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We investigate the phase diagram and the BCS-BEC crossover of a homogeneous three-component

ultracold Fermi gas with a U(3) invariant attractive interaction.

We show that the system at

sufficiently low temperatures exhibits population imbalance, as well as fermionic pairing. We de-
scribe the crossover in this system, connecting the weakly interacting BCS regime of the partially
population-imbalanced fermion pairing state and the BEC limit with three weakly interacting species
of molecules, including pairing fluctuations within a t-matrix calculation of the particle self-energies.

I. INTRODUCTION

Multi-component ultracold atomic systems have re-
cently been the focus of both experiment and theory,
motivated in part by the prospect of simulating a wider
range of many-body models, such as lattice SU(N) mod-
els [[Hf] and QCD analogs [}, than is possible with
single or two component systems. The possibility of cre-
ating analogs of color superfluid states and the formation
of hadronic states in multi-component systems [E«E] is es-
pecially interesting since the regime of cold dense QCD
matter is not directly achievable in current nuclear ex-
periments or in lattice QCD.

When three species of fermions weakly attract each
other, two species form Cooper pairs, and the third re-
mains a Fermi liquid [E—@] Which two species pair de-
pends on anisotropies in the interactions and mass differ-
ences between different species. If there is no anisotropy,
the Hamiltonian of the system possesses global U(3)
symmetry with respect to rotation in species-space, and
the pairing breaks this symmetry. In three-component
Fermi systems BCS superfluidity and population imbal-
ance (magnetism), with two independent order param-
eters, can coexist [@], an intrinsic feature of a multi-
component Fermi system.

We consider here U(3) invariant three-component ul-
tracold Fermi gases in three-dimensional free space with
varying interaction, and study the phase diagram in gen-
eral and the BCS-BEC crossover of the system. We first
analyze the system at zero temperature in BCS mean
field to show that the fermion pairing gap and popu-
lation imbalance both develop with increasing bare at-
tractive interaction between the fermions. Then we dis-
cuss nonzero temperature, starting from the BCS region
where the scattering length is small and negative. We
calculate the population imbalance as well as the BCS
transition temperature there as a function of the inter-
action strength and the temperature, to lowest order in
the interaction. We also derive the Ginzburg-Landau free
energy as a function of the two order parameters, pairing
gap and the population imbalance, and discuss a pos-
sible analogy between dense QCD and three-component
ultracold fermions. The BEC limit of three-component
ultracold fermions, where the scattering length is small

and positive, is described by three different weakly in-
teracting species of molecules made of different combina-
tions of fermions. We show that Bose condensation of
the molecules is accompanied by population imbalance.
Finally, we discuss the BCS-BEC crossover connecting
BCS and BEC limits, constructing a summation of ladder
diagrams for the self-energies including pairing fluctua-
tions (or non-condensed pairs), which yields a transition
temperature to the condensate phase that reduces to the
BCS and BEC limits.

Degenerate three-component gases have been experi-
mentally realized using the three lowest hyperfine states
of °Li [Lg, [LG); at high magnetic fields, well beyond uni-
tarity, the scattering lengths between the three hyper-
fine states are sufficiently close that the system is ap-
proximately U(3) invariant. In addition, ultracold gases
of alkaline-earth atoms possess good SU(N) invariance
(with N up to 10) [, ], and are good candidates to ob-
serve the physics discussed here.

Around the unitarity point, 1/a = 0, in a U(3) in-
variant system (where a is the s-wave scattering length)
three-body Efimov bound states can exist [@h Efi-
mov states have been experimentally observed in a trap
through an increase of the particle loss rate, mediated by
these states [@, E, @] In this paper, we analyze the
system on time scales long enough to see the two-body in-
teraction physics, but short enough that Efimov states or
three-body collisions can be neglected. As we show, the
homogeneous state is unstable against formation of inho-
mogeneous structures with population imbalance; popu-
lation imbalance suppresses formation of Efimov states,
tending to stabilize the inhomogeneous three-component
system.

II. THREE-COMPONENT U(3) INVARIANT
FERMIONS

We consider a three-component fermion system in free
space with equal masses and the same scattering length
between different species. We label the three species by
“colors” in analogy with QCD, “red (r),” “green (g),”
and “blue (b).” At low temperature, the interaction is
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dominated by s-wave scattering, and the Hamiltonian is
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where w;k is the creation operator of a particle with
color a =r, g, b with momentum k; V' is the volume, and
we take i = 1 throughout. We assume an attractive bare
contact interaction of strength U < 0. Although we take
a common chemical potential p for all three species, the
numbers of each species in the state of lowest free energy
can be different as a consequence of interactions, an effect
that would be observable, in an experiment that starts
with equal numbers, as an inhomogeneous state. The
Hamiltonian is invariant under global U(3) rotations of
the species.

