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Radially symmetric minimizers for a p-Ginzburg Landau
type energy in R?

Yaniv Almog? Leonid Berlyand! Dmitry Golovaty*and Itai Shafrir®

Abstract

We consider the minimization of a p-Ginzburg-Landau energy functional
over the class of radially symmetric functions of degree one. We prove the
existence of a unique minimizer in this class, and show that its modulus is
monotone increasing and concave. We also study the asymptotic limit of the
minimizers as p — oo. Finally, we prove that the radially symmetric solution
is locally stable for 2 < p < 4.

1 Introduction

Given p > 2 consider the minimization problem of the energy functional
1
By(w) = [ | [Vul + 50 uf)? (11)
R2

over the class of maps u € W/lf)’f(Rz, R?) that satisfy E,(u) < oo and have a degree
d “at infinity”. In our previous work [I] it was shown that the notion of degree at
infinity is well-defined. Hence, minimization over the homotopy class of maps with
degree d is a sensible task. Moreover, in the case of degree d = 1 we proved that
a minimizer does exist. An important open question is whether any minimizer u
is necessarily radially symmetric, i.e., u = f(r)e” for some function f(r) satisfying
f(0) = 0 (thanks to invariance with respect to translations we may assume that
u(0) = 0). We show in the sequel that a (unique) minimizer within the radially sym-
metric class u, = fp(r)ew exists. We were, however, unable to determine whether
Uy is a minimizer or not. As a preliminary step towards establishing the minimality
properties of u,, we study in the present paper its stability properties. One of our
main results (see Theorem 2] below) establishes that w, is indeed stable if p € (2,4].
We conjecture that this result remains valid for any p > 2. It should be mentioned
that the analogous stability problem for p = 2 on the disc B1(0) with the bound-
ary condition u(z) = ] on 0B1(0) was solved by Mironescu [9] and in a weaker
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form, by Lieb and Loss [§]. Going back to the problem on R?, but again for p = 2,
we recall that the L?- stability of the radially symmetric solution was proved by
Ovchinnikov and Sigal [11] and in a more natural energy space by del Pino, Felmer
and Kowalczyk [5]. However, Mironescu [10] showed a stronger result, namely, that
the radially symmetric solution is the unique (up to rotations and translations) local
minimizer on R2, that is, on every disc Bg(0) it is minimizing for its boundary
values on dBg(0). Note that for p = 2 (in contrast with p > 2) only the notion of
local minimizer makes sense since the admissible maps have infinite energy.

The manuscript is organized as follows. In Section Bl we establish existence and
uniqueness of the minimizer w, = f,(r)e? in the radially symmetric class, as well
as its regularity. We also show that f,, is increasing and concave and obtain some
precise estimates for f,(r) for large values of r. In Section Bl we study the limit of f,,
as p tends to infinity. We show that lim,_, f, = fx is the piecewise linear function
given by % for 7 < /2 and is identically equal to 1 for r > /2. Finally, Section [
is devoted to the study of the stability of the radially symmetric solution.

2 Radially symmetric solutions

In this section we consider some of the properties of the minimizer of

o) 2 /
i = [T L) g0 22 L (21)
for any p > 2. Note that I,(f) = 5= E(u) where u = f(r)e'.

2.1 Existence

For each p > 2 we define the space

[e%S) 2
1, f=\p/2
X, = {f € W, .2(0,00) : /0 (|f/|2 + r—2)p/ rdr < oo}. (2.2)
Existence of a solution will be established by minimization of I,(f) over X,. Note
that X, € C{_[0,00), with @« = 1 — 2/p, since whenever f € X, the function
F(z1,m2) = f(y/23 + x3) belongs to Wﬁi’f(R%, and then we can apply Morrey’s

theorem. Furthermore, for every f € X, we must have have f(0) = 0. This follows
from the continuity of f and the fact that

1 P
[
o P71
Proposition 2.1. The minimum of I,,(f) over X,, is attained by a function f, € X,
satisfying 0 < fp(r) <1, Vr € [0, 00).
Proof. Put

my = inf L(f). (2.3)
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We first note that m, < oo since the function ¢* € X, defined by

g*(T)Z{T r=b

1 r>1,
verifies I,(g*) < oo. Consider a minimizing sequence {g,,} for (L.I)), i.e.,

W}E}noo Ip(gm) = my.

By passing to a diagonal sequence we may assume that for any compact interval
[a,b] C (0,00) we have

Gm — g weakly in W'P(a,b). (2.4)

Since the convexity of the Lagrangian

Z2\r/2 1
L(P,Z,r):{<P2+T—2)p +§(1—Z2)2}r

in the variable P implies weak lower-semi-continuity of the functional IIS“”’)( f) =
fab L(f', f,r)dr (see [7, Theorem 1,Sec. 8.2]), we deduce from (2.4]) that

I (g) < my. (2.5)

Since the interval [a, b] is arbitrary, we conclude from (2.5]) that g € X, I,(g) < my,
so that necessarily I,(g) = m,, and ¢ is a minimizer in (I]). Since replacing g by
g(r) = min(1, [g(r)]) ,

gives a map g € X, such that I,,(§) < I,(g) (with strict inequality, unless |g| < 1)
we conclude that we may assume 0 < g(r) < 1 for all r, and the result follows for

fp =4g. O
The next lemma shows that f is positive on (0, c0).
Lemma 2.1. f, >0 for all r > 0.

Proof. We first claim that there is no interval of the form [0,a], with a > 0 such
that
f=0on(0,a]. (2.6)

Indeed, suppose that ([2.6]) holds for some a. Fix any function g € C*°|0, a] satisfying
9(0) = g(a) =0 and g(r) > 0 for r € (0,a). Then, for any small € > 0 consider the

function h. defined by
eg(r) 0<r<a,
hs(r) = { g( ) _
fp(r) r>a.



A simple computation gives

Iy(he) = I{*)(f,) + ep/o (Ig' + (%)2)7”/2 rdr +/0 (1 —€e2g®)2rdr < L(f,),

provided e is chosen small enough.
Next, we turn to the proof itself and assume by negation that f,(rp) = 0 for

some 79 > 0. Put

0o = .

