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SUPER-POINCARE ALGEBRAS,
SPACE-TIMES AND SUPERGRAVITIES (I)

A. SANTI AND A. SPIRO

ABSTRACT. A new formulation of theories of supergravity as theories
satisfying a generalized Principle of General Covariance is given. It is a
generalization of the superspace formulation of simple 4D-supergravity
of Wess and Zumino and it is designed to obtain geometric descriptions
for the supergravities that correspond to the super Poincare algebras of
Alekseevsky and Cortés’ classification.

1. INTRODUCTION

Up to now various theories of supergravity, in diverse dimensions and
based on many super-extensions of Poincarée algebras, have been constructed.
Although super-extensions of Poincare algebras and algebras of Lorentzian
symmetric spaces have been already classified under various natural hypoth-
esis (see e.g. [12 [30} [l 23]), to the best of our knowledge, there does not
exist a methodical presentation of supergravity theories that parallels those
lists of super-extensions.

We also recall that for gauge theories of classical Poincare algebras,
like General Relativity, the requirement of invariance under localizations
of translations is just a re-formulation of the classical Principle of General
Covariance, i.e. the principle of invariance under local changes of coordi-
nates (or, equivalently, local diffeomorphisms) of the space-time (see e.g.
[19] 291 28] 2]). By analogy, it is natural to expect that, also for supergrav-
ity theories, the supersymmetries (analogues of localizations of translations)
can be identified with Lie derivatives along vector fields of an appropriate
super-manifold and that the requirement of supersymmetric invariance can
be stated as a suitably generalized Principle of General Covariance.

On this regard, we would like to point out that when a supergravity
can be presented in a manifestly covariant way, i.e. in terms of tensorial
equations, the Principle of General Covariance is automatically satisfied
and the off-shell invariance of the theory is assured, with no need of explicit
computations in coordinates or components.
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The expectation that the invariance conditions of supergravity can be
stated in terms of Lie derivatives is supported by the very first superspace
formulation of simple 4D-supergravity ([33]). But an explicit and clear for-
mulation in such terms seems to us still missing. So, here and in [24], we
offer a presentation of supergravities based on a generalized Principle of
General Covariance and involving a very small number of tensorial objects.

It can be considered as a generalization of the superspace formulation of
Wess and Zumino: As in [33], the physical fields are presented as restrictions
to space-time M, (not necessarily 4-dimensional) of fields defined over a
superspace M, which has M, as a body, and the usual supersymmetries are
presented as appropriate (infinitesimal) local diffeomorphisms of M.

Our definitions are designed so as to depend in a canonical way on an
initial choice of a super-extension g of a Poincare algebra. We consider
only the super-Poincarée algebras classified by Alekseevsky and Cortés ([1])
corresponding to N = 1 supergravities, but the whole scheme can be eas-
ily repeated for other super-algebras and N = p supergravities with p > 2.
Notice also that our main goal was to reach a simple and economical descrip-
tion of existing supergravity theories in terms of objects that can be stud-
ied with standard techniques of Differential Geometry. We did not address
questions on the construction of Lagrangians, but we do expect interesting
consequences on this topic too.

Here is a more detailed description of our results.

In §2, after recalling some facts on Zo-graded and super-extensions of
Poincare algebras g = so(V) +V + S of a pseudo-Riemannian space V =
RP2 we introduce the notion of space-time of type g, which is a (super)
manifold M with a distinguished submanifold M, C M and a non integrable
distribution D, whose Levi form £ is modeled on the Lie brackets of elements
in S C g. Then we define as gravity field any pair (g, V) formed by a tensor
field g on M of type (0,2), inducing a pseudo-Riemannian metric on the
g-orthogonal distribution D+ and by a covariant derivation V preserving D,
g and L. Properties of these connections are also given.

In §3, we define as supergravity of type g any pair formed by a space-time
(M, M,,D) of type g and a gravity field (g,V). Any supergravity induces
on M, (which represents the space-time of Physics) the following physi-
cal fields: two covariant derivations, called metric and spinor connections,
and three tensor fields, corresponding to the graviton, the gravitino and the
auxiliary field(s). Then we state our generalized Principle of Infinitesimal
General Covariance and the notion of manifestly covariance for constraints
and equations.

In §4, we consider the class of (strict) Levi-Civita supergravities of type g,
characterized by the vanishing of certain parts of the torsion 1" of V. The
connections satisfying these conditions are generalizations of the Levi-Civita
connections of pseudo-Riemannian manifolds and we prove for them an ex-
istence and uniqueness theorem. From this result it follows that the physical
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fields of strict Levi-Civita supergravities are completely determined by the
graviton, the gravitino and the auxiliary field(s), as in supergravities formu-
lated in the component approach. Finally, we determine the transformation
rules for the graviton, gravitino and the auxiliary field of a Levi-Civita su-
pergravity. The expressions nicely match the well-known rules of simple
4D-supergravity and other supergravities.

In §5, we give examples on how known theories of supergravity can be
presented as theories of Levi-Civita supergravities of type g.

Our results is re-formulated and formalized in the language of superman-
ifolds in [24]. We chose to postpone such formalization in a second paper
for the following reasons. It is very common to deal with supermanifolds
in a naive way and consider them just as smooth manifolds with points
labeled by two kinds of coordinates, the bosonic and the fermionic ones.
Following this habit, we give here definitions and results on gauge theories
of super and non-super extensions of Poincaré algebras, with proofs that
can be considered rigorous only for what concerns the latter and essentially
correct for the former only if one consider supermanifolds “as if” they were
smooth manifolds. In [24], we convert everything into rigorous statements
on supermanifolds and on the gauge theories of super Poincare algebras.

Before concluding, we need to recall that a presentation of supergravity,
which is based on a Principle of General Covariance, appears also in the
so-called “rheonomic approach” of Regge, Ne’eman, Castellani, D’Adda,
D’Auria, Fré and van Nieuwenhuizen (see e.g. [13, 14l 3 [4, 2]), where
supergravities are described as theories of fields on a soft-group mani-
fold P, a sort of principle bundle over the superspace M. We also re-
mark that our approach is crucially based on the notion of the non-
integrable distribution D modeled on g: To the best of our knowledge,
similar non-integrable distributions have only been considered in the ge-
ometrical approach of Ogievetsky, Sokatchev, Roslyi, Schwarz et al. (see
e.g. [15] [16], 17, 18| 25 21], 22] 20, 10, 9]) and in the superspace formulation
of supergravity of P. Deligne ([5]). Analogies and differences will be carefully
discussed elsewhere.

Notation. Throughout the paper, we consider Clifford algebras as defined
e.g. in [§]. According to this, the Clifford product of vectors of the standard
basis of RP? is e; - e; = —21;; and not “ +2n;;” as it is often assumed in
Physics literature.