The attractive interaction leads to pairing of fermions
at low temperature. The pairing order parameter is an-
tisymmetric in color, and thus has the form

Aa(r) o< €apy (p(r)ihy (r)). (2)
Since under a global U(3) rotation,
Vax = Uapsk, 3)

where Uyg € U(3) (we use the convention that repeated
indices are summed over), A, transforms as

A (r) oc S (a5 (1)1, (1)) — (det U)Uzp0(x),  (4)

where 1), (r) is the Fourier transform of ¢, .

To prove Eq. (E) we consider the operator A, =
€apy s, Whose expectation value is proportional to

A,. The combination 1/)aAa transforms as
1/}TA = 1/)(1Aa = Eaﬁ'ﬂ/}awﬁd}'y
= €apyUacUpnUqethcthnibe
= det UECn&"/JCwnwﬁ = det Ueaﬁ'ywawﬂwv
=det UpTA. (5)

On the other hand, ¥ — TU?T. Therefore, A >
det U(UT)"! = det UU™.

As a consequence of the transformation (ff) we can
— when the order parameter is independent of position —
always choose appropriate axes of colors to transform the
pairing order parameter into the form A= (0,0,A), i.e.,
by taking appropriate linear combinations of the species
we find that only two colors are paired and one is left
unpaired. By applying a Bogoliubov-Valatin transforma-
tion, we can see that there are two gapped fermionic exci-
tations corresponding to the quasiparticles of the paired
fermions, and one ungapped excitation due to the un-
paired fermions. In the following we assume, without
loss of generality, that the red and green particles are
paired and the blue are not paired.

IIT. BCS MEAN-FIELD AT T =0

In this section, we consider the ground state of the
system within mean-field BCS theory. We describe the
pairing between r and g particles and unpaired b particles
with the BCS-like ansatz

|W) = H (Uk + Uk1/)l)k1/1;)_k) H wg)k|vac>, (6)

k k| <K?,

where |uk|?+|vk|? = 1 and kY% is the b Fermi momentum.
The parameters uix and vk are determined by minimiz-
ing (U|H — uN|V) at fixed p. Following the standard
procedure, we obtain

u2:l 1+§7k v2:l 1_571‘
a\Mvgem) e vaes)
(7)

where &k = k?/2m—p and the gap A = —(U/V) Y, ukvx
is determined by

U 1 A
A=——Y - = 8
Vzk:2 G+ A o

We use the relation of the bare coupling U and the scat-
tering length a [R6, 7,

1 m 1 m
S —_ 9
U 4ma ngw (9)

to rewrite the gap equation for A # 0, in terms of a as

m 1 m 1 1
— = = _—— . 10
dma  V ; <k2 2 512(+A2> (10)

The chemical potential is determined by fixing the total
number of particles IV:

N =(U> ¢ o)
a,k

(kj)?
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We solve the gap equation (E) and the number equation
(@) simultaneously to calculate the pairing gap and the
number imbalance in terms of the scattering length.

In Fig. EI we plot the pairing gap A, measured in
units of ep = k%/2m, and the number of r particles
N, divided by the total number of particles IV, against
—1/kpa, where kp = (672N/3V)Y/3. The right side of
the figure corresponds to the weak coupling regime (BCS
region); the bare coupling becomes stronger towards the
left side (BEC region) of the figure. As we see, |A| and
the fraction of red particles, N,./N, increase with stronger
interaction. The N,./N axis ranges from 1/3 to 1/2; when
N,/N = 1/3, all three species are equally populated, but

(11)
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FIG. 1: The number of red particles divided by the number of
total particles N,/N and the pairing gap A at zero temper-
ature, vs. —1/kra. The solid line shows N, /N (left vertical
axis) and the dotted line A (right vertical axis) (color online).

for N,./N = 1/2, only r and g particles are present. In
general, N,./N is greater than 1/3 in the interacting sys-
tem, and it approaches 1/2 as the interaction becomes
stronger. Thus the ground state of the interacting sys-
tem always exhibits population imbalance, or magneti-
zation (in analogy with a spin system). The magnetiza-
tion arises physically through the gain of pairing energy
when there are more particles in r and g states, and as
remarked earlier, it would reveal itself in experiment as
an inhomogeneous distribution of particle numbers.

With this basic picture in mind, we turn now to
nonzero temperature.

IV. BCS REGION

In the BCS region, where the scattering length a is
negative and small, perturbation theory in terms of the
scattering length well describes the system. We first de-
rive the phase diagram in this region, and then derive the
corresponding Ginzburg-Landau free energy.