0= g, J(r)
By the above claim dp > 0. Let § € (0,dp) and consider the set Ss = {r > 0 :
fp(r) < 6}. Denote by J = (a, ) the component of S5 containing 7. Since § < dy
we have « > 0. There is a §; > 0 such that the function

H(0) = (1) + 5017

is decreasing on [0, 01] for every r > a . We may now replace § by min(d, d;) and set

) J
f(r):{?’ :ZJ

From the monotonicity of H, it follows that I,(f) < I,(f,). A contradiction. O

2.2 Uniqueness

Proposition 2.2. The non-negative minimizer for I,(f) is unique.

Proof. We use a convexity argument due to Benguria (see [4]) for the case of the
Laplacian (see [4]) and by Diaz and Sad [6] and Anane [2] for the case of the p-
Laplacian. More specifically, we follow the presentation of Belloni and Kawhol [3].
Assume f and g are both minimizers in (2. By an argument from the proof of
Proposition 2.1] it follows that necessarily f(r) <1 and g(r) <1 for each r. Set

P P
n:f —2Fg and w:n%.
Denote also
fP
s(r) = .
fp + gp

Note that 1 .
14 _ _
w' = onr T (77 4 g7 )



Next we compute

(w’2+7“:—§)5 |l (f” 1f’—;g” 'g'\2 ni’ 5 ‘(f”‘lf’;]gp‘lg’)er%%
| Qs L
< 77(8(7“)(|ff/2|2 + T—lz)g +(1- s(r))(|i;2|2 + %2)2)
- U B e ) = (e e D))

Above we used the convexity of the function ¢ — (#24 %2)% Note that equality holds

in the above only if fTI = %/. If such an equality holds for all r, we conclude easily
that ¢ = c¢f for some constant ¢, which then must be equal to 1. Therefore, the
uniqueness claim follows from the above inequality and the convexity of the second
term (1 — f2)? as a function of fP for p>2and 0 < f < 1. O

Remark 2.1. As a matter of fact, the only minimizers of I,, are f, and —f,. In
view of lemmalZl a non-negative minimizer must be strictly positive. Since Ip(|f|) =
I,(f), it follows that a minimizer may not change sign, and our assertion follows
from the uniqueness for non-negative minimizers.

2.3 Regularity

This subsection is devoted to the study of the regularity properties of the minimizer

-
Proposition 2.3. We have f, € C*°(0,00).

Proof. The Euler-Lagrange equation associated with (2.)) is

1 , 2
VP ) = Tl - 2 ), (2.7

where

Up = fp(r)ew .

A direct consequence of (2.7) is that [Vu, [P~ 2fp € VVIO’C” ?(0,00) C C(0,00) and we
immediately obtain that f, € C1(0, 00) (using that f, > 0 by Lemma[2.]) . Inserting
this new information into (Z.7)) we deuce that f, € C%(0,00). Bootstrapping gives
fp € C*¥(0,00) for all k, as claimed. O

Our next objective is to prove the differentiability of f at 0.

In(r)

Proposition 2.4. f;(O) = lim,_ o+ exists and is a positive number.



Proof. We denote for convenience f for f, and get from (2.7),

0= 1+ 5 |2’f’> 2o~ |%;j2£_22)_r_€(1 Va |2’f‘)
+ ];\Vup\2_pf(1 -7, (28

or equivalently,

e (P = 0-35) + 5 (L - o-3)rP)
f L-vlfp
2 f ) 1
— =V 7P (1 - f?) - (29)
T P
Put 7
r
h=—. 2.10
7 (2.10)
We divide the rest of the proof into several steps.
Step 1: —I% < h(r)y<1lforalr>0.
We can rewrite (2.9]) as
i h2+(p—3)+h_1—(p—3)h_g‘vu - pr_( f2) 1+ h?
" L+ (p—1)h? p " h +(p—1h?’
(2.11)
Since f”h
B = s (1 —h), (2.12)

substituting (2.I1)) into (2.12)) yields

,  (1—h 1+ (p—2)h+ h? 2 op 1 g2 LR
h‘( " ) ( 1+ (p— A2 +h) IVl = ) =y

1+ R? (1-h)1+(p—1)h 2 .
T 1+ (p—1)h2 [ r _E‘VUPP r(l=f3)|. (213)
By (213]) we have
h' < %Fp(h), (2.14)
where
Fo(h) = (1+r*) (A —=h)[1L+ (p—1)A] (2.15)

1+ (p—1)h?
We now prove that A(r) < 1 for all » > 0. Suppose to the contrary that there exists
ro > 0 for which h(rg) > 1. Then, (ZI4]) yields 2'(r) < 0 and h(r) > 1 for all r < rq.
Therefore, by (2.15]) also Fj,(h) < 0 for r < ry. Integrating (2.I4]) gives

M) dn ro
>In—, Vr<rg. (2.16)
/h(rg) —Fy(h) r



Since [, ;(Om) % < 00, (2.10) leads to a contradiction for » > 0 small enough.

Finally, we show that h(r) > —p%l on (0,00). Suppose to the contrary that

h(ro) < — p%l for some ro. Then, from ([2.I4]) and ([2I5) it follows that

h(r) < —

! ] and h'(r) <0, Yr>rg.

Therefore, also fll,(r) < 0 for all r > rg, violating I,(f,) < co. Step 1 is established.

I s i :
Step 2: &= is strictly decreasing on (0, 00).
From Step 1 we get that

<f>'=i(h—1)<o, Vr >0, (2.17)

and the conclusion follows.
Step 3: lim, _,o+ h(r) = 1.
Fix any rg > 0. By Step 2 we have,
Vagl(r) > L7 5 T

T To

, Vr<rg.

Consequently, we have by (2.13)),

h/ > Fp(h)

—Cor, Vre(0,rg), (2.18)

for some positive Cy, which is independent of r. For a contradiction, we assume
that liminf, ,o+ A(r) = @ < 1. Then, using ([2.I8) we can find 71 € (0,rp) small
enough so that h/(r;) > 0. Bootstrapping we obtain that A'(r) > 0 for all » < r1. In
particular, the full limit lim,_, 5+ h(r) = a exists. Integration of (2.I8]) then yields

h(r1)
/ h o <. (2.19)
h

Here we used the fact that Fj,(h) > 0 by Step 1. Passing to the limit » — 0T in
(Z19) gives fah(”) % = 00. In view of ([ZI5) we must have

1
a= lim h(r)=———.
r—0t+ p—1
In particular, for r sufficiently small we have % < —ﬁ, implying

Flr) > Crmm

A contradiction.