Acknowledgements. The authors are grateful to D. V. Alekseevsky, V.
Cortés, C. Devchand and M. Tonin for helpful discussions and insightful
comments.

2. SPACE-TIMES AND GRAVITY FIELDS OF TYPE g

2.1. Extended Poincarée algebras and associated space-times.
Let V = RP?and p(V) = Lie(Iso(RP?)) = so(V)+V its Poincaré algebra.
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Definition 2.1. A Zs-graded Lie algebra (resp. a super-algebra) g = go+g1
is called eztended (resp. super) Poincaré algebra if

a) go =p(V) =s0(V)+V;

b) g1 = S is an irreducible spinor module (i.e. an irreducible real
representation of the Clifford algebra C/(V) of V') and the adjoint
action adge(vy|s : S — S coincides with the standard action of
s0(V)on S (ie. [A,s] = A-sfor any A € s0(V), s € 5);

C) [V7 S] =0;

d) [S,S] C V.

If g is an extended (resp. super) Poincare algebra, any connected homo-
geneous (super) space M = G/H, with Lie(G) = g and Lie(H) = so(V),
will be called flat space-time of type g. The submanifold M, = G,/H C M,
with G, C G connected and Lie(G,) = so(V) + V, is called body of the
space-time.

As we have done in this definition, all statements and arguments of this
paper have a “super” and a “non-super” version. But, hoping to be clear
and at the same time rigorous, from now on we give exact and precise def-
initions and statements only for the “non-super” case. Corresponding ac-
curate definitions and statements for the “super” case will be given in [24].
Nonetheless, it should not be hard to understand their contents on the base
of analogies.

We now want to introduce a generalization of the notion of flat space-time,
which is fundamental in our presentation of supergravity theories. For this,
we need to recall some notion, commonly used in studying CR structures
and non-integrable distributions. Let M be a manifold of dimension m and
D C TM a distribution of rank p < m on M. At any point x € M, we may
consider the map

Ly:NDy — T,M/Dy,  Lo(v,w)=[XY, X®], modD, (2.1)

where X(”), X®) are vector fields in D with Xg(gv) = v and Xg(ﬁw) =w. A
simple check shows that £,(v,w) depends only on v and w and that (2.1])
is a well-defined bilinear map. It is called Levi form of D at x.

We say that D is of uniform type if its Levi form L, is independent on x up
to linear isomorphisms (i.e. if for any =,y € M there exists an isomorphism

1: T,M —= T,M so that +(D,) = D, and *(L,) = Ly).

Example 2.2. Any flat space-time M = G/H is naturally endowed with a

G-invariant distribution, i.e. the unique invariant distribution D? such that
D8, =5, o=eH

(we use the standard identification T,G/H ~ V +.5). This distribution is of
uniform type, transversal to the body M, = G,/H and with Levi form at o

L9(s,s") =[s,5], 5,8 €8.
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If G/H is simply connected, D? is described in coordinates as follows. Let
(e5,€q) be a basis for V + S with e; € V, e, € S. The exponential map
exp : g — G induces a diffeomorphism

exp:V+S = G/H (2.2)

~

and we may consider the global system of coordinates ¢ : G/H — R™, 7 =
dim V 4 dim S, that associates to any z = exp(z’e; + 6%,) the coordinates
E(x) = (zb, ...,z 0L, ..., 0" ™).

A vector v = vie;+v%, € V+S ~ T,G/H is represented in the coordinate
basis as v = ' % , T v 80%‘0 and it is the tangent vector at ¢t = 0 of
the curve vy = exp(t(vie; + v%e,)) € G/H. By BCH-formula, an element
g =exp(ziej + 0%ep) € exp(V + S) C G maps 7; into the curve

. . 1
g7 =exp(riej +0%es +t(vie; +v%4q) + §tv°‘055kaek) ,

where 536 are the components of the Levi form £§ in the basis (e;, eq).
From this it follows that
(29 79‘*))

.0 0
(2.3)

RaCAN v
(09,6%) (aea

and hence that any linear combination of the vector fields

def O dt O 1,5, 0

E=pm B~ g T30 Ly

is exp(V + S)-invariant (see e.g. [34], Ch. 14). Finally, the G-invariant dis-
tribution D¢ of G/H is generated by the fields E,, i.e. D§ = Spang {E,|.}-

1,5 O
+ =0°L,, —
(Z‘j,gb) 2 Ba 8332

g«(v) = Ot

The properties of D9 of previous example motivate the following notion.

Definition 2.3. A space-time of type g is any triple (M, M,, D) given by:

— a connected manifold M of dimension 7 = dim V' + dim S;

— a connected submanifold M, C M of dimension n = dim V;

— a distribution D € TM of rank n® = dim S and transversal to M,
(i.e. with T, M, ND, = {0} at any = € M,) satisfying the following
“uniformity assumption”:

for any x € M there exists a neighborhood U C M of x and
a smooth family of vector space isomorphisms 1%) 1 V 4+ § —
TyM, y €U, so that

z(y)(S) =D, and z(y)*(ﬁy) e

if S = ST+ S is sum of irreducible so(V')-moduli, we also
assume D = DY + D~ for distributions D and V) (SF) = Dy .

The submanifold M, is called body of the space-time.
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Notice that, if (M, M,, D) is a (non-flat) space-time and (F,) is a set of
local generators for D around a point z, € M,, then it is always possible
to determine a system of coordinates (z*,6%) on a neighborhood U of z, so
that

0
00 |y ’
as it occurs on the flat space-time considered above. On the other hand, it
goes without saying that the expressions for the E,’s outside the body M,
are in general quite different from the (2.3)).

Moﬁu:{ea:()}, Ea|Mo:

2.2. Admissible extended (or super) Poincaré algebras and associ-
ated gravity fields.

2.2.1. Admissible extended and admissible super Poincaré algebras. In [I]
it was observed that, given an irreducible spinor module S, any extension
g=s0(V)+V + S of p(V) is completely determined by the tensor

LeANS*®V (resp. VZS*@ V)

that defines the Lie brackets [-,:] between elements in S. This tensor is
s0(V)-invariant and any so(V)-invariant tensor of this kind corresponds to
a unique structure of extended (or super) Poincare algebra on so(V)+V +S.

A tensor L € A2S* ®V or V25*® V is called admissible if the associated
tensor
L"eS* @S "eV", L*(s,s",v) def L(s,s"),v >
is of the form
L*(s,s',v) = B(v-s,8), (2.4)
for some non-degenerate so(V')-invariant bilinear form 5 on S such that:
1) it is either symmetric or skew-symmetric;
2) the Clifford multiplications v - (-) : S — S, v € V, are either all
B-symmetric or all -skew symmetric;
3) if S is sum of irreducible so(V)-moduli S = St + S~ then ST are
either mutually $-orthogonal or both S-isotropic.