A. DMean field phase diagram

The mean-field Hamiltonian Hj; is

Har — puN
= <§k BLLES Na)) Vi bk
k,a

— A* Z U xg,—kx — A Z 1/{:;,_1(‘/’1,1«
k k

Un
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where
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As before, we assume equal numbers of red and green
particles, N, = N4. Also, we now include the Hartree
energy, Uy = 4ma/m. Defining

Erge = G + %(NT +N), (14)
&x =&+ U—;QNT, (15)

we rewrite the mean-field Hamiltonian as:
Har — puN
= & (%iklﬁr,k + ¢;k¢g,k> + ot 1 Wbk
k k

— A* Z Uy xthg—x — A Z 1/{:;,_1(‘/’1,1«
k k

Un

V
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U|| v

(N? + 2N, NN,) (16)
which is essentially the BCS mean-field Hamiltonian for
paired red and green particles plus normal blue parti-
cles. Diagonalizing by a Bogoliubov-Valatin transforma-
tion we find the thermodynamic potential

_z Z In [1 + e*ﬁfk} _ l Z In [1 + e*ﬁEb,k}
/B k /B k

ICEEEE Tiap - (2 s ovm) , (17)

where e = /€2, +[A[2. The condition 9Q/9|A]> =0

gives the gap equation

1 1—2f(ex) 1
= —_— = —— 18
%4 % 2ek U’ (18)
where f(x) = 1/(e* 4+ 1) is the Fermi distribution func-
tion. Again, p is determined by the number equations

Nr = Z% (1 - gr,kw) ) (19)
k

€k

= f) (20)
k

with
N =2N, + Ny. (21)

Numerically solving the gap equation (E) with the num-
ber equation (@), we obtain the gap and number imbal-
ance at given temperature and scattering length, shown
in Fig. The figure plots N,./N as a function of
—1/kpa and T. The normal phase is the unshaded re-
gion at higher T'; here A = 0 and N,,/N = 1/3. In the



FIG. 2: Phase diagram of the BCS region: N, /N vs. —1/kra
and temperature, in units of €. The z-axis ranges from 1/3
to 0.35. The intersection of the surface and the bottom plane
towards higher T' is the transition line between the ordered
and normal phases (color online).

shaded region, A # 0 and N,./N > 1/3, a small num-
ber imbalance. We show in the next subsection using
the Ginzburg-Landau free energy that A # 0 implies
N, /N > 1/3 and vice versa. To extend the theory to the
unitarity and BEC regimes we take pair fluctuations into
account [[i], in Sec. VL

In the next subsection, we derive the Ginzburg-Landau
free energy of the system in the BCS regime, and derive
the relations between the pairing gap and the number
imbalance.

B. Ginzburg-Landau free energy

The interplay between pairing and number imbalance
is most easily seen from the Ginzburg-Landau free en-
ergy, the expansion of the free energy in terms of the
corresponding order parameters around the transition
temperature. We define the order parameter for num-
ber imbalance, ¢, by

N, N
b= -3 (22

Fixing the total number of particles N = 2N, + N, we
have equivalently

G )

To derive the Ginzburg-Landau free energy it is conve-
nient (in the derivation only) to let the chemical potential

up for b to be different from p,., that for g and r. The
thermodynamic potential (7', u,, tp) can be derived as
in the previous subsection. The Helmholtz free energy is
then

F(A, ¢) =Q+ 2M7‘NT + /J,bNb, (24)

in terms of which the Ginzburg-Landau free energy den-
sity can be obtained by expanding

1

We define
- K2 Uy
e = 5= = pr + =7 (Ne + V) (26)
~ k2 Uy
=— — —2N,, 2
Ebx o Mt (27)
and &, = ,/éf)k + A2 and the chemical potential of the

normal phase po implicitly through
N 1
— = —_— 28
3 Zk: eBR 11’ (28)

where &) = k?/2m — po + 2UgN/3V. In terms of these
quantities, the Ginzburg-Landau free energy density is

]:GL(Aa(b)
= _BLV S om[l4e ] - ﬁiV S m {1 + e*ﬁfbwk}
k k

3 01 1 - A2
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+ G Ek In [1 +e k} v gk (Ek €r,k) i
) N
+3Un¢" + 2(pr — pip) 9 + 3V (207 + py — 3p0) 5 (29)

in the expansion in ¢ and A we keep in mind that u, and
up are implicit functions of A and ¢ through the number
equations,

_ 1 1/ tanh 8e, /2 N
¢ = a 2<1 é},kiék ) 3V (30)

and

1 1 N
2p——S"_— 2 1
(b V ; eﬂfb,k + 1 3V (3 )

The Ginzburg-Landau free energy up to fourth order in
the order parameters is

FE(A, ¢)
= aA? + <b+M) A4+3<l—UH) ®?

C1 C1

+ c30® + cad* — 22—2A2¢ + s A%¢%, (32)
1



where ¢; ~ ¢5 and b are all positive, but the sign of a
depends on temperature. The detailed coefficients are
given in Appendix A.

