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Abstract

We consider a general class of superadditive scores measuring the similarity of two
independent sequences of n i.i.d. letters from a finite alphabet. Our object of
interest is the mean score by letter [,,. By subadditivity [,, is nondecreasing and
converges to a limit [. We give a simple method of bounding the difference [ — I,
and obtaining the rate of convergence. Our result generalizes the previous result of
Alexander [I], where only the special case of the longest common subsequence was
considered.
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convergence.
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1 Introduction

Throughout this paper X1, Xo,... and Y7, Y5, ... are two independent sequences of
i.i.d. random variables drawn from a finite alphabet A and having the same distri-
bution. Since we mostly study the finite strings of length n, let X = (X1, Xo,... X,,)
and let Y = (Y7, Ys,...Y,) be the corresponding n-dimensional random vectors. We
shall usually refer to X and Y as random sequences.
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The problem of measuring the similarity of X and Y is central in many areas of
applications including computational molecular biology [7, [14], 23, 24] 25] and com-
putational linguistics [8] [I8] 20, 2I]. In this paper, we consider a general scoring
scheme, where S : A x A — R is a pairwise scoring function that assigns a score
to each couple of letters from A. We assume S to be symmetric and we denote by
F and A the largest possible score and the largest possible change of score by one
variable, respectively. Formally (recall that S is symmetric)

F := max S(a,b), A:= max |S(a,b)— S(a,c)|.

a,beA a,b,ceEA

An alignment is a pair (m, u) where m = (w1, m2,...,7k) and p = (p1, 42, - - -, fg)
are two increasing sequences of natural numbers, i.e. 1 < m <M < ... <7 < n
and 1 < py < p2 < ... < pi < n. The integer k is the number of aligned letters
and n — k is the number of gaps in the alignment. Note that our definition of
gap slightly differs from the one that is commonly used in the sequence alignment
literature, where a gap consists of maximal number of consecutive indels (insertion
and deletion) in one side. Our gap actually corresponds to a pair of indels, one in
X-side and another in Y side. Since we consider the sequences of equal length, to
every indel in X-side corresponds an indel in Y-side, so considering them pairwise
is justified. In other words, the number of gaps in our sense is the number of indels
in one sequence. We also consider a gap price d. Given the pairwise scoring function
S and the gap price ¢, the score of the alignment (7, z) when aligning X and Y is

defined by
k

Uty (X,Y) := Y S(Xr,, V) +6(n — k).

i=1
In our general scoring scheme § can also be positive, although usually § < 0 penal-
izing the mismatch (in this case —d is usually called the gap penalty). We naturally
assume 0 < F.
The (optimal) score of X and Y is defined to be best score over all possible align-
ments, i.e.

Ly = L(X;Y) == max U ,) (X, Y).
(1)

The alignments achieving the maximum are called optimal. Such a similarity cri-
terion is most commonly used in sequence comparison [3, 14, 24] 25 26]. When
S(a,b) =1 for a = b and S(a,b) = 0 for a # b, then for § = 0 the optimal score is
equal to the length of the longest common subsequence (LCS) of X and Y.
It is well-known that the sequence EL,, n = 1,2... is superadditive, i.e. ELyjim >
EL, + EL,, for all n,m > 1. Hence, by Fekete’s lemma the ratios I, := % are
nondecreasing and converge to the limit

[ :=liml, = supl,.

In fact, from Kingman’s subadditivity ergodic theorem, it follows that [ is also the
a.s. limit of % The limit [ (which for the LCS-case is called Chvatal-Sankoff con-
stant) is not known exactly even for the simplest scoring scheme and the simplest



model for X and Y, so it is usually estimated by simulations. Using McDiarmid’s
inequality (see ) one can estimate [,, with prescribed accuracy; to obtain con-
fidence intervals for I, the difference | — [,, should be estimated. This is the aim of
the present paper.

To our best knowledge, the difference [ — [,, has been theoretically studied only by
Alexander in [I], though there exist many numeric results on the value of [,, or its
distribution in various contexts [4l [6, 9, 1], 12} 15, 16, 17, 22]. Alexander proved
that in the case of the LCS, for any C' > (24 +/2) there exists an integer n,(C) such

that
/1
l-1,<C ogn) provided n > n,(C). (1.1)
n

The bound ([I.1)) is independent of the common law of X and Y, and the integer
no(C) can be exactly determined. Hence the bound (1.1)) can be used for the cal-
culation of explicit confidence intervals.