Step 4: f/(0) exists and it is a positive number.

By Step 2, the (possibly generalized) limit lim,_,q+ @ exists, so we only need to

exclude the possibility that the limit equals +o0o0. From Step 3 and (2.I8]) we get
that
h(r) > 1—cr?, Vr<rg,

ie.,
/
1
f7 > o cr.
Therefore, f(r) < Cr for some positive constant C, independently of r, and the
differentiability of f at 0 follows. Finally, f/(0) > 0 since @ is decreasing. O

2.4 Monotonicity
Proposition 2.5. f;z; > 0 in (0,00).

Proof. First we show that f, is non-decreasing on (0,00). Recall that f,,(0) > 0 and
define
r1=sup{r : f(s) >0on [0,r]}.

If r; = oo then clearly f, is non-decreasing on (0,00). Assume then that r < oo,
and then obviously

f;(rl) =0.
By the definition of r; we have also

1"

fp(r1) <0. (2.20)

Next we distinguish between two cases:
(i) There exists a right-neighborhood of 71, [r1, R], in which fz; <0.
(ii) There exists no neighborhood as in (i).

Consider first case (i). Since f, —— 1 , there must exist a maximal right-
r—00

neighborhood, where fz’, < 0 which we denote by [r1,rs]. Clearly, we must have
f;/;(Tz) = 0. From (2.8) we get that

2 £/
r 2
P _q1_Z

—(p—2
- p(&) ® )r2(1—f5), forr=1r;, i=1,2. (2.21)
p

r

By Step 2 of the proof of Proposition [2.4] we have

(M) ~(p-2) - (M)‘(p—m . (2.22)

2 |

Furthermore, since f, < 0 in [r1,72] we have
(L= f)(r2) = (1= f)(r1). (2.23)

8



Substituting (2.22), ([2.23]) into (2.21I]) and using (2.20)) yields

fp r=ro fp
i.e., f,(r2) <0, which clearly contradicts the definition of rs.

Next we turn to case (ii). In this case we have f)(r1) = 0. Differentiating the
equation (2.7) at r = rq yields

<0

=Y,
r=r1

) = —pf—é’ <0. (2.24)
1

This implies that r1 is a maximum point for f1/> which is obviously impossible.
Finally, we prove that f, > 0 on [0,00) (we know already that f,(0) > 0).
Suppose, for a contradiction, that there exists ro > 0 such that

fp(ro) = f,/(ro) = 0.

We then obtain the same identity as in ([2.24]), but this time at r = ry. Again we
get that fl’, has a maximum at 7y, a contradiction. O

To prove monotonicity of f1/> we need the following result

Lemma 2.2. We have

<0, Vr>o0. (2.25)
Furthermore,
lim h(r) =0.
T—00

Proof. Suppose, for a contradiction that ([2.25]) does not hold. Since lim, o h(r) =1
and h < 1 on (0,00) (see Steps 1 and 4 in the proof of Proposition 2:4]) A must have
a minimum point at some r = ry. By (2.I3]) we have

(Vup?)'p -2
[Vup|* 2

+(1-f2) - 2r0fpf4 . (2.26)

1 2 14+ Ah? _
h//(TO) = __2Fp(h) 72 ]VupF Pl —

7 - TR 7ot = o)

Furthermore, as h'(rg) = 0 we also have

1 2 1+h? 2—p 5

wwly|_ = (Basm)

Substituting the above into (2.26) we obtain

=201+ h2)f—§ (é — f;/>> .

r=ro o 70

sign b (rq) = sign g(ro), (2.27)



where
g(r):=2nf) —{(p—2)(1 = h) +2}(1 - f7). (2.28)

Since 7 is a minimum point of h, we must have g(rg) > 0. Put
r1 = sup{r € (rg,00) : K’ >0 on (rg,r]}.

If 1 = oo then, since h < 1, h _)—) hso Where 0 < ho < 1. But this leads to a

contradiction since then also
/
rfp ; hOO Y

r—00

which is inconsistent with lim,_, f(r) = 1. If 1 < oo then necessarily h'(r1) = 0
and h”(r1) < 0, implying that g(r;) < 0 too. But since h is non-decreasing on
(rog,71) while f is strictly increasing on (rg,r1) (by Proposition 2.5]), it follows from
([Z228) that g is strictly increasing on (rg,r;). Therefore, g(r1) > g(rg) > 0, implying
as in (Z27) that h”(r1) > 0. This contradiction completes the proof of (2.25]).
Finally, as h is both positive and decreasing it must converge to a limit ho, > 0.
From the above argument we obtain that hy, = 0. O

Corollary 2.1. fl’) is monotone decreasing in R .

The corollary follows immediately from the fact that fl’) is a product of the
positive functions h and f,/r, the first of which is non-increasing, and the second is
strictly decreasing.

2.5 Asymptotic behavior

In the following we derive the behavior of 1— fg as r — 0o. The first lemma is a well-
established result in asymptotic analysis. We include the proof for the convenience
of the reader.

Lemma 2.3. Let g(z) be monotone decreasing on (0,00). Let further

/oog(t)dt = Tia[l +o(1)] asr— o0o.

for some positive a. Then,
Q@
g(r) = m[l +o(1)] asr— oco.
Proof. Put G(r) = froo g(t) dt. Then, for any h > 0,

1+n(r) 14n0r+h)

r+h
ha(r) = [ g0yt = Gy = Glr ) = D I (2
where lim, ., n(r) = 0. By (2:29)),
1 1 n(r) —n(r +h)
ho(r) 2 (1400 (15~ e) +

> %((1 — ) {1 = (1+ g)_a} - 2nm> :

10



where n,,,(r, h) = max(|n(r)|, |n(r + h)|). Let e = % Since for some C' > 0 we have
1
1-(1+e) *>1+ac—Cé, ec [0,5],
it follows that
hg(r) > i((1 — 1) (e — Ce?) — 2 )
- 'r'OC m m .
Therefore,
1 Nm
> _ _ _olim
9(r) > —5 (1 = mm)(a = Ce) —222). (2.30)

Choosing € = 7771,{2 we get from (2.30) (since lim, o SUPy~o Mm (7, ) = 0),

!
g(r) > Ta+1(1+0(1)), as r — 00.
The second direction is proved in a similar manner. O

We use the above lemma to prove the following result

Lemma 2.4.