The physically realized values of the order parameters
minimize the Ginzburg-Landau energy; to leading order
in the order parameters, we then have

OFCL 1 c
5 :6<E—UH>¢—2£A2:O, (33)
OFGL

=2A {a+2(b+ @> A2—2C—2¢] = 0. (34)

C1 C1

0A
The first condition implies

Co 2

0= 3(1— clUH)A ’ (35)

indicating that if the pairing gap is nonzero, the num-
ber imbalance is nonzero, and vice versa. The second
condition, combined with Eq. (@), implies

A {a +2 (b + 2(051)2 - 301(1(6_2)021UH)> AQ] =0. (36)

In addition to the solution A = 0, when a < 0 this
equation has a second solution, with lower free energy,

la]

A? = :
2(b+c2?/c1 — c2%/(3c1(1 — c1Ug)))

(37)

The transition to fermion pairing is at the temperature
at which a = 0.

The Ginzburg-Landau free energy of three-component
ultracold fermions has certain similarities to the
Ginzburg-Landau free energy of dense QCD derived in
Refs. , which makes multi-component ultracold
atoms a promising analog of dense QCD. The Ginzburg-
Landau free energy of dense QCD has the form

Oé/ 9 ﬂ/ 4 a/ 9 C/ 3 b/ 4
QQCD(d,O') = ?d + Zd + 50’ — gO’ + ZO’
—~d*o + Nd*o?, (38)

where d is the quark-quark pairing order parameter and
o is the chiral symmetry breaking order parameter. We
attach primes to the coefficients to avoid possible confu-
sion with similarly labeled quantities above. The signs of
o’ and a’ depend on the temperature and the strength of
the couplings. As argued in Refs. @], B8, c, v, and
N are positive.

With the correspondence between the present system
and dense QCD system, A < d and ¢ < o, we see
that the two Ginzburg-Landau free energies have a simi-
lar structure. Differences are that the sign of a’ becomes
negative at low temperature whereas the coeflicient of
¢? is always positive; in addition the coefficients of o3
and ¢® are opposite in sign. These differences are due
to the fact that dense QCD system can undergo chi-
ral symmetry breaking without quark-quark pairing, but

the three-component ultracold fermion system, beginning
with equal populations, cannot spontaneously develop
local number imbalance without fermion pairing; with
the symmetric interaction we are assuming, number im-
balance arises from the gain of pairing energy with in-
creasing number of paired particles. It would be inter-
esting to see how the analogy can be sharpened in multi-
component atomic systems where spontaneous number
imbalance and fermion pairing occur independently, e.g.,
with increased numbers of species or with deviations from
fully symmetric interactions.

V. BEC LIMIT

We turn now to the BEC limit where the scattering
length between fermions is small and positive. We can
regard the system here as a collection of three types
of weakly interacting bound Bose molecules, each made
of two fermions, which can be red-green, green-blue, or
blue-red. The molecules Bose condense at sufficiently
low temperature. The condensate of molecules can be
reduced to a condensate of one type of molecule by ap-
propriately choosing the color axes, as with pairing in the
BCS regime. The condensate in the BEC limit is com-
posed of the same two colors that are paired in the BCS
limit.

At high temperature, the system is not condensed, but
is simply a gas of thermally excited molecules. Unlike
in the condensate, one cannot exclude the existence of
three types of thermally excited molecules. Whether the
high temperature system develops a number imbalance
depends upon the intermolecular interactions. For the
same type of molecules, the effective scattering length is
0.6a [B3], where a is the scattering length of the con-
stituent fermions. Between different molecules, as we
show below, the effective scattering length is still 0.6a.
Thus, above the condensation temperature, the system is
described by three kinds of thermally excited molecules
with the same interaction between all molecules. As we
show in Appendix B, the uncondensed Bose system does
not develop a spontaneous number imbalance as long
as the interaction between the same types of bosons is
greater than half of the interaction between the different
bosons. Thus the present system does not exhibit number
imbalance above the condensate transition temperature.

We have therefore the following picture of the BEC
limit. At high temperature the system is a homo-
geneous mixture of three types of molecules. The
Bose-Einstein condensation temperature is that of non-
interacting bosons of mass 2m and density N/6V/,

™ N3
W (W) ~ 0.137TF. (39)

Below Tggc, the system is a mixture of the condensate
of one type of molecule and a cloud of thermal molecules
of three types, which vanishes at T' = 0.

