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Abstract

We present a generalization of the construction of graphs by Lubotzky, Phillips and
Sarnak in their celebrated article “Ramanujan graphs” [32]. The new approach consists in
using octonion algebras rather than quaternions. A key tool is the existing result of the
unique factorization of integral octonions. The families obtained by this mean present not
only the same spectral property that make them good expanders, but also show a larger
girth, yielding a new record for regular graphs.

1 Introduction

Ramanujan graphs and expanders. Given a k-regular undirected graph G, j; of size n, the
eigenvalues \g > A\ > --- > A, of the adjacency matrix of G, i, are real (it is a symmetric
matrix) and satisfy |A;| < k. Moreover, Ao = k and if the graph is connected, then \; < k.
The graph is bipartite if and only if A,,_1 = —k. The graph G is a Ramanugjan graph if all its
eigenvalues distinct from +k are in the interval [—2v/k — 1,2v/k — 1]. Ramanujan graphs are
in a sense (asymptotically) extremal graphs with respect to the second largest eigenvalue in
absolute value because of the following lower bound due to Alon and Boppana [1]

h_m)‘(Gn,k) >2vk -1,

where (G, ;) denotes the second largest eigenvalue in absolute value of Gy, .

The fact that A(G,, ) is so small implies many other properties since they are then good
expander graphs. Graphs with large expansion have proved to be a quite useful object in various
domains ranging from mathematics and computer science to physics, see the survey [23] which
depicts some of these applications. Random k-regular graphs are known to typically meet
such a behavior (see for instance [§] and [42] for the first existence results of good expanders
obtained by probabilistic arguments). However, even if this kind of probabilistic argument
shows the existence of graphs with large expansion, it does not provide explicit examples of
graphs which are good expanders. The approach consisting in generating a graph randomly
and then checking whether or not it has large expansion is considered to be impracticable: even
checking a weak form of expansion turns out to be coNP-complete [6]. It has been observed
that this problem can be circumvented by relating the expansion properties to the spectral
gap (that is A\g — A1) or to A(Gp ), see for instance [I]: the expansion coefficient can be
lower bounded by an increasing function of the spectral gap or A(G, ). Since these spectral
quantities can be computed efficiently with an arbitrary precision, this gives an efficient method
for obtaining graphs displaying at least a certain amount of expansion. Up to now, this spectral
method has proved to be the best method for certifying a rather large expansion. Ramanujan
graphs represent here the graphs with the best certified expansion properties known. At the
moment, Ramanujan graphs have been superseded only in one case, namely for the expansion
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of small subsets of vertices [29]: graphs obtained by the zigzag product [52] have a better
certified expansion in this case. The guaranteed expansion obtained by taking Ramanujan
graphs together with the aforementioned spectral lower bound on the expansion is not as large
as the one known for random graphs, however it is generally sufficient and satisfactory for many
applications.

Obtaining explicit infinite families of Ramanujan graphs of a given degree has been quite
a breakthrough in spectral graph theory. The first constructions of this kind were obtained
by Lubotzky-Philips-Sarnak [32] and Margulis [35]. They were followed by the constructions
of [43 10}, [37, 28] for instance. From them, Ramanujan graphs have been obtained for all degrees
k of the form k = ¢ 4+ 1 where ¢ is any prime power.

Graphs of large girth. Besides their expansion property, the Ramanujan graphs constructed
in [32] 35 10, 37] presented another breakthrough. They had a large girth (the girth being the
smallest size of its cycles) and improved significantly the narrow knowledge on this matter. Let
us mention (see for instance [2, p.154]) the following upper bound for the girth,

for k > 3, any k-regular graph G verifies: girth(G) < 2log;,_ |G|, (1)

where |G| denotes the number of vertices of G and girth(G) is the girth G. This bound motivates
the following definition of Biggs [3]. A family {G;}; of k-regular graphs is of large girth if and
only if there exists some positive constant v such that for any graph in this family we have

girth(G:) > vlog_ |Gil- (2)

For a long time, the best result in this direction was the non constructive result of Erdés and
Sachs [I§] and its improvements by Sauer and Walther (for more details see [7, p. 107]) which
showed the existence of families of graphs with v = 1. The first explicit constructions were
obtained by Margulis [34] but achieved constants v which were strictly smaller than 1. Proving
that there exist families of graphs with a value of « greater than 1 was finally obtained in [51]
for a family of graphs of degree k = 3 suggested by [5], by showing that for these graphs the
following inequality holds

4

As suggested by [20], large girth needs not be an unusual property for some families of graphs,
but those with a constant v > 1 tends to be very seldom 1. The bipartite Ramanujan graphs
constructed in [32], 35] also achieved the constant v = % but this time for all degrees of the form
k = p+ 1, where p is a prime number strictly greater than 2 (originally, only for the primes
p =1 (mod 4), and for any odd primes, see [13]). Ramanujan graphs of degree 3 which achieved
v = % were obtained afterwards in [10]. Moreover, Morgenstern in [37] finally obtained infinite
families of Ramanujan graphs achieving v = % for all degrees of the form k = ¢ + 1 where ¢ is
any prime power. These Ramanujan constructions do not only overcome the v = 1 barrier, they
are also explicit which is essential for applications. It should also be mentioned that a quite
different graph construction has been proposed in [30] for degrees of the form k = ¢ where ¢ is
a prime power, and where it has been shown that it contains connected components G; which
satisfy the inequality

4

which is slightly worse than the constant v = % achieved in the aforementioned articles but

achieves it asymptotically as the degree k goes to infinity.

!To quote [20], “it is a miracle that the lower bound constant % is greater than 1”7 (see for example Conjecture
5 in their paper)



Our contribution. One of the main result of our paper is to obtain families of graphs which
improve upon vy = % in (). We give here a construction of infinite families of regular graphs
for degrees of the form k = p3 + 1, where p is any odd prime, for which

12
girth(G;) > - logy,_1 |G| — 2log), 2.

We also prove that these graphs are Ramanujan. These graphs exist for all sizes of the form
n=q" — ¢>, where ¢ is any odd prime satisfying g > p.

The idea underlying our construction is to replace in the Ramanujan graph construction
of Lubotzky-Philipps-Sarnak & Margulis the quaternions by octonions. unique factorization
property, that is available for integral octonions since the work of Rehm [44]. The Ramanujan
graphs of [32 [35] built upon quaternions can be described as Cayley graphs on groups. This is
no more the case for our construction on octonions. These graphs have a description in terms
of Cayley graphs on loops, the non-associative counterpart of groups.

Comments. The property of large girth, besides its own theoretical interest, can be applied
to LDPC codes. This approach was pioneered by Margulis in [34], where he gave the first
constructive example of a family of LDPC codes of unbounded minimum distance by providing
explicit families of regular graphs of large girth. Such a property is quite useful in this context
for several reasons:

(i) Tanner gave in [48] a construction of codes based on graphs together with a lower bound on
the code minimum distance growing exponentially with the girth;

(ii) these LDPC codes are decoded with the help of iterative decoding algorithms working on
a certain graph associated to the code construction and the performance of such algorithms
is known to deteriorate in the presence of small cycles. This phenomenon is related to the
fact that these iterative decoding algorithms compute symbol probabilities conditioned on an
exponentially large (in the number of iterations) number of received symbols as long as the
number of iterations is smaller than half the girth [19], but that does not hold anymore for a
larger number of iterations.

Lower bounds on the code minimum distance and the number of errors which can be decoded
with iterative decoding algorithms can also be obtained from lower bounds on the expansion [40,
47]. Tt makes sense in this context to use graphs which are at the same time of large girth and
good expanders. The Ramanujan graphs proposed by [32, [35] are very good candidates for
this. This was suggested in [45], see also [31]. It should also be mentioned that there is one
particular LDPC code family where both properties of being Ramanujan and having a large
girth can be used together, namely for cycle codes which were introduced in [21], where it can
be proved (see [49]) that regular cycle codes obtained from the constructions of Ramanujan
graphs given in [32, [35 B7] correct the largest possible fraction of errors. It should be pointed
out here that the approach used in [49] could also be applied to the Ramanujan graphs based on
octonions given here and that the larger girth of our construction compared to the constructions
of [32], 35l [37] would lead to improved upper bounds on the probability of error after decoding.

Cayley graphs are usually thought to require groups. This is absolutely not necessary, much
weaker algebraic structures like quasi-groups are sufficient. For a modern treatment, see [39]
and references therein. The algebraic non-associative structures arisen from octonion algebras
are well-known, and have the strong property of being Moufang loops. 1t is tempting to think
that these would constitute the first algebraic construction of expanders not based on a group.
But we do not know whether there exist groups on top of which these graphs could be Cayley
graphs. We did not even prove that they are vertex-transitive, which is a stricly weaker property
than being a Cayley graph on a group.



2 Preliminaries on octonions

All the material on octonions required for this construction is contained in the article of
Rehm [44], where a more substantial bibliography can be found. A good complementary mate-
rial is Ch.9 of [11]. For convenience, we define and cite the main theorems along with setting
notation.

Octonions We denote by O(R) (or simply by O when the meaning of R is clear from the
context) the octonion algebra over a ring R, that is the 8-dimensional R-module with canonical
basis denoted by 1,i,],k,t,it, jt, kt, usually referred as the wunit bases. Here we will choose
R = 7,Q,F,. A unit basis  # 1 verifies x? = —1. Here 1,i,j,k is the usual quaternion basis
and satisfies

=P =kl=-1,ij=k (3)

The conjugate of an octonion o = ag + a1i+ --- + a7kt is @ def 2ap — . It is a (ring) antiauto-
morphism of @, that is a bijection O that satisfies for any «, 8 in O:

1 =1
a+fB = a+p
af = pa (4)

If we let the quaternion algebra H be the R-module with basis 1,1, ], k, then the octonions can
be viewed as O = H + Ht. The multiplication of octonions is completely determined by the
multiplication of quaternions and the rule

(o1 + agt)(B1 + Bot) = a1 1 — Poca + (Boor + azfi)t (5)

for aq, e, P1,02 € H. It is easy to check that the multiplication of octonions is not associa-
tive. For instance, if we define a triad to be a set of 3 elements among the seven unit bases
{i,], 1], t,it, jt, kt}, then it is well known (Cf. [12]) that among the 35 possible triads, only 7 are
associative, namely:

L,k o, i tit o, gttt ktkt, and k,jtit ,  jit,kt , i kt,jt. (6)

Each of these associative triads generates, with the additional basis unit 1, a quaternion sub-
algebra. Octonion algebras are never associative but are alternative algebras:

(alternative algebra identities) (aa)f = a(af) and [(aa) = (Ba)a. (7)

These 2 conditions are equivalent to the fact that the trilinear map called associator [a,b,c|] =
a(bc) — (ab)c is alternating. It follows that octonion algebras verify the Artin theorem:

Theorem 1 (Artin) In an alternative algebra, any two elements generate an associative sub-
algebra.

In our case, we will often use the following corollary

Corollary 1 Let «, 8 be elements of O(Q). Then

(aB)B = a(BB), a(ap) = (aa). (8)



Octonions are endowed with a norm N, that is a quadratic form. Here, the associated
bilinear map will be:

(a0+a1i+---+a7kt,b0+b1i+---+b7kt>:aobo+---+a7b7.

Hence, the norm is here simply a sum of 8 squares. It can be defined equivalently by N(«a) = aa.
The important property is its multiplicativity: N(af) = N(a)N(B) for any octonions o and S.
This follows directly from Theorem [I] and the antiautomorphism property ()

N(ap) = (aB)aB = (ap)(Ba) = a(BB)a = N(B)aa = N(a)N(B).

Let O(R)* denote the set of invertible octonions. Clearly, if « is invertible, then a~! =

N(a)~'a. Tt follows that:

O(R)* = {a € O(R) | N(a) € R*}.

Loops. The set of invertible elements in an alternative ring is a Moufang loop (Cf. [9, p. 254]
and |11}, p. 87-88]). Recall that

Definition 1 (loop) A loop is a set L with a binary operation *, such that

(i) for each a and b in L, there exist unique elements x and y in L such that: axx = b and
yxa=>b;

(7i) there exists a unique element e such that x xe =x =exx for all x in L.

It follows that every element of a loop has a unique left and right inverse. A loop where the
right and left inverses coincide is an inverse loop. We denote in this case by 2! the unique
element such that z %z~ Lyx =e. A Moufang loop is a loop satisfying one of the three
equivalent following identities:

:Qj_

(afa)y = a((Ba)y)
Moufang identities: (af)(ya) = a(fy)a 9)

((Ba)y)a = Blaya)

It is straightforward to check that a Moufang loop is an inverse loop [11, Ch. 7] or [9, Lemma 2A
and 2B, p. 292].

Unique factorization As for integers (and GauB integers, and integral quaternions), the
first step toward a factorization property is an Fuclidean divisiond. In the quaternions case,
unlike what happens with ordinary integers and Gauss integers, two integral quaternions whose
norms have a common divisor do not necessarily have a common divisor which is an integral
quaternion (consider for instance 2 and 1+ ¢ 4+ j + k). Hurwitz noticed that it is possible to
obtain a satisfactory arithmetic of quaternions by considering instead quaternions with integer
or half integer coordinates [24, 25], and his result was fully understood after Dickson [16]
and his concept of mazimal arithmetic (also called a maximal order). Recall here that an
arithmetic (or an order) for a ring R which is a finite-dimensional algebra over the rational
number field Q, is at the same time a subring of R and a finitely generated Z-module which
spans R over Q. It is maximal if is not contained in a larger arithmetic. For octonions, there
are 7 distinct maximal arithmetics which were identified by Coxeter [12]. They allow as in the
case of Hurwitz quaternions to obtain a set of octonions which obey the essential divisibility

Zor that the class number of ideals is equal to 1. But for constructive purposes, the Eulidean division is
essential, and anyway, there is no concept of class number in octonion rings.



properties of ordinary integers. Each of them is related to one associative triad in ([@). While for
quaternions the Euclidean algorithm can then be directly initiated to obtain left and right geds,
the lack of associativity of octonions complicates the matter. Rehm [44) Prop. 4.1], obtained
a kind of distortion of the Euclidean algorithm, by using only the alternative property (7).
With clever counting arguments, unique factorization follows in a similar fashion to integral
quaternions, except that of course some bracketing must be specified.

The result of Rehm is stated in the Cozeter mazimal arithmetic Cg associated to the asso-
ciative triad i, j, k. Defining h = %(I +j+k+t), Co is the Z-module with basis 1,1, ], k, h,ih, jh, kh
(Cf. [12] p 567]). It contains strictly @(Z) (and the 6 other maximal arithmetics associated to
the 6 other triads are isomorphic to this one). Therein, there are not only 16 units as in O(Z)
but rather 240. Since

1
: 1 : :
jh = 5(—1—|—I—k—|—_]t)
1
kh = 5(—1—i+j—kt)

it is straightforward to check that

Lemma 1 Cg is the set of octonions of the form %(ao +aji+agj+ask+ ast+ asit + agjt + arkt)
where the a;’s are integers which satisfy

(ap,a1,a2,a3) = (ag,as5,a6,a7) (mod 2) ifag+a;+az+az3=0 (mod 2),
(ap,a1,az,a3) = (1—aq,1—as,1—ag,1—a7) (mod?2) ifag+a;+azy+a3=1 (mod 2).