9 pl
1-f ~ o 8T 0, (2.31a)
2
/ p* 1

Proof. Integrating by parts (2.7) between r and infinity yields
o0 o0
p o[ a p -
| st gae=2 [T w2l ) e By,
T r
or equivalently that

e 0 p—ldt p—1
/fp(l—fg)dtzg/ \1+h2y<p—2>/2(1—h)<%> —+gy1+h2\@—2>/2h<@> .

r t T
(2.32)
Applying the integral mean value theorem yields the existence of r* € [r,00)
such that

fr_(p_l)

p—1 "~

- 2|(p—2)/2 fo\' dt 2/ xy|(p—2)/2 VY £p—1 (5
J R e B I e L R T it

. t

Hence, in view of Lemma and the fact that f, — 1 we obtain
T (o @]

00 p—1 —(p—-1)
t
/ 1+ R2|P=2/2(1 — h)(-";p> —‘i = Tp — [ +o)] asr—oo.  (2.33)

Further, in view of Lemma we have

p—1
11+ hQ\(p—”/Qh(%) = o(r~ (=), (2.34)

11



Substituting (2.33)—(2.34]) into (2.32)) yields

= ~-1)
/ fp(l—fg)dtngpill[l—i-o(l)] as T — 00.

As fp —— 1 we have
r—00

/ fpl—f2 =[1+4+o(1 )]/Oo(l—f;g)dt as r — 00,

and hence

o —(p—1)
/ (1= £t = F 1+ of1)] a7 = 0.

The proof of ([Z3Th) follows immediately from Lemma 2.3 and the monotonicity of

fp:
To prove ([2.3Ib) we first note that

1— 2

lim Ty =2.

r—oo | — fp
Hence,

> p
/T fpdt = m[l +o(1)] asr— 0.

Lemma 23] provides, once again, the closing argument for the proof. O
3 Largep

In this section we discuss the behavior of the radially symmetric solution in the large
p limit. We prove the following result

Theorem 1. Let

1 r>v2

There exists C' > 0 such that for every p > 2 we have

foo:{% T<\/§. (3.1)

1 1/2
17y = Foollzwgy) = Iy = foolle < C(ZF) (3.2)

To prove the theorem we shall need to prove first a few auxiliary results. We
first derive a simple upper bound

Lemma 3.1. We have

L(f,) < <6 +Clnp> Vp> 2. (3.3)

12



Proof. We use the test function

1 (1 _Inp V2
f— \/5(1 p)r, T<1_1n7p
1, r> V2

1

]

=1

°|

It is easy to show that there exists C' > 0, independent of p such that

1 Inp

[p(f)ﬁ <6+C7> , Vp>2,

from which the lemma immediately follows. O

We first deal with the interval [0, /2].

Proposition 3.1. We have
C
C >0: HVupnglJrE, Vp > 2. (3.4)

Proof. We first note that by Lemma and Step 2 of the proof of Proposition 2.4]
both f, and f,/r are decreasing. Therefore, the same holds for |[Vu,| and it follows
that

Vuplloo = [Vup(0)] (3.5)

Obviously, if we have |Vu,|—1 > 1/p over a sufficiently large right semi-neighborhood
of r = 0, then I,,(f) would become larger than the upper bound (B3]). This, how-
ever, does not eliminate the possibility of a small neighborhood of r = 0 where
p(|Vup| — 1) is large. Thus, the proof splits into two parts: at first, using regularity
arguments, we bound from below the size of the above neighborhood as a function
of |Vup(0)|. Then, we use (B3) to bound |Vu,(0)| from above.

Suppose that |Vu,(0)] =a > 1. Let

1
s:sup{r>0 2 Vup(r)| > —;—a}‘ (3.6)

By (Z.I3) we have for all » < s that

2/1+a\ P2
n>—=
- p< 2 > " o
hence 11 (p—2)
ta\~P=2) 5
N < h< <s. .
! p< 2 ) r"<h<1l, Vr<s (3.8)
Assume first that 14 a\p-2
2 P N\
° —2( 2 ) ’ )
implying by ([B.8) that
1
h > 3 Vr<s (3.10)



By (212]) we have

f_;,’_gf_l—h

L h r
Therefore, using (3.10) and B.7)—(3.8]) we deduce that

" " 1 2—p
%:—%§%< —;—a) r, Vr<s,
p p

(3.11)

implying

C 2—p !
eXp{_%<1—;a> r2}§f228, Vr <s. (3.12)

Since h < 1,

Vup(OF — 2f0)F T f0)P

Consequently, by (B.12])

C/1+ a>2_p 9 |V, (r)]?
expq — — rér < ——2- . Vr<s. 3.13
{5 (5 } < Fuor (313)

Vup(r)2 _ A+ LR IHOE

Setting r = s in ([B.13]) we obtain

1+a\"? 2a 1+a\"?a—1
2> 1 > .
5= Cp( 2 > 1 14+a/) — Cp 2 a
If (39) doesn’t hold, then clearly

2 p<1+a)p—2
e .
7o\

Therefore, in all cases we have

—1/1 P2
S2ZCpaa (—;a) . (3.14)

To conclude, we shall use the upper-bound for the energy from Lemma [3.I] in order
to bound s from above. Combining ([B.14) with (B.3]) and (B.6]) yields

s 2 p _ 2(p—1)
C > / IV Prdr > %(142”‘) > op - ! <1 era> > Cpla—1), (3.15)
0

From (3.15]) we get

C
a<l+—, Vp>2,
p

and (3.4) follows from (B.5l). O

14



We can now obtain L convergence of f, to f in every compact set in [0,/2).