TBEc =



We now show that the scattering length between dif-
ferent molecules is the same as that, 0.6a, between like
molecules. The derivation of Ref. [@] of the scatter-
ing length between similar molecules depended on the
symmetry of the four-particle scattering wavefunction.
Since, as we show, the wavefunction for scattering of
different molecules has the same symmetry, the argu-
ments of Ref. [@] lead to the same scattering length.
We write the four-particle scattering wavefunction be-
tween similar molecules, e.g., red-green on red-green, as
W (ry,ro;rs, ry), where ry denotes the position of the red
fermion of the first molecule, ry the position of the green
fermion of the first molecule, r3 the red fermion of the
second molecule, and r4 the green fermion of the second
molecule. The symmetries due to Fermi statistics are

W,(ry,ro;r3,ry) = —Wy(r3, ro;ry,1s)

= —U,(ry,rq;rs, ro). (40)
7, -
2
Ty
n -
r

FIG. 3: Two different molecules colliding.

On the other hand scattering between different
molecules, e.g., red-green and red-blue shown in Fig. E,
described by the four-particle scattering wavefunction
U,4(ry,ra;r3,1r4) — where ry now denotes the position of
the blue fermion — has only a single symmetry due to
Fermi statistics,

Ug(ry,ro;r3, 1) = —Vy(rs, ro;ry, ryg). (41)

However, for s-wave scattering, the wavefunction is sym-
metric with respect to the interchange of molecules, so
that

\Ifd(r3,r4;r1,r2). (42)

Conditions (1)) and (i) imply that

Uy(ri,ro;rs, ry) =

Uy(ri,ro;r3, ry) = —Wg(ry,ry;rs, ro), (43)

which is exactly the same symmetry that was present due
to the exchange of green fermions in WU.

The Schrédinger equation in the two cases has one ap-
parent difference, the delta-function interaction between
the green and blue fermions. However, the antisymme-
try () for exchange of green and blue fermions im-
plies that the product of the green-blue potential and

the wavefunction in the Schrodinger equation vanishes,
so that the Schrédinger equation is the same as for identi-
cal molecules, and the scattering length is also the same.
This argument depends crucially on the two molecules
having one color (here red) in common.

VI. CROSSOVER THEORY

The crossover, in a two component system, from BCS
pairing in the weak coupling region to a BEC of weakly
interacting molecules in the stron, ling region is con-
tinuous, as seen in experiment @»ﬁ and understood
theoretically [@, @«@] A common feature of theories of
the BCS-BEC crossover at nonzero temperature is the in-
corporation of pairing fluctuations which allow thermally
excited Cooper pairs to exist above the condensate tran-
sition temperature. We now apply this idea to develop a
theory of the crossover, at nonzero temperature, in the
three component system to connect the BCS and BEC
regimes discussed above, and see that the crossover is
also continuous [@] We incorporate pairing fluctuations
through a self-consistent summation of ladder diagrams,
and then numerically solve for the transition temperature
between the condensate and non-condensate phases.

A. Self-consistent summation of ladder diagrams

We construct the crossover theory in terms of the finite
temperature normal and anomalous Green’s functions:

—i(T (Ya(r, )l (r',1)))

—1 <T (wT (I‘, t)"/]g (I‘/, tl))> ’ (44)
where T denotes time ordering. We assume still that
pairing takes place between r and g particles. The pair-

ing gap is given in terms of the Fourier transform of
Fr—r';t—t') by

3 3
A:—U/%%%F&Jz@z—%/%%%}jf@%
)

Galr =1/t —t) =
Fr—r,t—t)=

where k denotes (k,wy); the summation is over the
fermionic Matsubara frequencies wy = imvg /8 with odd
integer vi. The Schwinger-Dyson equations for the
Green’s functions, illustrated in Fig. @, are

gr(k) = gO(k) + go(k) (E (k)gr(k) + Erq(k)]j(k)) s

Fl(k) = Go(—k) (=2gr(k)Gr (k) + Tgg (—k)F' (k) ,

Gv(k) = Go(k) + Go(k )Ebb( )G (K), (46)
where Go(k)™' = wyp — & is the free particle Green’s

function, and X,g are self energies with an incoming «
particle and an outgoing 8 particle. Solving this system
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FIG. 4: The Schwinger-Dyson equations for the normal and
anomalous Green’s functions.

of equations, we obtain

G.(06) = (Go(k) ! =0y (1) + =)
1
Golk) = G T S k)
]:T(k) = _Egr(k) {Erg(k)zgr(k)
+(Go (k)™ = S0y (k) (Go(—k) 1 = Sge(—k))}

(47)

The main contribution to the off-diagonal self energies is
the gap:

a3k
B =5 [ Gy TR =Tl = -2, (19

where we assume without loss of generality that A is real.
Then the r-particle self energy, for example, is given by

3
Y(k) = /(;lwq3éz rg (k. ks Q)gg( k+q)

rb(kv ka q)gb(_k + Q)] ) (49)
where I'o5(k, k'; q), is the two particle t-matrix for in-
coming particles of color o with momenta k and S with
—k + g, and outgoing with momenta k' and —k’ + q,
respectively; the w, are bosonic Matsubara frequencies.
The corresponding diagram is Fig. E Note that there is

=®@
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FIG. 5: Self energy written in terms of t-matrices.

no process of this form in which the top line is anomalous
since such a process would involve scattering between two
r particles, either initially or finally, which is forbidden
by the Pauli principle; the internal lines can, however, be
anomalous.

