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CONJUGACY CLASSES IN WEYL GROUPS AND Q-W ALGEBRAS

A. SEVOSTYANOV

ABSTRACT. We define noncommutative deformations Wg(G) of algebras of regular functions on
certain transversal slices to the set of conjugacy classes in an algebraic group G which play the
role of Slodowy slices in algebraic group theory. The algebras W7 (G) called q-W algebras are
labeled by (conjugacy classes) of elements s of the Weyl group of G. The algebra Wg(G) is a
quantization of a Poisson structure defined on the corresponding transversal slice in G with the
help of Poisson reduction of a Poisson bracket associated to a Poisson-Lie group G* dual to a
quasitriangular Poisson—Lie group. We also define a quantum group counterpart of the category
of generalized Gelfand-Graev representations and establish an equivalence between this category
and the category of representations of the corresponding q-W algebra. The algebras W7 (G) can
be regarded as quantum group counterparts of W-algebras. However, in general they are not
deformations of the usual W—-algebras.

1. INTRODUCTION

Let g be a complex semisimple Lie algebra, G’ the adjoint group of g and e € g a nonzero nilpotent
element in g. By the Jacobson-Morozov theorem there is an slo—triple (e, h, f) associated to e, i.e.
elements f,h € g such that [h,e] = 2e, [h, f] = —=2f, [e, f] = h. Fix such an sly—triple.

Let x be the element of g* which corresponds to e under the isomorphism g ~ g* induced by the
Killing form. Under the action of ad h we have a decomposition
(1.1) 9 = Dicz0(?), where g(i) = {x € g | [h, 2] = ix}.

The skew—symmetric bilinear form w on g(—1) defined by w(x,y) = x([z,y]) is nondegenerate. Fix
an isotropic Lagrangian subspace ! of g(—1) with respect to w.

Let

(1.2) m=1a P g(i).

i<—2
Note that m is a nilpotent Lie subalgebra of g and x € g* restricts to a character x : m — C. Denote
by C, the corresponding 1-dimensional U(m)-module.

The associative algebra W¢(g) = Endy(g) (U(8) ®u(m) Cy )PP is called the W-algebra associated
to the nilpotent element e. The algebra W€(g) was introduced in [17] in case when e is principal
nilpotent and in [I9] when the grading (L)) is even. In paper [6] the algebras We(sl,,) are defined
using cohomological BRST reduction, and the simple equivalent algebraic definition for arbitrary
nilpotent element e given above first appeared in [20]. The equivalence of these two definitions
follows, for instance, from a general property of homological Hecke-type algebras (see [28, 31]). An
explicit computation establishing this equivalence can also be found in the Appendix in [g].

If we denote by z(f) the centralizer of f in g then the algebra W¢(g) can be regarded as a
noncommutative deformation of the algebra of regular functions on the Slodowy slice s(e) = e+ z(f)
which is transversal to the set of adjoint orbits in g (see [6] 1T, 20]). Note also that the center Z(U(g))
is naturally a subalgebra of the center of W¢(g), and for any character  : Z(U(g)) — C the algebra
We(g)/We(g)ker n can be regarded as a noncommutative deformation of the algebra of regular
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functions defined on a fiber of the adjoint quotient map &, : s(e) — h/W, where §g : g — h/W is
induced by the inclusion C[h]" ~ C[g]¢" < Clg], b is a Cartan subalgebra in g and W is the Weyl
group of the pair (g, ). In particular, for singular fibers one obtains noncommutative deformations
of the coordinate rings of the corresponding singularities (see [20]).

W-algebras are primarily important in the theory of Whittaker or, more generally, generalized
Gelfand—Graev representations (see [14, [I7]). Namely, to each nilpotent element e in g one can
associate the corresponding category of Gelfand—Graev representations which are g-modules on
which z — x(z) acts locally nilpotently for each z € m. The category of generalized Gelfand—Graev
representations associated to a nilpotent element e € g is equivalent to the category left modules
over the W—algebra associated to e. This remarkable result was proved by Kostant in case of regular
nilpotent e € g (see [I7]) and by Skryabin in the general case (see Appendix to [20]). A more direct
proof of Skryabin’s theorem was obtained in [IT].

In this paper we construct quantum group analogues of the algebras W¢(g). Namely, we define
certain noncommutative deformations of algebras of regular functions defined on transversal slices
to the set of conjugacy classes in an algebraic group G associated to the Lie algebra g. Such slices
associated to (conjugacy classes of) Weyl group elements s € W were defined in [33] where we also
introduced some natural Poisson structures on them. The algebras W;(G), s € W introduced in
this paper are quantizations of those Poisson structures.

Technically, in order to define the algebras W (@) one should first construct quantum group
analogues of nilpotent Lie subalgebras m C g and of their nontrivial characters x. Nilpotent subal-
gebras in g can be naturally described in terms of root vectors. It it well known that one can define
analogues of root vectors in the standard Drinfeld-Jimbo quantum group Uy (g) in such a way that
their ordered products form a Poincaré-Birkhoff-Witt basis of Up(g) (see [5], Ch. 8). The definition
of the quantum group analogues of root vectors is given in terms of a certain braid group action on
Uy (g) and depends on the choice of a normal ordering of the system of positive roots. Our first task
is to associate to each Weyl group element s € W a system of simple roots, a normal ordering of
the corresponding system of positive roots Ay and an ordered segment Ay, C Ay. The definition
of the normal ordering relies on some distinguished normal orderings compatible with involutions in
Weyl groups. Such normal orderings are defined in the Appendix. Next, for each element s € W we
also define a new realization U} (g) of the quantum group Up(g) in such a way that the subalgebra
Up(my) generated by the quantum root vectors associated to roots from Ay, has a nontrivial char-
acter x3. Note that in general position the subalgebras U (m4) are not deformations of the algebras
U(m). In case when s is a Coxeter element the subalgebras Uj(m4) were defined in [26].

Then we recall that the standard quantum group Uy, (g) contains a certain Hopf subalgebra defined
over the ring C[q2_ld,q’2_ld], q = e", d € N such that its specialization at ¢ = 1 is the Poisson-Hopf
algebra of regular functions on an algebraic Poisson—Lie group dual in the sense of Poisson-Lie groups
to the quasirtiangular Poisson Lie group associated to the standard (Drinfeld-Jimbo) bialgebra
structure on g (see Section [§]). Similarly, we define a certain Hopf subalgebra C 4/ [G*] defined over

1
the ring A" = (C[q2_ld,q’2_ld, tzi]i:l
such that its specialization at qZ: 1 is the Poisson—Hopf algebra of regular functions on an algebraic
Poisson-Lie group G* dual in the sense of Poisson Lie groups to the quasirtiangular Poisson-Lie
group associated to the nonstandard bialgebra structure on g with the r-matrix

rank(g), where q; = q%, and d; are some positive integers,

.....

_ 1 1+ .
= T X X0 X+ 5 (G IR+ @)
BeEAL

where X3 are root vectors of g corresponding to roots £5, 8 € Ay, (-, -) is the normalized Killing
form of g, tg € h ® b is the Cartan part of the Casimir element of g and Py is the orthogonal, with
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respect to the Killing form, projection operator onto the orthogonal complement b’ to the set of
fixpoints of s in b.

The algebra C4/[G*] defined in Section [0l contains a subalgebra C 4 [M_] = C4[G*] N U (my)
which can be equipped with a nontrivial character xj. If we denote by (sz; the corresponding rank
one representation of C4[M_] then the associative algebra

W, (G) = Endc , (6+)(Car[G"] ®c , (ar_] Cyg) P

is the deformation of the algebra of regular functions defined on a transversal slice to the set of
conjugacy classes in an algebraic group G associated to the Lie algebra g. This slice can be equipped
with a Poisson structure using Poisson reduction in the Poisson—Lie group G* and a dense embedding
G* C G (see [33]). The algebra W7 (G) is a quantization of the Poisson structure defined on the
slice. The proof of these facts occupies Sections [T and Note that in general the algebras W (G)
are not deformations of the usual W—algebras W¢(g). In case when s is a Coxeter element of W the
algebras W7 (G) were introduced in [27, [30].

For ¢ € C one can also consider specializations WZ(G) = Endc_g+)(Cc[G"] ®c_ar_] Cys)?PP of
algebras W7 (G) defined with the help of the specializations C[G*] = C o/ [G*]/(q2a — e2a)C 4 [G*],
Ce[M_] = Cu[M_]/(q2a —e2a)C[M_] of the algebras C4/[G*], C4[M_] and the natural special-
ization x: of the character xj.

In Section [[2] we remark that for generic e the center Z(C.[G*]) of the algebra C.[G*] is naturally
a subalgebra in W2(G), and if n : Z(C.[G*]) — C is a character then the algebra W2 (G)/W2(G)ker n
can be regarded as a noncommutative deformation of the algebra of regular functions defined on a
fiber of the conjugation quotient map dg : G — H/W restricted to a transversal slice in G. (Recall
that ¢ : G — H/W is generated by the inclusion C[H]" ~ C[G]¢ < C[G], where H is the maximal
torus of G corresponding to the Cartan subalgebra h and W is the Weyl group of the pair (G, H)).
In particular, for singular fibers we obtain noncommutative deformations of the coordinate rings of
the corresponding singularities.

Next we discuss a homological realization of algebras W2 (G) similar to that suggested in [6] for
the usual W-algebras. The latter one is based on the BRST cohomological reduction procedure
for Lie algebras. In case of arbitrary associative algebras an analogue of the BRST reduction
technique was suggested in [28| [BT]. We apply this technique in the situation considered in this
paper. This yields a graded associative algebra Hk®((C.[G*],C.[M_], x%)) with trivial negatively
graded components and such that Hk®((C.[G*], C.[M_], x2)) = W2(G)°PP. For every left C.[G*]-
module V' and right C.[G*]-module W the algebra Hk®((C.[G*],C.[M_], x%)) naturally acts in the
spaces Extg_; (Cy:, V) and Torg, 5, (W, Cyz), from the right and from the left, respectively. Note
that, as the example given in Section shows, in contrast to the Lie algebra case the positively
graded components of the algebra Hk®((C.[G*],C.[M_], x%)) do not vanish even for generic .

Observe that it is impossible to define an analogue of the category of Gelfand—-Graev representa-
tions for quantum groups in the same way as in case of Lie algebras. As an example consider the
module C.[G*] @c_ar_) Cys in case when g = sl; and s is the only nontrivial element of the Weyl
group. Then the subalgebra C.[M_] is generated by a single element e which is a counterpart of the
only nontrivial positive root vector X+ € sly. Fix a character x% of C.[M_] defined by xi(e) = 1.
The Lie algebra counterpart of this module belongs to the category of Gelfand—Graev representa-
tions in the sense that the element X+ — x(X ™), where x(X ™) # 0, acts locally nilpotently on it.
But the example given in the end of Section [[3] shows that the action of the operator e — x3(e) on
C.[G*] ®c.(m_) Cy: is semisimple. However, the module C.[G*] ®c_[ar_] Cy: is the most natural
candidate to become an element of the quantum group counterpart of the category of Gelfand-Graev
representations.
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Indeed, in [30] in a slightly different setting of quantum deformations of the usual W-algebras
it was shown that there is one-to—one correspondence between Uy (slz)—modules finitely generated
by Whittaker vectors v (i.e. the vectors for which ev = v) and finite—dimensional representations
of the corresponding W-algebra which is isomorphic to the center of Up(slz) in that case. This
result also holds in case of an arbitrary complex simple Lie algebra and the deformed W-algebras
associated to Coxeter elements of the Weyl group. This suggests that the quantum group analogue
of the category of Gelfand-Graev representations should be defined as the category C; of C4/[G*]-
modules generated by Whittaker vectors, i.e. the vectors v for which xv = xSv for any = € C 4/ [M_].
However, it is not even obvious that such modules form an abelian category since a priori kernels
and cokernels in modules from this category do not need to be Gelfand-Graev representations. In
Section [I4] we show that this is indeed the case and establish an equivalence between C; and the
category of W7 (G)-modules.

Another interesting problem related to algebras W?(G) is concerned with representation theory
of quantum groups at roots of unity. Recall that this representation theory is similar to the repre-
sentation theory of semisimple Lie algebras over a field of prime characteristic p. Let g, be such an
algebra. In [20] it was shown that to each element £ € g, one can associate a W-algebra in such a
way that the corresponding reduced universal enveloping algebra U (g, )¢ is isomorphic to the algebra
of matrices of size d(¢) with entries being elements of the W-algebra, where d(¢) = pzdim O¢ and O¢
is the coadjoint orbit of {. Since each finite-dimensional representation V' of g,, is a representation of
an algebra U(g,)e for some ¢ the last statement implies the Kac—Weisfeiler conjecture which states
the dimension of V' is divisible by d(¢).

In [7] De Concini, Kac and Procesi formulated a similar conjecture for quantum groups at roots
of unity. However, in case of quantum groups at roots of unity irreducible finite-dimensional rep-
resentations are parameterized by conjugacy classes in algebraic groups. We expect that there is
a quantum group counterpart of the correspondence between reduced enveloping algebras and W—
algebras mentioned above, and the algebras W7 (G), where ¢ is a root of unity, will play in this
correspondence the same role as the usual W—algebras in the Lie algebra case. This is quite natural
from the geometric point of view since the algebras W#(G) are noncommutative deformations of
algebras of functions on transversal slices to the set of conjugacy classes in G. The conjectural
correspondence mentioned above would also imply the De Concini-Kac—Procesi conjecture. This
will be explained in a subsequent paper.
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2. NOTATION

Fix the notation used throughout of the text. Let G be a connected finite-dimensional complex
simple Lie group, g its Lie algebra. Fix a Cartan subalgebra b C g and let A be the set of roots of
(g,h). Let oy, i = 1,...1, Il = rank(g) be a system of simple roots, Ay = {f1,...,0n} the set of
positive roots. Let Hy, ..., H; be the set of simple root generators of b.

Let a;; be the corresponding Cartan matrix, and let dy,...,d; be coprime positive integers such
that the matrix b;; = d;a;; is symmetric. There exists a unique non-degenerate invariant symmetric
bilinear form (, ) on g such that (H;, H;) = dj_laij. It induces an isomorphism of vector spaces h ~ h*
under which «; € b* corresponds to d; H; € h. We denote by oV the element of § that corresponds
to a € b* under this isomorphism. The induced bilinear form on h* is given by (a;, ;) = b;;.

Let W be the Weyl group of the root system A. W is the subgroup of GL(h) generated by the
fundamental reflections sq,..., s,

Sz(h,) =h- O[Z(h)Hl, h e h.
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The action of W preserves the bilinear form (,) on §. We denote a representative of w € W in G by
the same letter. For w € W, g € G we write w(g) = wgw~'. For any root a € A we also denote by
S« the corresponding reflection.

Let b, be the positive Borel subalgebra and b_ the opposite Borel subalgebra; let ny = [by, b ]
and n_ = [b_,b_] be their nilradicals. Let H = exph, Ny = expny, N_ = expn_,B; =
HN,,B_ = HN_ be the Cartan subgroup, the maximal unipotent subgroups and the Borel sub-
groups of G which correspond to the Lie subalgebras h,n,n_, b, and b_, respectively.

We identify g and its dual by means of the canonical invariant bilinear form. Then the coadjoint
action of G on g* is naturally identified with the adjoint one. We also identify ny* =n_, b, * =2 b_.

Let gg be the root subspace corresponding to aroot 8 € A, gg = {x € g|[h, z] = B(h)z for every h €
h}. g C g is a one-dimensional subspace. It is well-known that for a # — 3 the root subspaces g,
and gg are orthogonal with respect to the canonical invariant bilinear form. Moreover g, and g_q
are non—degenerately paired by this form.

Root vectors X, € g, satisfy the following relations:

(Xo, X o] = (Xo, X_o)aV.

Note also that in this paper we denote by N the set of nonnegative integer numbers, N = {0, 1,...}.

3. QUANTUM GROUPS

In this section we recall some basic facts about quantum groups. We follow the notation of [5].

Let h be an indeterminate, C[[h]] the ring of formal power series in h. We shall consider C[[h]]-
modules equipped with the so—called h—adic topology. For every such module V this topology is
characterized by requiring that {h™V | n > 0} is a base of the neighborhoods of 0 in V, and that
translations in V' are continuous. It is easy to see that, for modules equipped with this topology,
every C[[h]]-module map is automatically continuous.

A topological Hopf algebra over C[[R]] is a complete C[[h]]-module A equipped with a structure of
C[[h]]-Hopf algebra (see [5], Definition 4.3.1), the algebraic tensor products entering the axioms of
the Hopf algebra are replaced by their completions in the h—adic topology. We denote by u,2, A, &,S
the multiplication, the unit, the comultiplication, the counit and the antipode of A, respectively.

The standard quantum group Uy, (g) associated to a complex finite-dimensional simple Lie algebra
g is the algebra over C[[h]] topologically generated by elements H;, X;5, X, , i =1,...,l, and with
the following defining relations:

[H;, Hj] =0, [H;, X] = fa; X,

(3.1) XX, - XX =6, K

qi—4q;

dihH; dih
b)

where K; = e e =q, qi=q" =",

and the quantum Serre relations:
1—a; 1) 1- Qij Xi l—aij—rXi Xi T—=0. 4 :
>0’ (1) r (X:) j(i)—ul#%
qi

(3.2) where

m m]g! _ — =
{ n } B mv [nlg! = [n]q .- (g, [n]q = L5
a
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Uy (g) is a topological Hopf algebra over C[[h]] with comultiplication defined by
Ap(H;)) =H; ®1+1® H;,

A(XH =X K +1® X,
Ap(X))=X; @1+ K "0 X/,
antipode defined by
Sn(H;) = —H;, Sh(X;") = -X K[!, Sn(X]) = —-KiX,,

and counit defined by
en(H;) = en(XF) = 0.
We shall also use the weight—type generators

and the elements L; = e"¥i. They commute with the root vectors X as follows:

+r—1_  Fij v+
(3.3) LiX; Ly =q; " Xj.
We also obviously have
(3.4) L;L; = L;L;.