Given an octonion o = ag + a1i + ... + arkt € O(Q)*, we say that it is positive and write
a > 0 if and only if the smallest ¢ such that a; # 0 is > 0. Let p be an odd prime number.
Related to unique factorization, we define (Cf. [44], Prop. 5.6]):

Pp) L {ae0@): a>0, N)=p, a—1€20} (10)

Rehm also proved that |2(p)| = p® + 1 (Cf. [44, Prop. 6.4]). The main result of him in [44],
that is fundamental in the present work is the following:

Theorem 2 [/J] Let o € Cg be primitive, that is the ged of its coefficients in any Z-basis is 1.
Suppose that N(a) = py --- ps where the p;’s are prime integers, not necessarily distinct. There
exist a unique € € C3y and unique m; € P(p;) for i =1,...,s, such that:

o = (. .o (67T17T2)7T3 o )7T87
with € € Cfy and m; € P (p;).
Remark: This writing depends heavily on the order in which the factorization sequence py - - - ps
of N(«) is chosen.
3 Arithmetic construction of the infinite (p + 1)-regular tree

Overview of the whole construction. Similarly to [32] 35 10, 87], our Ramanujan graph
construction can be decomposed in two steps.
1. The first step consists of constructing the (p® 4 1)-regular infinite tree in an arithmetic way



by using octonions.
2. Finite Ramanujan graphs are derived from this tree by taking suitable finite quotients of this
tree which do not create small cycles.

We will detail the first step in this section. It will also turn out that our construction has a
description in terms of Cayley graphs defined over loops. This will be explained in Section 4l

Several useful lemmas on the factorization of octonions of norm p’. The main
ingredients used for the construction are the unicity of factorization property of Theorem 2l and
considering products of elements of Cp of the following form

< ((ear)az)as- -->ozg,
——

open brackets

where € € Cfj, a; € Co — C and a; # @;4q for i = 1,...,£ — 1. We say that such products
are irreducible products. This terminology comes from the fact that products of elements of Cg
which are not irreducible can be simplified by using Corollary [l of Artin’s theorem. We also
use the following lemma.

Lemma 2 Any irreducible product (... ((emi)mo)mws - - )m of an invertible element € in C and
elements my,...,m of P (p) is primitive.

PRrOOF: We proceed by contradiction and consider an irreducible product « of an invertible
element and elements of #(p) of minimal length which is not primitive. We may write this
element as o« = B, where § is a primitive irreducible product of an invertible element and
elements of Z(p) and 7 is an element of &(p). For an element 7 of Cp, let us denote by c(v)
the content of ~, which is the largest integer dividing ~ (it is also the greatest common divisor
of the coefficients of v in some Z basis of Cg). We obviously have

c(a)|e(a) (11)

because the coeflicients of am are integer linear combinations of the coefficients of « in a Z
basis. Since am = (fr)m = B(n7w) = pB by Corollary [I we obtain that c(aw) = p. This
together with (II]) implies that ¢(«) = p and that p divides . We may therefore write « as
a =vp = y(7n) = (y7)7 (by using Corollary [I] again) for some v € Cg. Therefore 5 = 7. ~
is necessarily primitive, since 8 is primitive. By Theorem ] we can write v as an irreducible
product of a unit € and elements 7y, ..., 75 of Z(p):

v=(...((em)m) - )7s.
This implies that 3 is of the form
B = ((...(67‘(1)7‘(2---)7‘('5)77'.

This is an irreducible product, for if 75 were equal to 7w, 8 would be divisible by p and would
not be primitive. From Theorem 2 applied to 3, we know that this is the only way we can write
[ as an irreducible product, and therefore that the product « is necessarily of the form

a = Br = (... ((em)mz) - mo) ),

which contradicts the assumption on its irreducibility. O



Proposition 1 Any element o € O(Z) of norm N(a) = p' and with a = 1 mod 2Cgp, can be
uniquely written as:
a==2p°((... (1a2) - ap_9s—1)—2s,

where ((... (1) - ay_os—1)—2s is an irreducible product with elements a; € P (p).

PROOF: First of all, let us assume that there exist an non-negative integer s, an € in Cg and
elements 71, ..., T, such that a can be written as an irreducible product

a=p°(...((en)az)az -+ )ay. (12)

By taking norms on both sides, we see that u =t — 2s. Moreover, by Lemma [2, the irreducible
product (...((eal)ag)ag e )ozu is primitive. Therefore p® is necessarily the largest power of
p which divides a. We choose now s like this, and since p~*« is in @(Z) and is primitive, we
can apply Rehm’s theorem to it and write p~*a = ( ((eay)ag) - )at,gs, with € € Cg and
a; € P(p). In other words o can be written in the form given in (I2)). The unicity of this
form follows from the discussion above and the unicity of the decomposition of p~*« ensured
by Theorem

The invertible element € is necessarily in O(Z). Let us assume that this is not true, € €
Ct — O(Z). Let us first prove the following

“a € Co — O(Z) and b € 1 + 2Cg implies ab € Cop — O(Z)”.

Notice that a has necessarily in the 1,i, ], k, t, it, jt, kt basis at least one coordinate which is of
the form & where m is an odd integer. Write now ab = a(1 + 2¢) = a + 2ac for some ¢ € Cp.
But 2ac is in O(Z), which implies that ab has some coordinate of the form % 4 n, where n is
some integer. This shows that ab is not in @(Z) and finishes the proof of the aforementioned
property.

When we apply this property recursively to ea;, (eaq)as,..., (---((eal)ag) e )Oét_zs, we
see that they are all in Cop — O(Z), and therefore so is also o = p*( -+ ((ecvy) ) - - - )oy—25. This
is a contradiction, because « is in 1 4 2Cp and hence also in O(Z).

Therefore, € is among the 16 units of O(Z)*. By using Corollary [I] it is straightforward to
check that we can write € as

€= psft( o ((t—9s) @ —95-1) - 042)061

The set 1+ 2Cg is stable by multiplication, therefore ( ((vp—2s)at—25—1) ** - 042)071 belongs
to 1+ 2Cp and so does €. We conclude the proof by observing that the only invertible elements
in O(Z)* which are also in 1+ 2Cg are £1. O

The construction of the infinite tree This lemma has a simple corollary, namely that all
irreducible products (... (a1a2) - - - as_1)as of elements of & (p) are different. These will be the
vertices of a tree we want to build.

Definition 2 Let A be the set of all irreducible products with elements in & (p) (with the con-
vention that the void product belongs to it and is equal to 1).

Let T be the infinite graph with:

e vertex set A;



e edge set defined as follows. By Proposition [, any vertex can be viewed in a unique way
as a irreducible product (... (aja9) - as—1)as where the «;’s belong to &?(p). There is
an edge between (... (ajag) - as—1)as and vertices of the set

{(-.. (nag) - )as—1 }U{((... (1a2) -~ as_1)as)m : m € P(p) —{as}}

By the convention that the void product is equal to 1, the vertex 1 is linked with all
vertices labelled by 7, for m € Z(p).

It is clear by construction of the graph that T is the infinite (p® + 1)-regular tree.

Cayley graphs on loops Let us give an interpretation of this arithmetic construction of the
(p® + 1)-regular tree in terms of a Cayley graph on a loop, which is a slight generalization of the
usual Cayley graph definition (see for instance [39]).

Definition 3 (directed/undirected Cayley graph on a loop) Let L be a loop and S be a
generating set for it. The directed Cayley graph €ay(L,S) has for vertices the elements of L
and for edges {(l,1s),l € L, s € S}. The undirected Cayley graph ¢ay(L,S) is obtained from
Gay(L,S) by replacing each directed edge (1,1s) by an undirected edge {l,1s}. Equivalently, there
is an edge between | and ' if and only if there exists s in S such that either I =1s orl =1s.

For the usual Cayley graph on a group, the undirected version is a |S|-regular graph without
self—loopﬂ if and only if S = S~! and 1 ¢ S. There is a generalization of this property for Cayley
graphs on loops.

Proposition 2 [38, Theorem 8] €ay(L,S) is a |S|-regular graph without loops iff
(i)VleL, l¢18S,
(ii) L € (Is)S for any s € S.

Note that if L is a Moufang loop, then this is equivalent to 1 € S and S~! = S, as in a
group. Cayley graphs on groups are of course vertex transitive, this is not necessarily the case
for Cayley graphs defined on loops. The problem is that left multiplication by a loop element
does not necessarily yield a graph automorphism because of the lack of associativity. Indeed,
any regular graph can be realized as Cayley graph on a certain loop [3§].

To view the tree T as a Cayley graph on a loop, we endow the vertex set A with the following
operation

Definition 4 Let o, 8 be two elements of A. By Proposition [l these vertices can be written in
a unique way as irreducible products over P (p), a = (... (aqnag) - )as, 8 = (... (£152) )bt
By wusing Proposition [l again, there erists a unique irreducible product vy on Z(p) such that
af3 = +pty, with N(v) = p*+t=2¢, that is y is an irreducible product of length s+t — 2¢. We
define

axf3 d:effy.

Proposition 3 The set A endowed with the multiplicative law =, is a Moufang loop generated
by Z(p).

3 a self-loop, that is an edge with the same origin and extremity, should not be confused with the meaning of
a loop here, i.e. a weaker algebraic structure than a group.



PROOF: Clearly 1 *a = a*1 = « for any o € A.

Let a be some element of A. It belongs to 1 + 2Cgp and is primitive by Lemma This
is therefore also the case for &. By Proposition [Il we know that either & or —& belongs to
A. If @ € A, then since aa = p°® where p°* = N(«), we get a* @ = 1. The case —a € A is
treated similarly. This shows that A is a loop. It remains to show that * satisfies the Moufang
identities ().

The following equalities come from the definition of x:

(ax (Bra))xy = (ax(p ™pa))*7,
= p *Hp Pa(Ba)) *v
p 7 T p B (o Ba) )y

for some non-negative integers si,se and s3. From the Moufang identities (@), (a(Ba))y =
a((Ba)y), it comes that (a* (Bxa)) xv=ax* ((8*a) 7). 0

With this definition, it is straightforward to check that the one to one mapping between
elements of A and their representation as irreducible products of elements of (p) gives an
isomorphism between T" and Gay(A, Z(p)).

Proposition 4 The following graph isomorphism holds:
T ~ Gay(A, Z(p)).

4 Obtaining finite graphs from 7" by reducing A modulo another
prime q

Reducing to finite graphs Basically, finite graphs are obtained from the arithmetic con-
struction of T' by reducing the octonions in A modulo another prime ¢. For reasons which will
appear later on we also assume that ¢ is chosen to be greater than p. Notice that we obtain in
this way elements in O(IF,)*, because the norm of elements of A is a power of p which is therefore
invertible modulo ¢. Let us denote by 7, the reduction modulo ¢ map 7, : O(Z) — O(F,). By
the definition of the profuct *, the following holds:

Tg(ax B) = 1o(ep*aB) = 1(ep™ )74 (a)74(B), (13)

for some nonnegative integer s and € € {—1,1}. We note that 7,(ep™*) is in F}, identified as a
subset of O(F,)*. Subset that appears to be precisely the center Z of O(F,)*, as can easily be
checked. It follows that the two elements 7,(a * 8) and 74(a)7,(3) differs only by an element
in the center. Therefore, they yield the same element in the quotient loop O(F,)*/Z. In other
word, the map
pe: A — OF,)*/Z,
a — 1)z

is a loop homomorphism. Indeed, Equality (I3) clearly implies pq(a % 5) = pq(a)pq(B). In
addition, since O(F,)* is a Moufang loop, O(F,)*/Z is itself a Moufang loop. We have proved:

Lemma 3 The map pq is a homomorphism of Moufang loops.

Our graphs will be defined as Gay(Im pq, pe(Z(p)) when these graphs are bipartite or by
double covers of this Cayley graphs (which are therefore bipartite) when this is not the case.
The reason for this is that bipartite graphs have only even cycles and we have in the case of
Cay(Im g, pe(Z(p)) a very good lower bound on the size of cycles of even length, but the lower
bound on cycles of odd length is only half the aforementioned bound.
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Determining Im p,. Let us bring in M; and M, the subloops of O(FF,)* consisting of in-

vertible elements of norm 1 for Mj, and of norm Let Z, def {£p®,s = 0,1,...,q — 2} and

z {=1,1}. Since Z; C Z, C F; we can embed the corresponding quotient loops in O(F,)*/Z

as follows
M2, — M,/Z, — OF,)*/Z
aZy — aZ, (14)
bz, +— bZ

Via these embeddings, they can be identified as subloops of O(F,)*/Z. By a result of Paige [41]
Theorem 4.1] M;/Z; is a simple Moufang loop, and an index 2 normal Subloop@ of O(F,)*/Z
(in total analogy with PG Ly (F,) and PSLy(F,)). It follows that M,/ Z, = M, /2Z; or O(F,)*/Z
(Cf. Corollary 2l for an answer to this issue).

Lemma 4 (the image of ;) We have Im pu, = M,/Z,.

PROOF: Every elements of A has a norm a power of p, so the inclusion Im p, C M,/ Z, is clear.
To obtain the other inclusion, we first show that for any element o = ag+aji+...+azkt € O(Z)
such that N(a) = p" (mod q) for some integer r, there exists an element 8 = by+byi+...+brk €
1+ 2Cg such that

(i) a; = b; (mod q),

(i) N(B) = p for some integer /.

To prove this claim we use as in [32, Prop. 3.3], a result of Malyshev on the number of
solutions of integral definite-positive quadratic forms [33]. This result can be described as
follows. Let f(x1,...,z,) be a quadratic form in n > 4 variables with integral coefficients
and discriminant d. Let m be an integer prime to 2d. Malyshev proved that there exists
some constant depending on f, K(f) such that for any N > K(f), N generic for f (that is
f = N (mod r) has at least one solution for every ), ged(m,2Nd) = 1 and for which there
exist integers a; such that ged(ay,...,a,,m) =1, f(a1,...,a,) = N (mod m), then there are
integers b1, ..., b, such that
(i) bi = a; (mod m),

(ii) f(b1,...,by) = N. Let us first assume that p = 1 (mod 4). We apply the aforementioned

result of Malyshev to f(zo,...,z7) def 23 +4(x? + - +2%). This is an integral positive definite

quadratic form. The discriminant of f, d = 27, verifies ged(2dp?,q) = 1 for any £. There are
obviously integers (ay, . . ., a%) such that f(ag,...,a%) =p" (mod ¢) by the assumption on « (by
taking af, = ap and a} = 271a; (mod q) for i € {1,...,7}), and such that ged(a},...,a%,q) = 1.
Now choose ¢ such that p’ > K(f) and p® = p" (mod q). It is straightforward to check that p’
is generic for f (this follows from the fact that p’ = 1 (mod 4)). Therefore there exist integers
(b, - .., bL) satistying

b+ 4bT + - 407 =l

This implies the existence of the aforementioned octonion B of norm equal to p’ which is
congruent to p” modulo ¢ by setting by = b, b; = 2V, for i € {1,...,7}. This octonion belongs
to 14 2Cg since by = 1 (mod 2).

Now, let us consider the remaining case p = 3 (mod 4). We can use the same proof as before
for the case where £ is even, since in this case p’ = 1 (mod 4). In the case of an odd £, p’ is no
more generic for f, indeed f(zo,...,2z7) = p’ (mod 4) has no solution: this equation reduces to
73 =3 (mod 4) which has no solution. In order to treat this case we consider another quadratic
form, namely

flxo,...,x7) d:ef4(x8 + 22 + 22 + 22 + 23) + 22 + 22 + 22, (15)

4From Corollary of Lemma 3.4 of [41], since g > p is an odd prime.
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This time p’ is generic for f. Moreover a solution in Z® of the equation f(zg,...,z7) = p’ gives
an element 8 = 2xg 4 2x1i+ 2w9) + 223k + 224t + x5it + 26jt + 27kt of norm pt. Let us show that
B is also in 1+ 2Cg. By reducing Equation (I5) modulo 4, we obtain 22 + 22 + 2% = 3 (mod 4),
hence:
x5 =x¢g=2x7=1 (mod 2).

