof
of Proposition [I1 O

5. NEARBY CYCLES OF CUSPIDAL CHARACTER SHEAVES ARE SEMISIMPLE

Proposition 5. Suppose G is a connected, reductive linear algebraic group over

non-Archimedean local field K of odd or zero characteristic. If G, is hyperspecial

and G is a cuspidal character sheaf of Gg then cresg )DKQ is a direct sum of
G.o

cuspidal character sheaves on (Qwo)ﬁq'

Proof. By proposition d cresg )DKQ is a strongly cuspidal perverse sheaf on
G,

(G, ). Since the characteristic of K is not 2, the residual characteristic of

=T0/F,

K is odd. Accordingly, (G, )i is clean ([I6, Theorem 1], improving[I4, Theo-
q

rem 23.1 (a)]) and every simple cuspidal perverse sheaf on (G, )g, is a character

sheaf ([I6, Theorem 2.12] improving [I4, Theorem 23.1 (b)]). It now follows from
Proposition [l that cresg_ DKQ is a direct sum of cuspidal character sheaves. [
G.,

Remark 1. If G is a cuspidal character sheaf of Gg and x € I(G,K) is not
hyperspecial and the star of x contains a hyperspecial vertez, then cres(g ) D]KQ =0.
This follows from the proof of Proposition [3 and [6, Theorem 1]. We will not use
that fact in this paper.

6. A LITTLE MORE GEOMETRY

Proposition 6. Let G be a connected, reductive linear algebraic group over a non-
Archimedean local field K. For every parabolic subgroup P C G and every x €
I(G,K) there is a smooth integral model G, /P, for G/P, and a principal fibration
G, — G,/P, with group P, such that the special fibre of G,/P, is the quotient
variety (G, ),/ (P, )F,-

Proof. To simplify the exposition we replace P by a Borel subgroup B and construct
G, — G, /B,. Standard techniques extend this construction to give G, — G, /P,.

We construct G, /B, and the fibration G, — G, /B,. With ® as in the proof
of Proposition 2 let ®, (resp. @) be the set of roots a € ® (resp. a € dT)
for which @(x) = 0, where @ is an affine root of G with vector part equal to
a. Also, let W, be the Weyl group for the root system ®,. For each w € W,,
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define @, (w)" :={a € ¢} | w(a) € &, }. The image of [loca, (w)+ Ua, under the
multiplication map to G, will be denoted by Uy . Let Gw,  C G, be the (locally
closed) subscheme U, wB,, where @ € G,(Ok) is a representative for w. Then

Uy, is isomorphic to A H) and G, Gy, is isomorphic to Ag Hw) o B,. Let wy be the

Coxeter element in W, (recall that ®,, is a reduced root system) Then Gu,, CG,

is an open subscheme and G, = U Gy, W' is an open covering.
X

weWy
We can now define G /B, by gluing data, as follows. For each w € W, let

b(w) WG, W = Ag (wo) be the obvious map (conjugate to Gu, , then use

Gwoz o~ AgIO) x B, and ﬁnally project to A (wo)) For each pair wy,ws € W, set

_ plwo)
1 ADKO

<

w ; also, let Vi, ., be the image of lew%u}fl N ngw%u&*l under

=

(wl)w : lew%u}fl — Ag;z“). For each pair wy,ws € Wy, glue V,,, to V,,, along

<

wiws == Vi wy- The resulting scheme is G, /B,
We have now defined G, /B, and also b, : G, — G, /B,,. It is clear that b, is a
principal fibration with group B, . Since this fibration is given locally by b(w)x —

which is defined by composing two isomorphisms and then projecting Ag;z“) x B,
— the fibration is smooth.

A smooth fibration r, : G, — G,/P, with group P, is defined by similar
arguments. From the constructlon above we see that the special fibre of G, —
G, /P, is a cokernel of (P, )r, — (G, )r, in the category of algebraic varieties over
F,. O

P G G/P

(P)xk —— (G, )x —— (G, )x/ (£, )x —— Spec (K)

JjG, l

G /B;IJ Spec (DK)

- —x

ic. T

(By)r, — (G )r, — (G, )r, /(B )r, — Spec (Fy)

—T q —T

[ Ze ‘(Bz)Fq VG, /

va, (Py)r, — (G5! —— (G, ) /vg, (P, )r,

—T

FIGURE 1. The quotient scheme G, /P,

Remark 2. If zq is hyperspecial then G, /P, is projective. We will not use that
fact in this paper.
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7. A (HYPER)SPECIAL CASE OF THE MACKEY FORMULA