The Hopf algebra Uy, (g) is a quantization of the standard bialgebra structure on g, i.e. Ux(g)/hUp(g) =
U(g), Ap = A (mod h), where A is the standard comultiplication on U(g), and

Ap — AP
h
where ¢ : g — g ® g is the standard cocycle on g. Recall that

0(z)=(ad, ®1+1®ad;)2ry, r+ €g®g,

(mod h) =,

l
1
(3.5) e =g YVieoXi+ Y (X5 X 5) X0 X_p.
i=1 BEA L

Here X413 € g4 are root vectors of g. The element r € g ® g is called a classical r—matrix.
Un(g) is a quasitriangular Hopf algebra, i.e. there exists an invertible element R € Uy (g) ® Ux(g),
called a universal R-matrix, such that

(3.6) APP(a) = RAR(a)R ™! for all a € Uy(g),
where A°PP = oA, o is the permutation in Uy(g)%?, o(z ® y) = y ® x, and

(Ap @ id)R = R13Ras3,
(3.7)
(id @ Ap)R = R13Ra2,

where Rio =R ®1, Ros3 =10 R, Ri3 = (0’ X id)R23.
From (30) and B7) it follows that R satisfies the quantum Yang-Baxter equation:

(3.8) R12R13R23 = RazgR13R12.
For every quasitriangular Hopf algebra we also have (see Proposition 4.2.7 in [B]):

(S@idR=(id® S ™ HR=R"!,
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and
(3.9) (S® SR =R.

We shall explicitly describe the element R. First following [5] we recall the construction of root
vectors of Up(g) in terms of a braid group action on Ux(g). Let myj, ¢ # j be equal to 2,3,4,6 if
aijaj; is equal to 0,1,2,3. The braid group By associated to g has generators 7, i = 1,...,l, and
defining relations

LT LT ... =TT ...

for all ¢ # j, where there are m;; 1T’s on each side of the equation.
There is an action of the braid group By by algebra automorphisms of Up(g) defined on the
standard generators as follows:

Ti(X;") = = X7 T(X7) = —e M XGE Ti(Hj) = Hj — ajiH;,

—ai;
T(X;) = Y (~1) g (X)X (X0, i # )
r=0
T(X]) = D (=) q (X)) X[ (X)), i
r=0
where
Xy X7y
(X;H)™ :(4)', (X)) = (X )' ,r>0,i=1,...,L
[T]Qi' [T]Qi'

Recall that an ordering of a set of positive roots A is called normal if all simple roots are written
in an arbitrary order, and for any three roots o, 5, -y such that v = o+ 8 we have either a < v < 8
or f<vy<a.

Any two normal orderings in A} can be reduced to each other by the so—called elementary
transpositions (see [35], Theorem 1). The elementary transpositions for rank 2 root systems are
inversions of the following normal orderings (or the inverse normal orderings):

a, B A+ A

«, O‘+ﬁ7 ﬁ A2
(3.10)

«, Oé—'—ﬂ, a+2ﬂa ﬂ B2

a, a+ B, 2a+38, a+28, a+ 35, G

where it is assumed that (o, «) > (8, 3). Moreover, any normal ordering in a rank 2 root system is
one of orderings [B.I0) or one of the inverse orderings.

In general an elementary inversion of a normal ordering in a set of positive roots A is the
inversion of an ordered segment of form [B.I0) (or of a segment with the inverse ordering) in the
ordered set Ay, where o — 5 ¢ A.

For any reduced decomposition wg = s;, ... $;,, of the longest element wq of the Weyl group W
of g the set

B1 =y, Ba = 8i,Qiys .., Bp = Siy -+ Sip_, Qip

is a normal ordering in A, and there is one to one correspondence between normal orderings of A
and reduced decompositions of wg (see [36]).
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Now fix a reduced decomposition wy = s;; ... S;, of the longest element wy of the Weyl group W
of g and define the corresponding root vectors in Up(g) by

(3.11) Xy =T ... Ti,_ X,
Proposition 3.1. For g = Eézl mia;, m; € N Xg[ is a polynomial in the noncommutative variables
+ . +
X;~ homogeneous in each X;- of degree m;.
The root vectors Xg satisfy the following relations:
k k En
(3.12) XIXF — g xEXT = > Clhr, ... k) X5 " X5 X5,
a<81<...<6n<f

where C(k1,...,k,) € Clg,qg!]. They also commute with elements of the subalgebra Uy(h) as
follows:

3.13 H,, X =+B(H)XT, i=1,...,1
B B
Note that by construction
X[;r (mod h) = X3 € gg,

X; (mod h)=X_g€g_p

™

are root vectors of g.
Let Up(ny),Up(n_) and Ux(h) be the C[[h]]-subalgebras of Up(g) topologically generated by the
X;r, by the X,” and by the H;, respectively.
Now using the root vectors X;E we can construct a topological basis of Uy (g). Define for r =
(Tl,...,TD) S ND,
(X = (X3 ... (X5,)™,
(XT)" = (Xpg,)™ - (X)),
and for s = (s1,...5;) € N/,
H = HY . H
Proposition 3.2. ([I5], Proposition 3.3) The elements (X 1), (X7)* and HS, forr, t €
NV, s € N, form topological bases of Up(ny),Un(n_) and Uy(h), respectively, and the products
(XT)THS(X ™)t form a topological basis of Ux(g). In particular, multiplication defines an isomor-
phism of C[[h]] modules:
Un(n-) ® Un(h) ® Un(n) = Un(g)-

An explicit expression for R may be written by making use of the g-exponential
— 1 k(k+1) a”
expq(x) = Z q2 T
k=0 a

in terms of which the element R takes the form:
l

(3.14) R =exp [hZ(YiQ@HZ—) Hequﬁ[(l —qﬂ_2)Xg' ® X5,

B

where g3 = q% if the positive root 3 is Weyl group conjugate to the simple root «;; the product is

over all the positive roots of g, and the order of the terms is such that the a—term appears to the

left of the S—term if @ < B with respect to the normal ordering of A .

Remark 3.1. The r-matriz v, = $h ™ (R —1® 1) (mod h), which is the classical limit of R,
coincides with the classical r-matriz (F2).

i=1
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4. REALIZATIONS OF QUANTUM GROUPS ASSOCIATED TO WEYL GROUP ELEMENTS

The subalgebras of Up(g) which possess nontrivial characters are defined in terms of the new
realizations U (g) of Ux(g) associated to Weyl group elements, and we start by defining these new
realizations.

Let s be an element of the Weyl group W of the pair (g, ), and b’ the orthogonal complement,
with respect to the Killing form, to the subspace of h fixed by the natural action of s on . The
restriction of the natural action of s on h* to the subspace h’* has no fixed points. Therefore one
can define the Cayley transform }sz y+ of the restriction of s to h'*, where Py« is the orthogonal
projection operator onto h'* in h*, with respect to the Killing form.

Now we suggest a new realization of the quantum group Uy (g) associated to s € W. Let Uj(g) be
the associative algebra over C[[h]] topologically generated by elements e;, f;, H;, ¢ = 1,...1 subject
to the relations:

[Hi, H;] =0, [Hy,ej] = aije;, [H;, fj] = —aijfj,

Ki—K ! 14+s
eifi — a4 fiei = 0ij———, ¢ij = (1_5Ph’*ai7aj

ai—q;
(4.1)
17aij rorcis 1—ai' i —1 r . .
Srs v | 0] e et =0 i
qi
1—ay; T oTrcij 1 —aij —a;;—r r ; .
Sy | 1] g =0, i £
qi
Theorem 4.1. For every solution n;; € C, 1,5 =1,...,1 of equations
(4.2) djnij — dingi = cij

there exists an algebra isomorphism 1,y : Up(g) — Un(g) defined by the formulas:

Yiny(er) = X 1oy Ly,
Yiny (i) = [Tey Lp "7 X7,

Yiny (Hy) = H;.

Proof. The proof of this theorem is direct verification of defining relations [@1]). The most nontrivial
part is to verify deformed quantum Serre relations, i.e. the last two relations in ([@1]). The defining
relations of Uy (g) imply the following relations for 1, (e;),

17(11']‘

1-— Q4 nii—dingi —a;—
> <‘1)k[ k J] gH OB () by () ny (€)= 0,
k=0 qi

for any ¢ # j. Now using equation (£2]) we arrive to the quantum Serre relations for e; in (). O

Remark 4.2. The general solution of equation (4.3) is given by
1 Siq
(4.3) nji = 5(cij + d_j)’

where s;; = 5j;.
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We call the algebra U;(g) the realization of the quantum group U (g) corresponding to the element
seW.

Remark 4.3. Let n;; be a solution of the homogeneous system that corresponds to (4.3),
ding; —djn;; = 0.
Then the map defined by
X X Ly,

(4.4) X7 =Tl Ly X

is an automorphism of Up(g). Therefore for given element s € W the isomorphism 1) is defined
uniquely up to automorphisms ([{-4)) of Un(g).

Now we shall study the algebraic structure of U7 (g). Denote by U} (n+) the subalgebra in U7 (g)
generated by e; (fi),i =1,...1. Let U;(h) be the subalgebra in U} (g) generated by H;, i =1,...,L.

We shall construct a Poincaré-Birkhoff-Witt basis for Uf(g). It is convenient to introduce an
operator K € End b such that

l
(4.5) KH; =Y "y,

In particular, we have
Mi (K Hj, H).

dj
Equation ([£.2)) is equivalent to the following equation for the operator K:
1+s
K - K* = P N
1—s "

Proposition 4.2. (i) For any solution of equation (4.3) and any normal ordering of the root system
AL the elements eg = w{_nl} (X;ehKﬂv) and fg = @[J{:ll}(e_hKﬂvXﬁ_), B € Ay lie in the subalgebras
Ui (ny) and Uj(n_), respectively. The elements eg, € Ay satisfy the following commutation
relations
(4.6) €ats — q(o"ﬁ)ﬂgph'*a’ﬁ)e;gea = Z C'(ki, ..., kn)egll elgj . e]g:.
a<81<...<6,<B

(i) Moreover, the elements e* = egll ...egl’;, ft = EDD féll and H® = H{' ... H]" forr, t,
s € N! form topological bases of Ui(ny), Us(n_) and U;(h), and the products f*HSe* form a
topological basis of U;(g). In particular, multiplication defines an isomorphism of C[[h]] modules

Up(n-) @ Ui (h) @ Uj(ny) — Ui (g)-

Proof. Let 8 = 22:1 m;a; € Ay be a positive root, X; € Up(g) the corresponding root vector.
Then 8V = Zé:l m;d; H;, and so KBV = Ei j=1mn;Y;. Now the proof of the first statement
follows immediately from Proposition Bl commutation relations (33), (812]) and the definition of
the isomorphism 9,;. The second assertion is a consequence of Proposition 0

The realizations U7 (g) of the quantum group Uj(g) are connected with quantizations of some
nonstandard bialgebra structures on g. At the quantum level changing bialgebra structure corre-
sponds to the so—called Drinfeld twist. We shall consider a particular class of such twists described
in the following proposition.
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Proposition 4.3. ([5], Proposition 4.2.13) Let (A, p,1,A,¢e,S) be a Hopf algebra over a commu-
tative ring. Let F be an invertible element of A ® A such that

| Fi2(A @ id)(F) = Faz(id @ A)(F),
(4.7
(e @id)(F) = (id ® €)(F) = 1.

Then, v = u(id @ S)(F) is an invertible element of A with
vt = p(S @iad)(Fh).
Moreover , if we define A7 : A= AR A and ST : A — A by
AT (a) = FA(a)F~Y, ST (a) = vS(a)v 1,
then (A, u,1, AT e, 5%) is a Hopf algebra denoted by A7 and called the twist of A by F.

Corollary 4.4. ([5], Corollary 4.2.15) Suppose that A and F as in Proposition [{-3, but assume
in addition that A is quasitriangular with universal R-matriz R. Then AT is quasitriangular with
universal R—matriz

(4.8) RT = FuRF 1,
where Fo1 = o F.

Fix an element s € W. Consider the twist of the Hopf algebra Uj,(g) by the element

(4.9) = exp(—h Z iy, @ Y;) € Un(h) @ Un(h),

131]

where n;; is a solution of the corresponding equation ([€2).

This element satisfies conditions ({7, and so Uy, (g)” is a quasitriangular Hopf algebra with the
universal R-matrix R* = Fo1 RF !, where R is given by ([314). We shall explicitly calculate the
element R”. Substituting (314 and (@J) into (EJ) and using ([B3.13) we obtain

K3

RZ = eap [h(Li_, (Vi ® Hi) + Yy (— 5 + )Y 9 )] x
I1s eLpy- 1 [(1- qEQ)XgehKﬁ ® e hK™B X5,

where K is defined by ({.H).

Equip Uj(g) with the comultiplication given by : Ag(z) = (w{jll} ® ¢{;})Af(¢{n} (x)). Then
U;(g) becomes a quasitriangular Hopf algebra with the universal R-matrix R® = w{:ll} ® w{:ll}RF .
Using equation ([@2]) this R-matrix may be written as follows

R* = eap [A(SiL, (Vi @ Hi) + Xl E2 Py H; @ V)|

(4.10)
I1s e‘rpq;l[(l —qz )es @e PPy fg),

where Py is the orthogonal projection operator onto h’ in h with respect to the Killing form.
The element R°® may be also represented in the form

R® =]l exp, 71[(1 - q§2)eﬂe_h(£ﬂ”+l)ﬂv ® ehﬁvfﬂ]x

(4.11) . »
eop [A(CI_ (Y ® H) + X1, E2 Py Hi 9 Y)))
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The comultiplication Ay is given on generators by

AH) =H;®1+1® H,,
Ag(e) =€ ® e A T

As(fi)=fi® ¢TI Py Hi g o=hdiH @ fi,

where Py,1 is the orthogonal projection operator onto the orthogonal complement f)’L to b’ in b
with respect to the Killing form.
Finally, the new antipode Sq(x) = 1/1;11}5’,1;(1/1{”} (x)) is given by

_ (2 . CEH . 1+4s .
Sy(er) = —eje MR Py I g () = —ehdiHs phdi Py g (Y = — H,

Note that the Hopf algebra U (g) is a quantization of the bialgebra structure on g defined by the
cocycle

(4.12) d(z)=(ady ® 1+ 1®ad,)2r], 71 €g®g,

where r{ =7y + 1 Zé:l 1t P H; ® Yy, and o is given by (B.3).

5. NORMAL ORDERINGS OF ROOT SYSTEMS RELATED TO WEYL GROUP ELEMENTS

In this section we define certain normal orderings of root systems associated to Weyl group
elements. The definition of subalgebras of U (g) having nontrivial characters will be given in terms
of root vectors associated to such normal orderings.

Let s, as in the previous section, be an element of the Weyl group W of the pair (g,h) and bhg
the real form of b, the real linear span of simple coroots in . The set of roots A is a subset of the
dual space bg.

The Weyl group element s naturally acts on hg as an orthogonal transformation with respect
to the scalar product induced by the Killing form of g. Using the spectral theory of orthogonal
transformations we can decompose hgr into a direct orthogonal sum of s—invariant subspaces,

K
(5.1) be = P b,
=0

where we assume that hg is the linear subspace of hr fixed by the action of s, and each of the other
subspaces h; C hr, i = 1,..., K, is either two—dimensional or one-dimensional and the Weyl group
element s acts on it as rotation with angle 6;, 0 < 6; < 7 or as reflection with respect to the origin
(which also can be regarded as rotation with angle 7). Note that since s has finite order 6; = %,
m; € N.

Since the number of roots in the root system A is finite one can always choose elements h; € b;,
i =0,...,K, such that h;(a) # 0 for any root @ € A which is not orthogonal to the s—invariant
subspace h; with respect to the natural pairing between hr and by.

Now we consider certain s—invariant subsets of roots A;, i = 0, ..., K, defined as follows
(52) ZZ:{O&EAhJ(a):O,]>Z, hl(a)¢0},

where we formally assume that hg 1 = 0. Note that for some indexes i the subsets A; are empty,
and that the definition of these subsets depends on the order of terms in direct sum (G.1]).

Now consider the nonempty s-invariant subsets of roots A;, , k = 0,..., M. For convenience we
assume that indexes i, are labeled in such a way that i; < iy if and only if j < k. According to this
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definition A;, = {a € A : sa = a} is the set of roots fixed by the action of s. Observe also that the
root system A is the disjoint union of the subsets A;, ,

M
A=[]JA,.
k=0
Now assume that
(5.3) [Py ()] > | Z hi, ()|, for any a € A;,, k=0,...,M, | <k.

I<j<k

Condition (53] can be always fulfilled by suitable rescalings of the elements h;, .
Consider the element

M
(54) h= Zhlk S f)R.
k=0

From definition (5.2)) of the sets A; we obtain that for o € A;,

(5.5) (e) = hiy(a) = i (a) + Y hiy (@)
Jj<k i<k
Now condition (&3], the previous identity and the inequality |z + y| > ||| — |y|| imply that for
a € A;, we have
[A()| = [l (@) = 1Y i, (@)]] > 0.
Jj<k
Since A is the disjoint union of the subsets A;,, A = UQ/I:O A, , the last inequality ensures that h
belongs to a Weyl chamber of the root system A, and one can define the subset of positive roots
Ay and the set of simple positive roots I" with respect to that chamber. From condition (53] and
formula (5.5) we also obtain that a root a € A, is positive if and only if

(5.6) hi, (@) > 0.