Our main result is the following:

Theorem 1.1 Let n € N be even. Then, with any ¢ > VA,

2 n—+1 F
— < — . .
l ln_c\/n_l(n_l—i—ln(n 1))+n_1 (1.2)

Note that by the monotonicity of l,, the assumption on n even actually is not
restrictive. In fact, Alexander’s main result (Prop. 2.4 in [1]) is also proven for n
even. Theorem and its proof generalize Alexander’s result in many ways:

1. Theorem applies for a general scoring scheme, not just for the LCS. This is
due to the fact that our proof is based solely on McDiarmid’s large deviation
equality, whilst Alexander’s proof, although using also McDiarmid’s inequality,
is mainly based on first passage percolation techniques. Despite the fact that
the percolation approach applies in many other situations rather than sequence
comparison (see [2]), it is not clear whether it can be efficiently applied to our
general scoring scheme. For McDiarmid’s inequality, however, it makes no
difference what kind of scoring is used. This gives us reasons to believe that
our proof is somehow ”easier” than the one in [1].

2. The proof of Theorem relates the rate of the convergence of [,, to the car-
dinality of the set of partitions By, (see Lemma so that finding the good
rate boils down to the good estimation of |By,,,|. The bound corresponds
to a particular estimate of |By |, any better estimate would give a sharper
bound and, probably, also a faster rate. In a sense, the cardinality |By,,,| could
be interpreted as the complexity of the model and the relation between the
rate of convergence and the complexity of the model is a well-known fact in
statistics (see e.g. [5]).

3. When applied to the LCS, our bound (|1.2) is sharper than (1.1]). Indeed, for
the case of LCS the constants A and F' in (|1.2) can be taken equal to one and
the smaller constants make the difference. In other words, for the case of LCS



both results yield the rate C' 1“7”, but the constant C is different (C' > 3.42
in Alexander’s result and ¢ > /2 in ours).

We can easily compare (1.2]) and ((1.1)) by comparing the decay of the two following

functions:

R:{1,...,10000} — R*

R(n) = (3.42+0.1)\/m7” (1.3)

Qr:{1,...,10000} x {0.1,...,2} — RT
Qr(n A) = \/Z\/ 2 (M ) +

F
n—1
(1.4)

n—1\n—1

In figure |1} we can see the improved bound given by function (changes
of A are represented in colours, F' = 1) over the bound by Alexander given
by function (in black). Note that the dark blue curve corresponds to A = 0.1
whilst the light violet curve to A = 2 (namely, the colour gets lighter as A increases).
The curve in green corresponds to the case A =1 (ie, our bound for the LCS case).

Numeric comparison of the bounds by comparing decay functions

value of the rate function

| | | | | | | | |
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Figure 1: comparison of the bounds (|1.2)) and (|I.1]) through the functions (|1.4]) and ({1.3)),

respectively.



2 Confidence bounds for [

Suppose that k samples of X* = X! ..., X! and Y' = Y{,..., YV} i=1,...,N

are generated. Let L! be the score of the i-th sample. Thus EL! = nl,. By
McDiarmid’s inequality (see (3.5)) below), for every p > 0

k k 2
1 i i P kn
P (kzn ;:1 L, —1,< —p) =P ( E L), —knl, < —knp) < exp [—AQ} . (2.1)

i=1

Let
k

Ly := %ZL%

i=1
If n is even, by (1.2) and (1.4)) we have that [ <1, + Qr(n, A) and then

kan}
A? |

(2.2)
Now, given € > 0, choose p = p(n, ) so that the right hand side in the last inequality
is equal to 1 — &:

P(Ly+p+Qr(n,A) > 1) > P(Ly+p > 1n) = P(Ly—1ln > —p) > 1—exp [—

p(n,e)=A ln(klgs)'

So, with probability 1 — &, we obtain one side confidence interval as follows:

I<L,+Qr(nA)+A m(;ﬁ (2.3)

In statistical learning, the inequalities of type (2.3|) are known as PAC inequality
(probably almost correct inequalities). The two-sided confidence bounds are, with
probability 1 — ¢, as follows:

. In(2/¢) . In(2/¢)
- < . .
L,—A o <I<L,+Qr(nA)+ A o (2.4)
The bounds in ([2.4) suggest to use the estimate
2
so that the confidence bounds for this estimate are
R In(2 A
P(\lnl|§A n(k/gHQF(;’ )> >1-—e. (2.5)
n

Alexander [I] obtained, for n = 100000, k = 2 and A = F =1 (for the LCS case),
the following bounds: )
P(|l, — 1| < 0.0264) > 0.95. (2.6)



By using (2.5) and (|1.4) we obtain, for n = 100000, ¥ = 2 and A = F' =1 (for the
LCS case), the following bounds:

P(|l,, — 1] <0.0122) > 0.95. (2.7)

It is clear that is sharper than (2.6). To our best knowledge, the best previous
lower and upper bounds for [, in the LCS context for A = {0, 1}, were due to Dancik
[10], Dancik and Paterson [11],22] (0.773911 and 0.837623, respectivley) and Lueker
[19] (0.788071 and 0.826280, respectively).