The element % = % +x1i 4 29) + w3k + w4t + it + Fjt + Tkt is therefore in Cop by using
the characterization of Cp provided by Lemma [Tl

Summing up the whole discussion we obtain in both cases an element 3 in 1+ 2Cg of norm
pt. By applying Proposition [ to it, we can write 3 as

B = ep’y

for some non-negative integer s, € in {—1,1} and v in A. Since 7,(cr) = 74(5) we have that
74(B) € 14(a)Z, and therefore 7,(y) € 74(a)Z,. In other words, 7(a)Z, € Im p,. O

Since My/Z; is of index 2 in O(F,)*/Z,, the image loop j4(A) = M,/Z, is either equal to
M,/Z, or O(F,)*/Z. A direct consequence is:

Corollary 2 If <§> =1, then Im p, = My /2.
Else, when <§) =—1, Im puy = O(F,)*/Z.

PRrOOF: The loop homomorphism O(F,)* — Z/27Z, o — (@), regarding the definition of Z,

factorizes into this homomorphism: € : O(F,)*/Z — Z/2Z. Its kernel contains M;/Z;.
Besides, for m € Z(p), pq(m) is mapped by € to 1 or -1 in Z/27Z, according to the sign of

<§>. This shows that if <§> = —1, then p, (Z(p)) C O(F,)*/Z — M1/Z,. From Lemma [

we know that M;/2Z; C M,/Z, = Im pg, from which follows Im p, = O(F,)*/Z by Paige’s
theorem.
On the contrary, when (g) = 1, then uq(ﬁ(p)) C kere. The multiplicativity of the

Legendre symbol shows that Im yp, C kere. It comes, with Lemma [ M;/Z; C M,/Z, =
Im p, C O(F,)*/Z, and Im p, = My /2, by Paige’s theorem. O

What is ker 1y 7 By definition, ker iy = {a € A|75(a) € Z}. Write o = ag+ayi+- - - +arkt.
This means that gla; for i = 1,...,7, and N(a) € F;. This last condition is already verified for
elements of A. If we denote A(q) = ker pg, this gives:

ker juq of A(q) ={a € Astqglar,...,qlar}, andthen A/A(q) ~O(F,)*/Z. (16)

Definition and properties of 2, , and %, ,. As mentioned before our finite Ramanujan
graphs will be obtained as Cayley graphs defined over loops.

Definition 5 We define .#(p,q) aof ,uq(,@(p)). If <§) = —1 let Z,4 be the Cayley graphs
¢ay(O(Fy)*/Z,.7(p,q)), and if <§) =1, let %, 4 be the Cayley graph Cay(My/Z1,.7 (p,q)).

We have |O(F,)*/Z| = ¢ — ¢® [44, Lemma 3.2]. It follows that |2,,| = ¢ — ¢® and
%4l = 3(a" = 0°).

Lemma 5 The graphs %, and %, , are connected.

12



PROOF: The set Z(p) generates A as a loop. The proof of Corollary 2] showed that . (p, q)
generates My /2 if <§> =1, and O(F,)*/Z if <§> = —1. It follows that the graphs %, , and
%, q are all connected. 0

Before giving the degree regularity of these graphs, we recall that |2 (p)| = p® + 1 by [44]
Proposition 6.4].

Proposition 5 The graphs 2, and %, , are p> + 1-regular.

PROOF: First let us show that |.7(p, ¢)| = |2 (p)| = p*>+1. Suppose that two distinct elements 7
and 7’ in Z(p) give the same element in O(F,)*/Z through 4. The equality 74(7)Z = 14(n')Z
is equivalent to pi,(m* 7') € ker y, = A(q). By Equation (I8]), taking norm gives an equation of
the form p? = a2 + ¢%2?, for an ag and x. If x # 0, then p? > ¢?, excluded since p < ¢. If z = 0,
then 7 x 7/ € Z, that is m = 7, also excluded. Finally, p () = py(7’) is impossible if 7 # 7.
To prove that they are |.(p, q)|-regular, we must show that . (p, q) satisfies the hypotheses
of Proposition 2] as aforementioned. We already know that if 7 € &?(p) then its inverse for
* is 7 and is in Z(p). Hence, Z(p)~! = P(p) for *, and since p, is an homomorphism by
Lemma 3 also holds . (p, ¢) ™' = . (p, q). Last, 1Z & .#(p, q), else there would be a 7 € Z(p)
that would also be in A(q), by Equation ([I6]), that is easily checked to be impossible. O

Proposition 6 The graphs %, , are bipartite, and the graphs %, , are not.

ProOOF: First, assume that (g) = —1 (this concerns 2, ,). Consider the partition AU B =
O(F,)*/Z of the set of vertices of 2,

A:M1/21 and B:@(Fq)*/Z—Ml/Zl

Let v € A be a vertex with v = p4(a), and let w = p14(3) be a neighbor of v. By construction
of Cayley graphs, there exists 7 € & (p), such that p,(a*7) = pg(a)pe(m) = pg(B). This leads

()-(52)- ()

¥> = 1. This means that w € B. In the same way any neighbor x of

since v € A implies <
w is in A, so the graph is bipartite.
Now assume that g = 1 (this concerns the graphs %}, ,). As seen above, a bipartition

AU B of the set of vertices M7 /Z; would imply a non trivial loop homomorphism:
Ml/Zl — Z/2Z

The kernel of it would consist of a non trivial normal subloop of M;/Z, excluded since M /2,
is simple by Paige’s theorem. a

It is interesting to consider the bipartite double cover of %, , when <§> = 1, especially for

the treatment of the girth in the next section. Recall here that the double cover of a graph G
with vertex set V' and edge set F is the graph with vertex set V' = V x {0,1} and there is
an edge between (x,b) and (2/,V') if and only if {z,2'} € E and b’ # b. The double cover is a
bipartite graph and is connected if and only if G is not bipartite.

Definition 6 When (g) = —1, we define Z, 4 as the bipartite double cover of %, ,.

It follows that |2, 4| = ¢7 — ¢3 for any primes 2 < p < q.
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5 Bound on the girth

The result hereunder establishes a new lower bound on the maximal girth of regular graphs.

Theorem 3 For all couples (p,q) of odd primes such that p < q, denoting k = p3+ 1, we have:
(i) that the girth of Z, 4, which we denote by girth(Z,,), satisfies

12
S

girth(25,4) > z logy,_1 [ Zpql — 210gp 2.

The constant % is the largest possible.

(ii) For the non-bipartite graphs %, , (defined when <§) = 1), the inequality

. 6 6 )
girth(%,q) > - log), 1 | Zpq| —log,2 = - logy, 1 |%pql — - log,, 2

holds.

The proof of this theorem follows an approach similar to the one used in [32] B5] for the
lower bound, and [35] 4] for the tightness of this bound. However compared to the Ramanujan
graphs based on quaternions there is an additional difficulty. The former are Cayley graphs on
groups, they are vertex transitive and it is therefore enough to lower bound the size of a cycle
starting at the 1 vertex (1 stands here for the identity in the loop). We do not know whether
our construction is vertex transitive or not, however it is enough to study the cycles starting at
the 1 vertex in our case too. This is a consequence of the following result.

Lemma 6 Given « in A, there is a one-one correspondence between:
(a) the closed paths without backtracking of length t' starting at the vertex pg(a), and
(b) the irreducible products in A of length t' belonging to the kernel A(q) of pq-

PROOF: A closed path of length ¢’ without backtracking starting at p,(«) corresponds to an
irreducible product in A, of length ', with letters denoted by fi,..., By € £(p) such that:

V2 <i<t'—1, pg((-..(a*xB1)*-)*Bit1) # pg((-..(axBy)x---)xB;i_1), (no backtracking)
and if v (L. (axBy)x--+) * By, then py(e) = pg(y)  (closed path).
We must show that the irreducible product 8 % (--- (8182) -+ )y is in A(q). By Corollary I}
VB = (- (ap) -+~ Be-1)Br) By = (- (@Br) - By—1) (BeBr) = p(- - (aBr) -+ ) By,

By induction it arrives 78 = pf'a, or v« 8 = a, or (M pg(B) = pg(). But by assumption,
tq(7) = pg(a), which implies 11,(8) = 12, since O(F,)*/Z is a loop. Equivalently, 8 € ker y, =
A(q), and hence (3 as well, as can be easily checked.

Reciprocally, let us consider an irreducible product v in A(g) of ¢’ elements ~,...,7vy in

P(p). Let:
def
(S :e (( .o (a’}/l) e ’}/t/_l)’yt/.
As seen above, 0 * 5 = «a. It follows that 114(0 * ) = p14(6)pq (7). By assumption, p4(y) = 1.2,
therefore we also have py(5) = 1.2. So py(a) = pg(ax7). This corresponds to a path of length
t', without backtracking, starting at pq(c). O

The second lemma gives a tight lower bound on the size of irreducible products in A of even
length that belong to A(g). This yields therefore a tight lower bound on the size of cycles of
even length in the graphs 2, , or %}, ,.
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Lemma 7 Given t > 0, there exists an irreducible product in A(q) of length 2t if and only if
2t > ¢2.

PRrROOF: Let 5 € A(g) be as in the statement. It can be written as 8 = by + q(b1i + - - - + brkt)
where the b;’s are integer coefficients. Moreover, N(8) = p* gives:

b+ ¢* (b1 + - + b3) = p*. (17)

At least one b; (with ¢ > 0) is non zero, else § = by would yield an irreducible product of length
0, in contradiction with the assumption ¢ > 0. This implies p* = b3 (mod ¢)?, or equivalently
p' = £by (mod ¢)2. We observe that b3 < p*’, so |by| < p, and p' = by + mq?, for a positive
integer m. This implies

p2t _ (pt—mq2)2+q2(b%+---+b$)
p* = 2mg®p' + m’q* + (0] + -+ b3)
& 2mpt —mPE = b3 4 -+ b2 (18)

Then it follows that 2p’ — mg? > 0. This is because at least one b; (with i > 0) is different from
0, achieving the first part of the proof.

Reciprocally, if m is such that 2p' > mgq?, then 2mp’ — m?¢? can be represented by a sum
of seven squares: 2mp’ — m?¢? =a? +--- + a%. We choose ag = p* — mq?, and notice that:

ay = ai (mod 2)
= p? — @t +...+ad?) (mod?2)
= l4a1+...+ar (mod2) (19)
This implies that among the 8 integers {ag — 1, a1, as,...,ar}, the number of odd ones is even,
as well as is the number of even ones. Therefore, after eventually performing a permutation
of the set {aj,...,ar}, we can always assume that the two subsets {ap — 1,a;,a2,a3} and

{a4,as,a6,a7} contains the same number of odd and even integers. Moreover the permutation
can also be chosen so that the following congruence is verified:

(ao - 1,(11,@2,&3) = (a’4aa’5aa65a7) (mOd 2)

With the congruence ([I9)), this shows that the octonion ag — 1 + aii + --- + arkt verifies the
conditions of Lemmal[ll and that it belongs to 2Cg. Finally the octonion ag+ qaji+ - - -+ garkt €
1 + 2Cg, hence is in A(q), since its norm is equal to p? by construction. O

Using both lemmas together we obtain

Proposition 7 The length of the smallest closed non backtracking walk of even length in Zp 4
or in %, 4 is equal to 2[2log, q — log,, 2]

PrOOF: Such a walk of length 2¢ exists if and only if there exists an irreducible product of
length 2¢ which belongs to A(g) by Lemma Bl Using now Lemma [7, we know that such a
product exists if and only if 2p! > ¢2. The smallest ¢t which satisfies this inequality is clearly
equal to [2log, ¢ — log, 2]. O

We can now prove Theorem [l
PROOF: (of Theorem [3]) The first part of (i) is a consequence of the fact that %2, 4 is bipartite,
therefore any cycle it contains is of even length. We can apply now Proposition [7 and lower
bound the length of such a cycle by 2[2 log, ¢ —log,, 2]. Hence

. 6 12
girth(2y,4) = 2[2log, ¢ — log, 2] = 2 ’V? log,,s q — log,, 2“ > - log;_1(¢" — ¢*) — 2log,, 2,
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and the first part of (i) follows. The optimality of the constant % follows at once from the fact
that

12
—1

. 12
girth(2y,4) = 2[2log, q — log, 2] = (1 + 0(1))7 logpa(q7 —¢*) = (1+0(1)) 7

081 ‘%),q’

as g tends to infinity.

To prove (ii), notice that the double cover graph of %, , is equal to 2, by definition and
that the length of the smallest cycle of the double cover is at most twice the length of a cycle
in %, ,, therefore

girth(2,.4) < 2 girth(%, 4).

and (ii) follows immediately. O

6 Spectral estimate

The proof that the graph families presented here are Ramanujan follows the proof technique of
Lubotzky Phillips and Sarnak in [32] § 4]. Basically their approach can be summarized as this.

(i) A classical graph spectral argument is first used to relate the number of cycles of a certain
length without backtracking to the spectrum of the graph.

(ii) In the particular case of the Ramanujan family based on quaternions of [32], the number of
cycles without backtracking can be related to the number of integer solutions of a certain
quadratic equation in 4 variables. In our case, a similar result holds with a quadratic
diophantine equation in 8 variables.

(iii) The number of solutions of the quadratic equation is estimated through modular forms
considerations. Basically, it can be expressed as a sum of a Fourier coefficient of an
Eisenstein series and one of a cusp form, both of weight 2. The Fourier coefficient of the
Eisenstein series can be computed explicitly, whereas the Fourier coefficient of the cusp
form is upper-bounded by deep results proving the Ramanujan-Petersson conjectures for
modular forms of weight 2 (using here Eichler and Igusa results [17, 26] relating such a
conjecture to the Riemann hypothesis for algebraic curves on finite fields which was proved
by Weil [50]). In our case, we relate the number of integer to the estimation of Fourier
coefficients of weight 4, where we rely instead on the more general Deligne’s proof [14] [15]
of the Ramanujan-Petersson conjectures for modular forms of even weight, which was
obtained by proving Riemann’s hypothesis for varieties over finite fields.

With the same approach we obtain the following theorem.
Theorem 4 The graphs Z, , are Ramanujan.
Remarks:

1. We consider here in a unified way the case where 2, , is a Cayley graph over the Moufang
loop O(F,)/Z (which corresponds to the case (g) = —1) and where 2, , is the double

cover of %, , (i.e. <§> =1).