We denote by (A;, )+ the set of positive roots contained in A;,, (A )+ = AL N A,.

We shall also need a parabolic subalgebra p of g associated to the semisimple element hg =
Z,iw:l hi, € br associated to s € W. This subalgebra is defined with the help of the linear eigenspace
decomposition of g with respect to the adjoint action of kg on g, g = @, (8)m, (@)m = {7 € g |
[ho, z] = ma}, m € R. By definition p = @,,~((g)m is a parabolic subalgebra in g, n = ,,- (8)m
and [ = {z € g | [ho,x] = 0} are the nilradical and the Levi factor of p, respectively. Note that
we have natural inclusions of Lie algebras p D by D n, where by is the Borel subalgebra of g
corresponding to the system I' of simple roots, and A;, is the root system of the reductive Lie
algebra [.

For every element w € W one can introduce the set A, = {a € Ay : w(ow) € —AL}, and the
number of the elements in the set A, is equal to the length [(w) of the element w with respect to
the system I" of simple roots in A.

Now recall that in the classification theory of conjugacy classes in the Weyl group W of the
complex simple Lie algebra g the so-called primitive (or semi—Coxeter in another terminology) el-
ements play a primary role. The primitive elements w € W are characterized by the property
det(1 — w) = det a, where a is the Cartan matrix of g. According to the results of [4] the element
s of the Weyl group of the pair (g, h) is primitive in the Weyl group W' of a regular semisimple Lie
subalgebra g’ C g of the form

g/ = b/ + Z Gas

aceA’
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where A’ is a root subsystem of the root system A of g, g, is the root subspace of g corresponding
to root «, and b’ is a Lie subalgebra of § (it coincides with b’ introduced in Section Hl).
Moreover, by Theorem C in [4] s can be represented as a product of two involutions,

(5.7) s =s's?

where s!' = s,,...5,,, s> = Syn4+1 - -+ 5+, the roots in each of the sets v1,...v, and yp41 ... are
positive and mutually orthogonal, and the roots 71, ...v; form a linear basis of §’, in particular I’
is the rank of g’.

Proposition 5.1. Let s € W be an element of the Weyl group W of the pair (g,h), A the root
system of the pair (g,h) and AL the system of positive roots defined with the help of element (5.4),
A, = {a € Alh(a) > 0}.

Then there is a normal ordering of the root system Ay of the following form

1 1 1 1 1 1
ﬂla'"aﬂtvﬂt+1a'"5ﬂt+%5717ﬂt+%+25'"7ﬂt+%+n15727
1

1 1 1
t+—p;n+"1+2 e 5ﬂt+P;”+n27Fy3a ... 77n56t+p+17 .. 'aﬂ[(sl)v R

(5.8)

2 2 2 2 2 2
ﬁla SRR Bq77n+17ﬁq+27 s 7ﬁq+m177n+27ﬁq+m1+27 s 7ﬁq+m277n+37 SERE)
2 2 2 2
’71’7Bq+ml(32)+1, Ce 762q+2ml(32)—(l’—n)7 B2q+2ml(32)7(l’7n)+17 to 7Bl(52)’
0 0
ﬂlv sty ﬂDov

where

1 1 1 1 1 1
{ﬂla'"aﬂtvﬂt-}-lv"'aﬂt+%5717ﬂt+¥+25'"7ﬂt+¥+n15727

1 1 1 1 —_
t+p;"+n1+2 s "Bt+p;"+n2”73" s 77n7ﬁt+p+17" '7ﬁl(51)} - Asla

1 1 1 1
{BtJFl"'"Bt-i-%’/yl’ﬁt-l-%—i-?'"’ﬁt—i-p;"-l-nl’/}?’

1 1 1
g gz Prpegn g, 08t ={a € Aylst(a) = —al,
2 2 2 2 2 2
{ﬂla ce 7Bq77n+15 6q+27 ey ﬂq+m177n+25 Bq+m1+27 o .. 7ﬂq+m277n+35 ey

2 2 2 2 _
%"B‘Hmz(s?)*l’ o ’ﬁzq“mms?)*(l’*n)’ B2q+2mz(s2>*(l’*n)+1’ cs Bign t = A,

2 2 2 2
{FY’anla 6q+27 ceey ﬂq+m177n+25 Bq+m1+27 s 7ﬂq+m277n+35 L)

’71’7B§+ml(52)+17 v 7ﬁ§q+2ml(s2)—(l’—n)} = {CY € A+|82(CY) = —Oé},

0 0
{81, Bp,} = Do ={a € Ayls(a) = a},
and s*,s* are the involutions entering decomposition (5.7), s' = sy, ... Sy,, §° = Sy, -5y, , the

roots in each of the sets v1,...,vn and ypi1,...,7 are positive and mutually orthogonal.
The length of the ordered segment A, C A in normal ordering (2.8),

2

_ 1 1 1 1
Am+ - 7155t+%+25' .- ’ﬂt+%+n1’ﬂyz’6t+%+nl+2 .- '7ﬂt+%+n25
(59) 735'"7ﬂyn7ﬂtl+p+17"'aﬂ[l(sl)v"'vﬂfv"'aﬂga
7n+156§+25'"aﬂ§+mla’}/ﬂ+2;6§+ml+2a'"aﬂ§+m277n+3a"'a’yl’7
is equal to
I(s)=1
(5.10) p— &=t by,

2
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where D is the number of roots in AL, I(s) is the length of s and Dy is the number of positive roots
fized by the action of s.

Moreover, for any two roots o, 8 € Ay, such that a < B the sum o+ B can not be represented
as a linear combination ZZ:1 CkYi,, Where cp €N and o <y, < ..o <7y, < B.

Proof. First observe that by Proposition 10.4.3. in [3] each of the planes bh; is invariant not only
with respect to the action of the Weyl group element s but also with respect to the action of both
involutions s' and s? which act as reflections in the plane b;.

Now consider the planes h;, related to the definition of the set of positive roots. The plane b;, is
shown at Figure 1.

B

1
’Uk Pk

Pk 1/%

Fig.1

The vector h;, is directed upwards at the picture, and the orthogonal projections of elements
from (A;, )4 onto b;, are contained in the upper half plane. The involutions s* and s? act in b;,
as reflections with respect to the lines orthogonal to the vectors labeled by v} and v7, respectively,
at Figure 1, the angle between vi and v} being equal to m — 6;, /2. The nonzero projections of the
roots from the set {v1,...7,} [ Ai, onto the plane b;, have the same (or the opposite) direction as
the vector vi, and the nonzero projections of the roots from the set {v,+1,...7} () A;, onto the

plane bh;, have the same (or the opposite) direction as the vector v,%.
. . . . —1,2

For each of the involutions s' and s we obviously have decompositions Agi2 = Uzjgw:1 A
—~12 —1,2
A, Aj, N Ag2. In the plane b;, , the elements from the sets A,

(27 =
-1

of the sectors labeled by ng. Therefore the sets A,

i » Where

are projected onto the interiors
i, and Z?k have empty intersection, and hence
the sets A1 and A,z have empty intersection as well. In particular, by the results of §3 in [36] the
decomposition s = s's? is reduced in the sense that I(s) = [(s?) +I(s!), and Ay = A2 [Js?(Aq)
(disjoint union).

Recall that by the results of §3 in [36] for any element w € W one can always find a reduced
decomposition wg = ww’, where wg is the longest element of the Weyl group and w’ € W is some
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element of the Weyl group. This implies, in particular, that any normal ordering of the root system
A can be reduced by applying a number of elementary transpositions to one of the forms

(511) ﬂlv"'vﬂ’ma"'aﬂDa

(512) ﬂDa"'aﬂme"'vﬂla

where Ay, = {51,...,8m}-
Applying the last observation to the Weyl group element s' we obtain a normal ordering of the
root system A, of the form

(5.13) By Bistys -+ Bps

where A = {31,.. .,[3}(81)}. Recalling that Ay Az = {0} and using (5.I2) one can reduce
normal ordering (B.I3) by applying a number of elementary transpositions to the form

(514) B}u'-'7ﬁll(51)7'"76%7"'7ﬁl2(52)7

where A = {5%,... 7612(52)}-

Indeed, observe that the set Ag2 must contain at least one simple root since for any reduced
decomposition s? = s;, ...s;, we have Ay = {a, , 8i, Qi 1y- -5 Sip - - SiQi, }, and a;, € Ag2. Since
A NA = {0} we can move all the simple roots in A,z and their linear combinations to the right in
normal ordering (B-I3)) using elementary transpositions. Denote the ordered segment which consists
of such linear combinations by A¢, = {2, ..., ,%/} Thus we reduced (53] to the following form

S
1 1 2/ 2/
Bl""’ﬂl(sl)7"" 195k -

Now assume that o € Ag2, o € A%, is a root such that there are no other roots to the right from
it in the normal ordering above which belong to A,: except for those from A¢,. Then a can be
moved to the right by a number of elementary transpositions. Indeed, since if a belongs to one of
segments (3.10) then by the choice of « either the entire segment belongs to A2 or the other end of
the segment does not belong to A,2. In the latter case we can apply the elementary transposition to
the segment to move « to the right. Applying this procedure several times we obtain a new normal
ordering of the form

1 1 2/ 2/
ﬂ17...7ﬂl(51),...7a7ﬂl,..., k-

One can now proceed by induction to obtain normal ordering (E.14).

Now observe that since A, is the root system of the Levi factor [ of the parabolic subalgebra p
the elements of A;, are linear combinations of roots from a subset I'g C I'. Therefore noting that
Aiy N(Agq UA,2) = {0} and applying elementary transpositions to normal ordering (5.13]) one can
reduce it to a form similar to (E.I3]) in which the roots from the closed subset (A; )+ = Ay (VA4 =

{8Y,...,B%,} form a segment. Moreover, we claim that one can reduce normal ordering (E14) to
the following form
(5.15) By s Bistys -+ Bls oo Bgs B+ s Bits2y-

In order to prove the last statement it suffices to verify that for any o € (A;,)+ and S € A2 such
that a + 8 =~ € A, we have v € A,2. Indeed, if s?y € A then s?(a+ ) = a+ 528 = s?y € Ay,
and hence o = sy + (—s23) with s2v, —s28 € A, and s?v, —s?8 & (A;,)+. This is impossible since
A;, is the root system of the Levi factor [ of the parabolic subalgebra p.

Using the previous assertion and applying elementary transpositions one can also reduce normal
ordering (515) to the form

(516) ﬂ}a "7Bl1(51)5' <. aﬂ%v" '7Bl2(s2)5ﬂ?7-- .75%0'
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Now we look at the segments 31, ... ,Bll(sl) and f3%,... ,[3!2(82) of normal ordering (G.I6). We

consider the case of the segment 37, .. ,ﬁll(s1) in detail. The other segment is treated in a similar
way.

Recall that by Theorem A in [22] every involution w in the Weyl group W is the longest element
of the Weyl group of a Levi subalgebra in g, and w acts by multiplication by —1 at the Cartan
subalgebra b,, C b of the semisimple part m,, of that Levi subalgebra. By Lemma 5 in [4] the
involution w can also be expressed as a product of dim b,, reflections from the Weyl group of the

pair (my, hyy), with respect to mutually orthogonal roots. In case of the involution s*, s' = s,, ...s,,

is such an expression, and the roots 71, ..., 7, span the Cartan subalgebra b,:.

Since my: is the semisimple part of a Levi subalgebra, using elementary transpositions one can
reduce the normal ordering of the segment 1, .., [3}(81) to the form
(517) 6117 R 7ﬁtlu 6151-{-17 o 7ﬁtl+p7 ﬁt-ﬁ-p-ﬁ-la e 7ﬁl1(51)7
where ﬁtlﬂ, e ,B,}er is a normal ordering of the system A, (mg1, b 1) of positive roots of the pair
(mg1, b ). Now applying elementary transpositions we can reduce the ordering 3} TS R B 4p to the

form compatible with the decomposition s' = s, ...s,, (see Appendix).

Applying similar arguments to the involution s? and using the normal ordering of the positive
roots of the pair (m,2,h,2) inverse to that compatible with the decomposition s* = s, ., ... 54, We
finally obtain the following normal ordering of the set A

1 1 gl 1 1 1
ﬂla' .. aﬂtvﬂt-‘,—la' .. ’ﬂt+%”yl’ﬂt+%+2" "’Bt+%+n1”y2’
1 1 1
(518) t+%+n1+2 cee ’Bt+%+n2”73’ <oy I Bt-i—p-‘rla ceey B[(Sl)a )
2 2 2 2 2 2
ﬁla ceey Bq77n+17ﬁq+27 cee 7ﬁq+m177n+27ﬁq+m1+27 e 7ﬁq+m277n+37 ey
2 2 2 2
’Yl/’ﬂq+ml(32)+15 . 552q+2ml(32)7(l/7n)’ ﬂ2q+2ml(32)7(l’7n)+15 s 551(52)7
0 0
ﬁlu e 7BN07

where

2 2 2 2
7n+176q+27 e 7Bq+m177n+27 Bq+m1+27 ceey Bq+m27’7n+37 ey
2 2
Y ﬁq+ml(52)+1, Ceey 624+2mz(32)7(ll7")

is the normal ordering of the system of positive roots of the pair (m,z, h,2) inverse to that compatible
with the decomposition s> = s, ...s,,. By construction ordering (5.I8) is the required ordering
).

We claim that ¢ = [(s*) — (¢t + p), i.e. there are equal numbers of roots on the left and on the
right from the segment ﬂtlﬂ, e ,Bt1+p in the segment

6}7"'7ﬁtluﬁtl+17"-vﬁtl—i-pvﬁt-i-p-i-lv'"7ﬁl1(51)7
and
I(s') —p
—

Recall that by formula (3.5) in [36], given a reduced decomposition w = s;, ...s;, of a Weyl
group element w, one can represent w as a product of reflections with respect to the roots from the
set

(5.19) t=

Ay-1 ={f1 =a;,, P2 = 5i,0iy, .., B = Siy ... 80, 04, ),

(5.20) W=8; ...8,, =88, 58
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Note that
B1 =, B2 = Si;Qigy vy P = Siy - - Si,, 1 Qi
is the initial segment of a normal ordering of A .
Applying this observation to the segment of the normal ordering (B.I7) consisting of elements
from the set A, one can represent (s')™! = s! as follows

1
(521) = Sﬁll(sl) e Sﬁ}+p+1sﬁ}+p PN SﬁtlJrlSﬁ} PN Sﬁ%a

where if s' = s;, ... Siy1) is the corresponding reduced decomposition of s' then

(522) ﬂl = 051'15[32 = 8§ Oy v 7ﬂm = Siy S L 10611(51)
Since Btl+1’ . ,ﬁtlﬂ, is a normal ordering of the system of positive roots of the pair (mg1, b, ) and
1is the longest element in the Weyl group of the pair (m,1,h,1) we also have
1 _
(5.23) § = 8p1 -o8p1
and hence by (21
1 1
(5.24) S =8g1 . ---581,,,5 861 g

From the last formula we deduce that
(5.25) sp1-.-Sgr = (Sp1 ...sﬂ%)fl(sl) SgL 1, ...sﬂgﬂﬂslsﬁg ... Sp1.

Now formula (5.20) implies that sgi1 ...sg = s, ... si,, and relations (5.22) combined with (5.20)
yield

1 1, -1 —
u(s ) '611(5 ..86t1+p+18 u = Sy(s1)- 1(611(5 ). ..Su(81)71(ﬂg+p+l) =

= Ssip s fsly—1 Yisty Fitappr T Siepprr o Siyy
where u = sg1...55 = s;, ...s;,. Therefore from formula (£.25) we deduce that
(526) Sip oo Sty :Sit+p+1 "'Sil(sl)'

Since the decompositions in both sides of (5.28) are parts of reduced decompositions they are
reduced as well, and we have ¢ = [(s') — (t + p). This is equivalent to formula (5.19).

Using a similar formula for the involution s? and recalling the definition of the orderings of
positive roots of the pairs (mg1,hg1), (myz, h,e) compatible with decompositions s' = s, ...s,, and
5% =Sy,., .- Sy, (see Appendix) we deduce that the number of roots in the segment Ay, of normal

ordering (517),

_ 1
Am+ _’717Bt+p;n+27'-'76t+p LN, 7’7276t+p np 42" -7ﬁt+r’ LT
737~-~7'7n7ﬁt+p+17-~-76[(51)7-'-7ﬁ17-~-76q7
2 2 2 2
’7n+17ﬁq+27"'7ﬁq+m177n+27ﬁq+m1+27'"7ﬁq+m277n+37"'7’7l’

is equal to D — (l(s) + Dy), where I(s) = I(s') + 1(s?) is the length of s and Dy is the number of
positive roots fixed by the action of s. This proves the second statement of the proposition.

Now let a, 3 € Ay, be any two roots such that oo < 8. We shall show that the sum o + § can
not be represented as a linear combination > {_, ¢x7i,, where ¢y € Nand v < 3, < ... <, <.

Suppose that such a decomposition exists, a+8 = >_{_, ¢x7i,. Obviously at least one of the roots
a, 3 must belong to the set Ay (mg1,hg1) () An, or to the set Ay (my2, hs2) () An, for otherwise the
set of roots v;, such that o < ;, < 8 is empty.

Suppose that a € Aj(mg1, bs1) () Am, . The other cases are considered in a similar way.
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If B& Ay(mgz,be2)()Am, then a+ 8 =>37_, cxvi,, and 7;, < 7,. In particular, since o, € ha
and 7;, € hg if vi, < v, we have B =31 ¢y, — @ € ha. This is impossible by the definition
of the ordering of the set Aj(m 1, h,1) compatible with the decomposition s' = s, ... s, .

