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Abstract
We say that a discrete set X = {zn }nen, on the half-line

O=xp<mi<a2<a3< - <xp <+ <40

is sparse in the case the distances Ax, = xp4+1 — T, between neighbor-

ing points satisfy the condition A@”’il — +oo. Half-line Schrédinger

operators with point §- and §’-interactions on a sparse discrete set are
considered. Assuming that strengths of point interactions tend to oo we
give simple sufficient conditions for such Schrédinger operators to have
non-empty singular continuous spectrum and to have purely singular con-
tinuous spectrum coinciding with R.
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1 Introduction

One-dimensional Schrédinger operator with J-interactions on a discrete set de-
scribes the motion of a non-relativistic charged particle in a one-dimensional
lattice. Periodic models of such a type were considered first by Kronig and Pen-
ney in [KrPe]. Classical results and sufficiently complete list of references on
the theory of one-dimensional Schrodinger operators with - and ¢’-interactions
on a discrete set are given in the monograph [AGHHE]. Schrodinger operators
with point interactions were considered for example in [AKM]. Bl [BuStW1 [ChrStl
[GeKil [GoOl Ko, [KM], M1l [Mi2] [N [SaSh] and in many other works. Our list of

references is far from being complete, but many of recent significant works are
mentioned.
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In the present paper we are interested in the effect first discovered by Pear-
son in [P] for one-dimensional Schrédinger operators with regular sparse poten-
tials. Sparse potentials were also discussed by Gordon, Molchanov and Zagany
in [GMoZ], where some results were given without proofs. Under some as-
sumptions on the degree of sparseness of the potential one gets purely singular
continuous spectrum. An example of such a potential was constructed by Si-
mon and Stolz in [SiSt]. According to the results of [SiSt] half-line Schrédinger
operator

d2
dx?

V(z) = {n, ‘x—e

0, otherwise,

+V

with the potential

2n3/2 1

<3,

2 (1.1)
and arbitrary self-adjoint boundary condition at the origin has the following
structure of the spectrum

Op = Oac =D, Osc = [O,Jroo).

The main achievement of this construction is the stability of the singular contin-
uous spectrum under "small” variations of the potential V' in (L)) and arbitrary
self-adjoint variations of the boundary condition at the origin. This situation is
non-typical for other known examples with singular continuous spectrum.

Recently sparse potentials attracted the attention again. In works of Breuer
and Frank [Brl [BrF] sufficient conditions for the spectrum of the Laplace oper-
ator on discrete and metric sparse radial trees to be purely singular continuous
are given.

In the present paper we establish the existence of such an effect for Schrodinger
operators with point - and ¢’-interactions on a sparse discrete set. As in the
classical case the obtained singular continuous spectrum is stable under ”small”
variations of interactions strengths and the discrete set itself.

Let @ = {antnen be a sequence of real numbers. Let X = {z,}nen, be a
discrete set on the half-line

O=z0 <21 <T2 <3< <Xy <+ <400

such that the sequence Ax,, = x,,4+1 — =, satisfies the condition

inf Az, > 0. (1.2)
n€eNg

We are interested in the half-line Schrodinger operators Hs x, o, and Hy x o
formally given by expressions

d? d? , ,
H(S,X,Ot = —@ +%an6zn and H6/7X,a = —@ +%a"<6zn’ > A (13)

where §,, and §/, are delta distribution and its derivative supported by the point
x € Ri. We fix for simplicity Dirichlet boundary condition at the origin.
Strictly defined operators Hj x o and Hy x o are self-adjoint in L?(R.), see
Section 2



We say that a discrete set X is sparse if the following condition holds

— +o00. (1.4)

Our main results are listed in the following theorem.

