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Abstract

We show that the general heavenly equation, suggested recently by
Doubrov and Ferapontov [1], governs anti-self-dual (ASD) gravity. We
derive ASD Ricci-flat vacuum metric governed by the general heavenly
equation, null tetrad and basis of 1-forms for this metric. We present
algebraic exact solutions of the general heavenly equation as a set
of zeros of homogeneous polynomials in independent and dependent
variables.

1 Introduction

There are several four-dimensional scalar equations of Monge-Ampere type
that determine potentials of ASD Ricci-flat metrics: first and second heavenly
equations of Plebanski [2], complex Monge-Ampere equation (CM A) as a real
version of the first heavenly equation and Husain equation [3] together with
the closely related mixed heavenly equation [4]. All these equations appear as
canonical forms of the general second order four-dimensional equation which
admits partner symmetries and turns out to be of the Monge-Ampere type
with the additional constraints that it has a two-dimensional divergence form
(instead of four-dimensional divergence form which it will have in general)
and contains only second partial derivatives of the unknown [4]. In a recent
paper [1], Doubrov and Ferapontov classified all integrable four-dimensional
Monge-Ampere equations with no restriction of admitting a two-dimensional
divergence form. Among the resulting normal forms of these equations they
presented only one equation that is not of a two-dimensional divergence form
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(namely, of a three-dimensional divergence form), which they called general
heavenly equation

QU2U34 + PUiglios + YUisUoz = 0, a+B+v=0, (1.1)

where «, f and ~ are arbitrary constants with one linear dependence between
them. Here and further on subscripts mean partial derivatives with respect
to the variables z', 22, 23, z*. All other normal forms are either well-known
equations that govern self-dual gravity or the “modified heavenly equation”
which is a particular case of our “asymmetric heavenly equation” [4]. This
equation also appeared in our recent paper [5], where it was shown that by
using partner symmetries one can obtain its particular solutions, which also
satisfy complex Monge-Ampere equation.

Our original motivation for this study of the general heavenly equation
was just to make sure that all four-dimensional equations of the Monge-
Ampere type can be used to describe anti-self-dual gravity. Then we realized
the importance of a characteristic feature of the general heavenly equation,
that being homogeneous, in contrast to other heavenly equations mentioned
above, it enables one to construct easily algebraic solutions, sets of zeros
of polynomials in dependent and independent variables. A manifold of ze-
ros of a homogeneous polynomial in a complex space determines a compact
complex smooth algebraic manifold. It is known for a long time that the
complex Monge-Ampere equation has a solution which determines a com-
pact K3 surface, which is called K3 instanton by physicists [6]. However, it
is extraordinarily difficult to find algebraic solutions, and K3 in particular,
by directly solving C'M A because of its inhomogeneity. Therefore, we con-
struct a first example of such algebraic solutions that determine Ricci-flat
anti-self-dual metrics by solving the general heavenly equation.

In section 2, we modify the Lax pair of operators from [I] so that these
operators commute on solutions of (L.T]).

In section [3], we construct a null tetrad for anti-self-dual Ricci-flat metric
governed by the general heavenly equation.

In section [, we construct basis one-forms and ASD metric determined
by solutions of the general heavenly equation.

In section [, we obtain some examples of algebraic solutions of this equa-
tion.

In section [6, we consider such a real cross-section of the general heav-
enly equation, which specifies the signature of corresponding real metric to



be either Euclidean or neutral (ultrahyperbolic). By solving reality condi-
tions imposed on the complex solutions, obtained in section [5l we obtain real
solutions as sets of zeros of homogeneous polynomials in dependent and in-
dependent variables. These solutions determine a real ASD Ricci-flat metric
with neutral signature. More generally, we also have non-polynomial solu-
tions with the same property.