Remark: The inequality (2.3) confirms the well-known fact that it is better to
generate one sample of length kn rather than k samples of length n. Indeed, with
one sample of length kn, the inequality (2.3) becames

In(1/e)

U< Ln+ Qrlkn, 4) + Ay =

(2.8)

and since Qr(kn, A) < Qr(n, A), the bounds get narrower.

3 Proof of the main result

3.1 The set of partitions B,

In this section, we shall consider the sequences X and Y with length kn where k,n
are nonnegative integers. Let (m,u) be an arbitrary alignment of X and Y. Let
v=(vi,...,Vp41) and 7 = (11, ..., Tr+1) be vectors satisfying

l=n<m<...<<ypu=kn+l, 1=<n<... < <741 =kn+1
(3.1)

We say that the pair (v, 7) forms a r-partition of the alignment (, u) if for any

j=1,...,r, the following conditions are simultaneously satisfied:

1) if, for some ¢ = 1,...k, it holds that v; < m; < vjiq, then 7; < p; < 7j41;

2) if, for some i = 1,...k, it holds that 7; < p; < 741, then v; < 1 < vj4q.

Thus (v, 7) is a r-partition, if the sequences X and Y can be partitioned into r
pieces

(X17 s 7Xl/2—1)7 (Xl/27 s 7XV3—1)7 R (Xl/ra s 7an)
(Y17 s 7Y7'2—1)7 <Y7'27‘ . '7YT3—1)7 RN (YTr7 s 7Y/€n)

such that the alignment (7, ) aligns a piece (X,;,..., X, ;1) with the piece
(Y, ..., Y —1), where j = 1,...7. It is important to note that the pieces might be
empty, i.e. it might be that v; = vj41 (or 7; = 7j41), meaning that (7;,...,7j41 — 1)
cannot contain any elements of u, otherwise the requirement 2) would be violated
(or (@j, ..., i1 — 1) cannot contain any elements of 7, otherwise the requirement
1) would be violated). Hence, if for a partition a piece of X is empty, then the

corresponding piece of Y cannot have any aligned letter.



The following observation shows that any alignment of X and Y can be parti-
tioned into r pieces such that k <r < [Qik_"ﬂ and such that the sum of the lengths
of aligned pairs in each partition is always at most 2n. We believe that the idea of

the proof as well as the meaning of the partition becomes transparent by an example.

Example. Let n = 3,k = 4. Let 7 = (1,5,6,9,10,12) and p = (2,3,4,6,9, 10).
The alignment (7, ;) can be represented as follows

9 10 [ 11 | 12 |
506|789 |- |10]11]12

The table above indicates that X is aligned with Y5, X5 is aligned with Y3 and
so on; the rest of the letters are unaligned, so we say that they are aligned with
gaps. In the table, there are two types of columns: the columns with two figures
(aligned pairs) and the columns with one figure (unaligned pairs). Let u; € {1,2}
be the number of figures in the i-th column, and let s; = u; + --- 4+ u; be the
corresponding cumulative sum. To get an r-partition proceed as follows: start from
the beginning of the table (most left position) and find j such that s; = 2n. Since
the cumulative sum increases by one or two, such a j might not exist. In this case
find j such that s; = 2n — 1. In the present example n = 3, thus we are looking
for j such that s; = 6. Such a j is 5. The first five columns thus form the first
part of the partition and there are exactly 2n = 6 elements in the first part (those
elements are X1, X9, X3, X4,Y7 and Y3). Now disregard the first five columns from
the table and start the same procedure afresh. Then the second part is obtained and
so on. In the following table the vertical lines indicate the different parts obtained
by the aforementioned procedure: the first two parts have six elements, the third
and fourth has five elements and the last part consists of one element:

X|- 1 2 3 4|5 6 7 8|- 9 - -]10 11 12 - |-
Y12 - - -]3 4 - -|56 7 8[/9 - 10 11|12

From the table, we read the corresponding pieces from the X-side: (1,4), (5,8),(9,9),
(10,12),0 as well as the ones from the Y-side: (1,2),(3,4),(5,8),(9,11),(12,12).
The corresponding vectors v and 7 are thus v = (1,5,9,10,13,13), 7 = (1,3,5,9,12,13).
The number of parts in such a partition is clearly at least k (corresponding to the
case that all pairs sum up to 2n) and at most (2%1’“_"1 (corresponding to the case
that all pairs except the last one sum up to 2n—1). In our example is r = 5 = [2}].
Now, it is clear that the following claim holds.