Proposition 7. Let G be a connected reductive linear algebraic group over a non-
Achimedean local field K of odd or zero characteristic. Let K'/K be a finite unram-
ified extension. Let P be a parabolic subgroup of G Xgpec(x) Spec (K') with reductive
quotient L. Suppose xo € I(G,K) is hyperspecial and that the image x{, of xo un-
der I(G,K) — I(G,K’) also lies in the image of I(L,K') — I(G,K'). For every

equivariant perverse sheaf G on Lg,

. Gz . (G, )F
cresy 1ndp]§g = 1nd( vofa cres(ézé)okg,

Gog)og P15,

where B% is the smooth O/ -scheme introduced in Proposition [6.
Proof. The proof of Proposition [T follows the argument for [6] Theorem 3|, with

small adaptations, which we include here. We write z{, for the image of xy under
I(L,K) — I(L,K’) and under I(G,K) — I(G,K’). Consider the Ogs-schemes

— -1 ~

Yoy = {(9.hPsy) € Gy x (Guy/Pyy) | h7'gh e Py}

By Proposition [6 these are smooth schemes and the morphism ﬁ% : X oy X%
defined by émé (9,h):=(g,hP,) is a P, -torsor. It also follows from Proposition [
(with the field K replaced by K’) that the generic fibres of X o, and Y, are the
classical varieties

(X, )w = Xp:={(9,h) € Gx x G | h"'gh € P} = G x P

(Y, )w = Yp:i= {(9,hP) € Gw x (G /P) | h™'gh € P}

The generic fibre (5, )k of 8, is the smooth principal P- fibration Sp : Xp — Yp
—ZTy —Zg

defined by Bp(g,h):= (g, hP). Using Proposition @] we find that the special fibres

(X4 )r,, and (Y, )r,, are

(Xop)e, = {(9,1) € (Guy)e, X Guy)e, | K7Igh € (Boy)e, } = (Guy)s, X (Bay)s,
(Vo) = {(9:0(Poy)s,) € Gaylr, x ((Guyi, /(Pag)e, ) | R gh € (Poy)s, |

and that the special fibre (8, )]Fq, of B, is the smooth principal fibration B(p ),
—T —x( —%0

X(E:G)Fq/ - Y(E,())Fq, defined by ﬁ(ﬁzé)yq/ (97 h) = (g, h(Bm{) )Fq/)'
Again, with reference to Proposition [f] let Ty Py — Ly be the extension of

q’

=z
the reductive quotient map wp : P — Lg/ (existence and uniqueness is given by
the Extension Principle, as in [23, 2.3], for example) and define Quy + Xy = Ly

by ag (h,p) = 7, (h=tgh). We remark that Q,y is smooth. The generic fibre

-

of a,, is ap(g,h) = np(h~tgh); the special fibre of Q,y is defined likewise by
(g )e,, (9, ) = (x ), (™ gh).

Consider Figure 2] which consists entirely of cartesian squares. Let G be a char-
acter sheaf of Lg. Using the definition of parabolic induction [I0, 4] and notation
from [6l 1.5.1], we have

cres(G, ), ind*G = RU(G,, )0, (1) (Bro)s ()" G-

K
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JIG ., G
0 0
G (G ) G, (G )r,, =——= (G )5,
pry pry pry pry pry
JY 1y
0] 0]
Yp (Km/ )K’ XI), (Xz’ )]F ’ (Byr)F,,
0 0 q 0’"a
Bp (EIB)K, ﬁzf} (ﬁm/ )Fq/ 5(216)Fq/
J§m6 Zém{)
XP (XLE, )KI me) (X16 )]Fq/ X(Em{) )T‘q/
ap (g )x Qg (CIaL By w,,
jLz/ iLz/
0 0
Ly (Lz())K’ ) (Lm/ )]Fq/ (ng )Fq/

Spec (K') —— Spec (Ox/) <—— Spec (Fy/)

FiGUurE 2. Parabolic induction and compact restriction

Since the generic fibre of Qg is ap and Bz, = Bp, it follows that
-0

RY(G, 1o, (ori)y (Br)y (ar)” G =R¥(q, ), (oro)s (B, )x)# (au)i” G-
The projection pr; : Y, — Q% is proper — this is key! By proper base change,