If € Ay(mgz, b)) (VAm, then a+ 8 =371 exvip = 225, <p CkVir + 2o, 5p CkYi- This implies

A= i = Y ki — B
ir<n i >N

The Lh.s. of the last formula is an element of h1 and the r.h.s. is an element b 2. Since §’ = b1 +h,2
is a direct vector space decomposition we infer that

o= Y am

ik <n,a<i,

B = Z CkYiy, -

e >n,7i, <B

and

This is impossible by the definition of the orderings of the sets Ay (mgi,he1) and Ay (mg2,bge2)

compatible with the decompositions s' = s,, ...s,, and s> = s, ,, ... S+,,, respectively.
Therefore the sum a + 8, o < 8, , 8 € A, can not be represented as a linear combination
ZZ:l ckYi,, Where ¢, € Nand a < v;, < ... <7, < . This completes the proof of the proposition.
|

We call the system of positive roots A ordered as in (B.8) the normally ordered system of positive
roots associated to the (conjugacy class) of the Weyl group element s € W. We shall also need the
circular ordering in the root system A corresponding to normal ordering (5.8)) of the positive root
system A .

Let f31,082,...,8Nn be a normal ordering of a positive root system A;. Then following [I6] one
can introduce the corresponding circular normal ordering of the root system A where the roots in
A are located on a circle in the following way

. \ .

B2 Bp
B —B
-Bp —Bs
AN .

Fig.2
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Let , 8 € A. One says that the segment [, 5] of the circle is minimal if it does not contain
the opposite roots —a and —f and the root 8 follows after o on the circle above, the circle being
oriented clockwise. In that case one also says that a < 8 in the sense of the circular normal ordering,

(5.27) a < B < the segment [«, 8] of the circle is minimal.

Later we shall need the following property of minimal segments which is a direct consequence of
Proposition 3.3 in [15].

Lemma 5.2. Let [a, 8] be a minimal segment in a circular normal ordering of a root system A.
Then if a + B is a root we have

a<a+p<p.

6. NILPOTENT SUBALGEBRAS AND QUANTUM GROUPS

Now we can define the subalgebras of U, (g) which resemble nilpotent subalgebras in g and possess
nontrivial characters.

Theorem 6.1. Let s € W be an element of the Weyl group W of the pair (g,h), A the root system
of the pair (g,0). Fiz a decomposition [5.7) of s and let Ay be the system of positive roots associated
to s. Let U;(g) be the realization of the quantum group Un(g) associated to s. Let eg € Uf(ny),
B € Ay be the root vectors associated to the corresponding normal ordering (5.8) of AL.

Then elements eg € Up(ny), B € An,, where An, C A is ordered segment (2.9), generate a
subalgebra Uf(my) C Ug(g) such that Uf(my)/hUf (my) ~ U(my.), where my is the Lie subalgebra
of g generated by the root vectors Xo, o € An, . The elements e = egll e egDD, rn €N, i=1,...D
and r; can be strictly positive only if B; € Aw_, form a topological basis of Uy (m,).

Moreover the map x;, : Uf(my) — C[[h]] defined on generators by

{0 Bg{’ylu"'a’yl’}

(6.1) Xi€8) =\ ¢ B = e € Cllh))

is a character of Uf(m4).

Proof. The first statement of the theorem follows straightforwardly from commutation relations (4.6])
and Proposition

In order to prove that the map x§ : Uj(my) — C[[h]] defined by (GI)) is a character of U} (my)
we show that all relations (8] for e, eg with a, f € A, which are obviously defining relations
in the subalgebra U;(m. ), belong to the kernel of xj. By definition the only generators of U (m)
on which xj does not vanish are e,,, i = 1,...,l’. By the last statement in Proposition [5.] for any
two roots a, 8 € Ay such that a < § the sum o+ 3 can not be represented as a linear combination
> ¢kYiy, where ¢ € Nand a < ;, <...<7;, <. Hence for any two roots o, 8 € Ay, such
that o < 3 the value of the map x;, on the L.h.s. of the corresponding commutation relation (6] is
equal to zero.

Therefore it suffices to prove that

s 1)+ (15 Pyrevi — ) F(TE Py« i)y — 0. 4 < 4
NAC — gL Py Wf)e»yje»,j) = ¢ic;(1 — ¢ TE= Py 7730y = 0, 4 < 4.

The last identity holds provided (vy;, ;) + ( %szg‘, vi,vj) = 0 for i < j. As we shall see in the next
Lemma this is indeed the case.

Recall that ~,...,vr form a basis of a subspace h’* C h* on which s acts without fixed points.
We shall study the matrix elements of the Cayley transform of the restriction of s to h’* with respect
to this basis.
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Lemma 6.2. Let Py« be the orthogonal projection operator onto b'* in b*, with respect to the Killing

orm. en € matrixr etements o € operator — = 1N € 0asis yi1,...,7 are o e jorm:
Then the matriz elements of th tor 32 Py in the basis v v th
1+s

(6.2) (1_5Ph’*'7i7'7j) = €i;(%i>75);
where

1 i<j

Eij = 0 i:j
1 i>j

Proof. (Compare with [I], Ch. V, §6, Ex. 3). First we calculate the matrix of the Coxeter element s
with respect to the basis v1,...,7. We obtain this matrix in the form of the Gauss decomposition
of the operator s : b’* — p'™.

Let z; = sv;. Recall that s, (v;) =v; — Aijvi, Aij = (7,,7;). Using this definition the elements
z; may be represented as:

Zi =Y — ZAkiyk,

k>i
where

(6.3) Yi = Soyy + o2 Sy Vi

Using the matrix notation we can rewrite the last formula as follows:
zi = (I +V)kiyk,

(6.4)

| A k>
where V;ﬂ—{ 0 k<
To calculate the matrix of the operator s : h’* — h’* with respect to the basis v1,. ..,y we have

to express the elements y; via v1,...,7. Applying the definition of reflections to (G3) we can pull
out the element ~; to the right:

Yi =Y — ZAkiyk-

k<i
Therefore
B B A k<i

Vi = (I + U)kzyk ) where Uy; = { 0 k>
Thus
(6.5) ye = (I+U);0

Summarizing (6.3 and (6.4]) we obtain:
(6.6) sy =(I+U)" "L =V)),, -
This implies:
1+s 21 +U -V

6.7 Py = | ———— .
(6.7) 1—s 07 ( U+V >ki'7k

Observe that (U + V)i = Ag; and (2I+U —V);; = —A;je;;. Substituting these expressions into
61 we get :
1+s _
(6.8) (EPW*%%) = —(A" ) pepidpi (Vi W) = €35 (Vi 75)-
This completes the proof of the lemma, and thus Theorem [6.1] is proved. |
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O

The matrix A;; is called the Carter matrix of s. We shall also use the Lie subalgebra m_ of g
generated by the root vectors X o, a € Ay, .

7. SOME SPECIALIZATIONS OF THE ALGEBRA U} (g)

In this section we introduce some forms of the quantum group U (g) which are similar to the
rational form, the restricted integral form and to its specialization for the standard quantum group
Uy (g). The motivations of the definitions given below will be clear in Section [[0l The results in this
section are slight modifications of similar statements for Uy(g), and we refer to [5], Ch. 9 for the

proofs.
We start with the observation that the numbers
1+s
(7.9) pij = (1 - SPM,Y;) +(%,Y;)

are rational, p;; € Q.
Indeed, let v/, i =1,...,1' be the basis of h* dual to ;, i = 1,..., 1’ with respect to the restriction
of the bilinear form (-,-) to ™. Since the numbers (v;, ;) are integer each element +; has the form

l/
Vi = >_=1mijVj, where m;; € Q. Now we have

1
(152mmy )+ )
l/

1+s
= Z e (Yi) i (Y;) (1 — SPh’*'vaVq) mypmig + (Yi, V).

k,l,p,q=1
All the terms in the r.h.s. of the last identity are rational since 7;(Y;) € Z for any ¢ = 1,...0" and
j =1,...,1 because Y; are the fundamental weights, the numbers (%wawp,mo are integer by

Lemma [6.2] the coefficients m,; are rational as we observed above, and the scalar products (Y;,Y;)
of the fundamental weights are rational. Therefore the numbers p;; are rational.

Denote by d the smallest integer number divisible by all the denominators of the rational numbers
plj/2a Zv] = 17"'51'

Let U;(g) be the C(q?4)-subalgebra of U;(g) generated by the elements e;, fi, tX = exp(:LL H;), i =
1,...1.
The defining relations for the algebra U (g) are

tit; = tits, tit; =t =1, tiejt; ' = q3te;, tifit; = q 3 fj,

2

y Ki—K ! 14

Cij ek i Jupp— SP . .

eifj_q”fjei_(sl,] q-qul ,Cij = (175 b Oy O
K k3

K; = 2%
(7.10) v

1—a;; r_rci; 1_017;‘ —Qii—T r . .
D=0 (=1)"g" [ . ] (€)' =" Tej(es)” =0, i # j,
q

i

S | 0] gy =0t

i

Note that by the choice of d we have ¢“ € Clq2d,q™ 24].
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The second form of U;(g) is the A = Clg 2_1d ’Tz]fsubalgebra Ui(g) in Uj(g) generated by the
elements ¢, (e;)(") = (:lq (f)") = [T]q) o i=1,...,1, 7> 1. Uj(g) is called the restricted form
of Uj(g)-

The most important for us is the specialization UZ(g) of U%(g), UZ(g) = Uj‘(g)/(qud — 2_let)UA( ),
e € C.

U;(9), Ui(g) and UZ(g) are Hopf algebras with the comultiplication induced from U} (g).

If e2di £ 1 for i = 1,...,1 then U2(g) is generated over C by tlil, ei, fi, i =1,...,1 subject to
relations (ZI0) where ¢ = €.

The algebra U%(g) is more difficult to describe. But we do not need its explicit description in
this paper.

The elements ¢; are central in the algebra U (g), and the quotient of U; (g) by the two—sided ideal
generated by t; — 1 is isomorphic to U(g).

If V' is a U7 (g)-module then its weight spaces are all the non-zero (C(qﬁ )-linear subspaces of the
form

Ve={veV,tw=cv, ¢; € C(qg2a)*, i=1,...,1.

The l-tuple ¢ = (c1, ..., ) € (C(g2a)*)! is called a weight.

If ¢/ = (c},...,¢)) is another weight one says that ¢’ < ¢ if cj¢; = q2aPH) for some B € QT =
@®._,Na;and alli =1,...,1.

A highest weight U7 (g)-module is a U;(g)-module V' which contains a weight vector v € V¢
annihilated by the action of all elements e; and such that V' = U7 (g)v. In that case we also have a
weight space decomposition

V=,

c’'<c
and dimc(q L )VC = 1. In particular, c is uniquely defined by V. It is called the highest weight of V',
and v is called the highest weight vector.

Verma and finite-dimensional irreducible U7 (g)-modules are defined in the usual way. For in-
stance, the Verma module M, () corresponding to a highest weight A € h* is the quotient of Ug (9)
by the right ideal generated by e; and ¢; — qsz(H ), where i =1,...,1.

The image of 1 in My(A) is the highest weight vector vy in M, (/\) For AePr={peh* u(H)e
N for all i} the unique irreducible quotient Vi (A) of My(N) is a ﬁmte dimensional irreducible repre-
sentation of U; (g).

If V is a highest weight U,(g)-module with highest weight vector v then V4 = Uj(g)v is a
Uf—submodule of V' which has weight decomposition induced by that of V.

Moreover, V4 ® 4 (C(qud) ~ V' V4 is the direct sum of its intersections with the weight spaces of
V, each such intersection is a free .A-module of finite rank, and V = V4 /(g2i — 1)V, is naturally a
U(g)-module. In particular for A € Py M()\) = M,(\) and V(\) = V,()\) are the Verma and the
finite-dimensional irreducible U(g)-modules with highest weight .

For Verma and finite-dimensional representations every nonzero weight subspace have weight of
the form (gza 1) . qza*HD) where A € P = {u € b*, u(H;) € Z for all i}. One simply calls
such a subspace a subspace of weight A.

Similarly one can define highest weight, Verma and finite-dimensional UZ?(g)-modules in case
when ¢ is transcendental; one should just replace g with ¢ in the definitions above for the algebra
Ug(9).

For the solution nj; = %cij to equations ([£.2) the root vectors eg, fg belong to all the above
introduced subalgebras of Up(g), and one can define Poincaré-Birkhoff-Witt bases for them in a
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similar way. From now on we shall assume that the solution to equations [2]) is fixed as above,
Nji = %Cij-
If we define for s = (s1,...5;) € Z!
5 =5

and denote by U7 (ny),Us(n-) and U;(h) the subalgebras of U;(g) generated by the e;, f; and by
the t;, respectively, then the elements e* = e,gll ...egl’;, ft = EDD féll and t5, for r, t € NP,
s € Z!, form bases of U (ny),Us(n_) and U; (b), respectively, and the products e*t*f* form a basis
of U;(g). In particular, multiplication defines an isomorphism:

Us(n-) @ Us(h) © U(ny) = Us(0).

By specializing the above constructed basis for ¢ = € we obtain a similar basis for U?(g).
One should also note that the algebra U?%(g) is invariant under the action of automorphisms T,
and one can define the powers of the root vectors in U%(g) similarly to (B.11)),

(eﬁk)(r) =T .. 'nk—l(eik)(r) € U.,Sél(g)a (fﬁk)(r) =T .. 'nk—l(fik)(r) € U.i\(g)

Let U5 (ny),Us%(n_) be the subalgebras of U5 (g) generated by the (e;)) and by the (f;),
1=1,...,1, 7 € N, respectively. Using the root vectors (eﬂ)(’”) and (f@)(r) we can construct a basis
of U (g). Define for r = (rq,...,7p) € NP,

()™ = (e,) ") .. (ep,) ),
()™ = (f3,)) . (f8,)"),

The elements ()™, (f)® for r, t € NV form bases of U (ny), U (n_), respectively.
The elements
ct+l—s Ki—lqis—l—c

K;; TKii
e -

s=1

,i1=1,...,l, ceZ, reN

4 —q°
belong to U%(g). Denote by U%(h) the subalgebra of U%(g) generated by those elements and by
tFi=1,...,1
Then multiplication defines an isomorphism of A modules:
Ui(n-) @ Ui(h) @ Ui(ng) — Ui(g)-

A basis for U5 (h) is a little bit more difficult to describe. We do not need its explicit description
(see [5], Proposition 9.3.3 for details).

None of the subalgebras of U;(g) introduced above is quasitriangular. However, one can define
an action of R-matrix (@I0) in the finite-dimensional representations of U; (g), U5 (g) and UZ(g).
Indeed, observe that one can write R—matrix (£I0) in the factorized form

(7.11) R® = ER,

where
!

!
E=exp h(Z(Yi ® H;) + Z

i=1

1+s
1—s

and
- = D lu (ur+1) 2 pltsp gV
R= 3 TIa - g2y @B (g ),
UL yenns up=0r=1

where the order of the factors in the product is such that the §,—term appears to the right of the
Bs—term if r > s.
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2'Uij

Using the fact that the numbers p;; defined by ([ZY) are of the form p;; = =%, v;; € Z one can
check that actually e*r" 175 o8 ¢ U;(g). Therefore ey ® etrh s Py Y (f5)) € U3 () @ Ui(9).

For every two finite-dimensional U (g)-modules V' and W only finitely many terms in the ex-
pression for R act nontrivially on V ® W since the action of root vectors on V and W is nilpotent.
Therefore the action of the element R in the space V @ W is well defined.

Moreover, if V,, and W) are two weight subspaces of V and W of weights u, A\ € P then one
can define an action of £ in V,, ® W) as multiplication by the scalar q()"“)ﬂ}tzph’”’“). Since the
numbers p;; defined by (T.9)) are of the form p;; = 21;” this scalar is an element of A4 = (C[qﬁ , q—ﬁ].

If we define an action of the element R* in V ® W as the composition of the above defined action
of the operators £ and R in V ® W and denote the obtained operator by RV>*" then one can check
that

RVW (my @ mw ) Ay (z)RVW 1 = (mw @ ) A%PP (),

where 7y, Ty are the representations V and W and A, is the comultiplication on U#%(g). Moreover,
RV'W satisfies the quantum Yang-Baxter equation.

By specializing ¢ to a particular value ¢ = € one can obtain an operator with similar properties
acting in the tensor product of any two finite-dimensional UZ(g)-modules. Obviously, the above
construction can be applied in case of the algebra U] (g) as well.

Finally we discuss an obvious analogue of the subalgebra Uj;(my) C Uj(g) for U (g).

Let U5 (my) C Uj(g) be the subalgebra generated by elements eg € U5 (ny.), B € A, , where
Am, C A is the ordered segment (5.9). Obviously, the defining relations in the subalgebra U#(m)
are given by formula (6],

lbsp .
(7.12) eats — q(a75)+(14ph O‘vﬁ)eﬂea = Z C'(ky, ..., kn)efxe% .. .e,’j:,
a<y1<...<yn<f

where C’(ky,. .., kn) € Clg2a,q 2],

The elements e* = 6211 . .eg%, ri € N,i=1,...D, and r; can be strictly positive only if 3; € An,,
form a basis of U% (my.).

Obviously Uj(er)/(qﬁ — 1)U (my) ~ U(my), where m_ is the Lie subalgebra of g generated
by the root vectors X, oo € Ay, .

L
d

Moreover, the map x5 : U5 (m4) — Clg2

s 0 B fm )
XA(eﬂ)_{ ¢ B=n,ceClqz

,q~ 2] defined on generators by

Al"‘

Y
is a character of U5 (my).