Claim 3.1 Let X, Y be sequences of length kn and let (7w, u) be an arbitrary align-
ment of X and Y. Then there exist an integer r such that k < r < (Qik_"ﬂ and an
r-partition (v, 7) of (mw, u) such that for every j =1,...,r —1, it holds

(Vjt1—vj)+(Tj+1—715) € {2n,2n—1} and (vry1 — V) + (T4 —7) < 2n. (3.2)



Let, for every r, By, ,, be the set of vectors v = (v1,...,vp41) and 7 = (71,..., T7r41)
satisfying (3.1] and . Let

2k
anl—‘

U Bin
r=k

We shall call the elements of By, ,, as the partitions. For every partition (v, 1) € Bj,
we define

k,n’

Lknl/T = E L Vjse s VJ+1 1,YTj,...,YTj+1_1),

where L(XVJ.7 .. ,XV].+1_1;YT]., . ,XTJ.+1_1) is the optimal score between X, ,...,
Xy;o—1 and Yo,..., Yo 1. The key observation is the following: if (m,p) is
optimal for X,Y and (v,7) is a r-partition of (m,u), then Ly, = Li,(v,7). By
Claim every alignment, including the optimal one, has at least one partition

from the set By, ,,, hence it follows that

Ly, = Lin 3.3
=, max ken (V5 7). (3.3)

Claim 3.2 For every r-partition (v,7) € B p,

11 2kn

B(Lin(v7)) < 5ELan < 5| 5| ELon. (3.4)
Proof. Let (v,7) € B}, with r <[5 2nk 1. Let j be such that (vj41 —v;) + (7j41 —
7j) = 2n. Thus, there ex1sts an mteger u € {—n,...,n} such that v, —v; =n—u
and 7j11 — 7j = n + u. Since X1, Xo,...,Y7,Ys,... are i.i.d., we have

E(L(Xu;s s Xus 115 Yoy ooy Yoriio1)) = B(L(X1, o, X3 Vi, o Yoga)) =

1 1
E(L(Xn—u-l—h ooy Xons Yoqut1, - - )YQn)) < iE(L(Xla cey Xops Y1, 7}/2n)) = §EL2n
The last inequality follows from the superadditivity:

L(X1ee s X Yie oo Vi) + DXty -+ X Yarus 1, -, Yau)
< L(X1,. .o, Xons Vi, oo, Vo).

If (vj41 —vj) + (Tj41 — 75) < 2n, then by the same argument

1
Yo, Y1) SEL(Xy - Xnewi Y1, -, Yag)) < 5ELgn.

E(L(X,,j7 vy Xy —15
Hence the first inequality in (3.4) follows. The second inequality follows from the

condition r < [ %ﬁﬂ ]




3.2 The size of By, and the rate of convergence

In the following we prove the main theoretical result that links the rate of the
convergence to the rate at which the number of elements in |By | grows as k in-
creases. Our proof is entirely based on McDiarmid’s inequality, so let us recall it
for the sake of completeness: Let Z1, ..., Zs,, be independent random variables and
f(Zy,..., Zom) be a function so that changing one variable changes the value at
most A. Then for any A > 0,

2
P(f(Zl, e Tom) — Ef(Z1,. .., Zom) > A) < exp {_m/ﬁ] : (3.5)
For the proof, we refer [13]. We apply (3.5)) with L in the role of f to the independent
(but not necessarily identically distributed) random variables X1, ..., X;,, Y1, ..., Y.
It is easy but important to see that independently of the value of §, changing one
random variable changes the score at most by A so that in our case (3.5)) is

2
— < — . .
P(Lm ELp > A) < exp [ mA?] (3.6)
Lemma 3.1 Suppose that for any n and for k big enough
Binl < expl(4(n) + o(k)) kn), (3.7)
where ¥(n) does not depend on k. Let u(n) > A\/¥(n). Then
l2n l F
— < < < . .
l lgn_u(n)—|—2n_1_u(n)+2n_1_u(n)+2n_1 (3.8)

Proof. Let (v,7) € By,. Recall (3.4). Thus, from (3.6), we get that for any p > 0,