2. This will allow for instance to obtain as a direct corollary (see Corollary B]) that the %, ;’s
are also Ramanujan.
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Step 1: relating the graph spectrum to the numbers of non-backtracking cycles.
We recall that if A is the adjacency matrix of a graph, then A¢ is the matrix whose i, j-entry is
the number of paths of length ¢ between the vertices labeled i and j. Assume that the graph
is regular of valency k. The sequence of matrices (By)sen defined by the order 2 recurrence
relation (Cf. [I3] 1.4.1 Lemmal):

By=1d, By = A, By = A? — kId, By = AB;_1 — (k—1)B,_y, for £ > 3,

counts the number of paths without backtracking of length ¢ between two vertices. We recall
that a path (zg,x1,...,2/) is said to be without backtracking if and only if x;_1 # x;41 for
any i € {1,...,£ — 1}. The Chebychev polynomials (of the second kind) U,,(X), defined by

Up(cosf) = W, verify an order 2 recurrence relation as well:
Un(X) =2XUp-1(X) — Up—2(X).
Hence, it is possible to link the By and the U, in the following way. Defining matrices (7}, )men,

n S N Buoa, (20)

o<e<™

comes (Cf. [13, 1.4.5 Proposition)):

Ty, = (k — 1)™2U,, <2\/%> . (21)

Suppose that the graph whose adjacency matrix is A has vertex set V, that |V| = n. Let
Ao =k > A > --- > \,_1 the eigenvalues of this graph. Given a vertex x € V, let f;, be
the number of closed paths of length ¢ without backtracking starting at x. By definition of
the matrices (By)sen, fro is the entry of the diagonal element of By labeled by the vertex .
By taking the trace of the matrix 7T}, using Equation (2I) and Equation (20) comes (Cf. [13]

1.4.6 Theorem]):
DTN fmeara = ( —1m/2ZU (\/_> (22)

2V 0<4<D

We go back now to the graphs 2, 4, so that the size is n = q" — ¢® and the valency is k = p> + 1.

We differ now slightly from the proof given in [I3]. It is not clear that these graphs are vertex
transitive as was the case for the Ramanujan graphs of [32], 35] (these graphs were constructed
as Cayley graphs on groups, and were therefore vertex-transitive). In our case, we obtain that
fo is independent of the vertex z in a different way by a reformulation of Lemma

Lemma 8 For the graphs %, 4, the number fo, is independent of the vertex x. When { is
even, this number is equal to the number of irreducible products (...(a1a2)---)as of length ¢
such that (... (a1az) -+ )as € Aq).

Proor: If £ is odd, then f;, is equal to zero for every = because 2, 4 is bipartite. If £ is even,
the statement given is a straightforward consequence of Lemma [6] and the very definition of

Zp.q in terms of a Cayley graph over O(F,)*/Z (when (5) = —1) or in terms of a double cover
of a Cayley graph over M;/Z; (when <§> =1). O

With this lemma, we denote f;, simply by fy. The degree of the graphs 2, is k = p®+1,
therefore Equation (22)) becomes (Cf. [13], 1.4.7 Corollary]):

0 S = 3m/2ZU (2 3/2) (23)

0<e<™
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Step 2: Expressing the number f, of non-backtracking cycles of length / in terms of
the number of solutions of certain quadratic diophantine equations. To start with,
let us introduce briefly some preliminary materials. Given a positive definite quadratic form R,
anf for ¢t € N fixed, let

Ne(t) € {x = (z0,...,27) € Z® : R(x)=t}, and ng(t) = |Ng(t)|. (24)

We consider now the positive definite quadratic form
Q) =g+ ¢* (i + - + 7).
For a € {0,1}8, let us define also the sets
Ead:ef{XEZS :Q(x)=t, x=a (mod2)}
and for i € {0,1,...,7}:

Fid:ef x=(z0,...,27) €Z® : Q(x)=t, x;=0 (mod 2)} .

In the light of the property of Lemma [ verified by elements in A, the relevant quantity to
consider is not the whole number of integer solutions ng(t) of @ = t, but the following:

Definition 7 Let r(t) denotes the number of solutions of Q(x) = t with x = (zq,...,x7) € Z8
and satisfying

(zo, 1, 22,%3) (1 —x4,25,26,27) (mod 2) if g+ 21 +2z2+23=1 (mod 2),
(ro,x1,22,23) = (24,1 —2x5,1—26,1 —27) (mod 2) ifxog+ 1 +22+23=0 (mod 2).

Indeed, this quantity verifies:

Lemma 9 Let m be a non-negative even integer. The following equality holds:

7nQ(pm) =2 Z fm72€-

0<e<™

PrOOF: We already know from Lemma [@] that f,, o, counts the number of irreducible products
in A(q) of length m —2¢. Let a« = ap+aii+-- -+ arkt be such an irreducible product. It belongs
to A(q) C 1+ 2Cp therefore, from Lemmal [I]

(ap,a1,az,a3) = (1 —a4,a5,a6,a7) (mod2) if agp+ai+az+az=1 (mod 2),
(ap,a1,a2,a3) = (ag,1—as,1—ag,1—ay) (mod?2) ifag+a;+az+a3=0 (mod 2).

And moreover, a; = ga) for some integers a; and for 1 < i < 7. Hence, N(a) = =
Q(ao,dy, ..., a). This a gives two solutions contributing to 7o (p™), namely +(agp®, ajpt, . .., a;p?).
Conversely, a solution (xo,...,x7) contributing to rg(p™) above yields an element =
xo + q(x1i+ -+ + x7kt) € 1 + 2Co of norm N(B) = p™. That is, B verifies the conditions of
Proposition [l and there exists a unique irreducible product 4’ € A such that 8 = +p3’. It is
easily verified that 3 is also in A(g). Since, N (') = p>™~¢, this is a contribution to f,,_o¢. O

m—2{
l

The next step is to relate r¢(t) to the whole number of integer solutions ngg(t) of certain
quadratic equations Qg defined hereunder. Indeed, these ng(t) can be estimated sharply (see
the next step), whereas it is not the case for the partial number of solutions r¢(t).
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Definition 8 Given a subset S C {0,1,...,7}, we define the following quadratic form
d .
QS('TO, cee ,iE?) :ef QSS(O),I% + q2 Z ¢S(Z)IE22,
1<:<7
where ¢pg(i) =4 if i € S and 1 otherwise.

It is not difficult to see that ng4(t) has the following interpretation in terms of the number of
integer solutions of Q(x) = t:

nqs(t) = {x = (x0,...,27) € 78 : Q(x)=t, x;=0 (mod?2)ific S} . (25)
With the help of the definition above, now we can prove that:

Lemma 10 There exist integers ag for S ranging over all subsets of {0,...,7} such that
ro(t) =) asngs(t).
S

PROOF: Let A be the set of a = (a;)o<i<7 € {0,1}® satisfying
(ag,a1,az,a3) = (1 —aq,as,a6,a7) ifag+a;+az+a3=1 (mod 2),
(ag,a1,a9,a3) = (ag,1—as,1—ag, 1 —ay) ifag+a;+azy+a3=0 (mod?2).
By definition of E,, we clearly have:
ro(t) =Y | Fal (26)
acA
Next, we show that for any a € {0,1}® there is a family of integers (us)scqo,...,7y such that
|Eal= Y ugng(t). (27)
Sc{o,...,7}
The above plugged in Equation (26]) will prove the lemma. To do so, notice that:
Ea= () Fn (] (Ng - F), (28)
0

;= ia; =1

where Ng denotes the set Ng(t) of (24). This follows directly from the definitions of these sets.

. For b =0 or 1, let us define S, def {i: a; = b}. Let also G be the set N;.q,—0F;. Equation (28]
can be rewritten as:

Ba = (N ENWNe-F) = 6n(No- JR) = ¢-(¢nJ F).
1€8S0 €51 1€S] €51

The last equality is justified by the inclusion G C Ng. We now take cardinal:

Bl = l6-jenUA| - 6-|Jenn

i€S1 1€51

= |G| - Z (-)IT=tGn ﬂ F;|  (by the inclusion/exclusion principle)

TCS, €T
= |NA-2 ) N A
1€S0 TCS, 1€TUSy

= g, (1) = D (=D g g (8)  (by using @)

TCS,
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This proves Equality (27)), which is sufficient to conclude the proof as already mentionned. O
We assume from now on that m is even, say m = 2¢. Equality (23)) is then rewritten as:

gnl

rq(p*) Z (23/2> (29)

For every 0 < j < n—1, there exists a unique 0; € [% In p, 0]U[0, 7]V, 7T+% In p] C C such that:
Aj = 2p3/2 cos 6; (precisely, 0; € [0, 7] if |A\;] < 2p3/2, 6 € [% Inp,0) for 2p3/? < A\j < p3+1and
0; € (m,m+ % Inp] for —p3 —1 < \; < —2p3/2). Recall that A9 = p® + 1 and since the graphs
are bipartite A\,_; = —p3 — 1, so 6y = %lnp and 0,1 =7+ % Inp. As a consequence, the
graphs are Ramanujan if and only if the ¢;’s are real for 1 < j < n —1, which will be proved in
the 3rd step below.

By coming back to the definition of Chebychev polynomials, Equality (29) becomes:

n—1 .
2y _ 2p3t sin(2¢ + 1)9]'.

n sin 6
j=0 J

rQ(p (30)

With the aforementioned values for 6y and 6,,_1, namely 6y = 37 Inpand 0, 1 =7 —|— i np, we
check that:

sy 41— P32 o3t n—2 sin(2¢ + 1)6;
) = + . : (31)
n 1-p3 n - sin 6;

rQ(p

Step 3: Using modular forms techniques to estimate ro(p™). Similarly to [32], let us
bring in the Theta series:

def > ik
Os5(2) T Y ngs(k)e?™. (32)
k=0

By using classical results about Theta series (see for instance [36] §4.9.5] or [40, Chapter VI-3]),
we obtain

Lemma 11 ©Og(z) is a modular for of weight 4 for T'(16¢%).

I'(16¢?) denotes here the group of matrices

I'(16¢2) = {(Z Z) € SLy(Z): (Z 2) = (é ?) (mod 16q2)}.

The modular forms ©g can be decomposed in a unique way as a sum of a linear combination
of Eisenstein series Eg(2) = Y 5o e,5€%™* and a cusp form Cg(z) = Y po; cx,5%™* of weight
4 for T'(16¢?) (see [22] article 24, Satz 1. II] for instance), i.e Og(z) = Eg(z) + Cs(z). We can
therefore write by using Lemma [I0]

41— pPRHD 9pd sin(20 + 1),
Z as( 245—1-02[5) - 1_ 3 o < sinﬂj .
ScH{o,...,7} j=1

(33)

The central argument for estimating accurately rq (p?%) is that the Fourier coefficients of a cusp
form C(z) = Y32 cke?™** of weight 4 satisfy for every € > 0:

x| = Oc(k¥/%7¢) as k — co. (34)

5 Actually, ©5(z) even belongs to I'g(16¢?) as is readily checked from [36]. However, this allows us to make
directly use of certain results related to I'jg,2 as will appear later on.
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This comes from the proof of the Ramanujan conjecture for cusp forms of even weight obtained
by using the work of Thara [27], which reduced the proof of the conjecture to the Riemann
hypothesis for varieties over finite field which was later settled by Deligne in [14] [15].

Since the remaining sum 2p > isi 2 % is clearly of the form o(p%)

infinity, it follows from the upper bound (34]) and from Equation (B3] that

as m tends to

41 — p326+1)
> aseus = g% +o(p™). (35)
SC{0,...7} g

Following [32], we observe now that the sum of the Fourier coefficients > gcyy 7y aseper g
are exactly equal to the right-hand side without remainder term, by using the fact that the
coefficients ey of any linear combination E(z) = 72, ere?™*% of Bisenstein series of weight 4

for T'(N) are of the form
ep =y d*F(d) (36)
dlk

for some periodic function F' : N — C of period N (see for instance [40), Proposition 17, Chapter
IV]). We invoke now a slight variation of [32] Lemma 4.4]:

Lemma 12 Let G : N — C be periodic and satisfy
Z d*G(d) = o(p®™) as m — oo
dlp™

then
Z d3G(d) =0 for all m.

djp™

PROOF: Let Yy d?G(d), then

Up — Um—1 Um Um—1
Gpm) =2 " = "~ o 37
(™) pom pIm T p3m—1)p3 (37)
We notice now that the right-hand-side term ;@—”,}L — Iﬁ&”%ﬁpg) tends to 0 as m goes to infinity.
G is periodic, therefore G(p™) = 0 for all m. O

By noticing that
41— 3(26+1

T =

d\ 20
writing that
Z aseyr g = Z d3F(d)
Sc{0,...,7} d|p?

for some periodic function F : N — C of period 16¢?, and using Equation (38]), we obtain that

41— (2@+1 4
Z asep2t g — E Z a3 ( > .

SC{0,...7} dlp™
From Equation (35) we see that we can apply Lemma [I2] to » SCqo0,...7} GS€p2e 5 — é%ﬁfﬂ)
and obtain 3(2041)
41—p
Z a5€p2z75 = El—ip?’ (38)

5C{0,...7}
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This reduces Equation (33]) to

sin(2¢ + 1)6;
Z ascpae g = Z Slne J

5¢H0,...,7}

and by using the upperbound (B4 we finally obtain

sin(2¢ + 1)6
“ Z _ Oe(p%a).

sin 6;

Suppose that there is some A; ¢ [—2p%/2,2p%/?] with j € {1,...,n — 2}, or equivalently
that there is some 6; which is not real. There exists a unique 0 < ¢; < 1 such that either
0; = %tj Inporf; =m+ %tj Inp. Consider the index j of this kind which maximizes |);|. It is
straightforward to check that

sin(2¢ + 1)6; 2|{z IXi| = A1} ¥ 1 — p 3261

— 1 1
Z sin 6 n 1— —3t; (1+o(1))
as £ goes to infinity. If € is small enough, the right hand term can not be upper-bounded by
O(p**) and therefore the same thing holds for 2 =D 2 sn@1)0i g6 for 1 < Jj <n—2,the 0;’s

sin 0
are real, or equivalently the \;’s are in [-2p 3/ 2 op3/ 2]. This proves that the graphs %, , are
Ramanujan.

Corollary 3 For p < q such that <§> =1, the graphs %), 4 are also Ramanugjan.

PROOF: Let pg > -+ > pip—1 be the spectrum of %}, ,. The equality pg = p® + 1 holds. The
graphs are not bipartite by Proposition [ so there is the inequality p,—1 > —p® — 1. The
spectrum of the bipartite double cover %, , of %, , is given by %y, ..., +pp—1, counted with
multiplicities. But the graphs %, ; are Ramanujan, that implies p; < 2p3/2 for j # 0. That is
%, q are also Ramanujan. O

Conclusions

The contributions of this work are twofold. First, the girth problem consisting of finding for an
infinite growing family of k-regular graphs {G,,} what is the largest constant

girth(G,,) }

({G }) nﬁoo f{logk_l ‘Gn‘

reduces now to % < v < 2, for the values of k = p3 + 1, p an odd prime. This is a clear
improvement on the 25 years old result % <~y <2

Second, this is the first construction of Cayley expanders non explicitely based on a group.
However, as already mentionned in introduction, we stress that the graphs presented here may
be Cayley graphs on groups. The question is then which groups 7 A weaker open problem is the
vertex-transitivity of these graphs. In any case, it might be interesting to pursue further research
toward expansion properties in non-associative algebraic structures. Indeed, the expansion
property of Cayley graphs on groups has been thoroughly studied recently. Similar questions

arise for loops.
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In addition, it may be interesting to carry over the construction of Morgenstern [37] based
on quaternions over function fields, to octonions. There would be indeed a hope to build
Ramanujan graphs of girth % log,_; n for various degrees k, not of the form k = p® + 1, p is
prime.

To conclude, let us recall that the graphs constructed here display other properties shared by
all Ramanujan graphs, namely a small diameter D satisfying D < 2log,;_; n+ O(1) and in the

non bipartite case, an independence number ¢ verifying 7 < 2—”3_171 and therefore a chromatic
number x of the form y > #.
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Abstract

We present a generalization of the construction of graphs by Lubotzky, Phillips and
Sarnak in their celebrated article “Ramanujan graphs” [32]. The new approach consists in
using octonion algebras rather than quaternions. A key tool is the existing result of the
unique factorization of integral octonions. The families obtained by this mean present not
only the same spectral property that make them good expanders, but also show a larger
girth, yielding a new record for regular graphs.