By specializing ¢ to a particular value ¢ = € one can obtain a subalgebra U (m4) C UZ(g) with
similar properties.

8. POISSON—LIE GROUPS

In this section we recall some notions concerned with Poisson-Lie groups (see [5], [9], [21], [25]).
These facts will be used in Section [I0l to define g-W-algebras.

Let G be a finite—dimensional Lie group equipped with a Poisson bracket, g its Lie algebra. G is
called a Poisson—Lie group if the multiplication G x G — G is a Poisson map. A Poisson bracket
satisfying this axiom is degenerate and, in particular, is identically zero at the unit element of the
group. Linearizing this bracket at the unit element defines the structure of a Lie algebra in the space
TrG ~ g*. The pair (g, g*) is called the tangent bialgebra of G.

Lie brackets in g and g* satisfy the following compatibility condition:
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Let 6 : g — g A g be the dual of the commutator map [,]« : g* Ag* — g*. Then ¢ is a I-cocycle
on g (with respect to the adjoint action of g on gAg).

Let cfj, f2% be the structure constants of g, g* with respect to the dual bases {e;},{e’} in g, g*.
The compatibility condition means that

conf = it S = i+ ufa = 0.

This condition is symmetric with respect to exchange of ¢ and f. Thus if (g, g*) is a Lie bialgebra,
then (g*, g) is also a Lie bialgebra.

The following proposition shows that the category of finite-dimensional Lie bialgebras is isomor-
phic to the category of finite-dimensional connected simply connected Poisson—Lie groups.

Proposition 8.1. ([5], Theorem 1.3.2) If G is a connected simply connected finite—dimensional
Lie group, every bialgebra structure on g is the tangent bialgebra of a unique Poisson structure on
G which makes G into a Poisson—Lie group.

Let G be a finite-dimensional Poisson-Lie group, (g, g*) the tangent bialgebra of G. The con-
nected simply connected finite-dimensional Poisson—Lie group corresponding to the Lie bialgebra
(g%, g) is called the dual Poisson—Lie group and denoted by G*.

(g,9%) is called a factorizable Lie bialgebra if the following conditions are satisfied (see [9], [21]):

(1) g is equipped with a non—degenerate invariant scalar product (-,-).
We shall always identify g* and g by means of this scalar product.
(2) The dual Lie bracket on g* ~ g is given by

(8.1) X,Y], = % (rX, Y]+ [X,r¥]), X,Y € g,

where r € End g is a skew symmetric linear operator (classical r-matriz).
(3) r satisfies the modified classical Yang-Baxter identity:

(8.2) [rX,7Y]—r([rX, Y]+ [X,7Y]) = - [X,Y], X,Y €g.
Define operators v+ € End g by
1
=g (r+id).

We shall need some properties of the operators r+. Denote by b+ and n+ the image and the kernel
of the operator r:

(8.3) by =Imry, nye = Ker ry.

Proposition 8.2. ([2], [23]) Let (g,g*) be a factorizable Lie bialgebra. Then

(i) b C g is a Lie subalgebra, the subspace ny is a Lie ideal in by, bf = n..

(i) ny is an ideal in g*.

(#i) by is a Lie subalgebra in g*. Moreover by = g*/ny.

(iv) (bx,b%) is a subbialgebra of (g,8*) and (bx,b%) =~ (bx,by). The canonical paring between
bx and biis given by

(8.4) (X+, YY) = (X5,73'Yy), X+ € bg; Vi € by

The classical Yang—Baxter equation implies that r1 , regarded as a mapping from g* into g, is a
Lie algebra homomorphism. Moreover, r} = —r_, and v, —r_ = id.
Put 0 = g ® ¢ (direct sum of two copies). The mapping

(8.5) g-—0 X (X4, X_), Xy = re X
is a Lie algebra embedding. Thus we may identify g* with a Lie subalgebra in 0.
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Naturally, embedding (B3] extends to a homomorphism
G*"—>GxG, L~ (Ly,L_).
We shall identify G* with the corresponding subgroup in G x G.

9. POISSON REDUCTION

In this section we recall basic facts on Poisson reduction (see [34], [24]).
Let M, B, B’ be Poisson manifolds. Two Poisson surjections

M
v pN
B’ B
form a dual pair if the pullback 7 *C°(B’) is the centralizer of 7*C>°(B) in the Poisson algebra
C°°(M). In that case the sets B; = 7’ (m*(b)), b € B are Poisson submanifolds in B’ (see [34])
called reduced Poisson manifolds.

Fix an element b € B. Then the algebra of functions C*°(B}) may be described as follows.
Let I be the ideal in C*°(M) generated by elements 7*(f), f € C>°(B), f(b) = 0. Denote
M, = 7 1(b). Then the algebra C>°(M,) is simply the quotient of C°°(M) by I,. Denote by
Py : C®(M) — C*(M)/I, = C°°(Mp) the canonical projection onto the quotient.

Lemma 9.1. Suppose that the map f — f(b) is a character of the Poisson algebra C*°(B). Then
one can define an action of the Poisson algebra C*°(B) on the space C*(My) by

(9.1) fo=PR{r"(f),2}),

where f € C®(B), ¢ € C®°(My) and ¢ € C°(M) is a representative of ¢ in C°°(M) such that
Py(p) = . Moreover, C*°(By) is the subspace of invariants in C°(My) with respect to this action.

Proof. Let ¢ € C°°(My). Choose a representative ¢ € C*°(M) such that Py($) = ¢. Since the
map f +— f(b) is a character of the Poisson algebra C'°°(B), Hamiltonian vector fields of functions
7*(f), f € C°°(B) are tangent to the surface M;. Therefore the r.h.s. of (@) only depends on ¢
but not on the representative ¢, and hence formula (@) defines an action of the Poisson algebra
C*(B) on the space C*°(My).

Using the definition of the dual pair we obtain that ¢ = 7/*(1) for some ¢ € C*°(By) if and only
if P,({m*(f),#}) =0 for every f € C(B).

Finally we obtain that C°°(By) is exactly the subspace of invariants in C*°(M,) with respect to

action ([@.I)). O

Definition 9.1. The algebra C*°(By) is called a reduced Poisson algebra. We also denote it by
COO(Mb)Cx(B).

Remark 9.4. Note that the description of the algebra C™(My)°™ (B) obtained in Lemma [91 is
imdependent of both the manifold B’ and the projection ©'. Observe also that the reduced space
B} may be identified with a cross-section of the action of the Poisson algebra C*°(B) on M, by
Hamiltonian vector fields in case when this action is free. In particular, in that case B; may be
regarded as a submanifold in M.

An important example of dual pairs is provided by Poisson group actions. Recall that a (local)
Poisson group action of a Poisson—Lie group A on a Poisson manifold M is a (local) group action
A x M — M which is also a Poisson map (as usual, we suppose that A x M is equipped with the
product Poisson structure).
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In [24] it is proved that if the space M/A is a smooth manifold, there exists a unique Poisson
structure on M /A such that the canonical projection M — M/A is a Poisson map.

Let a be the Lie algebra of A. Denote by (-,-) the canonical paring between a* and a. A map
w: M — A* is called a moment map for a (local) right Poisson group action A x M — M if (see

[18])
(9.2) Lgp = (u(0a-), X)(&),

where 6 4+ is the universal right—invariant Maurer—Cartan form on A*, X € a, X is the corresponding
vector field on M and &, is the Hamiltonian vector field of ¢ € C*°(M).

By Theorem 4.9 in [I8] one can always equip A* with a Poisson structure in such a way that u
becomes a Poisson mapping. From the definition of the moment map it follows that if M/A is a
smooth manifold then the canonical projection M — M /A and the moment map p: M — A* form
a dual pair (see [I8] for details).

The main example of Poisson group actions is the so—called dressing action. The dressing action
may be described as follows (see [18], [24]).

Proposition 9.2. Let G be a connected simply connected Poisson—Lie group with factorizable tan-
gent Lie bialgebra, G* the dual group. Then there exists a unique right local Poisson group action

G*x G —G*, (Li,L_),g) — go(Ly, L),

such that the identity mapping p: G* — G* is the moment map for this action.
Moreover, let q : G* — G be the map defined by

q(Ly, L) =L_L;".
Then
a(go(Ly, L)) =g 'L-Li'g.
The notion of Poisson group actions may be generalized as follows. Let A x M — M be a Poisson
group action of a Poisson-Lie group A on a Poisson manifold M. A subgroup K C A is called
admissible if the set C> (M) of K-invariants is a Poisson subalgebra in € (M). If space M/K

is a smooth manifold, we may identify the algebras C°(M/K) and C*° (M)™. Hence there exists
a Poisson structure on M /K such that the canonical projection M — M/K is a Poisson map.

Proposition 9.3. ([24], Theorem 6; [I8], §2) Let (a,a*) be the tangent Lie bialgebra of a Poisson—
Lie group A. A connected Lie subgroup K C A with Lie algebra € C a is admissible if the annihilator
tL of € in a* is a Lie subalgebra £+ C a*.

We shall need the following particular example of dual pairs arising from Poisson group actions.

Let A x M — M be a right (local) Poisson group action of a Poisson—Lie group A on a manifold
M. Suppose that this action possesses a moment map p : M — A*. Let K be an admissible
subgroup in A. Denote by £ the Lie algebra of K. Assume that €& C a* is a Lie subalgebra in a*.
Suppose also that there is a splitting a* = t @ €1, and that t is a Lie subalgebra in a*. Then the
linear space £* is naturally identified with t. Assume that A* = KT as a manifold, where K+, T
are the Lie subgroups of A* corresponding to the Lie subalgebras £+,t C a*, respectively. Denote
by g1, the projections onto K+ and T in this decomposition. Suppose that K= is a connected
subgroup in A* and that for any k* € K~ the transformation

(9.3) t—t,
t > (Ad(kH)t)y,
where the subscript t stands for the t-component with respect to the decomposition a* = t @ £+,

is invertible. The following proposition is a slight generalization of Theorem 14 in [29]. The proof
given in [29] still applies under the conditions imposed on K, K+ and T above.
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Proposition 9.4. Define a map w: M — T by

=TT
Then
(i) @* (C> (T)) is a Poisson subalgebra in C*° (M), and hence one can equip T with a Poisson
structure such that i : M — T is a Poisson map.
(ii)Moreover, the algebra C> (M) is the centralizer of T* (C (T)) in the Poisson algebra
C>* (M). In particular, if M/K is a smooth manifold the maps

M
(9.4) v S
M/K T
form a dual pair.

Remark 9.5. Lett € T be as in LemmalZdl Assume that w(m—'(t)) is a smooth manifold (M/K
does not need to be smooth). Then the algebra C°(m(T~1(t))) is isomorphic to the reduced Poisson
algebra C>° (@~ 1(t))¢™ (1),

Remark 9.6. In the proof of Theorem 1/ in [29] we obtained a formula which relates the action

of the Poisson algebra §* (C°° (T)) and the action of K on C* (M). Let X € ¢ and X be the
corresponding vector field on M, &, the Hamiltonian vector field of ¢ € C*°(M). Then

Lz = (Ad(mgcep)(m0r), X)(&p) =

(Ad(mgee ) (07), X) (1. (&),
where O is the universal Tight invariant Cartan form on T.

(9.5)

10. QUANTIZATION OF POISSON-LIE GROUPS AND Q-W—-ALGEBRAS

Let g be a finite—dimensional complex simple Lie algebra, b C g its Cartan subalgebra. Let s € W
be an element of the Weyl group W of the pair (g, h) and A the system of positive roots associated
to s. Observe that cocycle ([LI2]) equips g with the structure of a factorizable Lie bialgebra. Using
the identification End g = g ® g the corresponding r-matrix may be represented as

1
TSZP+—P,+1+S

— b

where Py, P_ and Py are the projection operators onto ny,n_ and lj in the direct sum
g=np+b +b" 40,

where b/ L is the orthogonal complement to §’ in § with respect to the Killing form.

Let G be the connected simply connected simple Poisson—Lie group with the tangent Lie bialgebra
(g,9%), G* the dual group. Observe that G is an algebraic group (see §104, Theorem 12 in [35]).

Note also that

s 1 1 s S 1
ri =Py + mph/ + gpbu, r> =—P_+ Tsph/ — gpbu,

and hence the subspaces by and ni defined by (83) coincide with the Borel subalgebras in g and
their nil-radicals, respectively. Therefore every element (L4, L_) € G* may be uniquely written as

(10.1) (Ly,L-) = (hy,h)(ny,n_),

where ny € Ni, hy = exp((5Py + 2 Py1)z), h = exp((+2 Py — 2 Py1)z), @ € b. In particular,
G* is a solvable algebraic subgroup in G x G.
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For every algebraic variety V' we denote by C[V] the algebra of regular functions on V. Our
main object will be the algebra of regular functions on G*, C[G*]. This algebra may be explicitly
described as follows. Let 7wy be a finite—dimensional representation of G. Then matrix elements
of my(Ly) are well-defined functions on G*, and C[G*] is the subspace in C*°(G*) generated by
matrix elements of 7y (L4 ), where V' runs through all finite-dimensional representations of G.

The elements L*V = 7y (L1) may be viewed as elements of the space C[G*] ® EndV. For every
two finite-dimensional g modules V' and W we denote 3. vw
as an element of g ® g.

Proposition 10.1. ([25], Section 2) C[G*| is a Poisson subalgebra in the Poisson algebra C*°(G*),
the Poisson brackets of the elements L™V are given by

{LiW L;EV} — 2[ s VW LiWLiV],

= (my ® mw)rY, where r} is regarded

(10.2)
{LI’W,L;’V} 2[T+VW Ly ’WL+ V]
where
LW =r1*Vel, 17V =IvoL*Y,
and Ix is the unit matriz in X.

Moreover, the map A : C[G*] — C[G*] ® C[G*] dual to the multiplication in G*,
£V +V
(10.3) A(L;; Z Ly oLy,

is a homomorphism of Poisson algebras, and the map S : C[G*] — C[G*],
£V _ r+,Vy—1
S(Li; ) = (L™7);

is an antihomomorphism of Poisson algebras.

Remark 10.7. Recall that a Poisson—Hopf algebra is a Poisson algebra which is also a Hopf alge-
bra such that the comultiplication is a homomorphism of Poisson algebras and the antipode is an
antithomomorphism of Poisson algebras. According to Proposition [I0.1] C[G*] is a Poisson-Hopf
algebra.

Now we construct a quantization of the Poisson—Hopf algebra C[G*]. For technical reasons we
shall need an extension of the algebra U#%(g) to an algebra U5, (g) = U5(g) ®4 A’, where A" =
1

L
—2d]

1 —L 1—q
C[q2daq 2da 1_q;2

.....

;- Note that the ratios _q,‘; have no singularities when ¢ = 1, and we can

i

define a localization, A’ /(1 — g21)A’ = C as well as similar localizations for other generic values of
e, A'/(e2a — q2i) A’ = C and similar localizations of algebras over A’. US,(g) is naturally a Hopf
algebra with the comultiplication and the antipode induced from U¥(g).

First, using arguments similar to those applied in the end of Section[f] where we defined the action
of the element R° in tensor products of finite-dimensional representations, one can show that for
any finite-dimensional U%(g) module V' the invertible elements 9L given by

IV = (idomy)Ry, ' = (id®@ my S*) Ry, L™ = (id @ my)R®.

are well defined elements of U%(g) ® EndV (compare with [10]). If we fix a basis in V, L% may
be regarded as matrices with matrix elements (?L*V),; being elements of U%(g). We also recall
that one can define an operator RYW = (7 @ mw )R® (see Section [7).

From the Yang Baxter equation for R we get relations between 9L*V:

(10.4) RVWapFWaryV =apy VeV RYW,

(105) RVWqL WqLJrV qLJr VqL WRVW
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By qui’W, qL;‘E " we understand the following matrices in V ® W with entries being elements of
Ui(g):
itV = EW e Iy, 1LY = Iy 1LY,
where Ix is the unit matrix in X.
From (B1) we can obtain the action of the comultiplication on the matrices 1LV :

+,V +,V +,V
(10.6) ALEY) =D Ly @0
k
and the antipode,

(10.7) So(L;Y) = (1LEY)
We denote by C 4/ [G*] the Hopf subalgebra in U%,(g) generated by matrix elements of (1L+V)*1]
where V' runs through all finite-dimensional representations of U%(g).
Since R* = 1®1 (mod h) relations (I0.4) and ([0.5) imply that the quotient algebra C 4 [G*]/(q2a —
1)C 4/[G*] is commutative, and one can equip it with a Poisson structure given by
1 [a1,a9]
2d qi —1
where a1, ay € C4/[G*] reduce to z1, 25 € C4[G*]/(¢27 —1)C 4 [G*] (mod (g22 —1)). Obviously, the
maps ([0.6) and (I0.7) induce a comultiplication and an antipode on C 4/ [G*]/(g2a —1)C 4/ [G*] com-
patible with the introduced Poisson structure, and the quotient C_4 [G*]/(q27 — 1)C_4/[G*] becomes
a Poisson—Hopf algebra.

(10.8) {z1, 25} = (mod (g2t — 1)),

Proposition 10.2. The Poisson—Hopf algebra C 4/ [G*]/(q2i —1)C 4/ [G*] is isomorphic to C[G*] as
a Poisson—Hopf algebra.
Proof. Denote by p : C4/[G*] = Ca/[G*]/(q2a —1)C4/[G*] = C[G*]’ the canonical projection, and
let LV = (p@py)(1L*Y) € C[G*] @ EndV, where py : V — V = V/(q2a — 1)V be the projection
of finite-dimensional U (g)-module V onto the corresponding g-module V.