Theorem 1.1. Let X = {x,}nen, be a sparse discrete set on the half-line. Let
a = {an tnen be a sequence of real numbers such that oy, — co. Let Hs x o and
Hs x.o be self-adjoint half-line Schriodinger operators as in (L3]), see Section
[@ for strict definitions. Let us define a value a € Ry U {400} as the following
limit
- Az,
a := liminf .
n—oo Az,_102

(1.5)

Then the following assertions hold:

(i) if 0 < a < 400, then the spectrum of the operator Hs x o has the following
structure:

(pp) opp NR4 C [0,1/a],
(sc) [1/a,+oo) Cos C [0,+oo),
(ac) 0ac = &,

and the spectrum of the operator Hs x o has the structure:

(pp) Opp N Ry C [a, +OO),
(SC) I:Oaa/:l g Osc g [O, +OO)7
(ac) Ouc = 9,

it is worth moting that in this case the singular continuous spectrum of
both operators is non-empty;

(ii) if a = 400 and the sequence o contains only positive real numbers, then
the spectrum of both operators Hs x o and Hs x o is purely singular con-
tinuous and coincides with R .

As an example the spectrum of Schrédinger operator formally given by the
expression

d2
+ Z 7’L1/46n[

dx?
neN

is purely singular continuous and coincides with R, in this case a = +o0.
The singular continuous spectrum of Schrodinger operator formally given by
the expression

d2
+ Z nl/?é‘n!

da?
neN

is non-empty and contains the interval [1, +00), in this case a = 1.

Notations: By Ny we denote NU {0}. We write T € G in the case the
operator T' is compact. By oy, 0pp,0ac and oy we denote point, pure point,
absolutely continuous and singular continuous spectra. By og.ss we denote the
essential spectrum. We write 1) € ACo.(I) if the function ¢ is locally absolutely
continuous on the set 1.



2 Definitions of operators with point interac-
tions

In this section we give strict definitions of operators Hs x  and Hs x o on the
language of boundary conditions.

Let @ = {an}nen be a sequence of real numbers. Let X = {x,}nen, be a
discrete set of points on the half-line arranged from the origin to +o0o such that
the sequence Az, = x,4+1 — @, satisfies the condition (L2]).

Let us introduce two classes of functions 1 on the half-line

S = {100 € AR\ X0 00) =0, DTS2 ) )

and

— / . — w/(mn"'):w/(zn_):w/(zn)
S5t = {1, € ACie(Ry \ X): (0) =0, Joen)ovlenDmvifen 4 (.9)

The operator Hs x,q is defined in the following way

Hsxot=—v¢", domHsxo={¢ € L*(Ry)NSsx.a: —¢" € L*(Ry)}.
(2.3)
Analogously we define the operator Hs/ x o
Hy xat = =", domHy xo={t € L*(R1) NSy xa: —¥" € L*(R4)}.
(2.4)

Operators Hs x,o and Hy x o are both self-adjoint in L?(R ) according to [GeKil,
Ko].

3 Sufficient conditions for absence of point spec-
trum on a subinterval of positive semi-axis

In this section we establish sufficient conditions on X and «, which give op-
erators Hs x o and Hs x o with absence of point spectra on a subinterval of
R. We adapt the approach suggested by Simon and Stolz in [SiSt] for regular
potentials to the case of point interactions. Similar ideas were used recently
by Breuer and Frank in [BrE] in order to prove absence of point spectrum for
certain classes of sparse trees.

Let us consider a function v such that for some A > 0

—¢"(z) = M(z), forall zeRy\X. (3.1)

If we show that any non-trivial function ¢ € Ss x o satisfying (B]) for some
A > 0 does not belong to L?(R.), then X ¢ o, (Hs,x,). Analogously if we show,
that any non-trivial function ¢ € Sy x o satisfying (B.I) for some A > 0 does
not belong to L?(Ry ), then A ¢ o, (Hs/ x,0)-

We need the following subsidiary lemma.

Lemma 3.1. Let X = {x,}nen, be a discrete set on the half-line satisfying
the condition (L2). Let a function ¥ € ACioc(Ry \ X) be such that ¢/ €



ACoe(Ry \ X). Assume ¢ satisfies BI)) for some X\ > 0. If the sequence of

vectors &, 1= (1/1(xn—|—)

1/11(95n+)> satisfies the condition

> Azyénl2e = oo, (3.2)
n=0

then

| s = .