On the other hand, in the self energy of b particles,
the top line can in principle be anomalous; however, this
process would involve particle-hole scatterings either ini-
tially or finally, which is negligible for short-range inter-
actions [@], the self-energy involves only a sum of rb
and gb particle-particle scatterings. The Bethe-Salpeter
equation for the rb t-matrix becomes

Frb(ka k/; Q)

dplzgr

:—U—

—p+)Tw(p k5 q).
(50)
As one sees by iterating this equation, 'y, (k, k'; ¢) is inde-

pendent of k and k’; we write I'(k, k’; ¢) = T'(¢). Solving
Eq. (B0), we obtain

1 [ d&Pp 1
ﬁfngr

—1

Lip(q) = — -p+4q) ;

(51)
I'gp takes the same form mutatis mutandsis.

In I',;, we must take the rg anomalous Green’s func-
tions into account, as illustrated in Fig. E Solving the

FIG. 6: An anomalous contribution to rg t-matrix.

Bethe-Salpeter equation in Nambu matrix notation, we
have

_ X11(—Q)
Frole) = x11(@)x11(—q) — x12(9)*’ (52
where
=3 [ 252 5L 0w (59

d3p 1
T
i SR

x12(q) = /

To determine the gap and the number imbalance as
a function of temperature and scattering length involves
self-consistently solving the gap equation (@), which can

(54)



be rewritten as

1 3k 1
U /277352

1
(Go(R) ™1 = B () (Go (k) 7T = Sy (—h)) + A2
(55)
together with the number equations

N, 3k 1

R Wk

1% n1—1>m+0/ 2m)3 8 Z G (k (56)
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However in this paper we focus only on calculating the
transition temperature.

B. Evaluation of T,

We now use the formalism of the previous subsection
to evaluate the transition temperature, where the pairing
gap A becomes zero. The gap equation at T is equivalent
to the condition that I',4(¢) diverges at ¢ = 0. Therefore,
at T., we can make the approximations,

(k)
d3qg 1
= — / (27_33 E wzq (Pr(](Q)gq(q - k) —+ Frb(q)gb(q _ ]{,‘))
d3q 1
~ / (2733 B. ; (Trg(9)Gg(—F) + Tr(0)Go(—k)) ,
(58)
and
3
S (k) = / ;lﬁqg ;C ZFbT )Gr(q — k)

d
s s o

For T' > T,, the t-matrices do not depend on the color
indices. Then, using the final line of Eq. (5§) we see that
the Green’s function for r particles becomes

gr(k) = (go_l(k) - Err(k))
~ (Go (k) + Go(—k)AL,)
wi + &k

_ , 60
P+ 6+ A, o

-1

-1

where we introduce a “pseudogap” A,, at T, by writing

s, =2 [ELS e, o

with I' = T, = I';y, = Ty,. The final line of Eq. (B0) is
just a BCS Green’s function with the gap replaced by the

pseudogap. We write Fy =

Similarly G,(k) has the same form at T = T.
The number equations then reduce to

N 1 [ &%k b, Bebi
=5 ) o (1 g ) @

while the equation for the pseudogap is
1 k1
. / 55, wzgr

[ &k &\ tanh(B.Ex/2) Ay, f(Ex) | |
_/(27T)3{(1+E_E) 4By COE2 2 }
(63)

&p + A2, for convenience.

as before, the bare coupling U is related to the scattering
length a through Eq. (E)

In the BCS limit, kra — 07, Agg tends to zero, as
we can see by considering the BCS gap equation at T,
(not the mean-field BCS transition temperature, but the
same T, that we are using here) with a gap A

. 1 _/ d3k {tanh(ﬁc\/£ﬁ+A2/2)} (64)
( .

U~ 2m)3 &+ A2

Expanding the right sides of (3) and (64) in terms of A2,
and A2, we see that the zeroth order terms are identical.
Also, since the final line of Eq. (f3) decreases monoton-
1ca11y with qu, the 1imit A? — 0, as in weak coupling

BCS, implies A

Determining T requires estlmatlng A2
by expanding I',(g)~*
I,0)7'=0at T

_ 1 d3p 1
—I'rg(q, wq) t= U / )3 ﬁ Zgr

ep 1
~ / e Zg’”(p)

»ge Which we do

around ¢ = 0, recalling that

(P)Gy(q —p)

= Zw, —q°. (65)

Explicit forms for Z and v are given in Appendix C. The
pseudogap then becomes

_ L [ & 1 c3/2) ([ Zz \*?
N _/(27r)3 efr?/Z 1 47 (wﬂcfy) '



Solving number equation (@), the gap equation (p3)),
and the expression for the pseudogap (p6)) self consis-
tently, we obtain the transition temperature, plotted
against —1/kpa in Fig. . The solid line in the fig-

0.25

0.15 4

0.1 b

Temperature

0.05 b

0 . . . . .