First observe that the map

1: ClG*) = C[GY], (@id)L*Y = LTV
is a well-defined linear isomorphism. Indeed, consider, for instance, element L=V. From E10) it
follows that
LY =A@ idyeap [Xi_, hH: @ 7y (=25 Py + Py )Y0)|
[15 explp((1 — q57)ep) @ mp(X )] }ij-
On the other hand (I0.]) implies that every element L_ may be represented in the form

(10.9)

Lo = eap [Siy bils Py — 1Py )Yi] x

(10.10)
HB EIp[bﬁng], biv bﬁ € C,
and hence
- I .
(1011) Lij v = {6$p [Zizl bi oY T‘—V((l—spbl - %Phu_)y;)} X

[1s explbs ® mv (X-p)]}ij-
Therefore : is a linear isomorphism. We have to prove that ¢ is an isomorphism of Poisson—Hopf

algebras.
Recall that R®* =1 ® 1 + 2hr? (mod h?). Therefore from commutation relations (I0.4), (I0.5)

it follows that C[G*]" is a commutative algebra, and the Poisson brackets of matrix elements f)iv
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(see (I0.8)) are given by (I0.2), where L*" are replaced by L*=". The factor 2 in formula (I0.)

normalizes the Poisson bracket in such a way that bracket (I0.8) is in agreement with (I0.2)).
From (I0.6) we also obtain that the action of the comultiplication on the matrices L*V is given

by (I03), where L™V are replaced by L**V. This completes the proof. O

We shall call the map p : C 4/ [G*] — C[G*] the quasiclassical limit.

From the definition of the elements L%V it follows that C4/[G*] is the subalgebra in U%,(g)
generated by the elements Hé‘:l t;wdp”, Hé‘:l t;wdp”, i=1,...0, g = (1 — qlgz)eﬁ, fa=(1-
q5°)e"? f5, B e Ay

Now using the Hopf algebra C_4/[G*] we shall define quantum versions of W—algebras. From the
definition of the elements L%V it follows that C 4 [G*] contains the subalgebra C 4 [N_] generated
by elements é3 = (1 — q§2)eﬂ, BeA;.

Suppose that the ordering of the root system A is fixed as in formula (5.8]). Denote by C4/[M_]
the subalgebra in C4/[N_] generated by elements ég, f € An, .

By construction C 4 [N_] is a quantization of the algebra of regular functions on the algebraic
subgroup N_ C G* corresponding to the Lie subalgebra n_ C g*, and C4 [M_] is a quantization
of the algebra of regular functions on the algebraic subgroup M_ C G* corresponding to the Lie
subalgebra m_ C g* in the sense that p(C 4 [N_]) = C[N_] and p(C4[M_]) = C[M_]. We also
denote by My the algebraic subgroup M, C G* corresponding to the Lie subalgebra m C g*.

We claim that the defining relations in the subalgebra C 4/ [M_] are given by a formula similar to
(CI2). Indeed, consider the defining relations in the subalgebra U%(m..),

€as — q(o"ﬂ)“gph'*a’ﬁ)egea = Z C'(ki, ..., kn)elg;elg; ... elg:,
a<81<...<8,<f3
where C'(ky, ..., k,) € Clg2a,q 21]. Commutation relations between quantum analogues of root
vectors obtained in Proposition 4.2 in [I5] imply that each function C’(ki,...,k,) has a zero of

order ki + ...+ k, — 1 at point ¢ = 1. Therefore one can write the following defining relations for
the generators ég = (1 — qlgz)eg, B € Am, in the algebra C 4/ [M_],

Gpba = > C"(ki,... kn)Esrel .. a5,
a<01<...<p <P
where C”(k1,...,k,) € A’, and each function C"(k1,...,k,) has a zero of order 1 at point ¢ = 1.

Now arguments similar to those used in the proof of Theorem show that the map xj :
Ca[M_]—> A,

s — q(a,ﬁ)-‘r(%ﬂ/*a,ﬂ)

o e ={5 SE0n

is a character of Ca/[M_]. Denote by Cy: the rank one representation of the algebra C/[M_]
defined by the character xj.

We call the algebra
(1013) W;(G) = End(CA/[G*]((CA’ [G*] ®(CA/[M7] (CXZ;)OPP

the g-W-algebra associated to the (conjugacy class) of the Weyl group element s € W.

Observe that by Frobenius reciprocity we also have

W, (G) = Homc,,, (a1 )(Cys, Car[G™] ®c , (ar_] Cys)-

Therefore if we denote by I, the left ideal in C4/[G*] generated by the kernel of x; then W;(G) can
be defined as the subspace of all z + Iy € Qy;, Qy; = Ca (G*] ®c (m-] Cy; =Cu [G*]/14, such
that [m,z] = ma — xm € I, for any m € C 4/ [M_].
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Now consider the Lie algebra £ 4/ associated to the associative algebra C 4/ [M_], i.e. £4/ is the
Lie algebra which is isomorphic to C4/[M_] as a linear space, and the Lie bracket in £4/ is given
by the usual commutator of elements in C 4/ [M_].

If we denote by py: the canonical projection Ca [G*] = Ca/[G*]/I, then the algebra W (G) can
be regarded as the algebra of invariants with respect to the following action of the Lie algebra £ 4/
on the space C 4/ [G*]/I:

(10.14) m- (2 + 1) = pys (fm, ).

where z € C 4/[G*] is any representative of « + I, € C4/[G*]/I, and m € C o [M_].

In terms of this description the multiplication in W4 (G) takes the form (x+1,)(y+ 1) = zy + I,
r+1g,y+1, € W7 (G). Note also that since x; is a character of C 4/ [M_] the ideal I, is stable under
that action of C 4 [M_] on C4/[G*] by commutators.

In conclusion we remark that by specializing ¢ to a particular value ¢ € C one can define a
complex associative algebra C.[G*] = Cu/[G*]/(q21 — e2a)C/[G*], its subalgebra C.[M_] with a
nontrivial character x and the corresponding W-algebra

(10.15) WE(G) = Ende, (6+(C<[G"] ®c.mr) Cy

N L

Obviously, for generic e we have W (G) = W/ (G)/(q2d — €22 )W (G).

11. POISSON REDUCTION AND Q-W ALGEBRAS

In this section we shall analyze the quasiclassical limit of the algebra W (G). Using results of
Section [ we realize this limit algebra as the algebra of functions on a reduced Poisson manifold.

Denote by x* the character of the Poisson subalgebra C[M_] such that x*(p(z)) = xj(x) (mod (q2a—
1)) for every x € C 4 [M_].

Let I = p(I,;) be the ideal in C[G*] generated by the kernel of x®. Then the Poisson algebra
W (G) = W;(G)/(qﬁ — 1)W;(G) is the subspace of all z + I € Qy:, Qys = C[G]/I, such that
{m,z} € I for any m € C[M_], and the Poisson bracket in W*(G) takes the form {(z+1),(y+1)} =
{z,y} + 1,z + I,y + 1€ W?*(G). We shall also write W*(G) = (C[G*]/I)*M-] = (Q,-)CM-],

Denote by py- the canonical projection C[G*] — C[G*]/I. The discussion above implies that
W#(G) is the algebra of invariants with respect to the following action of the Poisson algebra C[M_]
on the space C[G*]/I:

(11'1) - (v—l—I):st({x,v}),

where v € C[G*] is any representative of v + I € C[G*]/I and z € C[M_].

We shall describe the space of invariants (C[G*]/T)®IM-] with respect to this action by analyzing
“dual geometric objects”. First observe that algebra (C[G*]/I)®[M-] is a particular example of the
reduced Poisson algebra introduced in Lemma

Indeed, recall that according to (I0I)) any element (L, L_) € G* may be uniquely written as

(11.2) (Ly,L-) = (hy,h)(ny,n_),

where ny € Ny, hy = exp((: Py + %Pbu)x), h_ = exp(({= Py — $Py1)z), x €.
Formula (I0.J]) and decomposition of N_ into products of one-dimensional subgroups correspond-
ing to roots also imply that every element L_ may be represented in the form

L = eap [Sizy bi(s3 Py — $Py ) Hi x
[ explbsX_p], bi,bs € C,

where the product over roots is taken in the same order as in normal ordering (G.8)).

(11.3)
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Now define a map punr, : G* — M_ by

(114) /LM+(L+5L*) =m—,
where for L_ given by ([I13]) m_ is defined as follows
m_ = H explbgX_g],
BEAm,

and the product over roots is taken in the same order as in the normally ordered segment Ay, .

By definition jup/, is a morphism of algebraic varieties. We also note that by definition C[M_] =
{¢ € C[G*] : ¢ = p(m_)}. Therefore C[M_] is generated by the pullbacks of regular functions
on M_ with respect to the map jps, . Since C[M_] is a Poisson subalgebra in C[G*], and regular
functions on M_ are dense in C°°(M_) on every compact subset, we can equip the manifold M_
with the Poisson structure in such a way that uys, becomes a Poisson mapping.

Let u be the element defined by

v
(11.5) u = He:tp[tiX_%.] € M_,t; = k; (mod (g2 — 1)),

i=1
where the product over roots is taken in the same order as in the normally ordered segment A, .
From (I0.9) and the definition of x* it follows that x*(¢) = ¢p(u) for every ¢ € C[M_]. x*® naturally
extends to a character of the Poisson algebra C>°(M_).

Now applying Lemma for M = G*, B=M_, m = pn,, b = u we can define the reduced
Poisson algebra C""’(ul\j}+ (1))~ (M=) (see also Remark [@.4). Denote by I, the ideal in C>(G*)
generated by elements py, ¢, ¥ € C*(M-), ¥(u) = 0. Let P, : C*(G*) = C=(G")/L, =
c> %LLXA (u)) be the canonical projection. Then the action (@) of C*°(M_) on C* (,u;,l+ (u)) takes
the form:

(11.6) Vo= Pu({up, v, 8}),
where ¢ € C*®(M_), ¢ € C’OO(;LXA (u)) and ¢ € C°°(G*) is a representative of ¢ such that P,@ = .

Lemma 11.1. ”1\7/11«# (u) is a subvariety in G*. Moreover, the algebra C[G*]/I is isomorphic to
the algebra of regular functions on ;L]T/A,L(u), ClGg*|/1 = (C[;LJTA(U)], and the algebra W*(G) =
(C[G*]/I)CM-1 is isomorphic to the algebra of regular functions on ;LXA (u) which are invariant
with respect to the action (I1.0) of C°>°(M-) on C* (/LJTA (u)), i.e.

W*(G) = Cluf, ()] N C™ (i, ()"~ 1.

Proof. By definition ;LXA (u) is a subvariety in G*. Next observe that I = C[G*]N I,,. Therefore the

algebra C[G*]/I is identified with the algebra of regular functions on u;ﬁ (u).
Since C[M_] is dense in C°°(M_) on every compact subset in M_ we have:

O™ (g, (w)) ™ M 22 € (gt (u)) -1,

Finally observe that action (I1.0]) coincides with action (ITI]) when restricted to regular functions.
O

In case when the roots ~1,...,7, are simple, and hence the segment Ag: is of the form A =
{71, --,7n}, we shall realize the algebra C'>° (u]_vi (u))¢”™ (N-) as the algebra of functions on a reduced
Poisson manifold. In the spirit of Lemma[@.Tlwe shall construct a map that forms a dual pair together
with the mapping pas, . In this construction we use the dressing action of the Poisson-Lie group G
on G* (see Proposition [0.2)).
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Consider the restriction of the dressing action G* x G — G* to the subgroup My C G. According
to part (iv) of Proposition (b4, b_) is a subbialgebra of (g, g*). Therefore By is a Poisson-Lie
subgroup in G. We claim that M C By is an admissible subgroup.

Indeed, observe that if the roots 71, ..., v, are simple then Ay = {~1,...,7,}, and the comple-

mentary subset to Ay, in A is a minimal segment A . with respect to normal ordering E3).

Now using Proposition (iv) the subspace mi in b_ can be identified with the linear subspace

in b_ spanned by the Cartan subalgebra h and the root subspaces corresponding to the roots from
the minimal segment —A%+. Using the fact that the adjoint action of h normalizes root subspaces
and Lemma [5.2] we deduce that mﬂ; C b_ is a Lie subalgebra, and hence M, C B is an admissible
subgroup. Therefore C>°(G*)M+ is a Poisson subalgebra in the Poisson algebra C>°(G*).

Proposition 11.2. Assume that the roots 71, ...,7v, are simple. Then the algebra C™=(G*)M+ is
the centralizer of yy,, (C°° (M-)) in the Poisson algebra C°°(G*).

Proof. First recall that, as we observed above, B is a Poisson-Lie subgroup in G. By Proposition
02 for X € by we have:

(11.7) Lgp(Ly,L-) = (B (Ly,L-), X)(&) = (', (05_), X) (&),

where X is the corresponding vector field on G*, &, is the Hamiltonian vector field of ¢ € C*(G*),
and the map pup, : G* — B_ is defined by up, (L4, L_) = L_. Now from Proposition 82 (iv) and
the definition of the moment map it follows that up, is a moment map for the dressing action of
the subgroup By on G*.

We also proved above that M is an admissible subgroup in the Lie-Poisson group B;. Moreover
the dual group B_ can be uniquely factorized as B = M JJ;M _, where M. i‘ C B_ is the Lie subgroup
corresponding to the Lie subalgebra mi cb_.

We conclude that all the conditions of Proposition [0.4] are satisfied with A = By, K = M, A* =
B_,T = M_,K*+ = M{},pu = pp,. It follows that the algebra C>(G*)™+ is the centralizer of
g, (C°°(M-)) in the Poisson algebra C'>°(G*). This completes the proof. O

Let G* /M be the quotient of G* with respect to the dressing action of M,, 7w : G* — G* /M,
the canonical projection. Note that the space G*/M, is not a smooth manifold. However, in the
next section we will see that the subspace W(MXA (u)) C G* /M is a smooth manifold. Therefore by
Remark the algebra C(’O(W(u;j+ (u))) is isomorphic to C(’O(uﬁ+ (u))©™ (M=) Moreover we will
see that 71'(;;1\7[1+ (u)) has a structure of algebraic variety. Using Lemma [[T.T] we will obtain that the
algebra W#(G) is the algebra of regular functions on this variety.

12. CROSS—SECTION THEOREM

In this section we describe the reduced space 7T(,U,I\7/[1+ (u)) € G*/M, and the algebra W*(G) =

(C[G*]/1)®M-] assuming that the roots i,...,7, are simple.

First observe that in the considered case the map ¢ : G* — G (see Proposition[0.2)) is an embedding
of G* into G as a manifold. Using this embedding one can reduce the study of the dressing action
to the study of the action of G on itself by conjugations. This simplifies many geometric problems.
Consider the restriction of this action to the subgroup M. Denote by 7 : G — G/M_. the canonical
projection onto the quotient with respect to this action. Then we can identify the reduced space
W(MXA (u)) with the subspace 7, (q(uﬁr (w))) in G/M. Using this identification we shall explicitly

describe the reduced space W(/LJTA (u)). We start with description of the image of the “level surface”
MXA (u) under the embedding g.
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Let X, (t) = exp(tX,) € G, t € C be the one-parametric subgroup in the algebraic group G
corresponding to root a@ € A. Recall that for any o € Ay and any ¢ # 0 the element s,(t) =
Xo(—t)X_o(t)Xa(—t) € G is a representative for the reflection s, corresponding to the root «.
Denote by s € G the following representative of the Weyl group element s € W,

(12.1) 5 =5y, (t1)...54, (tr),
where the numbers t; are defined in (TTH]), and we assume that ¢; # 0 for any .
We shall also use the following representatives for s! and s2

81 = S'Yl (tl) et S'Yn (tn)7 82 = S'Yn+1 (tn"l'l) et S'Yl/ (tl/)'

Let Z be the subgroup of G corresponding to the Lie subalgebra 3 generated by the semisimple
part m of the Levi subalgebra [ and by the centralizer of s in . Denote by N the subgroup of G
corresponding to the Lie subalgebra n and by N the opposite unipotent subgroup in G with the Lie
algebran = @, _,(g)m. By definition we have that Ny C ZN.

m<0

Proposition 12.1. Let q : G* — G be the map introduced in Proposition [9.2,
ALy L) =L L;"

Assume that the roots v1,...,v, are simple and that the numbers t; defined in (I1.3) are not equal

to zero for alli. Then Q(MJTA (u)) is a subvariety in NsZN and the closure q(ujT/_[l+ (u)) of q(ujT/_[l+ (u))
is also contained in NsZN.

Proof. First, using definition (IT4)) of the map ps, and the relation h_ = s(hy) following from
([I01) we can describe the space ;LXA (u) as follows:

(12.2) u;ﬁ (u) = {(hyny,s(hy)uz)|ny € Ny, hy € Hox € M2},

where M0 is the subgroup of G generated by the one—parametric subgroups corresponding to the
roots from the segment —A&+. Therefore

(12.3) q(ul\j}+ (w)) = {s(hy)uani'hi'ny € Ny, hy € Hyx € MO}

Now we show that uamjrl belongs to NsZN. Indeed, we have

(12.4) urny' = ur Xy, (—t1) ... Xy, (—t) Xy, (tr) ... Xy (1) "

Now observe that the segment A’ = —7,,41, ..., ¥, is minimal with respect to the circular normal
ordering, —Ap . C A’ and A’ -A; C —ApJ—Ap. Combining these facts with Lemma 5.2,
recalling the definition of the element v and using the commutation relations between one—parametric
subgroups corresponding to roots and the commutation relations X, (£)X_,,(t") = X, (t') X, (t),
i1 #j,i4,5=1,...,n for one-parametric subgroups corresponding to the simple roots v;, i =1,...,n
one can rewrite formula (IZ4]) in the following form

(12.5) urn' = X_o, (t1) X, (—t1) ... Xy, () X, (—t1)2'k,

where 2/ € N is such that s22’s2”' € N, and k € ZN. Finally observe that the decomposition
s = s's? is reduced, and hence sz’s™! € N. Therefore using the relations X_., (t;)X,,(—t;) =

X, (ti)s, (t;) we obtain

(12.6) uzny' = 2"k,
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where
(12.7) 2" = X, (t1)84, Xoy (t2)s 1.

s
1
(8yp -8y ) Xy, (tr) (54, - .571,71)71517/571 €N,

Sy, = 84;(t;) € G and k € ZN. Hence uan;' € NsZN.
Next, the space NsZN is invariant with respect to the following action of H:

(12.8) holL =s(h)Lh™'.
Indeed, let L = vszw, v,w € N,z € Z be an element of NsZN. Then
(12.9) ho L = s(h)vs(h) " *s(h)sh™ hzwh™" = s(h)vs(h)'shzwh™'.