Any admissible tensor is so(V)-invariant, it corresponds to an extended (or
super) Poincare algebra and the spaces (A2S* @ V)**(V) and (V25* @ V)* V)
have bases of admissible elements ([1]).

Definition 2.4. An extended (or super) Poincare algebra g = so(V)+V +S
is called admissible if it is determined by an admissible tensor L. In this
case, if 3 is the bilinear form (2.4]), we call extended inner product of V4 S
the non-degenerate bilinear form (-,-), defined by

()vxs =0, (S )lvxv =<-->, (4)|sxs =8 (2.5)



SUPER-POINCARE ALGEBRAS, SPACE-TIMES AND SUPERGRAVITIES ) 7

From now on, any extended (super) Poincaré algebra will be assumed to
be admissible and (-,-) will always indicate the bilinear form (2Z3]). (E|)

Example 2.5. Let V = R%! and denote by (eg, ..., e3) its standard basis
with < €, €5 >= 5i5ij with eg = —1, 61 = g9 = 3 = +1. Let also § =
C* and denote by p : Cl3; — End (5) the Dirac representation of Cf3 1,
determined by the I'-matrices
0 I 0 o .
0 10(60) ([ 0> i ,0(62) <_Ui O) ?

where the o; are the usual Pauli matrices o1 = (94), o2 = (977), 03 =

(5 %). Let also

0 I

and S = St 4+ S~ = C? + C? be the corresponding decomposition of S in
I's-eigenspaces, i.e. into irreducible so(V)-moduli of Weyl spinors, on which

s0(V) acts by conjugate representations. Finally, let ¢ be the standard
volume form of C?> = St = S~ and w € A2S ~ A%2C* the 2-form

w(s,s) =e(st,dT) —e(s™,s ) =s7Cs" | (2.7)

Ay A O (‘I O) (2.6)

where we considered the decompositions s = sT 4+ s7, s’ = s + s~ into
S*- components and C = —il'oI'y is the charge conjugation matrix.
The admissible bilinear forms

Bi(s,s') = Rew(s,s) = — Re(is’ ToTys’) ,
Ba(s,s') = Imw(s,s’) = —Im(isT ToTys’) ,
B3(s,s') = Re(s"Tos) . Ba(s,s') = Re(5"T5L'os") .

give a basis for the space of tensors associated with super extensions of
p(R3*1), while the admissible bilinear forms

51(3, §') = Im(sTflfgs’) , 52(3, s = Re(sTflfgs') ,

Bs(s,s') = Im(s"Tys') , Ba(s,s') =Im(s'TsTys") |
give a basis for the space of tensors associated with non super extensions.

Example 2.6. Let V = R!'%! and again denote by (e, ..., e1q) its standard
basis with < e;,e; >= €;0;; with g = —1, ¢; = +1 for 1 < < 10. Let
S = C* and p : Clip1 — End (S5) the Dirac representation of Clyq 1,
determined by purely imaginary I-matrices I'; = p(e;) (see e.g. [11]). The
admissible bilinear forms

Bi(s,s") = Re(is"Tos') , Pa(s,s’) = Im(is"Tos') , Pa(s,s’) = Re(s'Tos') ,

1 Actually, for many of our results, it is sufficient to consider a non-degenerate so(V)-
invariant bilinear form (23], with 8 not necessarily equal to the one in (2.4]).
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give a basis for the space of tensors associated with super extensions of
p(RY1) while the admissible bilinear form

B(s,s") =Im(37Tys')

is a basis for the space of tensors associated with non super extensions.

2.2.2. Gravity fields of type g. In the following definition, we denote by g
an admissible extended Poincare algebra with extended inner product (-, -)
and by (M, M,, D) a space-time of type g with Levi form L.

Definition 2.7. A gravity field on (M, M,,D) is a pair (g, V) formed by a
tensor field g of type (0,2) and a connection V on M so that:
i) the tensor g is so that, for any x € M, there exists a neighborhood
U C M of x and a smooth family of vector space isomorphisms
W VS — TyM,y €U, so that:
a) 1 (S) =Dy, W (V) =D} and, if § = ST+57,.W)(5%) = DF;
b) () = gy
c) ) (£8) = L, where £§ € Hom(Dy x Dy, Dy) is
def _
25 (wlp) o L,
and 7|pr : DY — TM/D is the natural isomorphism between
the g-orthogonal distribution D+ to D and the bundle TM/D;
ii) the distribution D is V-stable and, if S = ST+ S~ the distributions
D+ are V-stable;
iili) Vg =0 and VL9 = 0.
In this case, we say that g is the extended metric and V the extended metric
connection.

By (ii) and (iii), it follows immediately that any extended metric connec-
tion V preserves also the complementary distribution D+.

Let (g,V) be a gravity field on a space time (M, M,, D) of type g. We
call bundle of orthonormal frames of g the collection Og4(M, D) of all vector
spaces isomorphism ¢ : V 4+ S — T, M satisfying (a) - (c) of previous
definition. Using (i), one can check that O4(M,D) is indeed a principal
bundle over M with a structure group G, whose identity component GV is
the subgroup of GL(V + 5)

GOZ{ (’g k2h> k € Spin’(V) ,h € H° } = Spin’(V) - H”

where H? is the identity component of H = O(S, ) N Cyys)(CL(V)) or of
the subgroup of H, which preserves S* and S~, when S = ST + S~
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By definitions, the extended metric connection V preserves Og(M, D)
and it can be considered as the covariant derivation on M determined by a
connection form w on O4(M, D).

Consider now the connections V° and V¢ induced by V on the vector
bundles

7T2DJ'—>M, 7:D— M.

They may be considered as the covariant derivations determined by connec-
tion forms w®, w® on the bundles O, (D') and O,(D) of the g-orthonormal
frames of the spaces D € T, M and D, C T, M, respectively. On the other
hand, using a (local) field of frames ) : V 4+ S — T, M, one can identify
any space D, with the spinor module S and identify (at least locally) the
bundle 7’ : D — M with the spinor bundle associated with O,(D4), i.e.

D ~ Sping(DL) Xgpind(v) O - (2.8)

For a fixed (local) identification (2.8]), we may consider on D the covariant
derivation induced by the covariant derivation V° of D+ (be aware that the
induced derivation depends on the identification (2.8])). If we denote also
this covariant derivation by V¢, we have that

Vs =V%s+Cx(s), Xex(M),sel(D), (2.9)
for some field C in T*M @ DE @D, ~ (V+ S)*®S*® S at any z € M.