Proposition 3.2. For every b € (0,4/2) there exists C = C(b) > 0 such that,

r Inp
- <C— 2 1
pr \/EHLOO(O,b) =¢ p p=>2 (3.162)
, 1 Inp
- <C— 2. 3.16b
‘fp \/EHLoo(o,b) - p p> ( )
Proof. First we note that by (3.4))
C 1 C
Vup(0)F = 2£,(0)* <14+ = = f(0) < —=+ —.
P 2 p
Since fz’, is decreasing, we conclude that
1 C
(r) < —=+—. 3.17
) <€ 2=+ (3.17)

Integrating (B.17), using f,(0) = 0, yields the existence of C' > 0 such that for every
p > 2 we have, for all » > 0,

1 C
hlr) < 5 (1+ E)r. (3.18)
Put r
w(r) = 7 fp(r).
By BI7)-(BI8) we have
w'(r)Z—QZ—C’ln—p and w(T)Z—QZ—Cln—p, Vr > 0.
p p p p

In order to conclude, we need to prove that for each b € (0, \/5) there exists Cy such
that

1 |
w'(r) < Cb% and w(r) < Cb%, Vr € [0,b]. (3.19)
For such b we set b = % and claim that
b
1
/ w(r)dr < Cb%. (3.20)
b

To prove (3.20) we first note that
1 [ " 1 V2 o2 1 V2 1 ,]?
5/(; (1_fp) Td?"Z 5/0 (1_fp) TdT:§/0 1—57’ Td?"+

/\/51_12 Lo p d+1/ﬁ12_f22d
) 27’ 27’ p7’7’20 27‘ pTT.



Since

1 (V2 1,12 1
- 1—=r2| rdr ==
2/0 |: 2T:|T7’ 6,

we deduce, using ([3.3]), that

Therefore _ .
Inp b? /b T
Cp—= > (1 - — — + f,) rdr,
b D —( 2) b w(T)(\/E fp)T T

and (B.20]) follows. Finally, using the convexity of w in conjunction with (3.:20]) gives

Inp

b b
(b—b)? = /b (w(b) + (r — byw! (b)) dr < /b wir)dr < L

implying, in particular, that
w'(b) < Cp—. (3.21)

Since w'’ is increasing we deduce the first inequality in (3.19]). The second one follows
by integration of the first one. O

We now improve the estimates (8.16]). We start by deriving a Pohozaev-type
identity.

Proposition 3.3. We have
& 2
/ |Vup|Prdr = —m,, (3.22)
0 p

where my, is defined in (2.3)).

Proof. Let flga)(r) = fplar) and J = [ [Vup[Prdr. Clearly,

. B 1
Ma = Ip(flg )) = Oép 2J+ @(mp - J)
Hence,
dM, L2
Mo _ (g2 = 2 m, ).
Since M, must have a global minimum at a = 1, ([3.22) follows. O

Corollary 3.1. We have

lim inf p|Vu,(0)[P > - . (3.23)

p—

Wl
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Proof. Since f, < fp/r < 1/r we have

2
V| < g

Thus, for every [ > 0,

o op/2
/l |Vuy|Prdr < Tk
from which we get .
pli_)nolo l \Vu,Prdr =0, YI>+2.

By (318) we have

I 1
liminfm, > sup liminf—/ (1— fg)%dr =5
0

P00 be(0,v/2) P

Thus, by (3:24) and [3:22) we have for all [ > /2,

l
lim infp/ |Vup [Prdr >
0

p—o0

W =

As |Vuy(r)| < |Vuy(0)| we deduce that
o »
lim inf p|Vup(0)]

from which ([B8.:23]) readily follows.

Lemma 3.2. Let g = |Vuy,|P, and

Then,
lim pllg — gollr=(0,0) =0, VYa < V2.
p_)OO

Proof. Multiplying (Z7)) by rf, and integrating over [0, 7], we obtain

Pr2g — )P / g(t)tdt + h(r) = 0,
4 2 J,

in which

/i
C22f)
’VUPP

ap =1 >0,

and

hr) = /0 201 f2)tdt
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(3.26b)

(3.26¢)



We may write

() = ha(r)(1+ 6,) with hor) = [ R (i PP G

o 2 2

Set
ep(a) = max (|lop Lo (0.0), [18p Il L (0,0)) -

By (B.I6) there exists C' > 0 such that

Inp
ep(a) < C—,
p(a) P

for all fixed a < V2.
Set

to obtain from (B3.26)) that
, 2

where
2

e r(1—ap)’

i)

(3.27)

(3.28)

(3.29)

Solving ([3.29) and then evaluating G’ once again from (B.29) yields the general

solution of (3:20)):

where Cj is arbitrary.
First we compute

T [ < o [t _ e
Texp{ /Tvp(t)dt}_rexp{ Q/T t}_a2'

On the other hand, a similar computation gives

2
Tp “ Yp [T\
= — t)dt > = — .
pen{ = [ o= (3)

Therefore,

18

2((1—¢p)~1~1) a
32 <E> < % exp{ — / yp(t)dt} < 32(1 + C’ep) .

(3.30)



Similarly,

™ Jo

T Texp{/tr’yp(s)ds}’yp(t)h(t)dtZ %/0 §>2vp(t)h(t)dt
t

and

e /OT exp { /tr p(5) ds}’yp(t)h(t) dt < Grz — 2—14r4> (1+Cep).

T

Combining the above with ([3.30) we obtain that

2 ~ 2((1— -1_1 1 1 2 =~ 1 1

» [C’or ((1-e) ) _ 57‘2 + §r4 - C’ep} <g< p [C’o - 57‘2 + §r4 + C’ep] . (3.31)
Note that the above lower bound is unsatisfactory in some neighborhood of r = 0
where