2 Lax pair

We start from the Lax pair for the general heavenly equation (L1I) presented
in [1]

X1 = w0 — u1304 + YA (u3401 — u1403),

Xy = 2304 — u340y + BA(uz402 — up403), (2.1)
where 0; means 0/0,1 and so on. The commutator of these operators does
not vanish on solutions of equation (I.]):

U34 [Xl, X2] = {U34U234 — U23U344 + Aﬁ(U24U334 - U34U234)} Xy
+ {usauizs — wrgtizas + Ay(usstiazg — urgussa) } Xo. (2.2)

For our purposes we need a Lax pair that commutes on solutions. It has the
form

1 1
Lo=—Xi, My=—X,, (2.3)
U34 U34
so that
A
Lo, M) = - { <F4 _ %F) By — <F3 _ %F) 04} L (24)
U3y U3z4 U3zq

where ' = auiouss + Buqsugg + Yususg is the left-hand side of the general
heavenly equation, Fs, F; are partial derivatives of ' with respect to 23, 2%
and Lo, My] = 0 on solutions.

3 Null tetrad for anti-self-dual vacuum
metric

In the following we use the notation and results from the book of Mason and
Woodhouse [7]. Let © be a holomorphic function of 2!, 22, 23, 21. Denote the
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null tetrad for the general heavenly equation by W, Z, W, Z and set
L=W—-)\Z, M=2Z-\W. (3.1)

Define 2 by the relations Ly = Q2L and My = QM with € yet unknown.
Then
[Lo, M) = [QL, QM] = 0. (3.2)

Let v be a holomorphic holomorphic 4-form on a four-dimensional complex
manifold with the coordinates {z'}, which should satisfy the conditions

D%L(Q_IV) == gM(Q_ly) == 0, (33)

where ¥ denotes Lie derivative.
We note that

Lro(usgdz* N d2* Ad23 N d2*) = Ly (usadzt Ad2? A d2® A dz*) =0,
equivalent to
L1 (Quggdz* Nd2? N d2® N de*) = Lo (Quagdz ANd22 Ad2? ANdzb) = 0. (3.4)
Comparing (3.3) and (3.4) we deduce that
v = QPugydz' Nd2? N d2P A dzt (3.5)

satisfies condition (3.3]). According to Proposition 13.4.8 in [7], if L and M
satisfy four conditions (3.2)), (8.3]) and the normalization condition

24v(W, Z, W, Z) = 1, (3.6)

then W, Z, W, Z, defined in B0, is a null tetrad for an ASD vacuum metric.
Substituting v defined by [3.3) in ([B.6), we obtain Q? = ByA/uzy, where
A = uj3U94 — U14Us3, Which determines 2

_[BYA
Q=/ o (3.7)

v = ByAdzt Ad2? A d2P A d2t (3.8)

The 4-form v becomes



Since L = Q7' Ly, M = Q=1 My with Ly and My defined by ([2.3)), from the
definition of W, Z, W, Z in (B.1]) we obtain the explicit form of an ASD tetrad
frame

u3401 — U130, . 30y — 3400

W = 7 =
vV ByusiA ’ V ByusiA
W _ \/B(Uzz;as - U3432) Z _ W(U1483 - U3431) (3.9)

VyusdA ’ VBugdA ’

which is governed by solutions of the general heavenly equation (L) ex-
pressed solely in terms of the independent parameters 5 and

(B + 7)urzuzs = Burguzg + Yurauzs. (3.10)

4 Basis one-forms and ASD metric governed
by the general heavenly equation

The corresponding coframe consists of four 1-forms w® = w;'-dxj which satisfy
the following normalization conditions

W(W) =w?(Z2) = (W) =wi(Z) =1 (4.1)

with all other w!(W),w!(Z),w!(W),w!(Z) vanishing. By solving these bi-
orthogonality relations, we obtain the following coframe 1-forms

o= il {uas(uradz" + ugsdz?) + ugg(ugsdz® + ugadz")}
U34A

w? = &l {urs(uiadz" + upadz?) + usa(ui3dz® + uiadz") }
U34A

w3 = —\/I {u14(u13d21 + U23d22) + u34(U13dZ3 + U14d24)}

BuziA

w4 _ L {U24(u13dzl + u23dz2) + U34(UQ3d2’3 + U24d2’4)} . (42)