In particular, V can be locally written as a sum of the form V = V° 4 C,|
where C is defined in (29) and V° is sum of the connection on D+ and the
induced connection on D. Note that V° satisfies (ii), (iii) of Definition 2.7

As we pointed out above, such decomposition (and the field C') depends in
principle on the chosen identification (2.8]). But the next proposition shows
that in many cases C' is trivial, no matter what is the used identification.

Proposition 2.8. Let (g,V) be a gravity field on (M, M,, D) and V =
V° + C a decomposition determined by an identification [28]). For any
x € M, the tensor C; belongs to (V+5)*®b, where h = Lie(H) is contained
in one of the subspaces of Cy5)(CL(V')) described in Table 1:

p—gq mod8 0 1 2 3 4 5 6|7
Cai(s)(CUV)) R C H H H C R|R
irr. s0(V)modul + - |lst~s—|st~s— + -
gttt ST £ S ST ~§ ST ~§ S ST %S S S\|s
h is contained in 0 0 Spang{i} | Spang{i, j, k} | Spang{s, j, k} | Spang{i} | 0| 0
Table 1

In particular, V = V° when p—q=0,1,6,7 mod 8.
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Proof. By the properties of V and V?, for any vector fields X, v,s,s’ €
X(M), with v, € Dy (~ V) and s, s, € D,(~ S) at all points, we have that
9(v, L9(Cx (), s") +g(v, LI (s,Cx(s') = 0, g(Cx(s),s)+g(s,Cx(s") = 0.

Hence, using the identifications T, M ~ V + .5 and the admissibility of g, we
get that forany X € V 4+ S, v €V and 5,8 € S

Bv-Cx(s),s")+B(v-s,Cx(s) =0, B(Cx(v-s),s)+p(v-s,Cx(s) =0.
By non degeneracy of 3, these conditions are equivalent to

v-Cx()=Cx(v-()), B(Cx(),")+B(Cx()=0,
ie. Cx € 0o(S, B)NCys)(CL(V)) (in addition, if S = ST+S57, the conditions
on V and V° imply that Cx preserves St and S7).

For any given signature s = p — ¢, the centralizer Cy(5)(C£(V')) is imme-
diately determined recalling that C4(V) ~ K(N) or K(V) & K(N) for some
suitable N, with K = R, C or H. In all cases, one can determine the so(V)-
moduli in S and the elements in Cys)(C£(V')) that preserve these moduli
(see [1], Prop. 1.5 and [6], Tables 1 and 2). Excluding the elements which
are real multiples of the identity (which cannot be in o(S, 3)), one gets the
spaces listed in the last row of Table 1. O

Remark 2.9. It should be stressed that Table 1 gives just an upper bound
for dimbh. When S is explicitly given, one gets a finer result by direct
computations.

3. THEORIES OF SUPERGRAVITY

3.1. Gravities and supergravities.

Definition 3.1. Let M, be a manifold of dimension n = dim V. We call
(super) gravity of type g on M, any pair G = ((M, M,, D), (g,V)) formed by
a) a space time (M, M,, D) of type g with body M,;
b) a gravity field (g, V) on (M, M,, D).

Given a (super) gravity G = ((M, M,, D), (g,V)), we call spinor bundle
of G the pullback bundle

7:8 =Dy, — M, .
We also call physical fields of G the following objects:
— the tensor field in T*M, ®y, S, called gravitino, defined by
9(x) = 7P (X) (3.1)

where, for any 2 € M, we denote by 72 : T,M — D, the g-
orthogonal projection onto D,;
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— the tensor field in V2T*M,, called graviton, defined by
~ def L L
9(X,Y) = g(X,Y) = g(9(X),9(Y)) = g(x"" (X), 7" (Y)) , (3.2)
where, for any z € M, we denote by wfl : TuM — Dy the g-
orthogonal projection onto Dy

— the tensor field in T*M, ®p;, S* @1, S, called A-field, defined by

Axs € —nP(Tx,) , (3.3)

where we denoted by T the torsion of the connection V;
— the connection D : X(M,) x X(M,) — X(M,), called metric con-
nection, defined by (E)

DyY & (7D

o) (vx 7D (Y)) : (3.4)

— the connection D : X(M,) x I'(S) — I'(S) on the space I'(S) of the
sections of 7 : § — M,, called spinor connection, defined by

Dxs def VXs—TFD(TXS) =Vxs+Axs. (3.5)
Finally, we call non-physical fields of G the tensor fields in S* ®p;, S* @1, S
and T*M, @pr, S* @p, S* @, S, called B-field and C-field, defined by

def def

Bss’ = _ﬂ-D (Tss’) 5 (CXss’ = _WD((VS’T)XS) . (3'6)

Remark 3.2. Our presentation of supergravity theories is essentially based
on this definition and the contents of next subsection. In §5, we will indicate
how various N = 1 supergravities can be presented as theories on physical
fields of supergravities of type g.

As it is suggested by our choice of names, the above defined “graviton” and
“osravitino” are precisely the objects, which we want to use to formalize the
common notions of graviton and gravitino in standard supergravity theories.

In fact, from Definition 2.7] one can check that the graviton g is a pseudo-
Riemannian metric of signature (p,q) and that Dg = 0. On the other hand,
given a fixed orthonormal basis (e;, e4) for (V+5, (-, -)) and a corresponding
local frame field

(Ei@) =d(e), Balw)=1"ea) ) . 1) € 0,(M. D), .

the field ¥ is of the form ¥ = Y E, ® E'|ra,, as the usual gravitino (see
[32]).

2 Notice that DxY is equal to the projection of VxY onto T'M, w.r.t. to the decom-
position TM|ar, = T Mo + D|um, . In other words, D is the connection on the submanifold
M, C M, induced by V, by identifying the normal bundle T'M|as, /T M, with D|u,, .
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3.2. The Principle of General Covariance and manifestly covariant
equations.

As we mentioned in the Introduction, we want to present the transforma-
tion rules of a supergravity theory as actions of infinitesimal diffeomorphisms
(= Lie derivatives) and generalize the Principle of General Covariance.

We first remark that for any (super) gravity G = ((M, M,, D), (g,V)) of
type g, any (local) diffeomorphism ¢ : M — M, sufficiently close to Idyy,
determines a new a pair

def N 1%
G' = 0.(G) = (M, Mo, 0.(D)), ((¢71) "9, (¢71)"V)) (3.7)
which still is a (super) gravity of type g. This suggests the following two
notions:

A collection &, of constraints and equations on the physical fields
of (super) gravities of type g satisfies the Generalized Principle of
Infinitesimal General Covariance if:

i) there exists a system & of constraints and equations on (D, g, V),
so that any (local) solution of & determines physical fields which
solve &, and every (local) solution of &, is of this form;

ii) the class of (local) solutions of &, is invariant under all actions
B, where G is given by a solution of £ and ¢ is of the form
© = B for some X € Xjoe(M).