0
-1/ke a

FIG. 7: The phase diagram of three component ultracold
Fermi gas. The solid line is the transition temperature cal-
culated with pairing fluctuations incorporated through the
summation of ladder diagrams. The dotted line is the tran-
sition temperature calculated from mean field BCS theory.
The mean field line corresponds roughly to the temperature
at which fermions start to form (non-condensed) pairs. The
line calculated from ladder summation is where the Cooper
pairs start to condense. Towards the left end of the figure,
the transition temperature approaches the BEC limiting value
T. ~ 0.137 TF (color online).

ure is the transition temperature calculated with the lad-
der summation formalism described here, and the dotted
line is the result from mean-field BCS theory. The lad-
der summation line approaches the mean-field line in the
BCS limit. On the other hand, in the BEC limit, the
ladder summation correctly yields T, — 0.137Tr. The
crossover theory presented here connects both limits con-
tinuously.

Throughout, we have kept a common chemical poten-
tial for the different species, and found that below T, the
number of b particles becomes smaller than the number
of r or g particles. In ultracold atomic experiments, the
number of the particles in each species is usually fixed
at the start, and thus the simplest scenario that may
occur experimentally is that the number imbalance ap-
pears through the formation of population-imbalanced
domains. Formation of population-imbalanced domains
leads to a gain of condensation energy of order E.V/2
for the fully imbalanced state where FE. is the conden-
sate energy density in a balanced system; the factor
1/2 = 3/2 — 1 is the increase in the relative number
of Cooper pairs in the imbalanced state over that in the
balanced state. On the other hand, formation of a sin-
gle domain wall costs a net surface energy Eg,,s of or-
der E.V¢./L, where &. is the coherence length and L

is the linear size of the system. The condition that the
formation of the domain is beneficial for the system is
E.V/2 > Eguf, or roughly L/¢. 2 1, which typically
holds well. Domain formation is expected to decrease
the free energy from that of the homogeneous state at
low temperature. Other possible realizations of popula-
tion imbalance include the formation of a “color density”
wave or the formation of an inhomogeneous (FFLO) su-
perfluid; we leave analysis of these states as future prob-
lems. Also to apply the present theory quantitatively
under realistic experimental conditions it will be neces-
sary to investigate effects of Efimov states.
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Appendix A: The coefficients of the
Ginzburg-Landau free energy

We outline here the derivation of the Ginzburg-Landau
free energy (BJ) from the free energy Far (A, ¢), Eq. (29).
Since A always appears squared in the equations, odd
powers of A do not occur in the free energy. To find
the coefficients of A? and A%, we set ¢ = 0, and expand
Far(A,0) in powers of A%, Taking the derivative of the
number equation for blue particles (@) with respect to
A? we see that uy (here allowed to differ from y,.) does
not depend on A2. Differentiating the number equation
for red particles (B(), we obtain

Opr
0A2

where the subscript 0 denotes the derivative at A = ¢ =
0, and

-z (A1)

b
0 €1

1
=5 3SR, (42)
k
_1 tanh 860/2  f'(&)
=72 (et g) @
Note that both ¢; and ¢y are positive. Then
0FarL(A0) 1 1 tanh B¢ /2
oz |, U v g Y
1 92Far(A,0) B (c2)?
3 78(A2)2 }0 =b+ o (A5)
where
_ 1 tanh 861 /2  f(&§)
=y (e ) e @

k
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We similarly derive the coefficients of ¢, @2, ¢3, and
o

a]:GL(Ou ¢)

09 _,, (A7)
1 02Fa(0,0)| (1
3 | = (& -u). (A8)
1 63.7:GL(0,¢) kK
6 0 |y () (4
1 *FeL(0,9)] 3 (k1)
ﬂ 8@54 0 N 4(01)4 (3 C1 - K2) ’ (Alo)
where
1 1
= &), m=—g ) fUED. (Al
K K
Finally, the coefficients of pA? and ¢?A? are
a2J:GrL (Aa (b) C2
I (A1)
l 63]:GL(A7 (b)
2 (00R0AT |5,
_ o Z "G ) = o (A13)
“lar " V 4o -

Therefore, the Ginzburg-Landau free energy up to fourth
order in the order parameters is

11 ~tanhBe/2) ., (c2)?\ A4
_<_5_VkT>A+(b+T)A

1 K1
+3 <c— - UH) % + (Cl)gsb?’
3 (k1)
e (B ) ot 2

:aA2+<b+( 2)” )A4+3<—1—UH>¢2

29¢A2 Fes?A?