=

there is a natural isomorphism

RU, 1o, Pro)i (B, )04 (au)r)” G = (pra), Ry, (B, )0)# (au)x” 9-

B Zx
As explained in [6], §1.4.5], smooth base change provides a natural isomorphism
(pro)y Ry, (8, D)4 (awy)i)” G = (br1), (B, )5,)4 R¥x, (an)x” G-
Recall that (8 ,)r, = Bp., )., and (a,/)s, = ap_,). - Use smooth base change
q al) JE g1 0’ "q —z(/Fq

’
—x

one more time:

(oro)y (B, )r)# RYx, (an)z” G = (r1)y (Bee, s, )% (p,p)s,)” RL,, 0, 9-

To finish, we need only recall the definition of induction (again) and compact re-
striction for the hyperspecial model L%:

* . (gz )F

(prl)! (ﬁ(ﬁ , )?q)# (a(ﬂmé)?q) R\I](L%)D]K g = lnd(g 0);‘1 CreS(Lm{))DKg'

&) 16 q

8. NEARBY CYCLES OF CHARACTER SHEAVES

Proposition 8. Suppose G is a connected, reductive linear algebraic group over
non-Archimedean local field K that satisfies hypotheses H.1 and H.2. Let G, be a
hyperspecial integral model for G. If F is a character sheaf of Gg then CreS(on)D]K]:
is a direct sum of character sheaves and thus a semisimple perverse sheaf of geo-
metric origin.
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Proof. Let F be an arbitrary character sheaf of Gg. By [10, Theorem 4.4 (a)] (or
[15, Corollary 9.3.5]) there is a parabolic subgroup Pz with Levi subgroup Lg and
a cuspidal character sheaf G of Lz such that

. Gg .

(10) 1ndPH,”§Q = ?]—] D F,

where each F; is a character sheaf of Gz, and thus a simple perverse sheaf. Thus,
. Gy

(11) Cres(@, o, indpeG = ?cres(gzo)o]K Fi@cresg, yo, F

By hypothesis H.2, and using [6, Theorem 2] if necessary, we may assume Pr =
P Xgpec(kry Spec (K) where K'/K is finite unramified, and that the image x{ of
xo under I(G,K') — I(G,K’) also lies in the image of I(L,K') — I(G,K’). The
hypotheses to Proposition [7] are now met, so

. G]K ~ (QZO)IT‘
(12) cres(a, o, indj*G = 1nd(£xé)?z cres(L%)DKQ.

By Proposition [] cres@%)%g is a direct sum of character sheaves of (L, )g,0.

G —
By [10, Proposition 4.8 (b)] and (I2), indég”:o);;q cres(éz())%g is a direct sum of

. Grp - .
character sheaves. Thus, cresg ), ind ng , is a direct sum of character sheaves.
Gy

oK

It now follows from (IIJ) that the simple consituents of cresg o, J are character
Gy

sheaves. g

9. MAIN RESULT

Theorem 1. Let G be a connected reductive linear algebraic group over K satisfying
hypotheses H.1 and H.2. Let K'/K be a finite unramified extension. Let P be a par-
abolic subgroup of G Xgpec() Spec (K') with reductive quotient L Xgpec(k) Spec (K')
(so L is a ‘twisted Levi subgroup’ of G). Let x be an element in I(G,K). If the star
of x € I(G,K) contains a hyperspecial vertex then there is a finite set S C G(K')
such that

red
. G]K ~ . (Qz)f’q g
cres(gw)%mdp]K g = qeeasmd”@z/ (5P, cres@w,g)%g ,

for every character sheaf G on Lg. The finite set S C G(K'), the parabolic subgroups

ve,, (P,)p, of (Qm,)%ed, the integral model L., appearing in cres(y , ), , and the
G, . L,

meaning of g(cres@w,g)%g), are all given in the proof.

Proof. Let zy be a hyperspecial vertex in the star of x; then xyp < x. Using

[6, Theorem 2], we may assume xog € I(L,K) — I(G,K). By [6, Theorem 1],
there is a parabolic subgroup Py, <, of (G )ﬁd = (G,,)r, with Levi component

G,
(Qz)ﬁd such that

red

. Gg —zq/F, . G
(13) cres indp* G = res(Pz:Q")? cres(q, yo, Mdp; G
= q

G,)og

(The notation Py <, is potentially confusing in the present context: the subgroup
Pro<a C (Qm)ﬁd is determined by z¢ and z in I(G,K) and is unrelated to the

subgroup P C Gg.) Since g is hyperspecial, it follows from Proposition [7 that

_ G )
(14) cresg, ), indf: G = indﬁzom

ey T Ly G
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where z{, is the image of z¢ under I(G,K) — I(G,K’). (Note that we have replaced
CTes(L,, )o, G, as it appears in Proposition [, with cresy, )Dkg since z¢ € I(L,K).)