The system &, is said manifestly covariant if there exist a system &
as in (i) which is of tensorial type.

Any manifestly covariant system &, automatically satisfies (ii) and hence
also the Generalized Principle of General Covariance.

Now, for a given (super) gravity G = ((M, M,,D),(g,V)) of type g, let
us consider the following class of (local) vector fields on M

Xioe(M; M,) ={X € Xjpc(M) : Xy € T, M,, v € My},

Xioe(M;8) = {X € Xjoe(M) : X € T1oe(D), (VsX)z =0, s € Dy, x € M,}.

Clearly, any X € Xj,.(M,) admits an extension X € X1oc(M; M,) and one
can check that any local section s of S admits an extension s € Xj,.(M;S).

The actions of the fields in X;,.(M; M,) can be considered as generaliza-
tions of the actions of the vector fields of M,. In fact, for any X € X;,.(M,)

with extension X € X10c(M,), the family of metrics ®X,(g) coincides with

the family of gravitons g* of the (super) gravities G; = @fz «(G).
As we will see later (§5]), the actions of fields in X,.(M;S) coincide with
the supersymmetries of simple 4D-supergravity and other supergravities.
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In other words, those supergravity theories are invariant under the class

of vector fields
%loc(M; Mo) + :{loc(M; S) ) (38)
which is properly included in X;,.(M).

We recall that a class A C Xo.(M) of vector fields is called Lie pseudo-
algebra if for any A\, u € R and any pair X, X’ € A, defined on two open
subsets U, U' C M, the fields AX + pX’ and [X, X'] on U NU’ are both
elements of A. Lie pseudo-algebras share many basic properties with usual
Lie algebras of vector fields (see e.g. [27]).

It is hardly to be expected that brackets between elements in (B.8)) are still
in (3.8), i.e. that (B.8]) is a Lie pseudo-algebra. Hence, if one is looking for a
Lie pseudo-algebra of symmetries, it is more natural to consider the whole
Xjoc(M). In fact, as we will shortly see, equations of simple 4 D-supergravity
are manifestly covariant and hence invariant under all elements in X;,.(M).

4. LEVI-CIVITA SUPERGRAVITIES AND THE TRANSFORMATIONS LAWS FOR
THEIR PHYSICAL FIELDS

4.1. Levi-Civita supergravities.
Let G = ((M,M,,D),(g,V)) be a (super) gravity of type g. At any
x € M, the torsion T, of V decomposes into a sum of the form

T, =TP" + TP 4 cDPHP 4 cDPHDY | g APHD 4 DD - (47
with summands belonging to the following so(D;)-modules:

TP" € Hom(D: ADL, D), TP € Hom(D, A Dy, Ds) |
cPP P ¢ Hom(D, x DL, D,), PP P" € Hom(D, x DL, DL) |
HAPED ¢ Hom(DEADE, D), HADPE € Hom(D, AD,, DY) .

Notice that the decomposition (A1) is preserved by any action (B.7).
Since V preserves D and D, it follows that
HADDE = 9~ 8 (4.2)

From this, at any x, € M, and for any X,Y € X(M,) with [X,Y]|,, = 0,
the value TJI{)Y‘:C of the torsion of the metric connection D is equal to

€L

TRy, = (7| )7 (Vx(P () - V(=P (X)) | =

Zo

TM,
)7 (7P ()| =

o (TBLys +CPPHP(9(X),vh) = CPPPH (0(Y), XH) = L9(9(X), 9(Y)))

= (7T,DJ_

TM,
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(here X+, Y+ denote the components of X, Y along D*). Hence, for any
admissible extended (or super) Poincare algebra g = so(V) + V + S, the
torsion TP has a non trivial term, depending quadratically on 9. Due to
this, there is no way to require the vanishing of TP for all values of ¥, in
contrast with the well-known property of Levi Civita connections.

However the following theorem holds (in the statement, Sym?(D;) de-
notes the space of endomorphisms of D7 that are symmetric w.r.t. g;).

Theorem 4.1. For any ((M,M,,D),g) that satisfies Definition [27 (i),
there exists a connection V satisfying also (ii), (iii) and the constraints

TEL =0 and CID’DL?Dl €D ® Symg(Dj) at any x € M . (4.4)

This connection is uniquely determined up to the field C, defined in (2.9]).
In particular, V is unique whenever o(S, 8) N Cys)(CL(V')) = 0.

Proof.  Assume that g is a metric on (M, M,, D) satisfying Definition 271
For a fixed choice of local frames in O4(M, D), let V be the unique, locally
defined, D and D+ preserving connection, for which the field C in (23 is 0
and for any v,w,z € D+, s € D

9g(Vyw, z) = % (v cg(w, z) +w-g(z,v) — z- g(v,w) +
+ 9P (o, w]),2) = g(xP" (fw, 2)),0) = g(xP ([0, 2]),w) ), (45)

o(Vsw,2) =5 (5 9(w,2) + g (15, w]),2) — (P (5,2, w) - (46)

One can check that it satisfies (44) and (ii), (iii). Using a partition of
unity, one gets the existence part of the theorem.

About the uniqueness part, assume that G = ((M, M,,D),(g,V)) and
G = (M, M,,D), (g, %)) are two (super) gravities of the same type g, both
satisfying (4.4]). Fix a local identification (2.8]) so that we may consider the
decompositions V = V° 4+ C and V = V° + C described in (Z3). By defini-
tions, for any X € X(M), the operators V§ and 63( act on the vector fields
in D1 just as the covariant derivations Vx and v x, while they act on the
fields in D by means of the corresponding spinorial connections. In partic-
ular, V¢ and VO are uniquely determined by their restrictions V| X(M)xD+
and VO\X(M)XDL.

On the other hand, by definitions,

60‘%(M)><Dl = V°lxmyxpr + F (4.7)

for some suitable tensor field F' taking values in 7*M ® so(D~), i.e. so that
for any X € X(M), s,s' € I'(D4)

9(Fx(s),s") +g(s, Fx(s')) = 0. (4.8)
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Now, for a given F in T*M ® so(D+), let us denote by 9pT° = T° — T° the
difference between the torsions 7T° and T° of the connections V° and V¢,
respectively. Simple arguments based just on definitions imply that

8FT§Y:FX(Y)—F)/(X) , for any X,YE%(M)
and that, for any x € M, the map
¢1: Di@so(Dy) — Di®@End (D) ,

def pl
¥1 (Fx"szD;> =77 o (3FTO)"D,ch; (4.9)

coincides with the trivial embedding of D} ® so(Dy) into D ® End (Dy).