1

P(L,m(u,r)—5 {

2kn
2n —1

pkn
A2

“ ELsy, > pk:n> < P(L;m(y, T)—E(L;m(V,T))pkn) < exp {_

(3.9)
From (3.3)) and (3.7) it now follows that, for big k

Ly, 171 2kn 1[ 2kn

Hrno 2| _AMY < 1

P(kn k{?n—li‘ l2n>p)_( % P<Lkn(V,T) 2’72n_1—‘ E'Lgn>pkn>
v,T kn

2

< |Binl exp [—p A’Z”] < exp [ (w(n) +o(k) — ()" Y],

We consider n fixed and let k& go to infinity. If u(n) > A\/v¥(n), then there exists
K (n) < oo so that for every k > K(n),

$(n) + ofk) - (“ff)) < 2wt - (“ff)))



Hence, replacing in the inequalities above p with u(n), we obtain for every k > K(n),

P (Lk’;j _ % {22]{—”1} Iy > u(n)> < exp [; <w(n) _ <“(A7”‘>>2> nk] — expl—dnk],

(3.10)
dy = ((U(An)>2 — 1/1(n)> n > 0.

Now recall the assumption that 6 < F'. Hence for any n and k, the random variable
% is bounded by F'. From |i it thus follows that for any k

where

Ly, 1| 2kn
I < — — .
E( o ) I, < : {271 — J lon +u(n) + F exp[—d, k]

Since Iy, — | as k — oo and

1 2kn 2n 1
il < + -,
El2n—1| " 2n—-1 k

we obtain that for any n,

2n 1
< . — oy, (1 :
1< <2n—1)l2 +u(n) =l < +2n—1> + u(n)

The proof of Theorem [1.1} From Lemma it follows that to obtain a
bound to [ — I,,, a suitable estimator of |By, ,,| satisfying should be found.

Let us estimate |Bj, , |. The number of parts in the X side is bounded above by the
number of combination with repetition from nk + 1 by r — 1. The repetitions allow
empty parts. When the size of a part in X-side is m, then, except from the last
part, the size of the corresponding part on Y side has two possibilities: 2n — 1 —m
or 2n — m. Hence to any r-partition of X-size corresponds at most 2"~12n options
in Y side. In the following we use the fact that the number of combination with

repetition from nk + 1 by r — 1 is ("krtrl_ 1) and for any non-negative integers a > b

it holds
a b
(3) el (2) ]
b a

where he(q) == —glng — (1 — ¢)In(1 — g) is the binary entropy function. Since

r < [;ﬂ“ﬂ implies that r — 1 < 227:3“1, we thus have for n > 2

nk+r—1>

i, < o) ("

r—1

Tm+r_1>wk+r‘”]

[/ In4 In(2n) r—1 2
< Y .
—eXp_<2n—1Jr i Tl <nk+r—1>< +2n—1>>"k]

[/ In4 In(2n) 2 2n+1
< he k|
—‘J“XP_(2n—1Jr ne T <2n—|—1> (%-1))”]

10

< exp (r —1)(In2) +In(2n) + he <




The last inequality follows from the inequalities

2nk
r—1 2nn_1 . 2

nk+r—17 npk4+ 2k 2n 41

so that if n > 2, then %H < 0.5 and

r—1
ho | ———
<nkz+r—1> <2n+1>
Hence

2nk In4 In(2n)
B < —k+2 h
| ’“"|—<2n—1 * )eXp[(Zn—l nk e

2
+
B k In4 In(2n) 2 2n+1
_<2n—1+2>eXp[<2n—1+ ke < n+1 > 2n—1>> }
o In k o) 4 In4 ln 2n) 2 2n+1 ks
= X
P\ 2n—1 o1 uk nt1)\2n—1
In ni_—i-Q +ln(2n) In4 9 2 1
exp|: <2 ! ) + = +he( ><n—|— > nk

) (i)

2n

nk 2n —1 2n+1 2n —1

~exp Ko(@ byt bk (2n2+ 1) <§Zf 1)) ”’“]

< exp Ko(k:) + 2n2_ 1 <§Zt ~ o In(2n - 1))) nk] ,

where the last inequality follows from the inequality

2 2 [on+1 on — 1
h < 1 . 3.11
e(2n+1)_2n+1<2n—1+n< 2 >> (3:11)

Hence ({3.7) holds with

) = 2 <2n+1

In(2n —1) ).
o =1 \2n—1 "m0 )>

The inequality (1.2)) now follows from Lemma [ ]
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