1 Introduction

Ramanujan graphs and expanders. Given a k-regular undirected graph G, j; of size n, the
eigenvalues \g > A\ > --- > A, of the adjacency matrix of G, i, are real (it is a symmetric
matrix) and satisfy |A;| < k. Moreover, Ao = k and if the graph is connected, then \; < k.
The graph is bipartite if and only if A,,_1 = —k. The graph G is a Ramanugjan graph if all its
eigenvalues distinct from +k are in the interval [—2v/k — 1,2v/k — 1]. Ramanujan graphs are
in a sense (asymptotically) extremal graphs with respect to the second largest eigenvalue in
absolute value because of the following lower bound due to Alon and Boppana [1]

h_m)‘(Gn,k) >2vk -1,

where (G, ;) denotes the second largest eigenvalue in absolute value of Gy, .

The fact that A(G,, ) is so small implies many other properties since they are then good
expander graphs. Graphs with large expansion have proved to be a quite useful object in various
domains ranging from mathematics and computer science to physics, see the survey [23] which
depicts some of these applications. Random k-regular graphs are known to typically meet
such a behavior (see for instance [§] and [42] for the first existence results of good expanders
obtained by probabilistic arguments). However, even if this kind of probabilistic argument
shows the existence of graphs with large expansion, it does not provide explicit examples of
graphs which are good expanders. The approach consisting in generating a graph randomly
and then checking whether or not it has large expansion is considered to be impracticable: even
checking a weak form of expansion turns out to be coNP-complete [6]. It has been observed
that this problem can be circumvented by relating the expansion properties to the spectral
gap (that is A\g — A1) or to A(Gp ), see for instance [I]: the expansion coefficient can be
lower bounded by an increasing function of the spectral gap or A(G, ). Since these spectral
quantities can be computed efficiently with an arbitrary precision, this gives an efficient method
for obtaining graphs displaying at least a certain amount of expansion. Up to now, this spectral
method has proved to be the best method for certifying a rather large expansion. Ramanujan
graphs represent here the graphs with the best certified expansion properties known. At the
moment, Ramanujan graphs have been superseded only in one case, namely for the expansion
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of small subsets of vertices [29]: graphs obtained by the zigzag product [52] have a better
certified expansion in this case. The guaranteed expansion obtained by taking Ramanujan
graphs together with the aforementioned spectral lower bound on the expansion is not as large
as the one known for random graphs, however it is generally sufficient and satisfactory for many
applications.

Obtaining explicit infinite families of Ramanujan graphs of a given degree has been quite
a breakthrough in spectral graph theory. The first constructions of this kind were obtained
by Lubotzky-Philips-Sarnak [32] and Margulis [35]. They were followed by the constructions
of [43 10}, [37, 28] for instance. From them, Ramanujan graphs have been obtained for all degrees
k of the form k = ¢ 4+ 1 where ¢ is any prime power.

Graphs of large girth. Besides their expansion property, the Ramanujan graphs constructed
in [32] 35 10, 37] presented another breakthrough. They had a large girth (the girth being the
smallest size of its cycles) and improved significantly the narrow knowledge on this matter. Let
us mention (see for instance [2, p.154]) the following upper bound for the girth,

for k > 3, any k-regular graph G verifies: girth(G) < 2log;,_ |G|, (1)

where |G| denotes the number of vertices of G and girth(G) is the girth G. This bound motivates
the following definition of Biggs [3]. A family {G;}; of k-regular graphs is of large girth if and
only if there exists some positive constant v such that for any graph in this family we have

girth(G:) > vlog_ |Gil- (2)

For a long time, the best result in this direction was the non constructive result of Erdés and
Sachs [I§] and its improvements by Sauer and Walther (for more details see [7, p. 107]) which
showed the existence of families of graphs with v = 1. The first explicit constructions were
obtained by Margulis [34] but achieved constants v which were strictly smaller than 1. Proving
that there exist families of graphs with a value of « greater than 1 was finally obtained in [51]
for a family of graphs of degree k = 3 suggested by [5], by showing that for these graphs the
following inequality holds

4

As suggested by [20], large girth needs not be an unusual property for some families of graphs,
but those with a constant v > 1 tends to be very seldomll. The bipartite Ramanujan graphs
constructed in [32], 35] also achieved the constant v = % but this time for all degrees of the form
k = p+ 1, where p is a prime number strictly greater than 2 (originally, only for the primes
p =1 (mod 4), and for any odd primes, see [13]). Ramanujan graphs of degree 3 which achieved
v = % were obtained afterwards in [10]. Moreover, Morgenstern in [37] finally obtained infinite
families of Ramanujan graphs achieving v = % for all degrees of the form k = ¢ + 1 where ¢ is
any prime power. These Ramanujan constructions do not only overcome the v = 1 barrier, they
are also explicit which is essential for applications. It should also be mentioned that a quite
different graph construction has been proposed in [30] for degrees of the form k = ¢ where ¢ is
a prime power, and where it has been shown that it contains connected components G; which
satisfy the inequality

4

which is slightly worse than the constant v = % achieved in the aforementioned articles but

achieves it asymptotically as the degree k goes to infinity.

! To quote [20], “it is a miracle that the lower bound constant % is greater than 17 (see for example Conjecture
5 in their paper)



Our contribution. One of the main result of our paper is to obtain families of graphs which
improve upon vy = % in (). We give here a construction of infinite families of regular graphs
for degrees of the form k = p3 + 1, where p is any odd prime, for which

12
girth(G;) > = logy,_ |G| — 2log,, 2.

We also prove that these graphs are Ramanujan. These graphs exist for all sizes of the form
n=q" — ¢, where ¢ is any odd prime satisfying ¢ > p.

The idea underlying our construction is to replace in the Ramanujan graph construction of
Lubotzky-Philipps-Sarnak & Margulis the quaternions by octonions. An important tool to build
these graphs is a unique factorization property, that is available for integral octonions since the
work of Rehm [44]. The Ramanujan graphs of [32] 35] built upon quaternions can be described
as Cayley graphs on groups. This is no more the case for our construction on octonions. These
graphs have a description in terms of Cayley graphs on loops, the non-associative counterpart
of groups.

Comments. The property of large girth, besides its own theoretical interest, can be applied
to LDPC codes. This approach was pioneered by Margulis in [34], where he gave the first
constructive example of a family of LDPC codes of unbounded minimum distance by providing
explicit families of regular graphs of large girth. Such a property is quite useful in this context
for several reasons:

(i) Tanner gave in [48] a construction of codes based on graphs together with a lower bound on
the code minimum distance growing exponentially with the girth;

(ii) these LDPC codes are decoded with the help of iterative decoding algorithms working on
a certain graph associated to the code construction and the performance of such algorithms
is known to deteriorate in the presence of small cycles. This phenomenon is related to the
fact that these iterative decoding algorithms compute symbol probabilities conditioned on an
exponentially large (in the number of iterations) number of received symbols as long as the
number of iterations is smaller than half the girth [I9], but that does not hold anymore for a
larger number of iterations.

Lower bounds on the code minimum distance and the number of errors which can be decoded
with iterative decoding algorithms can also be obtained from lower bounds on the expansion [40,
47]. Tt makes sense in this context to use graphs which are at the same time of large girth and
good expanders. The Ramanujan graphs proposed by [32, [35] are very good candidates for
this. This was suggested in [45], see also [31]. It should also be mentioned that there is one
particular LDPC code family where both properties of being Ramanujan and having a large
girth can be used together, namely for cycle codes which were introduced in [21], where it can
be proved (see [49]) that regular cycle codes obtained from the constructions of Ramanujan
graphs given in [32] 35l B7] correct the largest possible fraction of errors. It should be pointed
out here that the approach used in [49] could also be applied to the Ramanujan graphs based on
octonions given here and that the larger girth of our construction compared to the constructions
of [32] 35l [37] would lead to improved upper bounds on the probability of error after decoding.

Cayley graphs are usually thought to require groups. This is absolutely not necessary, much
weaker algebraic structures like quasi-groups are sufficient. For a modern treatment, see [39]
and references therein. The algebraic non-associative structures arisen from octonions algebra
are well-known, and have the strong property of being Moufang loops. It is tempting to think
that these would constitute the first algebraic construction of expanders not based on a group.
But we do not know whether there exist groups on top of which these graphs could be Cayley
graphs. We did not even prove that they are vertex-transitive, which is a stricly weaker property
than being a Cayley graph on a group.



2 Preliminaries on octonions

All the material on octonions required for this construction is contained in the article of
Rehm [44], where a more substantial bibliography can be found. A good complementary mate-
rial is Ch.9 of [11]. For convenience, we define and cite the main theorems along with setting
notation.

Octonions We denote by O(R) (or simply by O when the meaning of R is clear from the
context) the octonion algebra over a ring R, that is the 8-dimensional R-module with canonical
basis denoted by 1,i,],k,t,it, jt, kt, usually referred as the wunit bases. Here we will choose
R = 7,Q,F,. A unit basis  # 1 verifies x? = —1. Here 1,i,j,k is the usual quaternion basis
and satisfies

=P =kl=-1,ij=k (3)

The conjugate of an octonion o = ag + a1i+ --- + a7kt is @ def 2ap — . It is a (ring) antiauto-
morphism of @, that is a bijection O that satisfies for any «, 8 in O:

1 =1
a+fB = a+p
af = pa (4)

If we let the quaternion algebra H be the R-module with basis 1,1, ], k, then the octonions can
be viewed as O = H + Ht. The multiplication of octonions is completely determined by the
multiplication of quaternions and the rule

(o1 + agt)(B1 + Bot) = a1 1 — Poca + (Boor + azfi)t (5)

for aq, e, P1,02 € H. It is easy to check that the multiplication of octonions is not associa-
tive. For instance, if we define a triad to be a set of 3 elements among the seven unit bases
{i,], 1], t,it, jt, kt}, then it is well known (Cf. [12]) that among the 35 possible triads, only 7 are
associative, namely:

L,k o, i tit o, gttt ktkt, and k,jtit ,  jit,kt , i kt,jt. (6)

Each of these associative triads generates, with the additional basis unit 1, a quaternion sub-
algebra. Octonion algebras are never associative but are alternative algebras:

(alternative algebra identities) (aa)f = a(af) and [(aa) = (Ba)a. (7)

These 2 conditions are equivalent to the fact that the trilinear map called associator [a,b,c|] =
a(bc) — (ab)c is alternating. It follows that octonion algebras verify the Artin theorem:

Theorem 1 (Artin) In an alternative algebra, any two elements generate an associative sub-
algebra.

In our case, we will often use the following corollary

Corollary 1 Let «, 8 be elements of O(Q). Then

(aB)B = a(BB), a(ap) = (aa). (8)



Octonions are endowed with a norm N, that is a quadratic form. Here, the associated
bilinear map will be:

(a0+a1i+---+a7kt,b0+b1i+---+b7kt>:aobo+---+a7b7.

Hence, the norm is here simply a sum of 8 squares. It can be defined equivalently by N(«a) = aa.
The important property is its multiplicativity: N(af) = N(a)N(B) for any octonions o and S.
This follows directly from Theorem [I] and the antiautomorphism property ()

N(ap) = (aB)aB = (ap)(Ba) = a(BB)a = N(B)aa = N(a)N(B).

Let O(R)* denote the set of invertible octonions. Clearly, if « is invertible, then a~! =

N(a)~'a. Tt follows that:

O(R)* = {a € O(R) | N(a) € R*}.

Loops. The set of invertible elements in an alternative ring is a Moufang loop (Cf. [9, p. 254]
and |11}, p. 87-88]). Recall that

Definition 1 (loop) A loop is a set L with a binary operation *, such that

(i) for each a and b in L, there exist unique elements x and y in L such that: axx = b and
yxa=>b;

(7i) there exists a unique element e such that x xe =x =exx for all x in L.

It follows that every element of a loop has a unique left and right inverse. A loop where the
right and left inverses coincide is an inverse loop. We denote in this case by 2! the unique
element such that z %z~ Lyx =e. A Moufang loop is a loop satisfying one of the three
equivalent following identities:

:Qj_

(afa)y = a((Ba)y)
Moufang identities: (af)(ya) = a(fy)a 9)

((Ba)y)a = Blaya)

It is straightforward to check that a Moufang loop is an inverse loop [11, Ch. 7] or [9, Lemma 2A
and 2B, p. 292].

Unique factorization As for integers (and GauB integers, and integral quaternions), the
first step toward a factorization property is an Fuclidean divisiond. In the quaternions case,
unlike what happens with ordinary integers and Gauss integers, two integral quaternions whose
norms have a common divisor do not necessarily have a common divisor which is an integral
quaternion (consider for instance 2 and 1+ ¢ 4+ j + k). Hurwitz noticed that it is possible to
obtain a satisfactory arithmetic of quaternions by considering instead quaternions with integer
or half integer coordinates [24, 25], and his result was fully understood after Dickson [16]
and his concept of mazimal arithmetic (also called a maximal order). Recall here that an
arithmetic (or an order) for a ring R which is a finite-dimensional algebra over the rational
number field Q, is at the same time a subring of R and a finitely generated Z-module which
spans R over Q. It is maximal if is not contained in a larger arithmetic. For octonions, there
are 7 distinct maximal arithmetics which were identified by Coxeter [12]. They allow as in the
case of Hurwitz quaternions to obtain a set of octonions which obey the essential divisibility

Zor that the class number of ideals is equal to 1. But for constructive purposes, the Eulidean division is
essential, and anyway, there is no concept of class number in octonion rings.



properties of ordinary integers. Each of them is related to one associative triad in ([@). While for
quaternions the Euclidean algorithm can then be directly initiated to obtain left and right geds,
the lack of associativity of octonions complicates the matter. Rehm [44) Prop. 4.1], obtained
a kind of distortion of the Euclidean algorithm, by using only the alternative property (7).
With clever counting arguments, unique factorization follows in a similar fashion to integral
quaternions, except that of course some bracketing must be specified.

The result of Rehm is stated in the Cozeter mazimal arithmetic Cg associated to the asso-
ciative triad i, j, k. Defining h = %(I +j+k+t), Co is the Z-module with basis 1,1, ], k, h,ih, jh, kh
(Cf. [12] p 567]). It contains strictly @(Z) (and the 6 other maximal arithmetics associated to
the 6 other triads are isomorphic to this one). Therein, there are not only 16 units as in O(Z)
but rather 240. Since

1
: 1 : :
jh = 5(—1—|—I—k—|—_]t)
1
kh = 5(—1—i+j—kt)

it is straightforward to check that

Lemma 1 Cg is the set of octonions of the form %(ao +aji+agj+ask+ ast+ asit + agjt + arkt)
where the a;’s are integers which satisfy

(ap,a1,a2,a3) = (ag,as5,a6,a7) (mod 2) ifag+a;+az+az3=0 (mod 2),
(ap,a1,az,a3) = (1—aq,1—as,1—ag,1—a7) (mod?2) ifag+a;+azy+a3=1 (mod 2).