The r.h.s. of the last equality belongs to NsZN because H normalizes N and Z.
Comparing action (IZ8) with (IZ3) and recalling that uzn;' € NsZN we deduce q(ul\j[l+ (w)) C

NsZN. Since g is an embedding, q(u]T/_[l+ (u)) is a subvariety in NsZN.

The variety q(ugj+ (u)) is not closed in NsZN. Indeed, from formulas (IZ3]) and (I29) it follows
that q(,ujp[l+ (u)) contains elements of the form x”sk with arbitrary k € ZN and z” given by ([IZ7]),
where ¢; are arbitrary nonzero complex numbers. Obviously its closure q(,ugj+ (u)) is obtained by
adding elements of the same form with some ¢; equal to 0. Clearly, such elements also belong to
NsZN This completes the proof. O

We identify ;LJTA (u) with the subvariety in NsZ N described in the previous proposition. As we ob-
served in the beginning of this section the reduced space 7T(MJT41+ (w)) is isomorphic to 7Tq(q(u]T/11+ ().
Note that by Proposition [2.1] q(,uX;+ (u)) C NsZN.

Proposition 12.2. ([33], Propositions 2.1 and 2.2) Let Ny = {v € N|svs™! € N}. Then the
conjugation map

(12.10) N x sZN, — NsZN

is an isomorphism of varieties. Moreover, the variety sZNs is a transversal slice to the set of
conjugacy classes in G.

Theorem 12.3. Assume that the roots v1, ...,y are simple and that the numbers t; defined in (I1.2)
are not equal to zero for all i. Then the (locally defined) conjugation action of My on q(ul\j}+ (u))
is (locally) free, the quotient m, (q(,u&a (w))) is a smooth variety and the algebra of regular functions
on 7Tq(q(,u]T/Il+ (u))) is isomorphic to the algebra of regular functions on the slice sZ Ny.

The Poisson algebra W*(G) is isomorphic to the Poisson algebra of reqular functions on 71'(;;1\7[1+ (u)),
W*(G) = Clr(uzt (u)] = C[sZN,], and the algebra Cluy, (w)] is isomorphic to C[M.] @ W$(G) =
C[]\2+])® C[LZ( Jlif]:? (T;l)’L]LS the[algebja W, is a ngoncomn[zlsz\fiﬁi(ve)]deformatioi of the c[zlg:b]m of T(egzzlar
functions on the transversal slice sZ Ny.

Proof. First observe that by construction ;LXA (u) = q(,ugj+ (u)) C NsZN is (locally) stable under
the action of My C N on NsZN by conjugations. Since the conjugation action of N on NsZN is
free the (locally defined) conjugation action of My on q(,uX;Jr (u)) is (locally) free as well. Therefore

the quotient m, (‘J(MJTA (u))) is a smooth variety.
Since by Proposition 2.1 q(u]T/_[l+ (u)) € NsZN the induced (local) action of My on q(u]T/_[l+ (u))
is (locally) free as well. Now observe that from the description of the set q(,ugj+ (u)) given in the

end Proposition 211 it follows that sZ N C q(ugj+ (u)). Since by the previous proposition any two
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points of sZNg are not N—conjugate they are not M, —conjugate as well, and hence we have an
embedding sZN, C 7Tq(q(ul\7[1+ (u))). From formula (B.I0) for the cardinality §An, of the set Ay,

and from the definition of q(u;/_[l+ (u)) we deduce that the dimension of the quotient 7, (q(u&[l+ (w)))
is equal to the dimension of the variety sZ Ng,

dim m4(q(py7, (0)) = dim G — 2dim My = 2D +1 = 28An, == 2D +1 -
I(s) =1’
2

—2(D — — Do) =1(s) +2Dg+1—1'=dim Ns + dim Z = dim sZNs.

Note also that both sZNy and 7rq(q(,ug41+ (u))) are connected. Therefore any regular function on

wq(q(u&i (u))) is completely defined by its restriction to sZN,. Such restrictions also span the
space of regular functions on sZ Ny since by the previous proposition the restriction map induces
an isomorphism of the space of N—invariant regular functions on NsZN and the space of regular
functions on sZ Ny, and N-invariant regular functions on NsZN can be restricted to M —invariant
functions on q(ugj+ (u)). Obviously, any regular function on 7Tq(q(ul\7[1+ (u))) is completely defined
by its restriction to m, (q(,u&a (w))). Therefore the algebra of regular functions on m, (q(,u&a (w))) is
isomorphic to the algebra of regular functions on the slice sZN,. This proves the first statement of
the proposition.
Now observe that by Remark the map

O (m (g, () = C™(pyf, (W)™ M), s g

is an isomorphism. By construction the map = : ux,i (u) — w(ux,i (u)) is a morphism of varieties.
Therefore the map

Cla(par, ()] = Cluag, ()] N C®(uyf, ()™M i 7y
is an isomorphism.
Finally observe that by Lemma [[T.1] the algebra (C[ul\jll+ (w)]NnC> (;LXA (u))¢™ (M=) is isomorphic
to W?*(G), and hence W*(G) = C[sZN].
The first three statements of the theorem also imply isomorphisms, (C[ul\f/ll+ (w)] = CIM4] @
W$(G) 2 C[M4] ® C[sZNg|. This completes the proof. O

Remark 12.8. A similar theorem can be proved in case when the roots ypy1,...,vy are simple. In
that case instead of the map q : G* — G one should use another map ¢ : G* — G, ¢(Ly,L_) =
L='L, which has the same properties as q, see [25], Section 2.

Theorem implies that the algebra W*(G) coincides with the deformed Poisson W-algebra
introduced in [33].

In conclusion we discuss a simple property of the algebra W2 (G) which allows to construct non-
commutative deformations of coordinate rings of singularities arising in the fibers of the conjugation
quotient map dg : G — H/W generated by the inclusion C[H]W ~ C[G]% — C|[G], where H is the
maximal torus of G corresponding to the Cartan subalgebra h and W is the Weyl group of the pair
(G,H).

Observe that each central element 2z € Z(C.[G"]) obviously gives rise to an element pys(z) €
C.[G*] ®c.(am_) Cys, and since 2 is central

pxz(2) € Home, (ar 1(Cys, Co[GF] ®c s Cye )PP =
= Endc, (¢+](Cc[G™] ®c.(ar_) Cys )PP = W2 (G).

The proof of the following proposition is similar to that of Theorem Ay, in [30].
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Proposition 12.4. Let ¢ € C be generic. Then the restriction of the linear map pys : C.[G*] —
C.[G*] ®c.im_) Cys to the center Z(C.[G*]) of C.[G*] gives rise to an injective homomorphism of
algebras,

pre : Z(C[G]) = WE(G).

Now if n : Z(C.[G*]) — C is a character then from Theorem [2.3] and the results of Section
6 in [33] it follows that the algebra W2(G)/WZE(G)ker n can be regarded as a noncommutative
deformation of the algebra of regular functions defined on a fiber of the conjugation quotient map
d¢ : s$ZNy — H/W. In particular, for singular fibers we obtain noncommutative deformations of
the coordinate rings of the corresponding singularities.

13. HOMOLOGICAL REALIZATION OF Q-W ALGEBRAS

In this section we realize the algebra W/ (G) in the spirit of homological BRST reduction.

Let A be an associative algebra over a unital ring k, A9 C A a subalgebra with augmentation
€: Ay — k. We denote this rank one Ap—module by k..

Let A — mod (Ag — mod) be the category of left A (Ag) modules. Denote by Indﬁo the functor
of induction,

Indﬁo : Ap —mod — A — mod
defined on objects by
Ind4} (V)= A®4, V, V € Ay — mod.
Let D~ (A) (D~ (Ap)) be the derived category of the abelian category A —mod (Ap —mod) whose
objects are bounded from above complexes of left A (Ap) modules. Let (Indﬁo)L : D7 (Ap) —
D~ (A) be the left derived functor of the functor of induction. Recall that if V* € D~ (Ap) then

(IndﬁO)L(V°) =A®a, X°®, where X*® is a projective resolution of the complex V'°.
The Z—graded algebra

(13.11) Hk® (A, Ao, €) = @ Homp- (1) ((Ind7, )" (ke), 7" ((Ind 4, ) * (ko))
nez

where T is the grading shift functor, is called in [28| [31] the Hecke algebra of the triple (A, Ao, €).
For every left A-module V' and right A-module W the algebra Hk®(A, Ag, €) naturally acts in the
spaces Ext} (ke,V) and Tory (W, k), from the right and from the left, respectively (see [28, [31]
for details).
Note that if H*((Ind}, )" (k.)) = Tor% (4, k.) = A ®4, ke the object
(IndﬁO)L(ke) € D~ (A) is isomorphic in D~ (A) to the complex ... - 0 - A®4, ke = 0 — ... (with
A ®4, ke at the 0-th place) and hence
(13.12) Hk®(A, Ao, €) = Ext% (A @4, ke, A ®4, k).
In particular,
(13.13) HK™(A, Ag,€) =0, n < 0,
and the zeroth graded component of the algebra Hk®(A, A, €) takes the form
(13.14) HK’(A, Ao, €) = Homa(A @4, ke, A ® 4, ko).

In view of definition (I0.I3) and the last formula it is natural to consider the Hecke algebra
associated to the triple (C4[G*], Ca[M_], x3) and its specialization (C.[G*],Cc[M_], x2).
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Theorem 13.5. Assume that the Toots y1,...,Yn (0T Ynt1,---,%) are simple. Then
HK" ((C.[G*],C.[M_],x2)) =0, n <0,
and
HK((C.[G*], Co[M_], x?)) = Endc, 6+ (C[G7] ®c.nr_| Cyz) = W2(G)°PP.

Proof. First observe that the definition of the algebra C.[G*] implies that it has a Poincaré-Birkhoff-
Witt basis similar to that for U.(g). Since the roots 71,...,v, are simple the segment A, has a
complementary segment A% . in Ay This fact and the existence of the Poincaré-Birkhoff-Witt basis
for C.[G*] imply that C.[G*] is a free C.[M_]-module with respect to multiplication by elements
from C.[M_] on C.[G*] from the right. Therefore

TOFEZE[M,]((CE (G™], (ng‘) = C.[G"] Qe (M) (szv
and the discussion of the general properties of Hecke algebras in the beginning of this section gives
HK"(C.[G"], Cc[M_],x2) = 0, n <0,
and
HK’(C.[G"], C<[M_], x?) = Bnde, 6+ (Ce[G"] @c.na) Cxz) = WE(G)™.
(see formulas (I3.13)) and ([I3.14)). This completes the proof.

Note that the higher components
HK"((C.[G*],C.[M_],x2)),n >0

of the algebra Hk®*((C.[G*], C.[M_], x%)) are not equal to zero.
Consider, for instance, the case when g = sly. In that case the only nontrivial element of the

Weyl group is s = —1, and hence 1£2 = 0. Assume that €2 # 1. Then the algebra C.[SL}] is the

complex associative algebra with generators e, f, ¢! subject to the relations
2 —t72
(13.15) tt =ttt =1, tet ' =ce;, tft 1 =c"f, ef — fe= —
e—¢

The subalgebra C.[M_] is generated by the element e. Fix a character x2 of C.[M_] defined by
xi(e)=1.
The center of the algebra C.[SL3}] contains the element

et? e 172
Q=+ .
(e—e~1)2 e
Denote by v the image of 1 € C.[SL3] in the left C.[SL3]-module Q = C.[SL3]®c_[a_] Cy:. One
checks straightforwardly that the elements v,,, = t™Q*v, m € Z,k € N form a linear basis of Q.
It follows that as a C.[M_]-module @ is the direct sum of one-dimensional modules C,,; = Cvyk,
and the element e acts on C,,,;; by multiplication by e~"*. Now by Frobenius reciprocity

Hk"(Cc[SL3], C.[M_], X:) = Eths (M_] ((CX*; ,Ce[SL3] Qc.[Mm_] (CX*; )
and from the description of Q as a left C.[M_]-module given above we obtain linear space isomor-
phisms
HK’(C.[SL}], C.[M_], x%) ~ B Cu

meZ,em=1,keN

Hk'(C[SL3),Co[M_],x8) ~ P Cor/(E™ = )Cpui = P Cu

meZ,keN me€Z,em=1,keN
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The other components of the algebra Hk®(C.[SL3], C.[M_], x%) vanish. But as we see
HK! (Ce[SL3], Ce[M-], x2) #0

for any e. This is related to the fact that the action of C.[M_] on @ is semisimple while in the Lie
algebra case a similar action is nilpotent.

14. SKRYABIN EQUIVALENCE FOR QUANTUM GROUPS

In this section we establish a remarkable equivalence between the category of W#(G)-modules
and a certain category of C.[G*]-modules. This equivalence is a quantum group counterpart of
Skryabin equivalence established in the Appendix to [20].

Let V be a C4/[G*]-module. An element v € V is called a Whittaker vector (with respect to
the subalgebra C 4 [M_]) if mv = xjv for any m € Cx[M_]. For any C 4 [G*]-module V' the space
Wh(V) = {v € V: mv = xjv for any m € C[M_]} is called the space of Whittaker vectors
of V. Let C; be the category of C4/[G*]-modules which are free as A’~modules and generated by
Whittaker vectors, with morphisms being homomorphisms of C 4/ [G*]-modules. We also denote by
C? the category of C.[G*]-modules which are specializations of modules from C; at g=¢ € C. The
spaces of Whittaker vectors for modules from C; are defined similarly to the case of modules from
Cs.

! Note that it is not obvious that the category C; is abelian. As we shall see from the next theorem
this is indeed the case.

Theorem 14.6. Assume that the roots {v1,...,Yn} (0T Ynt1,-.., ) are simple and that the num-
bers t; defined in ({I1J) are not equal to zero for alli. Then the functor E — Q4 Qwes(G) E, where
Qa =Cu[G*] ®c. v (sz;i is an equivalence of the category of left W7 (G)-modules which are free
as A'-modules and the category C;. The inverse equivalence is given by the functor V — Wh(V).
In particular, the latter functor is exact and the category C; is abelian.

For generic ¢ € C the functor E — Q- ®@ws ) E, where Q. = C.[G*] ®c,m_) Cyz, is an
equivalence of the category of left W2 (G)—modules and the category C:. The inverse equivalence is
given by the functor V.— Wh(V'). In particular, the latter functor is exact and the category C: is
abelian.

Proof. Let E be a W7 (G)-module. First we observe that by the definition of the algebra Wy we
have Wh(Q 4 Ow; (@) E) = E. Therefore to prove the theorem it suffices to check that for any
V' € C; the canonical map f : Qa Ows(a) Wh(V) — V is an isomorphism. Since by construction
all the Whittaker vectors from Wh(V') do not belong to the kernel of f and V is generated by the

Whittaker vectors the map f is surjective. We have to prove that f is injective.
Let V! C Qu ®w; () Wh(V) be the kernel of f. Consider the A’-subalgebra Ua(m+.) in Ug(g)

generated by elements e% =eg — Tj(:;z), B € An,.

We claim that the defining relations in the subalgebra U%,(m, ) are given by formula similar to
@.9),
(14.16)  ehely — @D EERahelel = NT Ok, k) (s, ) (€5, L (€5,

a<61<...<dp, <P

where C(k1,...,k,) € A and that US, (my)/(1 — g2a)U%, (my) = U(m,).

Indeed, consider the defining relations in the subalgebra U$(m),

eaty — ¢ @Ay 0B o S Ok, k)eftel . esn
a<d1<... <o <B
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where C'(ky, ..., kn) € C[g2a,¢21]. Commutation relations between quantum analogues of root
vectors obtained in Proposition 4.2 in [I5] imply that each function C’(ki,...,k,) has a zero of
order k; + ...+ k, — 1 at point ¢ = 1. Therefore, as we observed in Section [I0] one can write the
following defining relations for the generators ég = (1 — q§2)63, f € A, in the algebra C ./ [M_],

(14.17) Baly — qPTEEPy B 5 = > C(ky, ... ka)esrer .. i,
a<61<...<dp, <P

where C"(k1,...,k,) € A, and each function C”(ky,...,k,) has a zero of order 1 at point ¢ = 1.