Proof. For a point x € (2, x,+1) one has the following identity

&n = My (2 — ) (5,%) , (3.3)

where the matrix M)y (d) is the fundamental matrix of the differential equation
—1)"" = M having the following explicit form

sin(dv/\)
Myd) = [ OS@VA) . (3.4)
—V/Asin(dv ) cos(dv/\)
It follows from the identity (3] that
) A
@), = T -]
The following estimate takes place
sup || Mx(d)]] < Cy < +o0. (3.5)
deR

According to ([32) we have

00 W) \ |2 1 e Tn+1 B 1 R -
I oo 2 WZ/ Ienlleads = g 3 AralenlEs = oo

(3.6)
If ¢ € L2(R,), then ¢ = —\p € L?(R,). Taking into account the inequality,
see, e.g., [EE] §II1.10],

19172y < all¥llZoe,) + 0l 122w, ), (3.7)

which holds for some constants a,b > 0, we get ¢’ € L?(R,). Finally we come
to the conclusion that for the divergence of the integral on the left hand side

in ([B.6) one needs v ¢ L*(R4). O

Let @ = {ay, }nen be a sequence of real numbers, then we introduce two se-
quences of real-valued functions { A, (A) bnen, and { By, (M) }nen, of the argument
A € (0,+00) in the following way

n

Ap(N) = ﬁ(1 n LO‘FA') and  Bp()) i= 1}(1 + |az-|\/X). (3.8)

Further we need two lemmas, which give asymptotic estimates of the be-
havior of functions in the classes S5 x.o and Ss x o satisfying I for some
A> 0.




Lemma 3.2. Let X = {x,}tnen, be a discrete set on the half-line satisfying
the condition ([L2). Let « = {an}nen be a sequence of real numbers. Let a
function v € S5 x,o satisfy BI) for some X > 0. Let the sequence { An(X)}nen,
be defined as in [B8). Then norms of vectors &, = <$,((Z"r_))) satisfy the
estimate

[€ollc.
Ap (A

lallc > ex 202 - e N, (3.9)

N

with some positive constant cy > 0.

Proof. The sequence of vectors {&,}nen, is a solution of the discrete linear
system
En=MNn—1, neN, (3.10)

with the sequence of matrices {A,, }nen having the explicit form

A = ( L (1)) My(Azn_1), (3.11)

an
———
Js (an)

where M) (d) is the fundamental matrix defined in (84) and Js(«) is the d-jump
matrix.
One can do the substitution in the discrete linear system ([BI0) of the type

1 i
€n = (% %ﬁ> €n- (3.12)
2 2V
Ut

The sequence {En}neNU is a solution of a new discrete linear system
€0 =Anbu1, neN, (3.13)
where matrices /NXn can be expressed in the following way
A = Uy Js(an) My (Azy 1)U
Using that (My(d))™! = Mx(—d) and (Js(a))~! = Js(—a) we get
AV = UMy (= A1) Js(—an)Us. (3.14)
Substituting in B.I4]) the matrix M (d) by its explicit form given in (4], the

matrix Js(a) by its explicit form given in (BIT]) and the matrix Uy by its explicit
form in (B12) we get after simple calculations

—iVAAz, -
~_1_|[e n-l 0 10 1, (1 1
(T L ) (6 ) ) e

Now it is clear that

At <14 lonl 3.16
AL < oy (3.16)



Taking into account the discrete linear system (BI3]) and the estimate (B.16)
we get

HE;HCZ > Hf@:jycz > ”gniiﬂﬁ2- (3.17)
IR 1+ e

Expanding the estimate (317) we get

I€n—1llc2 I€n—2llc2
>

I€nllc > > >.> (3.18)
|an| |an—1 Qn
LG T (k) (14 ) An(Y)
Returning from §~ to £ we get estimates
_ - - €oll 2
Bl < leallcsl O, IEollce > 1S0le (319)
1A
Hence from BI8) and BI9) we get the claim
[[€ollc2
€nlle2 = ex g o) (3.20)
_1n—1
where ) = (||UA||||U5 1||) . O