Given an octonion o = ag + a1i + ... + arkt € O(Q)*, we say that it is positive and write
a > 0 if and only if the smallest ¢ such that a; # 0 is > 0. Let p be an odd prime number.
Related to unique factorization, we define (Cf. [44], Prop. 5.6]):

Pp) L {ae0@): a>0, N)=p, a—1€20} (10)

Rehm also proved that |2(p)| = p® + 1 (Cf. [44, Prop. 6.4]). The main result of him in [44],
that is fundamental in the present work is the following:

Theorem 2 [/J] Let o € Cg be primitive, that is the ged of its coefficients in any Z-basis is 1.
Suppose that N(a) = py --- ps where the p;’s are prime integers, not necessarily distinct. There
exist a unique € € C3y and unique m; € P(p;) for i =1,...,s, such that:

o = (. .o (67T17T2)7T3 o )7T87
with € € Cfy and m; € P (p;).
Remark: This writing depends heavily on the order in which the factorization sequence py - - - ps
of N(«) is chosen.
3 Arithmetic construction of the infinite (p + 1)-regular tree

Overview of the whole construction. Similarly to [32] 35 10, 87], our Ramanujan graph
construction can be decomposed in two steps.
1. The first step consists of constructing the (p® 4 1)-regular infinite tree in an arithmetic way



by using octonions.
2. Finite Ramanujan graphs are derived from this tree by taking suitable finite quotients of this
tree which do not create small cycles.

We will detail the first step in this section. It will also turn out that our construction has a
description in terms of Cayley graphs defined over loops. This will be explained in Section 4l

Several useful lemmas on the factorization of octonions of norm p’. The main
ingredients used for the construction are the unicity of factorization property of Theorem 2l and
considering products of elements of Cp of the following form

< ((ear)az)as- -->ozg,
——

open brackets

where € € Cfj, a; € Co — C and a; # @;4q for i = 1,...,£ — 1. We say that such products
are irreducible products. This terminology comes from the fact that products of elements of Cg
which are not irreducible can be simplified by using Corollary [l of Artin’s theorem. We also
use the following lemma.

Lemma 2 Any irreducible product (... ((emi)mo)mws - - )m of an invertible element € in C and
elements my,...,m of P (p) is primitive.

PRrOOF: We proceed by contradiction and consider an irreducible product « of an invertible
element and elements of #(p) of minimal length which is not primitive. We may write this
element as o« = B, where § is a primitive irreducible product of an invertible element and
elements of Z(p) and 7 is an element of &(p). For an element 7 of Cp, let us denote by c(v)
the content of ~, which is the largest integer dividing ~ (it is also the greatest common divisor
of the coefficients of v in some Z basis of Cg). We obviously have

c(a)|e(a) (11)

because the coeflicients of am are integer linear combinations of the coefficients of « in a Z
basis. Since am = (fr)m = B(n7w) = pB by Corollary [I we obtain that c(aw) = p. This
together with (II]) implies that ¢(«) = p and that p divides . We may therefore write « as
a =vp = y(7n) = (y7)7 (by using Corollary [I] again) for some v € Cg. Therefore 5 = 7. ~
is necessarily primitive, since 8 is primitive. By Theorem ] we can write v as an irreducible
product of a unit € and elements 7y, ..., 75 of Z(p):

v=(...((em)m) - )7s.
This implies that 3 is of the form
B = ((...(67‘(1)7‘(2---)7‘('5)77'.

This is an irreducible product, for if 75 were equal to 7w, 8 would be divisible by p and would
not be primitive. From Theorem 2 applied to 3, we know that this is the only way we can write
[ as an irreducible product, and therefore that the product « is necessarily of the form

a = Br = (... ((em)mz) - mo) ),

which contradicts the assumption on its irreducibility. O



Proposition 1 Any element o € O(Z) of norm N(a) = p' and with a = 1 mod 2Cgp, can be
uniquely written as:
a==2p°((... (1a2) - ap_9s—1)—2s,

where ((... (1) - ay_os—1)—2s is an irreducible product with elements a; € P (p).

PROOF: First of all, let us assume that there exist an non-negative integer s, an € in Cg and
elements 71, ..., T, such that a can be written as an irreducible product

a=p°(...((en)az)az -+ )ay. (12)

By taking norms on both sides, we see that u =t — 2s. Moreover, by Lemma [2, the irreducible
product (...((eal)ag)ag e )ozu is primitive. Therefore p® is necessarily the largest power of
p which divides a. We choose now s like this, and since p~*« is in @(Z) and is primitive, we
can apply Rehm’s theorem to it and write p~*a = ( ((eay)ag) - )at,gs, with € € Cg and
a; € P(p). In other words o can be written in the form given in (I2)). The unicity of this
form follows from the discussion above and the unicity of the decomposition of p~*« ensured
by Theorem

The invertible element € is necessarily in O(Z). Let us assume that this is not true, € €
Ct — O(Z). Let us first prove the following

“a € Co — O(Z) and b € 1 + 2Cg implies ab € Cop — O(Z)”.

Notice that a has necessarily in the 1,i, ], k, t, it, jt, kt basis at least one coordinate which is of
the form & where m is an odd integer. Write now ab = a(1 + 2¢) = a + 2ac for some ¢ € Cp.
But 2ac is in O(Z), which implies that ab has some coordinate of the form % 4 n, where n is
some integer. This shows that ab is not in @(Z) and finishes the proof of the aforementioned
property.

When we apply this property recursively to ea;, (eaq)as,..., (---((eal)ag) e )Oét_zs, we
see that they are all in Cop — O(Z), and therefore so is also o = p*( -+ ((ecvy) ) - - - )oy—25. This
is a contradiction, because « is in 1 4 2Cp and hence also in O(Z).

Therefore, € is among the 16 units of O(Z)*. By using Corollary [I] it is straightforward to
check that we can write € as

€= psft( o ((t—9s) @ —95-1) - 042)061

The set 1+ 2Cg is stable by multiplication, therefore ( ((vp—2s)at—25—1) ** - 042)071 belongs
to 1+ 2Cp and so does €. We conclude the proof by observing that the only invertible elements
in O(Z)* which are also in 1+ 2Cg are £1. O

The construction of the infinite tree This lemma has a simple corollary, namely that all
irreducible products (... (a1a2) - - - as_1)as of elements of & (p) are different. These will be the
vertices of a tree we want to build.

Definition 2 Let A be the set of all irreducible products with elements in & (p) (with the con-
vention that the void product belongs to it and is equal to 1).

Let T be the infinite graph with:

e vertex set A;



e edge set defined as follows. By Proposition [, any vertex can be viewed in a unique way
as a irreducible product (... (aja9) - as—1)as where the «;’s belong to &?(p). There is
an edge between (... (ajag) - as—1)as and vertices of the set

{(-.. (nag) - )as—1 }U{((... (1a2) -~ as_1)as)m : m € P(p) —{as}}

By the convention that the void product is equal to 1, the vertex 1 is linked with all
vertices labelled by 7, for m € Z(p).

It is clear by construction of the graph that T is the infinite (p® + 1)-regular tree.

Cayley graphs on loops Let us give an interpretation of this arithmetic construction of the
(p® + 1)-regular tree in terms of a Cayley graph on a loop, which is a slight generalization of the
usual Cayley graph definition (see for instance [39]).

Definition 3 (directed/undirected Cayley graph on a loop) Let L be a loop and S be a
generating set for it. The directed Cayley graph €ay(L,S) has for vertices the elements of L
and for edges {(l,1s),l € L, s € S}. The undirected Cayley graph ¢ay(L,S) is obtained from
Gay(L,S) by replacing each directed edge (1,1s) by an undirected edge {l,1s}. Equivalently, there
is an edge between | and ' if and only if there exists s in S such that either I =1s orl =1s.

For the usual Cayley graph on a group, the undirected version is a |S|-regular graph without
self—loopﬂ if and only if S = S~! and 1 ¢ S. There is a generalization of this property for Cayley
graphs on loops.

Proposition 2 [38, Theorem 8] €ay(L,S) is a |S|-regular graph without loops iff
(i)VleL, l¢18S,
(ii) L € (Is)S for any s € S.

Note that if L is a Moufang loop, then this is equivalent to 1 € S and S~! = S, as in a
group. Cayley graphs on groups are of course vertex transitive, this is not necessarily the case
for Cayley graphs defined on loops. The problem is that left multiplication by a loop element
does not necessarily yield a graph automorphism because of the lack of associativity. Indeed,
any regular graph can be realized as Cayley graph on a certain loop [3§].

To view the tree T as a Cayley graph on a loop, we endow the vertex set A with the following
operation

Definition 4 Let o, 8 be two elements of A. By Proposition [l these vertices can be written in
a unique way as irreducible products over P (p), a = (... (aqnag) - )as, 8 = (... (£152) )bt
By wusing Proposition [l again, there erists a unique irreducible product vy on Z(p) such that
af3 = +pty, with N(v) = p*+t=2¢, that is y is an irreducible product of length s+t — 2¢. We
define

axf3 d:effy.

Proposition 3 The set A endowed with the multiplicative law =, is a Moufang loop generated
by Z(p).

3 a self-loop, that is an edge with the same origin and extremity, should not be confused with the meaning of
a loop here, i.e. a weaker algebraic structure than a group.



PROOF: Clearly 1 *a = a*1 = « for any o € A.

Let a be some element of A. It belongs to 1 + 2Cgp and is primitive by Lemma This
is therefore also the case for &. By Proposition [Il we know that either & or —& belongs to
A. If @ € A, then since aa = p°® where p°* = N(«), we get a* @ = 1. The case —a € A is
treated similarly. This shows that A is a loop. It remains to show that * satisfies the Moufang
identities ().

The following equalities come from the definition of x:

(ax (Bra))xy = (ax(p ™pa))*7,
= p *Hp Pa(Ba)) *v
p 7 T p B (o Ba) )y

for some non-negative integers si,se and s3. From the Moufang identities (@), (a(Ba))y =
a((Ba)y), it comes that (a* (Bxa)) xv=ax* ((8*a) 7). 0

With this definition, it is straightforward to check that the one to one mapping between
elements of A and their representation as irreducible products of elements of (p) gives an
isomorphism between T" and Gay(A, Z(p)).

Proposition 4 The following graph isomorphism holds:
T ~ Gay(A, Z(p)).

4 Obtaining finite graphs from 7" by reducing A modulo another
prime q

Reducing to finite graphs Basically, finite graphs are obtained from the arithmetic con-
struction of T' by reducing the octonions in A modulo another prime ¢. For reasons which will
appear later on we also assume that ¢ is chosen to be greater than p. Notice that we obtain in
this way elements in O(IF,)*, because the norm of elements of A is a power of p which is therefore
invertible modulo ¢. Let us denote by 7, the reduction modulo ¢ map 7, : O(Z) — O(F,). By
the definition of the profuct *, the following holds:

Tg(ax B) = 1o(ep*aB) = 1(ep™ )74 (a)74(B), (13)

for some nonnegative integer s and € € {—1,1}. We note that 7,(ep™*) is in F}, identified as a
subset of O(F,)*. Subset that appears to be precisely the center Z of O(F,)*, as can easily be
checked. It follows that the two elements 7,(a * 8) and 74(a)7,(3) differs only by an element
in the center. Therefore, they yield the same element in the quotient loop O(F,)*/Z. In other
word, the map
pe: A — OF,)*/Z,
a — 1)z

is a loop homomorphism. Indeed, Equality (I3) clearly implies pq(a % 5) = pq(a)pq(B). In
addition, O(F,)* is a Moufang loop, O(F,)*/Z is itself a Moufang loop. We have proved:

Lemma 3 The map pq is a homomorphism of Moufang loops.

Our graphs will be defined as ay(Im p4, py(Z(p)) when these graphs are bipartite or by
double covers of this Cayley graphs (which are therefore bipartite) when this is not the case.
The reason for this is that bipartite graphs have only even cycles and we have in the case of
Cay(Im g, pg(Z(p)) a very good lower bound on the size of cycles of even length, but the lower
bound on cycles of odd length is only half the aforementioned bound.

10



Determining Im p,. Let us bring in M; and M, the subloops of O(FF,)* consisting of in-

vertible elements of norm 1 for M;, and of norm a power of p for M,. Let Z, def {£p®, s =

0,1,...,¢ — 2} and Z; def {~=1,1}. Since 2y C Z, C F, we can embed the corresponding

quotient loops in O(F,)*/Z as follows

M2 — M,/Z, — OF,)*/Z
aZy — aZ, (14)
bz, +— bZ

Via these embeddings, they can be identified as subloops of O(F,)*/Z. By a result of Paige [41]
Theorem 4.1] M;/Z; is a simple Moufang loop, and an index 2 normal subloop@ of O(F,)*/Z
(in total analogy with PG Ly(F,) and PSLy(FF,)). It follows that M,/Z, = M, /Z; or O(F,)*/Z
(Cf. Corollary 2] for an answer to this issue).

Lemma 4 (the image of n,) We have Im p, = M,/Z,.

PROOF: Every elements of A has a norm a power of p, so the inclusion Im p, C M,/ Z, is clear.
To obtain the other inclusion, we first show that for any element o = ag+aji+...+azkt € O(Z)
such that N(a) = p" (mod g) for some integer r, there exists an element 8 = by+b1i+...+brk €
1+ 2Cg such that

(i) a; = b; (mod q),

(i) N(B) = p* for some integer £.

To prove this claim we use as in [32, Prop. 3.3], a result of Malyshev on the number of
solutions of integral definite-positive quadratic forms [33]. This result can be described as
follows. Let f(x1,...,z,) be a quadratic form in n > 4 variables with integral coefficients
and discriminant d. Let m be an integer prime to 2d. Malyshev proved that there exists
some constant depending on f, K(f) such that for any N > K(f), N generic for f (that is
f = N (mod r) has at least one solution for every ), gcd(m,2Nd) = 1 and for which there
exist integers a; such that ged(ay,...,an,m) =1, f(a1,...,a,) = N (mod m), then there are
integers by, ..., b, such that
(i) bi = a; (mod m),

(ii) f(b1,...,b,) = N. Let us first assume that p = 1 (mod 4). We apply the aforementioned

result of Malyshev to f(zo,...,z7) & 23 +4(2? +- - +2%). This is an integral positive definite

quadratic form. The discriminant of f, d = 27, verifies ged(2dp?,q) = 1 for any £. There are
obviously integers (ay, . . ., a%) such that f(af,...,as) =p" (mod ¢) by the assumption on « (by
taking af, = ap and a; = 27 1a; (mod q) for i € {1,...,7}), and such that ged(ay,...,a%, q) = 1.
Now choose ¢ such that p’ > K(f) and p® = p" (mod q). It is straightforward to check that p’
is generic for f (this follows from the fact that p’ = 1 (mod 4)). Therefore there exist integers
(b, . .., b5) satisfying

Ve 4+ 4bs 4+ 4b: = pl.

This implies the existence of the aforementioned octonion S of norm equal to p’ which is
congruent to p” modulo ¢ by setting by = bf, b; = 20 for i € {1,...,7}. This octonion belongs
to 1+ 2Cp since by =1 (mod 2).

Now, let us consider the remaining case p = 3 (mod 4). We can use the same proof as before
for the case where £ is even, since in this case p’ = 1 (mod 4). In the case of an odd ¢, p® is no
more generic for f, indeed f(zo,...,2z7) = p’ (mod 4) has no solution: this equation reduces to

“From Corollary of Lemma 3.4 of [41], since ¢ > p is an odd prime.
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73 =3 (mod 4) which has no solution. In order to treat this case we consider another quadratic
form, namely

def
fzo,...,x7) = 4(xd + 23 + 25 + 223 + 23) + 22 + 22 + 22. (15)
This time p’ is generic for f. Moreover a solution in Z® of the equation f(zg,...,z7) = p’ gives
an element = 2z + 2x1i 4 2x9] + 23k + 224t 4 x5it + 26jt + z7kt of norm p’. Let us show that
B is also in 1+ 2Cg. By reducing Equation (I5]) modulo 4, we obtain x2 + 22 + 22 = 3 (mod 4),
hence:
x5 =x¢g=27=1 (mod 2).