Now we rewrite the last relations in terms of the new generators € = ég — x;(€g) of Ca/[M_]. We

claim that the defining relations for the new generators é,'g in the algebra C4/[M_] have the same

form,

(14.18)  &,&y — @D+ EEPreallglar — S Ok, k) (E5,)F(E5,)F2 L (E5,)F

a<81<...<6,<pB

!
[e3%

and that the terms linear in €} in the r.h.s. of these relations are the same as in (I4.I7). Obviously,
relations (I4.I7) rewritten in terms of the new generators €j; have the same Lh.s. as relations (I4.17)
and can not contain constant terms in the r.h.s. since the character xj vanishes on all generators él'(a.
It is also clear that the only terms in the r.h.s. of relations (IZI8) for €, and €} which may contain
root vectors corresponding to roots v not satisfying the restriction o < v < [ are linear terms,
and the coefficients in front of them have zeroes of order 1 at point ¢ = 1. Such terms would give
a nontrivial contribution to the linearization of the natural Poisson bracket of the elements p(é’ﬁ)
in C[M_], the linearization being taken with respect to the grading by the powers of the elements
p(€3). By construction this linearization is the linearization of the Poisson bracket on the Poisson
manifold M_ at point u. But since the map C[M_] — C, f — f(u) is a character of the Poisson
algebra C[M_] we deduce from ([I0.2) for L~ = uexp(l),l € m_ that up to terms of higher order in
l
=20 Y,

where the notation as in (I0.2)), and hence the linearization of the Poisson bracket on the Poisson

manifold M_ at point u coincides with the linearization at point 1. Thus the linear terms in the
r.h.s. of the relations for € are the same as in (I4.17), and we arrive at (I4.I§). Dividing (I4.18)

by (1— qu)(l — g, %) we obtain ([I£16]) and the discussion of the linear terms in the r.h.s. of (IZIS)

also implies that US, (m1)/(1 — ¢20)U%, (my) = U(my).
Now using the fact that e/, = —L1—-&’, and that for any x € C 4 [G*] we have ——-[&},z] €
B (17(1‘3 ) B (1*‘15 ) B

Ca[G] one verifies that the formula ef; - (z+1;) = @ng (Epz) = u_—%%pxz([é/ﬁv z]), B € Am,,
x + I; € Qu defines a representation of the algebra U (m4) in Q4.

Observe that the algebra U4/(my) is naturally augmented in such a way all the generators €y,
B € A, act on the corresponding rank one module in the trivial way.

Since the annihilator of Wh(V) C Qu ®@w;(e) Wh(V) in Ca/[G*] contains the kernel of the
character xg we can define an action of the algebra Ua/(my) on Qu ®@w;(a) Wh(V) by € - 2v =

—L v = —L o [E) x)v, BE€ An,, z € Ca[G*], v € Wh(V), where we also used the fact that
(1_‘13 ) B (1_‘15 ) B +

I 1 s1 * 1 s1 *
Eﬁ = (1_—1152)85 and that for any r € C_A/[G ] we have (1——(1;2)[66,:12] S (C_A/[G ]

Now consider the specialization Q' ®w; () Wh(V)1 = C[G*]/I ®w=(q) Wh(V), V = V/(q2 —
1)V, Wh(V) = Wh(V)(q22 —1) of Q& ®wz(c)Wh(V) at ¢ = 1. The action of the algebra U4 (m4) in
the space Q4 ®w; () Wh(V) generates a representation of U(m.) in the space Q 4/ Sw:(a) Wh(V);.
We denote this representation by p.
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The action of the algebra U4 (my) on Q4+ also generates an action of U(my) in C[G*]/I which
by definition coincides with action (IT.I) on generators. Namely, for the action of U(my) in C[G*]/I
we have

(14.19) Xy (w+1) = ipxsqp(éﬁ),x}),

where 8 € A, , Xg € my is the corresponding root vector, X5 = ej; (mod (q2a—1)), 241 € C[G*]/I,
x € C[G*] and dg = d; if B is Weyl group conjugate to the simple root «;. Observe also that the
action of U(my) in the space Qa ®w; () Wh(V)1 can be obtained from the action of U(my)

in C[G*]/I if we identify Qa ®w; ) Wh(V)1 = CIG*]/I @w-(q) Wh(V) with a subquotient of
C[G*]/I ® Wh(V) = C[M4] ® W*(G) @ Wh(V) equipped with the induced U (m )-action.

Note that action (I1JJ) is related to the action of My on (C[q(ul\j[l+ (u))] induced by the action of
M, on q(ujT/_[l+ (u)) by conjugations; the exact relation is given by formula (@.5) where A, A*, K, T, K+
and p are specified as in the proof of Proposition Recall also that by Proposition and
Theorem the action of M, on (C[q(,ugj+ (u))] induced by the action of My on q(ul\_/ll+ (u)) by
conjugations is generated by the action of U(m4) on C[M,] by left invariant differential operators
and by the isomorphism C[M;] ® W*(G) = (C[q(ujT/Il+ (w))].

Now let V{ C Q- QW () Wh(V); be the specialization of V' at ¢ = 1. Recall that V is A’'—free
and A’ has no zero divisors. Therefore without loss of generality we can assume, using the definition
of the the above constructed action of U4/ (my) on Q 4 ®W;(G)Wh(V), that V' is invariant under this
action, and hence V7 is invariant under the representation g of U(m. ). By construction V7 is invariant
under the action by multiplication by elements from C[G*] on Q4 BwWs(G) Wh(V);. Formula (@3),

with A, A*, K, T, K+ and pu specified as in the proof of Proposition [T.2, only contains operators of
multiplication by functions from C[G*] and action operators for action (IZI9) of U(m,) on C[G*]/I.
Since Qu @w;(c) Wh(V)1 is a subquotient of C[G*]/I®Wh(V) = C[M,]@W?*(G)®@Wh(V) the last
two facts imply that V/ is invariant under the action g1 of U(m4.) on Qa4 ®w;: () Wh(V)1 induced
by the action of U(my) on C[M,] by left invariant differential operators.

Since the last action of the nilpotent Lie algebra m; on C[M] is locally nilpotent the induced
action g of my on Qu Bws () Wh(V); is locally nilpotent as well. Therefore by Engel theorem
the invariant subspace V| C Qu Ows(c) Wh(V); (if it is nontrivial) contains a nonzero vector
annihilated by any element from my with respect to the action g;. From formula (@.35]) one can
immediately deduce that the actions ¢ and p; have the same invariant elements (compare with
Proposition [T2)). Therefore V{ (if it is nontrivial) contains a nonzero vector annihilated by any
element from m with respect to the action g as well.

Now observe that by construction V7 is contained in the kernel of the specialization f; of the
homomorphism f, f1 : C[G*]/I @wsc) Wh(V) — V, where V = V/(q?: — 1)V and Wh(V) =
Wh(V)(gza —1). As we proved above the specialization V/ of V’ at ¢ = 1 must contain (if V{ is
nontrivial) a nonzero vector which is invariant under the action ¢ of U(my). Such vectors must

belong to the subspace Wh(V') C C[G*]/I ®w:(c) Wh(V) since by the definition of ¢ the space

Wh(V)NQar ®wg () Wh(V) C Qar @wg () Wh(V) consists of all vectors invariant under the action

0. But by the definition of the map f; the subspace Wh(V') does not contain nontrivial elements
from the kernel of f;. Therefore V] = 0, and hence V' = (qgza — D)W', W' C Qu Ows(a) Wh(V).
Since V is A'—free and A’ has no zero divisors we also have W’ C V’. Tterating this process we
deduce that any element w € V’ can be represented in the form w = (¢22 — 1)Bw/,w’ € V' with
arbitrary large B € N which is possible only in case when V' = 0. Therefore f is injective.
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By specializing ¢ to a generic value € € C and observing that by definition the specialization of
the algebra U4/ (m4) at a generic ¢ is isomorphic to C.[M_], and the specialization of the U4 (m)—
module Q 4+ at ¢ is isomorphic to C.[G*] ®c¢_ar_] Cys we obtain a similar result for the category CZ.
This completes the proof of the theorem.

O

APPENDIX. NORMAL ORDERINGS OF ROOT SYSTEMS COMPATIBLE WITH INVOLUTIONS IN WEYL
GROUPS

By Theorem A in [22] every involution w in the Weyl group W of the pair (g, ) is the longest
element of the Weyl group of a Levi subalgebra in g with respect to some system of positive roots,
and w acts by multiplication by —1 in the Cartan subalgebra b,, C h of the semisimple part m,, of
that Levi subalgebra. By Lemma 5 in [4] the involution w can also be expressed as a product of
dim b, reflections from the Weyl group of the pair (m,,, b, ), with respect to mutually orthogonal
roots, w = s,, ...5,,, and the roots vi,...,7y, span the subalgebra b,,.

If w is the longest element in the Weyl group of the pair (m,,, ) with respect to some system
of positive roots, where m,, is a simple Lie algebra and b,, is a Cartan subalgebra of m,,, then w is
an involution acting by multiplication by —1 in b,, if and only if m,, is of one of the following types:
Al, B[, Cl, Dgn, E7, Eg, F‘47 Gg.

Fix a system of positive roots A (m,, h,,) of the pair (my, ). Let w = s,, ... s,, be a represen-
tation of w as a product of dim b,, reflections from the Weyl group of the pair (m,,, h.,), with respect
to mutually orthogonal positive roots. A normal ordering of A, (my,,b,,) is called compatible with
the decomposition w = s, ...s,, if it is of the following form

1 1 1 1
(1420) Bla'"7[3%57175%4,25'"7ﬂ%+n15727ﬂ%+n1+2'"aﬂ%+n2vv3a"'77na

where p is the number of positive roots, and for any two positive roots a, 8 € A (my, h,) such that
v1 < a < B the sum a4+ f can not be represented as a linear combination 22:1 CkYi,, Where ¢, € N
and o <y, < ... <y, < B

Existence of such compatible normal orderings is checked straightforwardly for all simple Lie
algebras of types A1, By, Cj, Doy, E7, Eg, Fy and Gs. In case A; this is obvious since there is only
one positive root. In the other cases normal orderings defined by the properties described below
for each of the types B;, Cj, Doy, 7, Eg, Fy, G2 exist and are compatible with decompositions of
nontrivial involutions in Weyl group. We use Bourbaki notation for the systems of positive and
simple roots (see [1]).

L] Bl
Dynkin diagram:

aq Q2 ar—2 a1 &%)
[} [} [ ] e ———eo
Simple roots: Xl = &1 — €2, = €9 —E3,...,0|1 =€&|—-1 — €&, = ¢&].

Positive roots: ¢; (1 <i<1), e —¢gj,e,+¢; (1 <i<j<lI).

The longest element of the Weyl group expressed as a product of dim b, reflections with
respect to mutually orthogonal roots: w = s, ... s,

Normal ordering of A, (my, h,y) compatible with expression w = s, ... s¢,:

€1 —€2y...4,E&1—1 —E[;E€1y---3,E2,---,E&,
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where the roots ¢; — ¢; (1 <4 < j < l) forming the subsystem A (A4;—1) C A4 (B;) are
situated to the left from €1, and the roots ¢; +¢; (1 < i < j <) are situated to the right
from e1.

[ ] Cl
Dynkin diagram:

aq (e)] ap—2 -1 e7]
[ ] [ ] L [ ) @ ———————— @
Simple roots: a; = €1 — g, a0 = €3 —€3,...,00_1 = €11 — £, Q1 = 2€].

Positive roots: 2¢; (1 <i<l), e, —¢j,e;+¢&; (1<i<j<lI).

The longest element of the Weyl group expressed as a product of dim b,, reflections with
respect to mutually orthogonal roots: w = sac, ... 52,

Normal ordering of A (my,h,) compatible with expression w = sa, ... S2¢,:

€1 —€2,...,€1—-1 —81,281,...,262,...,251,
where the roots ¢; —¢; (1 < i < j <) forming the subsystem A, (A4;-1) C Ay(C)) are
situated to the left from 2eq, and the roots €; +¢; (1 < i < j <) are situated to the right
from 2e;.

i D2n
Dynkin diagram:

A2n—1
[ ]
Qaq (65) aon—3 a2n_2/
L] L] . L] L]
\ .
Qonp
Simple roots: ] = &1 — €2, = E&9 —E3,...,02n-1 = E2n—1 — E2n, 02, = E2n—1 + €op.

Positive roots: €; —¢j,6; +¢; (1 <i < j < 2n).
The longest element of the Weyl group expressed as a product of dim b,, reflections with
respect to mutually orthogonal roots:

W = Se;—exSe1+e3 + » Sean_1—€2nSean_1+e2n"

Normal ordering of A, (m,,b,) compatible with expression

W = Se;—e38e14e2 -+ - Sean_1—c2nSean_1+e2n *

€2 —€3,84 —E5,...,82n-2 —&2p—1,---,E1 —E€2,E3 —E&4,...,E2n—-1 — E2n-2,

51+527---753+547---752n71+52n;
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where the roots ¢; —¢; (1 < i < j <) forming the subsystem A, (A4;-1) C Ay(C)) are
situated to the left from e; + €2, and the roots ¢; +¢; (1 < ¢ < j <) are situated to the
right from &1 + 2.

o [y
Dynkin diagram:

a1 a3 (%] (6759 (675 (64
[ ] [ ] [ ] [ ] [ ] [ ]
[ ]
Q2

Simple roots: a; = %(51 +eg)— %(62 +estestestester), ar =ce1+eg, a3 =2 —eq,
g — E3 —€2,05 = &4 —E3,0g = E5 —&4,007 = Eg — E5.
Positive roots: +e; +¢; (1 < i < j < 6), €5 — &7, %(Eg —e7 + Z?Zl(—l)”(i)si) with
Z?:l v(i) odd.
The longest element of the Weyl group expressed as a product of dim b,, reflections with
respect to mutually orthogonal roots:
W = Segy—e1Seate1Ses—e3Seate3Seg—e5Ses+esSeg—er-

Normal ordering of A, (m,, b, ) compatible with expression

W = Sey—e1Sep+e1Se4—e35e4+e35e6—e55e6+e5Seg—e7 *

Q1,83 —€2,65 —€4,...,68 —E€7,...,E2 7 €1,E4 —E3,86 — €5, -,

€6+ E€5,...,E64 +E3,...,E2+ €1,
where the roots £¢; +¢; (1 < i < j < 6) forming the subsystem Ay(Dg) C A4 (Er)
are placed as in case of the compatible normal ordering of the system A, (Dg), the only
roots from the subsystem A, (A4s) C A4 (Dg) situated to the right from the maximal root
£g — €7 are €9 — £1,64 — €3,86 — €5, the roots g; +¢; (1 < i < j < 6) are situated to the
right from g + €5, and a half of the positive roots which do not belong to the subsystem

A4 (Dg) C AL (E7) are situated to the left from eg — €7 and the other half of those roots are
situated to the right from eg — e7.

o [
Dynkin diagram:

aq Qs Qg Qs (€75 (%4 ag

a2
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Simple roots: a; = %(51 —|—€8) — %(62 +ezt+egtes5+¢€g +€7), Qg = €1 +E2,003 = €2 — €1,
Qy = E3 —E2,05 = &4 —E3,0g —E5 — E4,7 = Eg — E5,8 = E7 — E6.

Positive roots: +¢; +¢; (1 <i < j <8), $(es+ Zzzl(—l)”(i)si) with 23:1 v(i) even.

The longest element of the Weyl group expressed as a product of dim b,, reflections with
respect to mutually orthogonal roots:

W = Seo—e1Sex+e1Se4—e3Sea+e38e6—e5Ses+e5Seg—e7Seg+ter-

Normal ordering of A, (m,,b,) compatible with expression

W = Sego—e18ex+e1Seq4—e3Sc4+e35e6—e5Se6+e5Scg—e7Seg—er -

1,83 —E€2,E5 —&4,E7 —€6,...,E2 —E1,E4 —E€3,E6 — €5,

€8 —€7,...,68 +€7,...,86 +€5,...,84 +€3,...,82 + €1,

where the roots te; +¢; (1 < i < j < 8) forming the subsystem A4 (Dg) C A4 (Es) are
placed as in case of the compatible normal ordering of the system A (Dsg), the roots ¢; +¢;
(1 <14 < j <8) are situated to the right from eg + e7; the positive roots which do not belong
to the subsystem A, (Ds) C Ay (Eg) can be split into two groups: the roots from the first
group contain %(Eg + &7) in their decompositions with respect to the basis €;,i = 1,...,8,
and the roots from the second group contain %(ag —¢&7) in their decompositions with respect
to the basis €;,7 = 1,...,8; a half of the roots from the first group are situated to the left
from €5 — €1 and the other half of those roots are situated to the right from eg + €7; a half
of the roots from the second group are situated to the left from 5 — e; and the other half
of those roots are situated to the right from eg — 7.

.F4

Dynkin diagram:

851 a2 a3 Oy

Simple roots: oy = ey — £3,00 = €3 — £4, 003 = €4, 4 = 3(e1 — £2 — €3 — €4).

Positive roots: €; (1 <i<4),e;—¢j,6i+¢; (1 <i<j<4), %(51 tegtegtey).

The longest element of the Weyl group expressed as a product of dim b,, reflections with
respect to mutually orthogonal roots: w = s¢, 5S¢, Ses5¢, -

Normal ordering of A (my, ) compatible with expression w = s, Se, Sy Se,:

g, €1 —E€2y...,E3 —E4y.v.yE1y.--5E2,...,E4,

where the roots ¢; £¢; (1 < i < j < [) forming the subsystem A (Bs) C Ay(Fy) are
situated as in case of By, and a half of the positive roots which do not belong to the

subsystem Ay (By) C AL(Fy) are situated to the left from e; and the other half of those
roots are situated to the right from &;.

[ G2
Dynkin diagram:
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[17)
(18]

[19]
20]

(21]
[22]
23]
[24]
25]

[26]
27]

A. SEVOSTYANOV

aq Q2
oe————eo
Simple roots: a1 = €1 — €9, a0 = —2e1 + €9 + €3.

Positive roots: a1, a1 + g, 201 + o, 31 + o, 3a1 + 200, s

The longest element of the Weyl group expressed as a product of dim b, reflections with
respect to mutually orthogonal roots: w = Sqa, 530, +2as-

Normal ordering of A (my, h,,) compatible with expression w = 84, 8301 +2a2"

a, a1 + ap, 3o + 209, 2001 + g, 301 + g, .
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