Combining ([I3)) and () gives

. G o (GEY (G, )e
(15) cres(gm)%mdpg g = res(Pz:Sz")ﬁ 1nd(£wz)?2 cres@mo)%g.

By Proposition[§ (which requires Hypothesis H.2) the perverse sheaf cres L, ]Kg is
a direct sum of character sheaves. Therefore, by the Mackey formula for character
sheaves [12, Proposition 15.2],

(16)
G, . (G, )R
res(Px(?;q)?q ind Eng cres(r,, )DKQ

( )red

~ . — a (7£0)T<q
T aes( mfi (Pu)e /)md< G0 (B )s,) (reS@m>Fqm((Pmogmq)a“eS@zo)oKg)

g /F
where S((Pry<a)f,, (Bqy)r, ) is a set of representatives a € (G, )g, for double
cosets

(17) (PIDSz)Fq(Fq)\(G g, (Fq)/(Lay )z, (Fy)

such that (L, )z, and all ((2,)g,)" = “(p, 1 )F, 0 contain a common maximal
torus of (G, ), (not depending on a).

As explained in the proof of [6, Lemma 2|, (Py,<z)p, is defined over Fg; in
fact, (Pro<a)r, = Pro<s XSpec(r,) SPEC (F,) where Py <, is defined in[6, Lemma 2].
Together with the fact that Pz is defined over K’ (by hypothesis), it follows (as in
[T, Lemma 5.6 (ii)]) that the double coset space above actually coincides with

(18) Pro<a(Fo )\ (G, ), (For)/(Boy )7, (Fyr).-

The surjective group homomorphism G, (Ox) — (G, )r, (Fy) induces a bijection

(19) G, (Or)\Go, (Oxr)/ Py (Oxr) = Pro<a(Fg )\ (G, v, (For)/ (Boy ), (Fyr)-

We will use this bijection to replace the summation set appearing in (I8) with
a subset of G(K’) and to re-write the summands of () in the form promised
by Theorem [Il Let 2’ be the image of z under I(G,K) — I(G,K’). For each
a € 8(Ppo<a, (Py,)F,,) there is some g € G, (Ok’) such that:

Lao
(i) the image of g under the surjective group homomorphism G, (Ox/) —
(Qmo)Fq (Fq/) is a;
(ii) the reductive quotient (L, )red of the special fibre of the schematic closure
gof LinG, =G, i (L oJF, N (Pry<a)?; and
(iii) the image vg ( P )]F of the spec1al fibre of 9P, under the map

vg ,: (Qz’)Fq - (Qz’)]rFeqd

is the Levi component of the parabolic subgroup (Qw/)ﬁd N(*(Lyy e, )-
Let S be a set of elements g so chosen. The double coset of g € S is uniquely
determined by the corresponding a € S(Py<as (Pyr )5, )-
We now use [6, Theorem 1] to re-write

(Lot
(20) TS L) Pz, " O, )0, § = CTESL,, )0, G-
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Because of the relationship between g and a articulated above, we also have

(21) a(cres@w,g)&g) = g(cres@w,g)%g) = ((m(gfl)m)ﬁq)*Cres(Lm/g)oKg,

K

where (m(g~") )g, is defined in [6, §2.3], and

. (GE! L EE!
(22) md(gﬁg;dn( “(Boye,) ind, | (op,s,
(Observe that Therefore, (G, )5 = (G,/)5? because K'/K is unramified.) There-
q q
fore,
(23)
D ind(gz)%Zd @ (res w0 T cres g)
WES(Pagens (P e ,)  (CE N (Bop)s,) (L )2y N((Paga)z, )2 (Eag)og
= —IO q/
@t
= 96698 md"ﬁz/ (P, (creS(Lﬂg)Dkg) ,
thus completing the proof of Theorem [Tl O

Remark 3. It was not necessary to impose Hypothesis H.0 on G at the beginning
of the statement of Theorem [l because later we insisted that the star of x contain a
hyperspecial vertexr, which has the effect of making Hypothesis H.0 true for G. This
is also the reason Hypothesis H.0 does not appear explicitly in Corollary [1

Corollary 1. Let G be a connected reductive linear algebraic group over K satis-
fying Hypotheses H.1 and H.2. Let T C G be a mazimal torus that splits over a
tamely ramified extension K'/K. Suppose x € I(G,K). If the star of x contains a
hyperspecial vertex then there is a finite set S C G(K') such that

_9YRYr , L)

cres(g, ), Ko = O K T [dim (G5 — dim Gg /T,

g9

for every Kummer local system L on Ty, where KX is the complex defined in [12,
= ARV , L)
T )'

§12.1] (and likewise, K.