7U34A



On solutions of (B.10) the corresponding ASD vacuum metric reads

2(8 A+ 1)
{u12 [u13u14(d21)2 + uz3u24(dz2)2} + Usy [u13u23(dz3)2 + u14u24(dz4)2]
+ (u13ti24 + U14U23) (U120l21052’2 + U34d23d24)
+ (wiuza + urguog) (uizdz'dz® + upsdz*dz")
+ (u12usq + uiztioy) (u23dz2dz3 + u14dz1dz4)} ) (4.3)

ds* = 2(w?w* — ww?) =

Using the program EXCALC run by REDUCE, we have computed the Rie-
mann curvature 2-forms and checked vanishing of the Ricci tensor on solu-
tions of the general heavenly equation in the form (B.I0), so our metric is
indeed Ricci-flat. The expressions for the Riemann curvature 2-forms are too
lengthy to be presented here.

5 Algebraic solutions of the general heavenly

equation
We look for solutions of the general heavenly equation (L)), which are alge-
braic surfaces of even order 2m, m = 1,2,3,... of the special form
- {CL (Zl 2m+a (z2) ( )2m+a ( 4)2m+a5(21)m(22)m
+ag(2!)" ()" + ar ()" (2 ) ) + as(2°)" ()"
+ag(21)"(2°)™ + 010(2’2) (™ +C} =0, (5.1)

where C' is an arbitrary constant and the constant coefficients a; are deter-
mined by equation ([LT]). There are two solutions for the set of coefficients

in (B.0)), such that A = ujzugy — ujsusz # 0 in the denominators of coframe
1-forms (£2) and metric (d3). The first solution reads

= aﬁ(aagalo + Ba5a8) —+ 2fya4a5a9 a — aasas + ﬁagalo
1 — ) 7T — 3
27v(2a4a7 — agayp) Yag
0 — aayo(asas — agao) + vas(2asa7 — agaig)
2 — )
2’7(2&4&9 — CL6(L8>
aglasag — agQig) — Yag(2a4a7 — aga
agzﬁg(ss 0a10) — Yag(2aqay 810)7 (5.2)

27(a6a10 — 2&4&5)



where seven coefficients ay, as, ag, ag, ag, a19, C' are free parameters. It is re-
markable that these coefficients do not depend on the choice of power m.
The second solution for the coefficients of (5.I]) has the form

BCL4CL5GS a5(2ﬁza4a7a9 — OK’VCL5CL§>
—_= Ao =
! oza5a§ + 25&4&7&9 ’ 2 4526L4CL5 ’
2Basa7a9 — yasal aasa
as = B44752a758,, ag =0, @102—B28 (5.3)
405 9

with five free parameters ay, as, ar, as, ag.
We note that this solution is valid more generally for an arbitrary real or
complex parameter m but then it is not an algebraic maifold.

6 Real cross-section of the general heavenly
equation and its real algebraic solutions

For applications to self-dual gravity we need real cross-sections of the general
heavenly equation and its solutions. We specify the real cross-section by
the requirement that the corresponding real metric should have a certain
signature. Then we have to make the following identifications: z? = z' and
2t = 23 (22 = —z' would also do) and then replace everywhere index 3 by 2.
Here the bar means complex conjugation.

The real general heavenly equation takes the form

QU TUs + Buiauis + Yusausi = 0, (6.1)

while A = ujouiz — uj3usi. In the following we assume that ~ # 0.
The signature of the metric depends on the sign of §/~. If §/y > 0, we
set 8 = 6% with § > 0. Then basis 1-forms (4.2)) become

Wl — ild I W2 = v]6 Iy
\/UQQA ’ UQQA ’
1 o -
w3 = = ll, (.U4 = lg, (62)