Lemma 3.3. Let X = {x, }nen, be a discrete set on the half-line satisfying the
condition (L2). Let a = {a, }nen be a sequence of real numbers. Let a function
Y € Sy x.0 satisfy BI) for some X > 0. Let the sequence {Bn(A)}nen, be

defined as in B.8)). Then norms of vectors &, := (;/),((Z"i))) satisfy the estimate

€ollc,
Bn(\)’

[[€nllc2 > cx n €N, (3.21)

with some constant ¢y > 0.

Proof. The proof of this lemma is almost the same as the proof of the previous
lemma. One should substitute the §-jump matrix Js(«) in (BII) by the ¢’-jump

matrix Jy () = ((1) ?) Repeating the calculations of the previous lemma we

T e 0 10 +z‘anﬁ -1 1
n = 0 eV AAL, 1 0 1 2 -1 1 )

Now it is clear that

get

1AM < 1+ |am VA

Analogously to the previous lemma we get

l[€ollc
Ba(A

[€nllcz > ex : (3.22)

N

where c) = (HUAHHU,\_lH)il' -



Further we prove two theorems, which contain sufficient conditions on X
and « for some subinterval of R, to be free of point spectra of operators Hs x
and Hg/ﬁxya.

Theorem 3.1. Let X = {x,, }nen, be a discrete set satisfying the condition (L2]).
Let & = {an}nen be a sequence of real numbers. Let the self-adjoint opera-
tor Hs x,o be defined as in 23). Let the sequence {A,(\)}nen, be defined as
in B). If for some \g >0

= Az,
Y 5 = (3.23)
n=0 An()\O)
then the point spectrum of Hs x o satisfies
op NR4 C [0, Ao). (3.24)

Proof. Let us fix A € [Ag, +00). Let ¢ be a non-trivial function from the class
Ss,x,q satisfying (3I]) for this A. Let us introduce a sequence &, = (w(szr) )

V()
According to Lemma
[[€ollc2
An(N)

Functions A, (A\) are monotonously decreasing by A for all n € N and hence the
divergence of the series in ([3.23) implies

[€nllcz > ex : (3.25)

o0

= = Az Ax
2, Az, > 2, 0 2, = — 0. (3.2
2 lenllesdan 2 exlolies 3, 5705 2 ealloles 3 150 = o0 (326)

n=0
Then according to LemmaB.dlwe get ¢ ¢ L*(R.) and hence A & 0p,(Hs x.o). O

Corollary 3.1. If we are in the conditions of Theorem[31 and the sequence «
contains only positive real numbers, then the point spectrum of Hs x o satisfies

a5 (0, Ao). (3.27)

Proof. We need only to show that there are no eigenvalues on R_. Let ¢ be an
arbitrary function from dom (Hjs x,o). The scalar product (H§7X1a'l/),'¢))L2(]R+)
can be rewritten according to boundary conditions (2.1)) in the form

191 e,y + D anlo(an) . (3.28)

neN

Hence Hs x,o > 0 and therefore o(Hj x,o) N (—00,0) = @. If ¢ is such that
Hs x,o% = 0, then according to (8:28), ¥'(z) = 0 on R4 \ X and ¢(x,) = 0 for
all n € N i.e. the function v is a constant on each interval (x,, z,11), n € Ny,
and it takes the value zero at the points x,,, n € N, therefore ¢(z) = 0 for all
x € Ry and hence 0 ¢ o, (Hs, x,0)- O

Theorem 3.2. Let X = {x,, }nen, be a discrete set satisfying the condition (L2]).
Let a = {a }nen be a sequence of real numbers. Let the self-adjoint operator



Hs x.o be defined as in (Z4l). Let the sequence {Bpn(\)}nen, be defined as
in B8). If for some A\g > 0

= Az,
n__ 2
2 B = 329)

then the point spectrum of the operator Hs x o satisfies
O'p N RJr C ()\0, +OO)

Proof. The proof of this theorem repeats the proof of Theorem B] with the
only one difference: functions B, (\) are monotonously increasing by A for all
n € N, unlike monotonously decreasing functions A, ()\), n € N. O

Corollary 3.2. If we are in the conditions of Theorem [3.2 and the sequence
«a contains only positive real numbers, then the point spectrum of the operator
Hs x.o satisfies

op C ()\0, +oo).