The element % = % +x1i 4 29j + w3k + w4t + it + Fjt + Tkt is therefore in Cop by using
the characterization of Cg provided by Lemma [Tl

Summing up the whole discussion we obtain in both cases an element 3 in 1+ 2Cg of norm
p’. By applying Proposition [ to it, we can write 3 as

B = ep’y

for some non-negative integer s, € in {—1,1} and v in A. Since 74(a) = 74(f) we have that
74(B) € 14(a) Z, and therefore 7,(y) € 74(a)Z,. In other words, 7(a)Z, € Im . O

Since M;/Z; is of index 2 in O(F,)*/Z,, the image loop 1q(A) = M,/Z, is cither equal to
M,/Z, or O(F,)*/Z. A direct consequence is:

Corollary 2 If <§> =1, then Im p, = My /2.
Else, when <§) =—1, Im puy = O(F,)*/Z.

PRrROOF: The loop homomorphism O(F,)* — Z/2Z, o — (@), regarding the definition of Z,

factorizes into this homomorphism: € : O(F,)*/Z — Z/2Z. Its kernel contains M;/Z;.
Besides, for m € Z(p), pq(m) is mapped by € to 1 or -1 in Z/27Z, according to the sign of

<§>. This shows that if <§> = —1, then p, (Z(p)) C OF,)*/Z — M1/Z;. From Lemma [

we know that M;/Zy C M,/Z, = Im pg, from which follows Im p, = O(F,)*/Z by Paige’s
theorem.
On the contrary, when (g) = 1, then uq(ﬁ(p)) C kere. The multiplicativity of the

Legendre symbol shows that Im p; C kere. It comes, with Lemma d M;/Z, C M,/Z, =
Im py, € O(F,)*/Z, and Im p, = M;/Z; by Paige’s theorem. O

What is ker 1y 7 By definition, ker iy = {oo € A|75(cr) € Z}. Write a = ag+aji+- - -+ arkt.
This means that gla; for i =1,...,7, and N(a) € IF;. This last condition is already verified for
elements of A. If we denote A(q) = ker pg, this gives:

ker juq dof A(q) ={a € Astqglar,...,qlar}, and then A/A(q) ~O(F,)*/Z. (16)

Definition and properties of 2, , and %), ,. As mentioned before our finite Ramanujan
graphs will be obtained as Cayley graphs defined over loops.

Definition 5 We define .#(p,q) 4o/ ,uq(,@(p)). If <§) = —1 let Z,4 be the Cayley graphs
‘fay(@(Fq)*/Z,y(p, q)), and if <§) =1, let %, 4 be the Cayley graph Cﬁay(Ml/Zl,y(p, q))
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We have |O(F,)*/Z| = ¢" — ¢® [44, Lemma 3.2]. It follows that |2,,| = ¢" — ¢ and
%4l = 3(a" — %)

Lemma 5 The graphs 2, and %), , are connected.

PROOF: The set Z?(p) generates A as a loop. The proof of Corollary 2 showed that . (p, q)
generates My /2 if <§> =1, and O(F,)*/Z if <§> = —1. It follows that the graphs %, , and
%, q are all connected. a

Before giving the degree regularity of these graphs, we recall that |2 (p)| = p> + 1 by [44]
Proposition 6.4].

Proposition 5 The graphs 2, and %, , are p> + 1-regular.

PROOF: First let us show that |.7(p, ¢)| = | Z(p)| = p®>+1. Suppose that two distinct elements 7
and 7’ in Z(p) give the same element in O(F,)*/Z through 4. The equality 7,(7)Z = 74(n")Z
is equivalent to pi,(m* 7') € ker y, = A(q). By Equation (I8]), taking norm gives an equation of
the form p? = a2 + ¢%2?, for an ag and x. If x # 0, then p? > ¢?, excluded since p < ¢. If z = 0,
then 7 x 7/ € Z, that is m = 7, also excluded. Finally, p () = py(n’) is impossible if 7 # 7.
To prove that they are | (p, q)|-regular, we must show that . (p, q) satisfies the hypotheses
of Proposition 2] as aforementioned. We already know that if 7 € &?(p) then its inverse for
* is 7 and is in Z(p). Hence, Z(p)~! = P(p) for *, and since p, is an homomorphism by
Lemma [ also holds .7 (p, ¢) ™! = . (p, q). Last, 1Z & .%(p, q), else there would be a 7 € Z(p)
that would also be in A(q), by Equation (I6), that is easily checked to be impossible. O

Proposition 6 The graphs 2, are bipartite, and the graphs %), 4 are not.

PrOOF: First, assume that (g) = —1 (this concerns 2, ,). Consider the partition AU B =
O(F,)*/Z of the set of vertices of 2}, 4:

AYM/z) and  B=O0(F,)*/2 - M/Z,.

Let v € A be a vertex with v = p4(a), and let w = p4(8) be a neighbor of v. By construction
of Cayley graphs, there exists m € & (p), such that pg(a*7) = pg(a)pe(m) = pe(B8). This leads

()= (52)- ()

since v € A implies <¥> = 1. This means that w € B. In the same way any neighbor x of

w is in A, so the graph is bipartite.
Now assume that (g) = 1 (this concerns the graphs %}, ,). As seen above, a bipartition

AU B of the set of vertices M;/Z; would imply a non trivial loop homomorphism:
Ml/Zl — Z/QZ

The kernel of it would consist of a non trivial normal subloop of M; /2, excluded since M; /2
is simple by Paige’s theorem. O

It is interesting to consider the bipartite double cover of %, , when <§> = 1, especially for

the treatment of the girth in the next section. Recall here that the double cover of a graph G
with vertex set V' and edge set F is the graph with vertex set V/ = V x {0,1} and there is
an edge between (x,b) and (2/,V') if and only if {z,2'} € E and b’ # b. The double cover is a
bipartite graph and is connected if and only if G is not bipartite.
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Definition 6 When (g) = —1, we define Z, 4 as the bipartite double cover of %, ,.

It follows that |2, 4| = ¢" — ¢3 for any primes 2 < p < q.

5 Bound on the girth

The result hereunder establishes a new lower bound on the maximal girth of regular graphs.

Theorem 3 For all couples (p,q) of odd primes such that p < q, denoting k = p3+ 1, we have:
(1) that the girth of %4, which we denote by girth(.2Z, 4), satisfies

. 12
girth(2, ) > - logy,_1 | Zp,q — 21log,, 2.

The constant % 1s the largest possible.

(i) For the non-bipartite graphs %, , (defined when <§) = 1), the inequality

. 6 6 5
girth(%h,q) 2 7 logy 1 | Lyl —logy 2= 7 logy 1 [P gl — 7 log,, 2

holds.

The proof of this theorem follows an approach similar to the one used in [32], 35] for the
lower bound, and [35] 4] for the tightness of this bound. However compared to the Ramanujan
graphs based on quaternions there is an additional difficulty. The former are Cayley graphs on
groups, they are vertex transitive and it is therefore enough to lower bound the size of a cycle
starting at the 1 vertex (1 stands here for the identity in the loop). We do not know whether
our construction is vertex transitive or not, however it is enough to study the cycles starting at
the 1 vertex in our case too. This is a consequence of the following result.

Lemma 6 Given « in A, there is a one-one correspondence between:
(a) the closed paths without backtracking of length t' starting at the vertex pg(a), and
(b) the irreducible products in A of length t' belonging to the kernel A(q) of piq-

PROOF: A closed path of length ¢’ without backtracking starting at p,(«) corresponds to an
irreducible product in A, of length ', with letters denoted by fi,..., 8y € £(p) such that:

V2 <i<t'=1, pg((-..(a*xB1)*-)*Bit1) # pg (.. (axBy)x---)xB;i_1), (no backtracking)

def

and if v = (...(a * 01) % - - ) * By, then pg(a) = pg(7y) (closed path).

We must show that the irreducible product 3 def (+++(B1B2) -+ )Py is in A(q). By Corollary [
By = (- (aBr) - Be-1)Bu) By = (-~ (aBr) -+ Bu—1) (B Be) = p(- - (af1) -+ ) By 1.

By induction it arrives 78 = pf'a, or v % 8 = a, or tiqg(V)q(B) = pg(). But by assumption,
tq(7) = pg(a), which implies 11,(8) = 12, since O(F,)*/Z is a loop. Equivalently, 8 € ker y, =
A(q), and hence (3 as well, as can be easily checked.

Reciprocally, let us consider an irreducible product v in A(g) of ¢’ elements ~,...,vy in

P(p). Let:

8L (- (o) -+ w—1) -

14



As seen above, 0 7 = «a. It follows that 114(0 *7) = p14(6)pq (7). By assumption, p4(y) = 1.2,
therefore we also have 114(3) = 1.Z. So pg(c) = pg(ax7). This corresponds to a path of length
t', without backtracking, starting at fi,(cv). O

The second lemma gives a tight lower bound on the size of irreducible products in A of even
length that belong to A(g). This yields therefore a tight lower bound on the size of cycles of
even length in the graphs 2, , or %}, ,.

Lemma 7 Given t > 0, there exists an irreducible product in A(q) of length 2t if and only if
2pt > ¢2.

PROOF: Let 5 € A(g) be as in the statement. It can be written as 8 = by + q(b1i + - - - + brkt)
where the b;’s are integer coefficients. Moreover, N(3) = p* gives:

bg + > (b3 4 -+ b2) = p*. (17)

At least one b; (with ¢ > 0) is non zero, else 5 = by would yield an irreducible product of length
0, in contradiction with the assumption ¢ > 0. This implies p* = b3 (mod ¢?), or equivalently
pt = +by (mod ¢*). We observe that b3 < p**, so |by| < p, and p' = +by + mg?, for a positive
integer m. This implies

p2t _ (pt_mq2)2+q2(b%++b$)
= p* —2m@®p' + m¢* + (0T + -+ b3)
o 2mpt —m?P = b 4+ -+ b2 (18)

Then it follows that 2p’ — mg? > 0. This is because at least one b; (with i > 0) is different from
0, achieving the first part of the proof.

Reciprocally, if m is such that 2p' > mg?, can be represented by a sum of seven squares:
2mp’ —m?¢®> = a? + - + a%. We may even choose arbitrarily two of them since any positive
integer is a sum of 5 squares. This will be done as follows. First we choose ag = p —mg?. Then
we choose a1, a9 in such a way that their parity is different from the parity of ag. Notice also

that

ap = ai (mod 2)
= p? — @l +...+ad?) (mod?2)
= l+a1+...+a7 (mod?2)

This implies that the number of the a;’s which are odd is also odd. Moreover from the choice
of a1 and ay we know that if ag is even then either three, five or seven of the a;’s (with i > 0)
are odd, and if ag is odd, then either 0, 2 or 4 of the a;’s (with i > 0) are odd. From this, we
deduce that there is a suitable permutation of (aq,...,a7), such that

(i) if ap is even, | {i;1 < 3,a; is odd} | is odd and a4 is odd (this is possible because in this case
the number of a;’s with ¢ > 0 which are odd is greater than 2)

(ii) if ap is odd, |{i;1 < 3,qa; is odd} | is even and a4 is even (this is possible because in this
case the number of a;’s with ¢ > 0 which are even is greater than 2).

Therefore there exists a suitable permutation of (ai,...,a7) such that

(a4, as,a6,a7) = (1 — ap,a1,az,a3) (mod 2) and ag+a; +az+a3=1 (mod 2)

This implies by using Lemma [I] that ag + g(aqi + ... + arykt) lies in 1 + 2Cp and therefore also
in A(q). O

Using both lemmas together we obtain
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Proposition 7 The length of the smallest closed non backtracking walk of even length in %,
or in %4 is equal to 2[2log, q — log,, 2]

PRrROOF: Such a walk of length 2¢ exists if and only if there exists an irreducible product of
length 2¢ which belongs to A(g) by Lemma Bl Using now Lemma [7, we know that such a
product exists if and only if 2p! > ¢%. The smallest ¢ which satisfies this inequality is clearly
equal to [2log, ¢ — log, 2]. O

We can now prove Theorem [
PROOF: (of Theorem B]) The first part of (i) is a consequence of the fact that 2, , is bipartite,
therefore any cycle it contains is of even length. We can apply now Proposition [7 and lower
bound the length of such a cycle by 2[2 log, ¢ —log,, 2]. Hence

. 6 12
girth(2y,4) = 2[2log, ¢ — log, 2] = 2 ’V? log,,s q — log,, 2“ > - log;_1(¢" — ¢*) — 2log,, 2,

and the first part of (i) follows. The optimality of the constant 2 follows at once from the fact
that

12
7

12

girth( %)) = 2[2log, ¢ —log, 2] = (1 + o(1)) -

logs(q" = ¢%) = (1 + 0(1)) = logg_1 [ Zpl

as ¢ tends to infinity.

To prove (ii), notice that the double cover graph of %, , is equal to £}, by definition and
that the length of the smallest cycle of the double cover is at most twice the length of a cycle
in %, ,, therefore

girth(2p.4) < 2 girth(%, 4).

and (ii) follows immediately. O

6 Spectral estimate

Basically their approach can be summarized as this.

(i) A classical graph spectral argument is first used to relate the number of cycles of a certain
length without backtracking to the spectrum of the graph.

(ii) In the particular case of the Ramanujan family based on quaternions of [32], the number of
cycles without backtracking can be related to the number of integer solutions of a certain
quadratic equation in 4 variables. In our case, a similar result holds with a quadratic
diophantine equation in 8 variables.

(iii) The number of solutions of the quadratic equation is estimated through modular forms
considerations. Basically, it can be expressed as a sum of a Fourier coefficient of an
Eisenstein series and one of a cusp form, both of weight 2. The Fourier coefficient of the
Eisenstein series can be computed explicitly, whereas the Fourier coefficient of the cusp
form is upper-bounded by deep results proving the Ramanujan-Petersson conjectures for
modular forms of weight 2 (using here Eichler and Igusa results [17, 26] relating such a
conjecture to the Riemann hypothesis for algebraic curves on finite fields which was proved
by Weil [50]). In our case, we relate the number of integer to the estimation of Fourier
coefficients of weight 4, where we rely instead on the more general Deligne’s proof [14] [15]
of the Ramanujan-Petersson conjectures for modular forms of even weight, which was
obtained by proving Riemann’s hypothesis for varieties over finite fields.
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With the same approach we obtain the following theorem.
Theorem 4 The graphs Z, , are Ramanujan.
Remarks:

1. We consider here in a unified way the case where %, , is a Cayley graph over the Moufang
loop O(F,)/Z (which corresponds to the case (g) = —1) and where 2, , is the double

cover of %, , (i.e. <§> =1).