L.pl
Due to this, by the fact that the antisymmetric parts of the tensors coPP

of V and V are both 0, one gets Fx"DxX'D:J[ =0 at any x € M.
Consider now the map

@2 : Dy* @s0(Dy) — A*Dy* @ Dy,

#2 (Felpyxpy ) =77 008 Ty xpy - (4.10)

We claim that this is a vector space isomorphism between Di* @ so(Dy)
and A’D}* ® DE. In fact, if we identify T,M with V + S by means of a
frame in O4(M, D), the map Fy|p.,p1 is identifiable with an element of

V*@s0(V,<,>) ~ V@ AV*
while 727 o (8pT°)|p 1xpy is identifiable with an element of ANV V ~
A2V* ® V*. The map (@I0) is equal to the so-called “Spencer operator”
D:V*Q ANV — N2V V*,

(0a)(v1,v2,w) = a(v,v2, w) — ava, v1,w) , (4.11)
which is well known to be an isomorphism. Due to this, since V and V has
TP* =0, then Filpiypr =0 at any z € M.

Hence, F =0 and V° = V°. The claim is then a consequence of the fact
that variations of C' do not affect TP and CPPP. O

This result motivates the following definition.

Definition 4.2. A (super) gravity ((M, M,, D), (g,V)) is called Levi-Civita
if V satisfy (d4]). In this case, V is called a Levi-Civita connection of g.

Let G = (M, M,,D),(g,V)) be a Levi-Civita (super) gravity. By (@.3]),
the value of the torsion of the metric connection D on commuting fields is

7D — (2D* —-1q
Ry =" )

. <CD,DL;DL(19(X)7YJ-) — PP (y(y), XL — £g(19(X),19(Y))) (Mo :
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This shows that 7° (and hence D, being any metric connection recoverable

from its torsion, through the associated contorsion) is completely determined
¢D. DD+ "

o

by the graviton, the gravitino and the tensor field

A common assumption in supergravity is C2P P |y, =0 (see §5). It is
therefore convenient to introduce the following definition.
Definition 4.3. A (super) gravity G = ((M, M,, D), (g,V)) is called strict
Levi-Civita if the torsion of V satisfies the conditions TP = 0 = ¢PPP",

Since the difference between spinor and metric connections is given by
the A-field (and the field C' in (29), in special signatures), it follows that
all physical fields of strict Levi-Civita (super) gravities are completely deter-
mined by the graviton, gravitino and A-field (and, sometimes, by C).

4.2. Transformations rules for gravitons, gravitinos and A-fields.

Let G = ((M,M,,D),(g,V)) be a strict Levi-Civita supergravity and
(E4, Es) a (local) field of g-orthonormal frames with E, € D+, E, € D
and w.r.t. which the Levi form £9 has constant components ap- Let also
(E®, E%) be the dual coframes field.

Now, if we consider the g-orthonormal coframes (e* = E%| ), ) on M,,

we have that the graviton, the gravitino and the A-field are of the form

G=1a ®R6e’, V=19 Eyly, e, A= Ag Eulu, e ®EP|s , (4.12)
where 7y = €204p, and ¥y, A5 are suitable smooth functions. Indeed, g, v,
A are the restriction to TM, and S of the tensor fields of M

g(ﬂ_'Dl(.),ﬂ_’Dl(')) _ T]abEa ® Eb , 7'('D — Ea ® E© 7

—mPoT =-T4 Ea®E*QE" — T Ea®E*®E° —T§ E,@ E° @ E7 .
In particular, the i’ are the components of the 1-forms E|rps, = wgeb,
while the A % are the functions A% = —T;5(n, — Pa - To5|m,-

Motivated by the above remark, we call variations of the graviton, the
gravitino and the A-field along X € Xj,.(M) the fields on M, defined by

(6xe®) = LxE®|rar, » 0x0 = Lxm”|ra, , SxA == Lx(x” 0 T)|py, o

where the symbol “Lx” denotes the Lie derivative along the vector field
X. As we will see in §5] the variations along the vector fields in X;,.(M;S)
correspond to the so-called “supersymmetry transformations” in simple 4.D-
supergravity and other supergravity theories. We thus consider the following

Definition 4.4. Let ¢ = ¢“E, |y, be a (locally defined) spinor field in S.
We call (super) variations along € the infinitesimal variations

0.6M) L Gyme?) . 0oy, SAYs0A,

determined by an arbitrary vector field X () = X,.(M;S) with X ()|, = e.



SUPER-POINCARE ALGEBRAS, SPACE-TIMES AND SUPERGRAVITIES (I) 17
The (super) variations along ¢ are clearly determined by the functions
dcey, 0y, 5€¢3, 5€Aa% and 5€Aa% defined by the relations
.6 = 0cef €, 0.9 = 6.5 Ealnr, ® € + 648 Ey|ar, ®
5-A = 6.A.% Eolu, ® (" ® EP|s) + 6.AL Eylu, ® (" ® EX|s) .

We now compute explicitly those functions, proving also that they are in-
dependent of the choice of the extension X (). In the following, (e4) is the

g-orthonormal frames field on M, defined by 72" (e,) = Eu|as, -

Proposition 4.5. Given a spinor field ¢ = e*E,|p,, the components of the
corresponding (super) variations of graviton and gravitino are of the form

b.eb = —anfﬁgg + L% for some L = (L) € s0(V) , (4.13)
0eby = ea(e®) + (Mo + Agh + vIBE,) | (4.14)
0cthe = € Lagis (4.15)

def

where H,5, B are the Christoffel symbols H 3 E*(Ve,Eg) and the
def

components of the B-field B = EY(BgyE,), respectively.
Proof.  For simplicity of notation, let us denote by the symbol “ &” also

the field X©) ¢ Xi0c(M;S). One can also check that it is always possible to
extend the field of g-orthonormal frames (e,) on M, to a field of frames (e,)

on an open subset Y C M so that WDL(ea) = E, and Vg, mP(eq)|n, = 0.
With these assumptions, one has that
d-€h = (LE%)(eq) = —E’([e, €4]) = —E*(Veea) + E*(Ve,e)+
_’_EC(ea)Eb(CD,'DL;’DL(&EC)) + Ea(ea)Eb(fHAz'D;Dl(E,Ea))
and that the matrix LY = —FE%(V.e,)|, belongs to so(V) for any z € M,.
From EY(V,,e) = 0, CPPHP = 0 and (@), equality (I3 follows.
Similarly, we have that

5.5 = E((Len®)ea))|yy, = B (les7(ea))) |y, — E* (72 ea)) |,

Since
E*(le, 7" (ea)]) =
E* (7P ([e, ea)) = B ([e, €a)) = E*(Veeq) — E*(Ve,e) — E(Ike,) =
= Ea(veﬂp(ea)) — E%(Ve,6) — EQ(WD(Tsea)) )

