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Backward uniqueness for the heat equation in cones

Lu Li* Vladimir Sversk!

Abstract

It was shown in [B [I3] that a bounded solution of the heat equation
in a half-space which becomes zero at some time must be identically
zero, even though no assumptions are made on the boundary values of
the solutions. In a recent example, Luis Escauriaza showed that this
statement fails if the half-space is replaced by cones with opening angle
smaller than 90°. Here we show the result remains true for cones with
opening angle larger than 110°.

1 Introduction
Consider an open set 2 C R™. Let u be a bounded solution of the equation
ur — Au+b(z,t)Vu+c(z,t)u =0 in Q x (0,7, (1)

where the coefficients b = (by,...,by,), ¢ are measurable and bounded. We
say that Q has the backward uniqueness property if the following statement
holds:

(BU) If a bounded u: Q x (0,T) — R satisfies (l) and u(-,T) = 0, then
u=0inQ x (0,7).

It is important to emphasize that no assumptions are made about u
at the parabolic boundary 992 x (0,7) U (2 x {0}). In fact, we can think
about the problem in terms of the control theory: we are given some initial
data ug: © — R, and we wish to find a suitable boundary condition g on
the lateral boundary 992 x (0,7") so that when we solve equation (I]) with
ug as the initial condition and g as the boundary condition, the solution
will become exactly zero at time ¢ = T. In this interpretation condition
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(BU) means that we can never achieve the exact boundary control of any
non-trivial solution.

While the control theory for PDEs seems to be the most natural back-
ground for (BU), the problem also appeared in regularity theory of parabolic
equations, such as the Navier-Stokes equations, harmonic map heat flows, or
semi-linear heat equations, see [5l [I1], 14]. The specific unbounded domains
which arise in this connection are complements of closed balls (for interior
regularity), half-spaces (for boundary regularity at C'' boundaries), or cones
(for boundary regularity in Lipschitz domains).

By classical results we know that in bounded domains we can achieve ex-
act control, and therefore any domain satisfying (BU) has to be unbounded.
Classical backward uniqueness results for parabolic equations imply that
2 = R" satisfies (BU). It turns out the the half-space = R} also satisfies
(BU), although this is harder to prove, see [5]. In general, the smaller the
domain, the harder it will be to show that it satisfies (BU). It is immediate
that if ; C Q9 and Q; satisfies (BU), then also 9 satisfies (BU).

In this paper we consider the question for cones with opening angle 6.
In suitable coordinates

Op = {z = (x1,2),2" € R" 1 21 > |2|cos(0/2)}. (2)

Luis Escauriaza [I] recently showed that - surprisingly - (BU) fails when
0 < 7/2. We briefly recall the counterexample. Let us denote by I" the stan-
dard heat kernel, i. e. I'(x,t) = (4nt)~"/? exp (|z|?/4t), and recall Appell’s
transformation
(3)

u(z,t) =T(x, t)v(y,s), y=-—, s=

T 1
¢ t

This transformation takes the solutions u(x,t) of the heat equation into
the solutions v(y, s) of the backward heat equation

vs+Av=0. (4)

By taking u(x,t) = h(z) for a suitable harmonic function h in Oy, we can
get a counterexample to the backward heat equation form of (BU) for 0 <
/2. In dimension 2 we can use the real part of the holomorphic function
z — exp(—Az?%) (for suitable A > 0 and a parameter a > 2) to obtain an
explicit formula:
: « 2
(y1 + iy2) M) _ (5)

1
v(y,s) = Re B exp(—AT + s



The function v(yi, y2, ) is bounded in a sector that | arctan %\ < 7/(2a),
away from the origin. We can shift it to v(y;1 +1, y2, s). The resulted function
is bounded in a sector with angle 7/« satisfying the backward heat equation
vs + Av =0, and v(+,-,0) = 0.

We note that it is enough to construct a counterexample in dimension
n = 2. The higher-dimensional example can then be constructed by sim-
ply considering the two-dimensional function as a function of n variables,
independent of x3,...,x,.

Escauriaza’s example shows that (BU) fails for § < 7/2. Since we also
know that (BU) is true for § = m, it is easy to see that there exists a
borderline angle 6y € [7/2, 7] such that (BU) is true for § > 6y, and (BU)
fails for 6 < 8g. The borderline case § = 6y might perhaps present an extra
difficulty.

The main result of this paper is the following:

Theorem 1.1. The cones Oy satisfy (BU) for
6 > 2arccos(1/v/3) ~ 109.52° .
In other words, the critical angle 6y introduced above satisfies
0y < 2arccos(1/V/3).

It is tempting to conjecture that 8y = 7/2. This is supported by the fact
that = 7/2 is the borderline case for the above construction of Escauriaza,
as can be seen from the Phragmén-Lindolef principle.

For the classical heat equation, corresponding to the case b =0 and ¢ = 0
in (), and @ = 7 (the half-space), the statement (BU) can be proved by
a relatively simple application of Fourier transformation and some classical
complex analysis results, see [13]. We were not able to find such simple proof
of the case b =0, ¢ = 0 when 0 < 7.

While completing this paper, we learned about reference [8] Theorem
6 in [§] states that for the classical heat equation (corresponding to b =
0, ¢ = 0), (BU) holds if and only if § < 7/2. Unfortunately, it seems the
proof is not available in print.