2. This will allow for instance to obtain as a direct corollary (see Corollary B]) that the %, ;’s
are also Ramanujan.

Step 1: relating the graph spectrum to the numbers of non-backtracking cycles.
We recall that if A is the adjacency matrix of a graph, then A¢ is the matrix whose i, j-entry is
the number of paths of length ¢ between the vertices labeled i and j. Assume that the graph
is regular of valency k. The sequence of matrices (By)sen defined by the order 2 recurrence
relation (Cf. [I3] 1.4.1 Lemmal):

By=1d, By = A, By = A? — kId, By = AB;_1 — (k —1)B,_s, for £ > 3,

counts the number of paths without backtracking of length ¢ between two vertices. We recall
that a path (zg,x1,...,2/) is said to be without backtracking if and only if x;_1 # x;41 for
any i € {1,...,£ — 1}. The Chebychev polynomials (of the second kind) U,,(X), defined by

Up(cosf) = W, verify an order 2 recurrence relation as well:

Up(X) = 2XUp—1(X) — Up—a(X).

Hence, it is possible to link the By and the U, in the following way. Defining matrices (7}, )men,

> Bmoa, (19)

0<e<™

comes (Cf. [13, 1.4.5 Proposition)):

oy, (A
Tp = (k—1)"=Up, (2\//€T1> . (20)
Suppose that the graph whose adjacency matrix is A has vertex set V, that |V| = n. Let
Ao =k > X > --- > \,_1 the eigenvalues of this graph. Given a vertex x € V, let f;, be
the number of closed paths of length ¢ without backtracking starting at z. By definition of
the matrices (By)sen, fro is the entry of the diagonal element of By labeled by the vertex .
By taking the trace of the matrix 7T}, using Equation (20) and Equation (I9]) comes (Cf. [13]

1.4.6 Theorem)]):
SN fmeara=( —1’”/QZU (\/_> (21)

2V 0<4<D

We go back now to the graphs 2, ,, so that the size is n = q" — ¢® and the valency is k = p> + 1.

We differ now slightly from the proof given in [I3]. It is not clear that these graphs are vertex
transitive as was the case for the Ramanujan graphs of [32], 35] (these graphs were constructed
as Cayley graphs on groups, and were therefore vertex-transitive). In our case, we obtain that
fo is independent of the vertex z in a different way by a reformulation of Lemma
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Lemma 8 For the graphs %, 4, the number fo, is independent of the vertex x. When { is
even, this number is equal to the number of irreducible products (...(a1a2)---)as of length ¢
such that (... (c1az) -+ )as € Aq).

PROOF: If £ is odd, then f;, is equal to zero for every x because %, is bipartite. If £ is even,

the statement given is a straightforward consequence of Lemma [6] and the very definition of

Zp,q in terms of a Cayley graph over O(F,)*/Z (when (g) = —1) or in terms of a double cover

of a Cayley graph over M;/Z; (when <§> =1). O

With this lemma, we denote f;, simply by f,. The degree of the graphs 2, 4 is k = p°+1,
therefore Equation (2I]) becomes (Cf. [13], 1.4.7 Corollary]):

n—1
0 Y =" U (). 2
=0

o<e<m

Step 2: Expressing the number f, of non-backtracking cycles of length / in terms of
the number of solutions of certain quadratic diophantine equations. To start with,
let us introduce briefly some preliminary materials. Given a positive definite quadratic form R,
anf for ¢t € N fixed, let

Ne(t) & {x = (z0,...,27) € Z¥ | R(x) = t}, and ng(t) = [Na(t)|. (23)

We consider now the positive definite quadratic form
Q@) = o+ ¢*(af + - + 27).
For a € {0,1}8, let us define also the sets
Ead:ef{er8 | Q(x)=t, x=a (mod2)}

and for i € {0,1,...,7}:

FY{x=(20,...,07) €Z8 | Q(x)=t, 2, =0 (mod?2)}.

In the light of the property of Lemma [ verified by elements in A, the relevant quantity to
consider is not the whole number of integer solutions ng(t) of @ = t, but the following:

Definition 7 Let r(t) denotes the number of solutions of Q(x) = t with x = (zq,...,x7) € Z8
and satisfying

(1 —x4,25,26,27) (mod 2) if g+ 21+ 22+ 23=1 (mod 2),

(iEO, T1,T2, ,173)

(xo,x1,22,23) = (24,1 —2x5,1—26,1 —27) (mod 2) ifxog+ 1+ 22+ 23=0 (mod 2).
Indeed, this quantity verifies:

Lemma 9 Let m be a non-negative even integer. The following equality holds:

7nQ(pm) =2 Z fmf%-

o<e<™
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PrOOF: We already know from Lemma [ that f,, o, counts the number of irreducible products
in A(q) of length m —2¢. Let a = ap+ayi+- - -+ a7kt be such an irreducible product. It belongs
to A(q) C 1+ 2Cg therefore, from Lemma [Tl

(ag,ai,as,a3) = (1—aq,as,a6,a7) (mod 2) if ag+ a1 +ag+az=1 (mod 2),

(ag,ai,as,a3) = (ag,1—as,1—ag,1—a7r) (mod?2) if ag+a; +az+a3=0 (mod 2).
And moreover, a; = ga} for some integers a; and for 1 < ¢ < 7. Hence, N(a) = m—2t —
Q(ao,d}, ..., al). This a gives two solutions contributing to ro(p™), namely +(agp’, ajp’, . .., a;p?).

Conversely, a solution (xo,...,z7) contributing to ro(p™) above yields an element § =

xo + q(x1i+ -+ + x7kt) € 1 + 2Co of norm N(B) = p™. That is, B verifies the conditions of
Proposition [l and there exists a unique irreducible product 8’ € A such that 8 = £p’S’. It is
easily verified that £ is also in A(g). Since, N(f') = p>™~¢, this is a contribution to f,,_gs. O

The next step is to relate rg(t) to the whole number of integer solutions ngg(t) of certain
quadratic equations Qg defined hereunder. Indeed, these ng(t) can be estimated sharply (see
the next step), whereas it is not the case for the partial number of solutions r¢(t).

Definition 8 Given a subset S C {0,1,...,7}, we define the following quadratic form

de .
Qs(ao....a1) ¥ 65(0)af +4* Y os(i)a,
1<i<7
where ¢pg(i) =4 if i € S and 1 otherwise.

It is not difficult to see that ngg(t) has the following interpretation in terms of the number of
integer solutions of Q(x) = t:

nos(t) = {x = (zo,...,27) €Z° | Q(x) =t, ;=0 (mod2)ifie S} . (24)
With the help of the definition above, now we can prove that:

Lemma 10 There exist integers ag for S ranging over all subsets of {0,...,7} such that
ro(t) =Y asnqs(t).
S

PROOF: Let A be the set of a = (a;)o<i<7 € {0,1}® satisfying

(ag,a1,az,a3) = (1 —aq,as,a6,a7) ifag+a;+az+a3=1 (mod 2),

(ag,a1,az,a3) = (ag,1—as,1—ag,1—a7) ifay+a;+az+a3=0 (mod 2).

By definition of E,, we clearly have:

rQ(t) = Y | Fal- (25)

acA
Next, we show that for any a € {0,1}® there is a family of integers (us)sco,...,7y such that
Bal = > usngs(t). (26)
Sc{o,...,7}

The above plugged in Equation (25) will prove the lemma. To do so, notice that:

E, = ﬂom [ (Ne - F), (27)

;= ia; =1
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where Ng denotes the set Ng(t) of ([23)). For b = 0 or 1, let us define S, & {i : a; = b}. Let
also G be the set Nj.q,—0F; = Nies, Fi. Equation ([27)) can be rewritten as:

Ea = NENWNo-F) = Gn(Ne- JF) = ¢-(cnJ R)
1€8S0 €51 1€S] €51

The last equality is justified by the inclusion G C Ng. We now take cardinal:

Bl = Gl-eGnJ Rl =16-|Jenk

i€51 1€51

= |G|- Z (-)IT=1 G n ﬂ F;| (by the inclusion/exclusion principle)

TCS, €T
= (N A= N R
1€8So TCS, 1€TUSy

= 15, () = D (=DM tngy g, (1) (by using @)

TCS,

This proves Equality (28)), which is sufficient to conclude the proof as already mentionned. O
We assume from now on that m is even, say m = 2¢. Equality (22)) is then rewritten as:

gnl

rq(p*) Z (23/2> (28)

For every 0 < j < n—1, there exists a unique 6; € [3 In p, 0]U[0, 7]U[r, 7+ 3 In p] C C such that:
\j = 2p*/% cos 0; (precisely, 0; € [0, 7] if |\;| < 2p®/2, 0, € (2 Inp,0) for 2p3/% < \; < p*+1 and
0; € (m,m+ % Inp] for —p3 —1 < \; < —2p3/2). Recall that A9 = p? + 1 and since the graphs
are bipartite A\,_; = —p3 — 1, so 6y = %lnp and 0,1 =7+ % Inp. As a consequence, the
graphs are Ramanujan if and only if the 6;’s are real for 1 < j < n — 1, which will be proved in
the 3rd step below.

By coming back to the definition of Chebychev polynomials, Equality (28]) becomes:

n—1 .
2y _ 2p3¢ sin(20 + 1)9]'.

n “ sin 6;
J=0

rQ(p (29)

With the aforementioned values for 6y and 6,,_1, namely 6y = % Inpand 0,1 =7+ % Inp, we
check that:

41— 193(2”1 sin(2¢ + 1)6
oRE 5>

n 1-p3

ro(p o (30)

Step 3: Using modular forms techniques to estimate rg(p™). Similarly to [32], let us
bring in the Theta series:

def > inkz
2) Y ngg(k)er ™, (31)
k=0

By using classical results about Theta series (see for instance [36] §4.9.5] or [40, Chapter VI-3]),
we obtain
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Lemma 11 Og(z) is a modular for of weight 4 for T'(16¢?).

I'(16¢?) denotes here the group of matrices

I'(16¢2) = {C‘ Z) € SLy(Z): (Z 2) = <(1) (1)> (mod 16q2)}.

The modular forms ©g can be decomposed in a unique way as a sum of a linear combination
of Eisenstein series Eg(2) = Y 50 ek.s€%™* and a cusp form Cg(2) = 33, cx 5™ of weight
4 for T'(16¢%) (see [22, article 24, Satz 1. II] for instance), i.e Og(z) = Es(z) + Cs(z). We can
therefore write by using Lemma, [I0]

_ 3(2041)
Z as (ep%,s + Cp2Z7S) = é l—p Z Sln 2€ + 1

32)
—3 (
§CH0.,...,7} nol-p

sin 0

The central argument for estimating accurately rq (p*%) is that the Fourier coefficients of a cusp
form C(z) = Y32 k™ of weight 4 satisfy for every € > 0:

lex| = Oc(K3/%79) as k — co. (33)

This comes from the proof of the Ramanujan conjecture for cusp forms of even weight obtained
by using the work of Thara [27], which reduced the proof of the conjecture to the Riemann
hypothesis for varieties over ﬁnite field which was later settled by Deligne in [14] 15].

2 W is clearly of the form o(p%)

infinity, it follows from the upper—bound B3) and from Equation (32]) that

Since the remaining sum z as m tends to

41 — p3+D)
>, asepus =g +o("). (34)
SC{0,...7} p

Following [32], we observe now that the sum of the Fourier coefficients > gcyy 7y asepe s
are exactly equal to the right-hand side without remainder term, by using the fact that the
coefficients ey of any linear combination E(z) = 72, erpe?™% of Bisenstein series of weight 4

for T'(N) are of the form
er =Y d*F(d) (35)
d|k

for some periodic function F': N — C of period N (see for instance [40), Proposition 17, Chapter
IV]). We invoke now a the slight variation of [32, Lemma 4.4]:

Lemma 12 Let G : N — C be periodic and satisfy
Z d*G(d) = o(p®™) as m — oo
djp™
then
> d*G(d) =0 for all m.

djp™

®Actually, ©s(z) even belongs to I'o(16¢%) as is readily checked from [36]. However, this allows us to make
directly use of certain results related to I';g,2 as will appear later on.
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PROOF: Let u, & > djpm d*G(d), then

my __ Um — Um—1 _u_m_ Um—1
G(p™) = P pdm pm1)p3 (36)
We notice now that the right-hand-side term zjg—% — ;ﬁg;n%lﬁpi” tends to 0 as m goes to infinity.
G is periodic, therefore G(p™) = 0 for all m. O
By noticing that
41-p? v A
n 1-—p3 ’
d‘p%
writing that
Z aseyt g = Z d3F(d)
5c{0,...,7} d|p*

for some periodic function F : N — C of period 16¢?, and using Equation (B3], we obtain that

41— p3(26+1) 4

SC{0,...7} dlp
73
From Equation (34) we see that we can apply Lemma 2] to 3 gcqo 7y aseye s — %#
and obtain 3(2041)
41—p
Z aS€p2Z7S = El—ip‘g (37)

5¢H0,...,7}

This reduces Equation (32]) to

sin(2¢ + 1)6
Z astpat g = Z sin 6;

5C{0,...7} j=1

and by using the upperbound (33]) we finally obtain

sin(2¢ + 1)0
“ Z — Oe(p%a).

sin 6;

Suppose that there is some \; ¢ [—2p%/2,2p%/?] with j € {1,...,n — 2}, or equivalently
that there is some 6; which is not real. There exists a unique 0 < ¢; < 1 such that either
0; = %tj Inpord; =m+ %tj Inp. Consider the index j of this kind which maximizes |);|. It is
straightforward to check that

_Zsm%ﬂe 20{i ] = W} e, 1= p~ 804D

sin 6, n 1 —p3t (1+o(1))

as £ goes to infinity. If € is small enough, the right-hand term can not be upper-bounded by
O(p**) and therefore the same thing holds for 2 SO 2 @10 g6 for 1 < Jj <n—2,the 0;’s

sin 0;
are real, or equivalently the \;’s are in [—2p 3/ 2 op3/ 2]. This proves that the graphs Ap,q are
Ramanujan.

Corollary 3 For p < q such that <§> =1, the graphs %, , are also Ramanugjan.
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PROOF: Let p9 > -+ > pp—1 be the spectrum of %}, ,. The equality pg = p® + 1 holds. The
graphs are not bipartite by Proposition [ so there is the inequality p,—1 > —p® — 1. The
spectrum of the bipartite double cover %, , of %, , is given by %y, ..., +pp—1, counted with
multiplicities. But the graphs %), ; are Ramanujan, that implies p; < 2p3/2 for j # 0. That is
%, q are also Ramanujan. O

Conclusions

The contributions of this work are twofold. First, the girth problem consisting of finding for an
infinite growing family of k-regular graphs {G, } what is the largest constant

def .. . gll‘th(Gn) }
Gp,}) = lim inf{ =——*~
Y{Gn}) n—00 {logkl ‘Gn‘

reduces now to % < v < 2, for the values of k = p3 + 1, p an odd prime. This is a clear
improvement on the 25 years old result % <y <2

Second, this is the first construction of Cayley expanders non explicitely based on a group.
However, as already mentionned in introduction, we stress that the graphs presented here may
be Cayley graphs on groups. The question is then which groups 7 A simpler open problem is the
vertex-transitivity of these graphs. In any case, it might be interesting to pursue further research
toward expansion properties in non-associative algebraic structures. Indeed, the expansion
property of Cayley graphs on groups has been thoroughly studied recently. Similar questions
arise for loops.

In addition, it may be interesting to carry over the construction of Morgenstern [37] based
on quaternions over function fields, to octonions. There would be indeed a hope to build
Ramanujan graphs of girth % log,_; n for various degrees k, not only of the form k = p3 + 1, p
is prime, like in the present paper.

To conclude, let us recall that the graphs constructed here display other properties shared by
all Ramanujan graphs, namely a small diameter D satisfying D < 2log,;_;n + O(1) and in the

non bipartite case, an independence number i verifying i < 2—“3_171 and therefore a chromatic
number x of the form y > ﬁ.
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