€

Ea(Vgﬂ'D(ea)) — EO‘(VWD(%)E) — Ea(TDwD(ea)) )
[

we have that
Octhy = E*(Ve,e + Acye + B:—:ﬂ(@a)) = E%(De,c + Bsﬂ(ea)) =
= ea(e”) + " E*(De, Bp) + E* (Beg(en))
and (dI4) follows. Finally, (£I5]) follows immediately from

st = B (fe.nP(ea)))| |~ B (7P (eea)))| = E°(LY o), - O



18 A. SANTI AND A. SPIRO

Proposition 4.6. Given a spinor field e = e E, |y, , the components of the
corresponding (super) variation of the A-field are of the form

085 = B (Do )By + & (AJSB,G + ASB — R 5 — Byl — W3R, 5) +

427 (M5B — VSUSLEBS + LS + Cay —By,)  (416)

0By =eTL05A % (4.17)
where:

— where B'y%’ (Cm%, RAB([J) are the components of B- and C-fields and

of the Riemann tensor R of V w.r.t. (Eq|pm,, Ealnm,,e” E%s);

o def 4
-Bg, = F ((]D)eaIB%),r;ﬁE7 — (A, -IB%)EﬁE), where A.,- denotes the

natural action of A., |, € Hom(D,,D,) on B, € Hom(D, x D,,D,).

Proof. As in the previous proof, for simplicity of notation, we denote by
“e” also the extension X e X10c(M,S). By definition of Lie derivative
and first Bianchi identity, we have that

(ﬁe(ﬂp °© T))yz = [57 (7P o T)YZ] — (7P o Tz — (rP o T)ye,z =
= (L = V) (" (Ty2))+
+7P2 (VeT)yz + Ty.vz + Tyv.z — Tiexviz — Tyez) =
= (L = Vo) (x" (Ty 2))+
+7° (VTD)yz + Toyez + Tyvye + Tryz + Tryy) =
Bandiid (r V)P (Ty2) + 72 (Toyerz + Tyvye) +
+ 7P (Rey Z + Ryze + RzeY — Tryye — (VyT)ze — (V2T)ey) . (4.18)
On the other hand,

Gub s = B ((Geh)e,ry) = — EX((Lr® o D), )

Hence, from (£I8]), we get that
0:Ay% = —E°(T.,5,)E*(, Bs] — VeEs) — E* (Ty,,cE,) —

_ po (RaeaEg + Reypy6 + Rigeea = Tty e — (Ve T)iye - (vEﬁT)Eea) _
= ARG + B (V0BG — & (ng + R+ ngBV?) +

+eVEY (TTeaEBE"/ + (VeaT)EgEW + (VEBT)Ewea) . (4.19)
Now, we remark that at the points of M,,
1) E%(Ve,e) = EO(De,e) —7A2;

ay?
2) B (T, p,8,) = AopB + VaLiphes — vivaLEBe.
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Replacing (1) and (2) in (£2), we get (40]). Similarly, from (IS,
b D
dehs = = B ([e.7" (Teum,)])|, -
from which ([@I7) follows immediately. O

Corollary 4.7. If G is strict Levi-Civita and satisfies the constraint

TP =0, (4.20)

then (LI4]) simplifies into
58 = eq(e®) + P (M5 +A%) (4.21)

while (L6l) simplifies into
085 = (<R,u5 = Rysl — V3Rs 5 +USLEAS +Coly) - (4.22)

5. CLASSICAL SUPERGRAVITIES AS SUPERGRAVITIES OF TYPE g

In this section, we want to indicate how simple supergravity in four dimen-
sion might be encoded in the language of supergravities of type g. We also
give short remarks on other supergravities in four and higher dimensions,
supporting the expectation that they can be presented as supergravities of
type g too. In the following, the discussion is forced to be informal. Indeed,
a rigorous presentation of supergravity should be based on various notions
of supergeometry, which will be introduced in [24].

5.1. Notations. In all the following, G = ((M, M,,D),(g,V)) is a fixed
(super) gravity of type g.

5.1.1. Clifford product between elements of TM and D. For any x € M,
w € TpM and +(*) ¢ O4(M, D), we denote by w = w" +w® the g-orthogonal
decomposition of w into D+- and D- components and we set

o=1""Tw)yev+s, 0¥ =W ev, =T w)es.
For any s € D,, we call Clifford product between w and s the element in D,
w-s @@V .3, (5.1)

where “@" - 8" is the usual Clifford product. One can check that (5.1]) does
not depend on the choice of +(*) € O, (M, D). We extend canonically (5.1)) to
a product « - s € D, between any o € AT, M and s € D, and, by g-duality,
also to a product w - s between any w € ATy M and s € D,.

We remark that any such Clifford product is preserved by the action (B.7)).
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5.1.2. D*-curvatures and Rarita-Schwinger form. We denote by Ric?" and
sP" the tensor field and the scalar function, defined at any = € M by
n n
1

. i L . pL
RicP™ (v, 1) = Zeig((ﬂp o R)y, g,v2, By), s¥7 = Zej Ric?” (B}, E;) ,
i=1 j=1

where (E;) is any g-orthonormal basis of D;- and ¢; = g(E;, E;) = +1. These
objects are related with Ricci and scalar curvature of the metric connection
D on M, as follows. Since the curvature R? of D is at any x € M, given by

1 _ 1
RD = (7" |r,) 1<7TD OR\TMoxTMoxTMO) ,

we get that Ricci curvature Ric? and scalar curvature s” of D are given by

Ricfc)(vlv vg) = RiCDJ_ (v1,v2) + Z Eig((ﬂ-DL ° R)vﬂrD(ei)Uz? €i) (5.2)
i=1

€ i 1
sV =sD + ) eiciga((7” o R)(wP(e)), 77 (ei))es i) (5.3)
i,j=1
for any vy, vy € T, M,, where (e;) is a g-orthonormal basis for T, M,.
We call Rarita-Schwinger 3-form the tensor field R € A3T*M @y D
defined at any x € M, vy,vo,v3 € T, M, by
def (o
Ra(v1,02,03) = Y (=1 v,qy - (77 0 T)a (o2, Vo3))) -
oEP3
Using coordinates on M, the 3-form R|sp,, is related with ¢ by

0 0
_ _1)e(o) .
(R|A3TMO)L 9_ _0o _22( 1) (33;%(1) vﬁ (19(895%(3) )>>

0 Aio ) A
ozl " 9z'2 " 923 occPs
(5.4)

5.2. Simple 4D-supergravity. Let V = R*! and g = s0(V) + V + S the
super-Poincare algebra determined by the admissible bilinear form (s, s') =
Rew(s, s') = — Re(isTToI'2s’) on the irreducible spinor module S = S*+5~
of Cl31 (see Example 23]
Simple 4D-supergravity can be interpreted as a supergravity
G =((M,M,,D =D +D7),(9,V))
of type g (E), subjected to the following constraints and equations, which are

equivalent to Wess and Zumino’s constraints and the usual Euler-Lagrange
equations ([33 [32, 31]).