Proof. Apply Theorem [l to the case when P = B is a Borel subgroup of G' X gpec(k)
Spec (K') with Levi factor T' Xgpec(x) Spec (K'). Use the fact that every character
sheaf of T takes the form L[dim T for some Kummer local system £ on Ti and
KF[dimG] = indg;':iﬁ[dim T]. Also use the fact that the smooth integral model
(Lyry)0; (as defined in the proof of Theorem [I)) is hyperspecial in the sense that
(T, 4)p, is reductive, so cres(r,, ), £ = R¥r , L and dim (T, y)r, = dim Tk for
each g € S. (]

10. THE FULL MACKEY

We believe Theorem [l is also true without the condition on = € I(G,K) (that
its star contains a hyperspecial vertex). Conjecture[Il below, is the topic of current
work.

Conjecture 1 (Mackey formula for compact restriction of character sheaves).

Let G be a connected reductive linear algebraic group over K satisfying the Hypothe-
ses H.1 and H.2. Let K'/K be a finite, tamely ramified extension. Let P be a para-
bolic subgroup of G' Xgpec(k) Spec (K') with reductive quotient L X gpeq(k) Spec (K')
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(so L is a ‘“twisted Levi subgroup’ of G). Let x be an element in the Bruhat-Tits
building I(G,K). There is a finite set S C G(K') such that

nd% ¢ = @ ind S g g
cres(g,), ndp” G = gesm ve,, (9P, cres(z,, 1o, 9)

for every character sheaf G on Lg. The finite set S C G(K'), the parabolic subgroups
ve,, (9P, ), of (G,)E4, and the integral model L., appearing in cresy, /)0y OTE
G, a ‘ L,

all as they appear in the proof of Theorem [l

_
Og

In this paper we have proved Conjecture[lin the case that the star of z contains
a hyperspecial vertex. Special linear groups and unitary groups, for example, have
the property that for every x € I(G,K) there is some hyperspecial vertex contained
in the star of z, so Theorem [l can be used to determine cres(gw)%ind%}fg for every

x € I(G,K) in such cases. The smallest example of a group that does enjoy this
property (that for every x € I(G,K) there is some hyperspecial vertex contained
in the star of ) is G = Sp(4), precisely because the building for Sp(4, K) contains

. . . . G
non-hyperspecial vertices. In order to determine cresg ), indp*G in such cases,
— K

z/)Og
other techniques are required — these are the topic of work in progress.

APPENDIX A. TORIC Og-SCHEMES

All schemes considered here will be separated schemes of finite type over Ok.
In particular, G,, denotes the group scheme G, o, = Spec (DK[t,t_l]) and A!
denotes Ay, = Spec (Ok[t]). Let b: G, — A' be the natural inclusion map. Let
A be a finitely generated Dg-algebra, and let X = Spec (A).

Specifying a group action u : G,, x X — X is equivalent to specifying an Ox-
module decomposition A = €, ., An that makes A into a Z-graded Ox-algebra.
To see this, consider the coaction map pf : A — Ok[t,t7'] ® A, and let A, =
(uF)~H(Oxt™ ® A). The claim follows from basic properties of .

Suppose now that X is endowed with a G,,-action. Let I C A be the ideal
generated by Og-submodule P, ; An, and set XCm = Spec (A)/I. Let

i XOm = X
denote the corresponding closed embedding. Z is the scheme of G, -fized points.
On the other hand, set X//G,, = Spec (A),. The corresponding map
7: X = X//Gy,
is called the invariant-theoretic quotient map. Let X be a scheme with a G,-

action p : G, x X — X. This action is said to be contracting if there is a map
fi: Al x X — X such that the following diagram commutes:

Gy X X a X

Al x X

For an affine scheme X = Spec (A), an action p : G,, x X — X is contracting if and
only if in the corresponding grading on A, we have A,, = 0 for n < 0. When this
holds, the map ji : A! x X — X is uniquely determined, and there is a canonical
isomorphism X®m = X//G,,.
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