Proof. The proof is analogous to the proof of Corollary 311 O

4 Non-empty singular continuous spectrum and
purely singular continuous spectrum

In this section we give sufficient conditions on X and « for the operators
H; x o and Hs x o to have non-empty singular continuous spectra and to have
even purely singular continuous spectra. Finally we give the proof of The-
orem [Tl formulated in the introduction. We use results of Section [3] the
compact perturbation argument and some results of Christ, Stolz [ChrSt] and
Mikhailets [Mill [Mi2].

Lemma 4.1. Let X = {x,}nen, be a discrete set on the half-line such that
Az, — +4oo. Let Hyp be one-dimensional Laplacian on the interval of a
length I > 0 with Dirichlet boundary conditions on each end. Let H; N be one-
dimensional Laplacian on the interval of a length | > 0 with Neumann boundary
conditions on each end. Let self-adjoint operators Hx p and Hx n be defined as
direct sums:

oo oo
Hxp=E Haw,p and Hxx =P Haw, N (4.1)
n=0 n=0
Then the essential spectra of operators Hx p and Hx n coincide with R,.

Proof. Let us prove the claim only for the operator Hx p. The proof for Hx n is
analogous. The operator Hx p is positive as the direct sum of positive operators.
Let s > 0 be an arbitrary positive real number. Let us consider the sequence

2
_ (7]
)\s,n = (T%) y n e N, (42)



where [-] is the ceiling function. Since A, € op(HAag, D), then by the definition
of Hx p we get A\s », € 0p(Hx p). The claim for Hx p follows from the fact that

lim A, =s. (4.3)

n—oo

O

The proof of the following lemma is the main step toward the proof of the
main result: Theorem [[11

Lemma 4.2. Let X = {x,}nen, be a sparse discrete set on the half-line. Let
a = {an}nen be a sequence of real numbers such that a,, — oo. Let the self-
adjoint operators Hs x o and Hs x o be defined as in Z3) and as in (24,
respectively. Then the following assertions hold:

(i) if for some Ao >0

= A
R w
n=0 Hi:l (1 —+ /\10)
then the spectrum of Hs x o has the following structure:
(e$8) Oess = [0, +oo),
(pp) opp R4 C [0, Ao],
(s¢) [Xo,+00) C ose C [0, +00),
(ac) Cac = F;
(i1) if for some Ao >0
) A .
a = 0, (4.5)

% T (1 + il Vo)
then the spectrum of Hs: x o has the structure:
(e8S) Cess = [O,Jroo),
(pp) opp MRy C [Xo, +00),

(SC) [07)\0} g Osc g [07+OO);
(ac) 0ac = 2.

Proof. (i) Since o, — oo, then according to [ChrStl Theorem 3] we have
Oac(Hs, x,o) = . According to [Mill Theorem 1]

(Hs,xo —p) — (Hxp —p) ' € 6

for all u € p(Hs x,o) N p(Hx p). Therefore by the compact perturbation argu-
ment and Lemma (7]

Uess(Hé,X,a) = Uess(HX,D) = R-‘,—- (46)
By Theorem [B.1]
oon(Hsx.0) N Ry C [0, 0]. (4.7)

10



Taking into account the emptiness of the absolutely continuous spectrum we get
from (4.0) that

(Usc U Upp)(Hé,X,a) 2 Oess(Hs,x,0) = Ry
Then according to ([@LT) we get
[)\0; +OO) g O—SC(H(;,X,O() g [05 +OO)