120071 Loy,

which is valid for r ~ O(1) as p — 0.
We defer the proof of convergence near r = 0 to a later stage and instead prove
first the existence of lim,_, Cp(p), and then obtain its value. Clearly,

lim inf Co(p) >

p—0o0

N =

otherwise g would become negative, for some sufficiently large p and a fixed 79 < v/2
- a contradiction. Suppose now to the contrary, that a sequence {pr}32, exists such
that Co(py) = Ci, — b, where b € (3, 00]. By (B.4) we have

lg(spe)ll e myy < Cs
where C' is independent of k. Hence, by ([3.31]) we have
Cr < Cpye . (3.32)
Set
Jok = 2 [Ck - %Tz + %7“4] :
Note that by our supposition lim go x(r) > 0 in [0, v/2 + §] for some § > 0. It follows

from [B31) and ([B32]) that

In(gox —ex)
Pr

In(gox + €x)|”
Pk

In(gox — €x)|”
Pk

1 1
< Vup —1+22 < Ilonit )
Pr Pr

(3.33)
where e (a) = e(pr)(a).
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We argue from here by bootstrapping. Let a € (0,2 + §] be such that

go,x(a) ‘

limsup e;(a) < limsup (3.34)

For sufficiently large k& we have, in view of (333) and (832) and the fact that
€1 (v/2 + 6) is bounded , that

Jr

27f'?5\Vup\2£1+pg vr € [0,v2+ 4],
k

where fi, = fp,, from which we obtain that

fr 1  C
D 42 Wrel0,vV2+94] . 3.35
T V2 O D [ ] (3:35)
Consequently, by ([8:33) and (3:34)), we have for sufficiently large k that
1 In py.
'> — _02PE yc0,4], 3.36
fiz o= - BB e (3:30)

where C' is independent of a. Since f; < fi/r, we have by ([3.26b), for sufficiently

large k, that

< In py,
Pk

where C' is independent of a. Furthermore, by ([8.26k,d), (3:35]), (8:30]), and the fact

that fi/r > f; there exists C' > 0 which is independent of both &k and a such that

Vr € [0,a], (3.37)

Qpy,

By (r) < CIAPE
Pk

for all r < a. Combining the above and ([B.37)) we obtain for sufficiently large k

Pk
NPk

limsup e;(a) < lim

e <O, (3.38)

ng) = lim sup I

where C' is independent of a. From (B3.I6) we thus have

lim sup fkj <C
1 Pk

for all a < /2.
Let then ag be such that

90,k (ao)

lim sup € (ap) = lim 5

Since by (B3.38) we have lim gg (ag) = 0, it follows that ag > v/2 + 6. Hence

lim sup lpk ex(V2+0) < C.
NPk
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Substituting into (331 we obtain that

lim —g(\/_ +6) >

Let | > /2. Then, f)(1) < f,(1)/l <1/, and hence g(I) < (v/2/1)?. Consequently,
g(1) is exponentially small for all [ > /2 as p — oo, and in particular at [ = v/2 4§
- a contradiction. Hence, we obtain that lim,_,, Co(p) = 1/2 .

To complete the proof of (B.25]) we need to extend (B.31) to every neighborhood
of r = 0. Since obtaining an O(e,) accuracy in this neighborhood is a difficult task,
we allow for an error of larger magnitude. Thus, requiring that

2| ~ - 1 1 1 1 14 1
- C’Or2((1_6”) 1) 2r2+8r —C’eg} <g<p[C’0—§7‘ +8r +Cep | . (3.39)

It is easy to show that the lower bound in ([8.39) provides an estimate which is
1 _1
O(e2 )-accurate whenever 72 > e~ ® . To complete the proof of B25), we just need
1

1 _
to obtain an O(e2 )-accurate estimate for g, valid for 72 < e~ ?
We argue again by bootstrapping. We may regroup the terms in ([2.8]) to get

21 2)+ (f—/—f—”> (1+2- 2 f”f/). (3.40)

r |Vup|?2 r

__|vup|2 Ph-12) = £ (142 S

By Step 1 in the proof of Proposition 2.4] we have f” — {—’2’ > 0, and by Corollary 211
fy < 0. Hence,

2 -
fy = —E\VupIQ L1 = f3)-

It follows that as long as

we must have, by ([3.16]) that

2 T
//>

Integrating the above yields, in view of (3.23]),

£(r) = f5(0) —4r® (1 + 2e§) .

Note that we can replace the constant 4 by any other constant greater than 3.
Consequently,

44/2r2 ? L

\Vuy| > V2|f)] > V2| £(0) — 4r* (1 + 2e§)| > V2| f1(0)]|1 - O] (142¢3)].
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Hence,

3 4r/2r2 117
9(r) = g(0)(1—ep) = g(r) = g(0)|1 — o — =7 (1 + 2¢5
(=) S0 T2 )
Applying again ([3:23]) we obtain that as long as
1 1L

r? < %eﬁ ,

we have )
g(r) > g(O)(l — eﬁ) (3.41)

On the other hand,

g9(r) < ¢(0). (3.42)

Since (B41), 342), and (B339) are simultaneously satisfied at r? = 2e~% " we
obtain

Consequently,

Furthermore, in view of ([B.41)) and (B.39) we can safely state that

2(- 1, 1, 1 2[~ 1, 1 1
p CO_§T2+§T4CO_C€5] <g= » [00—57“2—1-?‘4—1—064 , in [0,a], Va € (0,V?2).
(3.43)
Or
Ip(g = g0)ll < 1Co(p) — 1] + Ce;/.

O

Remark 3.1. From [B.25) we can obtain the next two terms in the asymptotic
expansion of f, in the large p limit

The above expansion is valid in [0,a] for every a < v/2.

Remark 3.2. Note that (3:43) is valid for all v > 0. It is only because of (3.28)
that we have to confine the validity of [B.28) to closed intervals in [0,v/2) whose
edges do not depend on p. Note further that by (B.27) we have that €, < 2 for all

r< \/5
We can now extend the validity of the above estimate to [0,v/2 — O(y/Inp/p)].
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Proposition 3.4. There exists C' > 0, which is independent of p, such that the
estimate [328) holds for every r € [0,v/2 — C(Inp/p)'/?].
Proof. Let

~ 1 1
=Cy—=r?+ =rt.
go,c 0 27’ +8T

Suppose that éo is such that 9070(\/5 —A,) = 0. From the previous lemma we have
that A, — 0 as p = oo. It is easy to show that,

go,C <\/§_ gAp) < —CAI%,

for all C' < 1/6 and for sufficiently large p.
Let

V| (V2 ~ gAP> —1-4,.