C1

+ c3¢° + 49t — 2—A2¢ + 5 A2, (A14)
¢
Note that the ¢; and b are all positive. Also, since Uy is

negative, the coefficient of ¢? is positive.

Appendix B: Population imbalance in a Bose
mixture above the condensation temperature

We derive the condition for the homogeneous state
with population balance to be stable. Although the three
component ultracold Fermi gas can form three types of
molecules, the basic physics of the instability towards
inhomogeneous states can be captured by considering a
two-component Bose system.

We derive the Ginzburg-Landau free energy of a system
of two species of bosons, a and b, as a function of their
population imbalance at fixed total number N = N+ Nj.
With ayx and by the annihilation operators of bosons a
and b of momentum k, the Hamiltonian is

H— ,uaNa - /LbNb

k2
= — - i — - bib
Z ( Ma) ay 0k + ; (2m Mb) K0k

Uo
+ Z ((IquaIc/*q
2V
kk’,q

U1
+7 Z aqubI{_
k.k’,q

ax/ ax + bL+qu{,7qbk/bk)
qbk’ ak, (Bl)

where Uy = 4mag/m and Uy = 4may/m are the s-wave
interaction strength between the same type and between
different types of bosons, and a¢ and a; are the corre-
sponding scattering lengths.

We assume sufficiently high temperature that neither
system is condensed. In the Hartree-Fock approximation
we obtain

H _/J'aNa _NbNb

N, N,
~ Z (é-a,k + 2U07 + U17b> (LLak
k

Ny N,
+>° (gbk+2Uo—+U1 )b*bk

- VvV VvV
Uo /o o Ui
~ 2O (N2 £ N2) — ZENLN, B2

where &, x = k?/2m — p, and &k = k?/2m — pp. The
number of particles N, and N, satisfy the self-consistent
equations,

No =Yg (Eax + 2Uonq + Urnp) (B3)
k

No =" g (& +2Uonp + Urna), (B4)
k

where g(z) = 1/(e* —
tion, and n, = N,/V and n, =
modynamic potential is

1) is the Bose distribution func-
Ny/V. Then the ther-

—=-0Up (ni + n%)
—V¥1n{1 —exp(—

a3 Z In {1 —exp (=5 (&.x + 2Uony + Urna))}
K

—Uingnyp

B (Eax + 2Uong + Uiny))}

(B5)
and the Helmholtz free energy is
FQ
v =y T Hala t pens. (B6)



The condition for the stability of the homogeneous
state is found by expanding the Helmholtz free energy
in terms of the deviation of the number of particles from
the homogeneous state. We write the deviation of the
numbers of particles from the balanced case as

n n
ntefued) o
then
o F
—— =0 (B8)
dpV =0
0% F ( 1
—_—— =2 2U0—U1——), (B9)
o G
where

1 , (K2 n n
G—Vzk:g (%—u0+2U05+U1§)<0, (B10)

and the homogeneous chemical potential 1 is determined
by

n 1 k2 n n
§:V¥g(%—uo+2U0§+U1§). (Bll)
The homogeneous state is stable if and only if
O?(F/V)/0p? > 0. Since G < 0, we immediately con-
clude that when 2Uy > Uy, as in the present system, the
homogeneous state is always stable at T > Tpgc. [For
2Up < Uy, onefinds G — 0~ asT — oo, and G — —o0 as
T approaches Tgc from above, implying a phase tran-
sition from the homogeneous to an inhomogeneous state

11

at T > Tpgrc. The transition temperature increases with
increasing Uy — 2Uy. As Uy — 2Uj from above, the tran-
sition temperature approaches Tggc from above.]

Since the interaction is the same as that between
identical and different molecules in the BEC limit of
three-component ultracold fermions, the result derived
here implies that the system is homogeneous above the
condensation temperature.

Appendix C: Expansion of I'.,(q,w,) "

The expansion of I',,(q,w,)~! can be explicitly car-
ried out using Eq. (@), with the result of Eq. @),
—Tg(q,wy) ™! & Zwy — v¢* where

&
2E7

[ Bk (tanh(B.Ei/2)
7= [ ( (L

27T)3 2F) +f/(Ek)>

and
Br 1 T R
7= / (27)3 2mE] HgkAP%_m + 58P (26— Ag)

(A2, — &) (Ex + gﬁ)} (tanh B 2E k L om, f’(Ek))

+ 24m

QA B kP
+{ T T (26— &AL A B (B

4 12m

k2
+ e AL, BB (©2)
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