6\/U2§A

where 1-forms [; and [y are defined as

\ UQQA

L= ws(wadz + uppdz') + ugs(u1adz® + uizdz?), (6.3)
la = wa(ugadz + uiasdz') + uss(uradz? + ugsdz?). (6.4)

7



The metric becomes

ds* = 2(w*w? — whw?) = |7| {|l1|2 + 0%l } (6.5)

which has obviously Euclidean signature. It is determined by solutions of
the real version (6.I]) of the general heavenly equation in the form

(0* 4+ Duriugs = 6*urpuis + wiatisg. (6.6)

If 3/v < 0, we set 3 = —yd? and then the real cross-section of the general
heavenly equation (G.1)) becomes

(52 — Duigugs = 52“12“12 — Uy3UoT- (6.7)
Basis 1-forms (4.2]) become

1 i\W 7 2 Z'|’Y|5

w /—U2§A 1 w /—U2§A 2
w3 = —é ll (.U4 = 0 lg, (68)

7:5\/ ’LLQQA ’ YV UQQA
The metric (@3] takes the form

ds? = 2(wo! — wlw?) = ”' {W 5|17} (6.9)

which obviously has neutral signature. This metric is determined by solutions
of equation ([6.7]).

So far, we were able to obtain a real solution only in the case of neutral
signature. This solution of equation (6.7]) is obtained by solving reality con-
ditions imposed on the complex algebraic solution (5.1) with coefficients (5.2])
and has the following form:

2m_{A(F—&R)

SGF- T [exp (2i6)(2")>™ + exp (—2i6) (2')*"]

+ o [B(AB + F?) = FR] [(2/" + (2] — A" ()"
+R [exp (i) (21)™ (%)™ + exp (—i@)(z2)m(21)m] + B(zH)™ (2™
+ F [eXp (10) (2")™(2*)™ 4 exp (—i@)(il)m(ZQ)m} + C} =0, (6.10)
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where R = /(62 — 1)AB + §2F? and the constants m, A, B, F,0,C are free
real parameters. Parameter 6 is inessential, since it can be scaled out by using
scaling symmetries of the general heavenly equation (6.7)), so that we can set
¢ = 0 in (6.I0) and our solution depends only on the five essential parameters.
For m = 1,2, 3, ... this solution determines an algebraic hypersurface in the
real five-dimensional space.

The real cross-section of the second complex solution (5.1]), (5.3) can be
transformed to a particular case of solution (6.10]) by using scaling symmetries
of the equation (6.7) and therefore does not yield an essentially new real
solution.

Using our solution (6.10) in metric (6.9) together with definitions (6.4])
of 1-forms Iy, o, we obtain real ASD Ricci-flat metric with neutral signature,
which depends on five real parameters. We have checked that A # 0 in the
denominator of the metric (6.9) as far as A - (AB + F?) - (6> — 1) # 0 (for
m = 1 also C' # 0) and uyp; # 0 obviously implies B # 0. Under these

conditions, our metric for this solution has no vanishing denominators.

7 Conclusion

We have shown that the general heavenly equation, introduced by Doubrov
and Ferapontov [I], governs anti-self-dual gravity, similar to heavenly equa-
tions of Plebanski and Husain. We have derived ASD Ricci-flat vacuum met-
ric determined by solutions of the general heavenly equation together with
null tetrad and basis 1-forms. Unlike other heavenly equations that describe
anti-self-dual gravity, the general heavenly equation is homogeneous, i.e. ad-
mit scaling transformations of the dependent and all independent variables.
This property allows us to obtain algebraic solutions to this equation in the
form of homogeneous polynomials in independent and dependent variables,
which can be modified by adding an arbitrary constant C. For C' # 0, these
solutions do not admit scaling or any other obvious symmetries of the equa-
tion and hence seem to be noninvariant solutions of this equation, so that
the corresponding metric will have no Killing vectors. The work on alge-
braic solutions to heavenly equation, such that their real form will determine
metrics with Euclidean signature, is currently in progress. Such a solution
may be important due to the possibility of being a piece of the famous K3
instanton [6].
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