Since f,/r < 1/4/2, we have fl’,(\/i —2A,/3) > 1 — C6,. From here it is easy to
show that €,(v2 — 2A,/3) < C6,. By ([3.40) we have

C
V<=6, PPl — =)+ CpM? Wr e V2 —2A,/3,V2—A,/3], (3.45)
p V2
where we have taken into account the fact that |Vu,| is decreasing and that
-2 fpf
1+ \guplg i 1/2

<Cp
—2 —
U+ el

Integrating (B.45) over [v2 — 2A,/3,v/2 — A,/3] yields

L oBey e s optea
BV pT’_P’ +0p Ay,
from which we obtain
A7
1=9,)>C 5
Consequently,
5p < §ln_p _ an Ap g
2p P P
We conclude from here that
1
(V2 — 20, /3) < €6, < (J% . (3.46)
Since g is positive we obtain by (B3:31]) that
Inp71/2
< e .
A, < 0[ ; ]

Since ¢,(a) is an increasing function of a (3.25) must be valid in [0,v/2—2A4,/3]. O
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Proof of Theorem[1l. In view of proposition 3.4 there exists C' > 0 such that (3.16k)
and hence (3Z4) hold for sufficiently large p whenever r < v/2 — C(Inp/p)'/2. From
the monotonicity of f, it follows that

f(V2 = C/(lnp/p)/?) < fo(r) <1

4 Stability of the radial solution

In this section we prove our main stability result for u, = fp(r)ew, the degree one
radially symmetric solution of

PY - (VulP2Vu) + u(l — Ju?) = 0. (4.1)
A simple computation gives the second variation of F, at u,:

_ p b [R(Vu, - Vo)[?
Ja(¢) = /R2 {;Vup! 2 [\th!z +(p— 2)w}

+ 2[R (upe) [ — (1 - \up!2)1¢\2} - (42)

Because of (£2]) and analogously to [5], we consider perturbations in the “natural”
Hilbert space H consisting of functions ¢ € H. (R?,R?) for which

/RQ/ {_\Vu;zlp 2[\v¢,2 (p— 2)’ (Vé;;p'z(b)\

+ 2[R(upd) [ + (1 — ’up‘2)‘¢’2} <00

Note that #H contains all “admissible perturbations” ¢, i.e., any ¢ for which E,(u,+
¢) < co. Note also that in contrast with the case p = 2, in our case p > 2, constant
functions do belong to H. Thanks to the invariance of the functional £, with respect
to rotations and translations (see [11]) we have

8up_' 2‘9
90 pr )

Ja(¢) =0 for ¢ = § 02 = L(f7 & >M W+ fp) (4.3)
gié’;:——(f’ Doy 4 L(fr 4 L2y,

Indeed, this leads to the equality cases in the next theorem.

Theorem 2. For every 2 < p < 4 the radially symmetric solution w, is stable in
the sense that Jy(¢) > 0 for all ¢ € H. Moreover, we have Jo(¢) = 0 if and only if

Ouy, P %4_ Ouy,
90 oz 6282

, for some constants cg, c1,co € R. (4.4)

¢ =cCo—xy
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Following [9] we represent each ¢ by its Fourier expansion

o= Z Pn(r)em? . (4.5)

n=—oo

Substituting into (£.2)) we obtain

1

%Jz((ﬁ) = E1(¢1) + Z By (éns ¢2-n) , (4.6)

n=2

in which

00 - / 1 R /¢/ + fz;gh 2
E1(¢1):/0 {g|vup|p 2[|¢1|2+r—2|¢1|2+(p—2)‘ ( p|v1up|2 ) ]
+ 27| R |* — (1 — fﬁ)\(bl!z}Td% (4.7a)

and

o _ n? 2 —n)?
Bn(6ns2-n) = [ {§|wp|p 2 lonl? 1657 + Sl + Eo

1 |2(h + ) + L (ndy + (2 — n)go—n)|’
FL e |

+ £l (@0 + d2-n)l* — (1= ) (I6nl* + |¢2—nl2)}rdr- (4.7b)

A necessary and sufficient condition for the positive definiteness of Jy is that
the E,,’s are all positive definite. An appropriate Hilbert space for the study of the
functionals {E,,} is

o 1
S={0€ Hh®eON RO+ [ B0 P20 + 5102 rdr < oo
0
We also denote by S the space of real-valued functions in S.

4.1 n#2

We consider first the case n = 1.

Lemma 4.1.

inf F1(¢) =0. (4.8)

Furthermore, the minimum in [A8) is attained only for ¢ = cify,, for any real
constant c.

25



Proof. Since F1(i|¢|) < E1(¢) for every ¢ for which Fj(¢) < oo, with strict inequal-
ity unless ¢ takes only purely imaginary values, we may consider instead of F; the
following functional

E~1(¢) = /0 {g‘VuHilF? |:’¢/’2 + T%‘(Mﬂ . (1 . fg)’¢‘2}7’d7‘,

over S. Consider first ¢ € C(0,00) and set ¢ = fyw. Integration by parts, with
the aid of (2.7)) yields

Fl(w) = El(fpw) = /OOO §|Vup|p_2f5|w/|2rdr . (49)

A standard use of cut-off functions yields that (£.9) holds also for smooth ¢ = f,w
with compact support in [0,00) (i.e, the support may contain the origin). Finally,
by density of smooth maps with compact support in [0,00) in S it follows that (Z.9)
continues to hold for ¢ = fyw € S. Therefore, E1(¢) > 0 forall ¢ € S and Fy(w) =0
if and only if w = const. O

We now consider the case n > 3.
Proposition 4.1. For each n > 3 we have
Epn(uy,u) > 0 for all (u1,us) € S x S\ {(0,0)}.
Proof. The result follows right away from the previous lemma and the inequality
En(uy,ug) > Er(lua) + By (Juzl)
with strict inequality, unless u; =0, j = 1,2. O

4.2 n=2

It is easy to reduce the analysis of Fo to that of a functional acting on real-valued
functions. Indeed, writing a complex-valued function ¢ as ¢ = ¢ + i¢!, we have

Es(¢2, ¢0) = E3' (05, o) + E3 (05, 0) ,

where
E3(¢5,¢0) = Ea(65,60),  E3(dh, ¢g) = Ealidh, idy) -
Clearly,
Ey(igh,id) = B3 (=5, ¢p) -
Hence,

Ea(¢2, ¢0) = E3(—o%, o) + ES (%, ), (4.10)

and it suffices to study the minimization to the functional EJ over S x S.
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From (£3]) and (4.0) it follows that the functions
v

r

o

Py = fil/’ + and ®o = _fil/’ + p (411)

satisfy
E3(—®3,®0) = E3(®2, ) =0.