(ii) The idea is almost the same as in the proof of the item (i). In order to
prove that o,.(Hs x,o) = @ one should make some minor changes in [ChrSt]
Theorem 3], see also [Mi2, Theorem 1]. According to [Mill Theorem 1] the
operator Hs x o is a compact perturbation of the operator Hx y in the resolvent
sense. Hence by the compact perturbation argument and Lemma [£T]

O—eSS(HS’,X,a) - Jess(HX,N) = ]RJr- (48)

By Theorem
O—pp(HJ/,X,a) n ]RJr g [Ao, +OO) . (49)

Again taking into account that the absolutely continuous spectrum is empty we
get from (8] that

(0sc Uopp) (Hyr x,0) 2 Oess(Hyr x,0) = Ry
Then according to ([£9) we get
[O,)\o] C ow(Hs x,0) C [0,—}—00).
|

Corollary 4.1. Assume we are in the conditions of Lemmal[].9 and the sequence
« contains only positive real numbers. Then the following assertions hold:

(1) if the series in (@A) diverges for all A\g > 0, then the spectrum of Hs x o
is purely singular continuous and coincides with Ry ;

(11) if the series in () diverges for all Ao > 0, then the spectrum of Hs x o
is purely singular continuous and coincides with R .

Proof. The item (i) follows from Lemma[d2] (i) and Corollary Bl The item (ii)
follows from Lemma (i) and Corollary B2 O

Remark 4.1. Conditions in the items (i) and (it) of Corollary[{-1] are indeed
equivalent.

Further we give the proof of the main result.

Proof of Theorem [1.7]

Recall from the introduction that the value a is defined as the following limit

. Az
a := liminf ~— -
n—oo Ax,_102

11



Let us apply d’Alembert principle to the series (4] from Lemma (i). For
the divergence of this series it is sufficient to satisfy the condition

Az, Az,
lim inf 251” 1 — lim inf /\Oﬁ —xoa > 1.
n— oo n—o00
A:Cnfl (1 + \/——/\U|Oén| + A—QO&%) Tn—100,

(4.10)
If 0 < a + oo, then for all Ag > < the series [@4)) diverges and we get the first
part of the item (i).
Analogously let us apply d’Alembert principle to the series (£35]) from Lemmald2] (ii).
For the divergence of this series it is sufficient to satisfy the condition

A 1 A
lim inf In — liminf — ——=2n & g

o ASCnfl (1 + 2\/X0|Oén| + /\00[%) n—o0 A0 Aznfla% >‘0

(4.11)
If 0 < a < +oo, then for all A\g € (0,a) the series ([EF]) diverges and we get the
second part of the item (i).
If a = 400, then according to d’Alembert principle both series (@4]) and (£.5)
diverge for all A\g > 0 and we get from Corollary 1] the item (ii).

5 Discussion based on examples

Let us consider Schrédinger operator formally given by the expression

2
T4 > 4. (5.1)

dx?
neN

Since | )
C. n-n: TN n .
pitsy (n—1)-(n—1)nt/2 gt W3 iz % (5:2)

then by Theorem [IT] (ii) the spectrum is purely singular continuous and coin-
cides with R.
Let us consider Schrodinger operator formally given by the expression

d? .
_ /2
o > 026, (5.3)
neN
Since |
S S S i s o4

then by Theorem [[] (i) the singular continuous spectrum is non-empty and
contains the interval [1, +00)

Our results do not allow to define exactly the structure of the spectrum on
the interval [0,1] in the last example. The spectrum on this interval may be
purely singular continuous, only pure point or a mixture of these two kinds of
spectra. It is the question of interest for the author to construct an operator
H;s x,o with d-interactions on a sparse discrete set X having non-empty positive
singular continuous spectrum and non-empty positive pure point spectrum or
to establish that this situation can not occur.

Another question of interest is to determine the Hausdorfl dimension of the
obtained singular continuous spectrum.

12
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