Constraints

3For this super-algebra, the space b is trivial (see Remark 2.9) and V = V° for G.
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1) V is strict Levi-Civita (i.e. 7P = 0 = ¢P:P=PY),
2) TP = 0.

Equations

=0 (vanishing of auxiliary fields);

. 1.
i) cP:P ,’D‘
S®TM,

ii) R|psra, =0 (Rarita-Schwinger eq.);
iii Ricpl‘ — 1 gDt (D , Dy, =0 (Einstein eq.).
) a2 5 9@ OO =0 q.)

The first equation corresponds to the vanishing of the “auxiliary fields”,
the second one to the so-called Rarita-Schwinger equation for gravitinos
while the last one corresponds to the Euler-Lagrange equation for gravitons.

Firstly, from constraints (1) and (2) and Bianchi identities, one gets that
the A-field A is of the following very special form (see [32], Ch. XV)
cD: DD ( ) =
S@TM,

AXs:

= —Re(a)X-I‘5-S—I—iIm(a)X-s+iA(X)I‘5-s+%X-A-F5-s (5.5)

for a complex function a : M, — C and a 1-form A € T*M,, usually called
auxiliary fields, and hence that (i) is equivalent to equations a = 0, A = 0.

Equation (ii) is equivalent to the Rarita-Schwinger equation by simply
comparing the coordinate expression (0.4) with [31], formula (5) at p. 222.

Now, assume constraints (1), (2) and equations (i), (ii) hold. By equations
(52), (53) and Bianchi identities, one can prove sP* = sP 5o that (iii) reads

1 n
<RiCD(X7 Y) - §SD§(X7 Y)) - Z Eig((ﬂ-DL 0 R)XWD(ei)Yy 62‘) =0 (56)
=1

for any X,Y € X(M,). Using again Bianchi identities and (ii), the equation
(56]) becomes equivalent to

1 R n
<RicD<X,Y) - 557X, Y)) =) eig(m(e), X - (7P o T)ye,) =0,
i=1
for any X,Y € X(M,). From the expression in coordinates

0 0
D — I _
P (1) =V (0G0) - v (75)

and [31], formula (10) at p. 222, one gets that (iii) is equivalent to the usual
Euler-Lagrange equations for gravitons (see [vN], formula (6) at p.222).

Finally, we remark that, under the constraints (1) and (2), the usual
transformation rules for graviton and gravitino (see [32], Ch. XVIII) co-
incide with those in Proposition and Corollary .7 and it is reasonable
to expect that, via (5.2]), the usual transformation rules of auxiliary fields
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imply the variations for the A-field, determined in Corollary [£77. We plan
to check carefully this point in the near future.

In any case, we expect that the above constraints and equations are man-
ifestly covariant and hence invariant under all super-variations of Definition
4.4, by the following reasons.

Consider the system £ on (D, g, V) given by the tensorial equations
TP =0, cPPP =0, TP =0

. 1
PP =0, R=0, RicP? —ZsP g(x”" ()77 ().

Any (local) solution of £ gives physical fields satisfying the system &, of
(1), (2), (i), (ii), (iii). So, being & of tensorial type, in order to check the
manifest covariance, it remains to verify that any (local) solution of &, is
given by the physical fields of some (local) solution of £. A similar question
is faced and solved with positive answer in the so-called rheonomic approach
to 4D-supergravity ([2], Ch. II1.3). We expect that analogous arguments,
based on a variational origin of the equations, can be used in our setting.
We will discuss this and related questions in our future investigations.

5.3. Other supergravities.

5.3.1. Gates and Siegel’s supergravities. Simple 4D-supergravity is one of
the supergravities, parameterized by ¢ € R U {oc}, introduced by Gates,
Siegel in [20, [7] (see also [21] 22]). All of them can be interpreted as super-
gravities
G =((M,M,,D=D*+D7),(9,V))
of the same type g of simple supergravity and they are subjected to the
following constraints for ¢ # —% (the case ¢ = —% is simple supergravity).
Constraints
1) V is (non-strict) Levi-Civita with C2 PHPY of the form

PP S (Re(T)or® — ilm(T)o 7P oTs), ® 70" |
3¢C+1
for some complex-valued 1-form 7 € T*M;
2) TP is of the form

T (o, 02) = %344111 (”33 “(01)(Re(T) 0P —iIm(T) 0 7P 0 Ts),(va) +
72 (02) (Re(T) o7 —iTm(T) o 7" o T5)a(un)) +

1¢-1 - '
* §3CC +1 <7T;”D (v1)(Re(T) 072" —iTm(T) 0 72" o T5),(va) +

+ 7'('?:‘: (v2)(Re(T) o xPF iIm(T) o 2% o F5)x(v1))
for any v, vo € T, M;
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. + pl.p— - pL.p+ .
3) the torsion components CP?">P7P~ and CP">P75P” vanish.

These constraints are manifestly covariant. We expect that also the Euler-
Lagrangian equations of these supergravities are manifestly covariant, as
expected for simple 4D supergravity.

5.3.2. Supergravities in dimensions n > 5. We recall that the Poincare su-
peralgebra g = so31 + R31 + S of simple 4D supergravity is the algebra
of rigid supersymmetries of maximally supersymmetric vacua solutions and
that the theory is actually determined by “gauging” such symmetries.

Supergravities in dimensions n > 5 are similarly obtained from algebras g
of rigid supersymmetries of homogenous manifolds playing the role of vacua.

The superalgebra g = go + g1 is usually taken from Nahm'’s classification
([12]), i.e. it is a simple Lie superalgebra with gg = p@ ¢, where £ is reductive
and p is a conformal or de Sitter algebra, and with g; = .S a spinor module.

The associated simply connected, homogeneous supermanifold is of the
form G/H, with h = s0,,1 &€ C p@ £ and it is endowed with the G-invariant
distribution D with D],z = S. Its Levi form at eH is the so, j-invariant
tensor

LecS*S*@RP! L(s,s') =[s,s'] modh.
This means that (G/H,Gy/H, D) is a space-time of type g, where g’ is the
super Poincare algebra g’ = (50,1 + RP!) + S, with brackets [+, ||sxs = L.

This and other facts (as, for instance, the match between usual supersym-
metric transformations of graviton and gravitino and our formulae (4.13]) and
(#14)) support the expectation that also these supergravities can be pre-
sented as supergravities of type g’. Works along these lines are presently in
progress.
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