We next claim:

Proposition 4.2. For p € (2,4] we have EL(¢a, ¢o) > 0 for every (¢2,d0) € SxS
with equality if and only if (p2, dg) = (g, Dg) for some ¢ € R (see (EIT])).

For the proof of Proposition we shall need some preliminary results. First,
by (4.7D]) we have
0 P 3 4
E3 (¢, ¢0) = /0 {§|Vup|p ? [(@5/2)2 +(60) + ﬁ(¢2)2

_l’_

(fo(dh — h) — 2&”—3@))2]

—2

1
2
+ (b0 — ¢2)" = (L= f)((¢2)" + (¢0)?) }Tdr- (4.12)

It is more convenient to consider an alternative form by applying the transformation

A= o+ ¢2, B=d¢do— 2,

to obtain

El(¢o, ¢2) = Fa(A, B) := /OOO {fz’\vup\p—z [(A/)2 + (B + %(A _ B)?

1t fe o 2
+ (p_ 2) (pr r2 (A B)) :|

‘VUPP

2B %(1 A+ B2)}rdr. (4.13)

Clearly,
B(fy/r, fp) =0. (4.14)

The “problematic term” in ([£I3)) is the one involving the mixed product AB’. The
difficulty in handling this term is the obstacle for determining the positivity of F5
for every p > 2. We were able to overcome this difficulty only in the case p € (2,4]
thanks to the following lemma.
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Lemma 4.2. We have

(hA' — L(n24 - B))?

-2
Vul® 1+ h2

F»5(A,B) = G2(A,B) + /Oo plp—2) rdr, (4.15)

0 4

with

r2

Gr(AB) = [ A Pu, 2| () ¢ (B) + 2(A- B
0 4

RBY — (A7) + S A~ 31— 0)AB
=2 1+ h2
+ p(p4; 2) [H/(2AB _ B2) _ (h2H)/A2]
+ f2B? - %(1 A B?)}rdr, (4.16)

where
h

H= W|Vup|f”_2 and h=rf,/f, (as in ZI0)).

Moreover, Go(fp/r, f,) = 0 and the pair (fy/r, f,,) solves the Euler-Lagrange equa-
tions associated with Go.

Proof. First, a direct computation gives the identity

(f,B' = B(A-B))?

V|2
BB — |A'P) — Z[(ABY — BB' — R2AA + AP — 2(1 - %) AB
B 1+ h2

(hA' — L(h?A - B))?
1+ h?

(4.17)

Next, integration by parts yields

0o 2h ! / 2 /
o[ ~2[(AB) — BB’ — h2AA
/0 | V| { 72 }T‘dr

_ /0 - {H'(24B ~ B?) ~ (RWHY A} dr (4.18)

Using ([AI7)-#I8) in conjunction with (£I3) leads to (4I5)-(4I16). Finally, a

direct computation shows that the integrand in the integral on the right-hand-side
of ([AI5) is identically zero for A = f,/r and B = f, and the last assertion of the
lemma, follows. O
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Proof of Proposition [{.3 In view of Lemma it suffices to show that

Go(u,v) >0, Y(u,v) € S x S, with equality iff:
w=¢:= fp/rand v =1 :=f,. (4.19)

We write G5 in the form
G(u,v) = / (a(r)u? + B(r)v™ + a(r)u? + 2b(r)uv + c(r)v?) dr.
0

The properties of the coefficients which are important to us are
a(r),B(r) > 0and b(r) <0, forr >0. (4.20)

Indeed, clearly B(r) > 0. Next,
2

—1+h2> >0,

b _

a(r) = B[V, (1- (- 2)
provided p < 4, since 0 < h < 1 by Step 1 of Proposition 2.4l and Proposition
Finally,

p(p—2)

(1—h)] + TH’} <0,

p -2 2 (p—2)
b= T{Zwudp = 2 2

since 0 < h(r) < 1, and

1— h%)A h Tor  fore
H =1V p—2( -9 <_p Jp / //) 0
| up| (1+h2)2 +(p )1+h2 (T)(T)"i'fpfp <V,
since b’ < 0 by LemmaR2.2 and both f, and f,/r are decreasing (as we noted already
before, by Lemma and Step 2 of the proof of Proposition 2.4]).

By Lemma [4.2] we know that ¢ and 1 satisfy

—(BY") + cp +bp = 0.
U
We consider first u,v € C2°(0,00). By Picone’s identity
2
(W) = () = (' = (w/6)¢')? 20 (422)
2
(W) = ()% = = (/) 2 0. (4.23)
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Multiplying (£22)-(@.23]) by « and [ respectively, applying integration by parts and
using (£.2]]) we obtain
u2

> /2_a
og/o a(w)? %
0 2
= / a(ﬂ’)2+%(a¢+bw)+5(v’)2
0

)¢+ B()* — B(

N ¥ (4.24)
= / o + B + au® + cv® + b(u = +
0

= G(u,v) + /Ooob<u(%)l/2 _U(g)lﬂ

From (4.24]) and a density argument we conclude that
> 172 P\ 1/2)2 5
G(u,v 2/ —b)(u(= —v(= , Yu,v € S,
(wo) = [0 (u(3) -o()")
and (£I9) follows.

Next we are ready to present the proof of our main stability theorem.

2

N—

Proof of Theorem[2. Representing each ¢ € H by its Fourier expansion (&3], we
have by (£6)), LemmalZT] Proposition[d.] (£I0) and Proposition @2 that J2(¢) > 0.
Furthermore, by the equality cases in Lemma E.1], Proposition 1] and Proposi-
tion we have Ja(¢) = 0iff ¢ = ¢g + p1€? + poe?? where

b1 =arify, (6%, h) = as(Pa, ®o) and (—d%, ¢f') = az(®2, ), with aj,az,a3 € R.

It is easy to verify that these relations are equivalent to (d.4]). O
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