Our proof of Theorem (1)) relies on two Carleman-type inequalities,
along lines similar to [5]. The first inequality, Proposition 2] is taken from
[5] and is applied in the same way to obtain fast decay rates for the solutions,
see Lemma We note that Carleman inequalities of this type are can be
found already in [2} 6] [3| 4].

We thank Gregory Seregin for pointing out this article.



The second inequality, Proposition 23] is the main new tool used in
our proof. The heuristics behind this inequality is somewhat similar to the
heuristics behind the second Carleman-type inequality in [5] (Proposition
6.2). However, the proof of Proposition 2.3 requires a new idea, as for
0 < 7 certain critical terms appearing in the proofs of the inequalities lose
convexity.

In addition to determining the critical angle, another interesting open
problem is to optimize the assumptions on the coefficient b(z,t) and c(z,t),
in the spirit of [9]. For example, it is conceivable that the result remains
true for b € L;’f and ¢ € L;Tftﬂ)/ ?, but it might be a difficult problem to
decide whether this is the case.

In what follows we will work with the inequality

|ur = Auf < er(|Vu| + [ul) (6)
rather than (8]). It is not hard to see that when assuming the boundedness
of b and ¢, the two formulations are equivalent.

2 Backward uniqueness

Without loss of generality we assume 7" = 1 and work with the backward
form of ([l).
Recall that

Oy ={z = (z1,2'),2' € R" L, 21 > |z|cos(h/2)}. (7)

Suppose that u(z,t) is a solution to the backward heat equation for some
6 > 2arccos(1/v/3).

lur + Au| < e (|Vu| + |ul) in Oy x(0,1), (8)
u(-,0) =0 in Op. (9)

In addition,
lu| < M in Oy x(0,1). (10)

Then v = 0.

To prove the above statement we firstly need the following Carleman in-
equality from [5], by which we obtain a decay result for solutions of backward
heat equation.



Proposition 2.1 ([5]). For any function u € C§°(R™ x (0,2);R™) and any
positive number a,

|z

2
/ h20()e i <9|u|2 + |Vu|2) dzdt
R" % (0,2) t
- 2
< ¢ / K2 (t)e” I |9y + AulPdadt, (11)
nx(0,2)

1—-t

where ¢y is a positive absolute constant and h(t) =te™s .

Lemma below immediately implies exponential decay of the solution
u. The proof is by using the Carleman inequality in Proposition 211 The
decay of u enables us to apply the Carleman inequality in Proposition 2.3
and reach the conclusion in Theorem [L.11

Lemma 2.2. Let Br denote the ball with radius R in R™. Assume that
R > 2. Consider a function u satisfying the following conditions, with some
positive constants ¢ and M.

lug + Au| < e (|[Vul + |ul) in Br x (0,T), (12)
u(z,0) =0 in Bg, (13)
lu| < M in Br x (0,T). (14)

Then there exist some constants 3, v, such that for t € (0,~),

Co Rr?

u(0,t) < Me P, (15)
where B is a small enough absolute constant, co depends on ci, v depends
oncy and T.

We will give the proof of the lemma in the next section.
The following Carleman inequality in Proposition 2.1]is a key tool used
in our proof of the backward uniqueness in cones. We define the set

Qo = (O N{z1 > 1}) x (0,1).

The purpose of “cutting off the corner” is to avoid singularities at the origin.

1—
Proposition 2.3. Let ¢(z,t) = aA(t)p(x) + 2, where A(t) = Jayz
o(x) = 2§ — %7, where r = ||, and & = cos(0/2). For any e € (0,1/V/3),
that is, 0 € (2arccos(1/v/3),), there exists some o = a(e) € (1,2) such

and



that the following inequality holds for v € C§°(Qp) and a > ag for some
constant ag.

/ 2@ [q (A(t) + p(x)) u? + |Vu|?] dedt
Qo
< 4/ 2@ |9y + Aul*dadt. (16)
Qo

We apply this Carleman inequality to prove the main result of the pa-
per in the remaining part of this section. The proof of Proposition 23] is
postponed to the last section.

For x € Oy we denote by dy(x) the distance between z and the boundary
of Oy, explicitly given by

dp(z) = m1 sin(0/2) — |2'| cos(0/2). (17)

Let Op™ = {x € Op | dy(x) > 2}. With any other number ¢, the set O™
is defined in the same way.

The next lemma is a consequence of the decay result from Lemma
and Proposition 2.3] . It implies Theorem [[.T] immediately.

Lemma 2.4. Assume that for some 6 € (2arccos(1/v/3),7) a function u
satisfies (8) — ({I0), then there is a number v1(c1) € (0,7v/2) such that

u(z,t) =0 (18)
m 09 X(O,’yl).

Proof. Lemma [2.2] implies that

d3(z)

lu(z, )] < coMe P (19)

for all (z,t) € Qg™ x(0,7v). By local gradient estimates for the heat equa-
tion [I0] we can assume that

Bd2(x)

lu(z,t)| + |Vu(z, t)| < csMe™ 728 (20)
for all (z,t) € O™ x(0,7/2].
By scaling we define a function v by
vy, s) = u(hy, As” —m) (21)



for (y,s) € Og x(0,1) with A = y/27;. This function satisfies the relations

|0sv + Av| < ey A(|Vo| + |v]) in Oy x(0,1) (22)
v(y,s) =0 in Oy x(0,1/2), (23)
and
_ AN djw) a3(w)
lu(y, s)| + |[Vo(y, s)| < ecsMe 20751 < egMe P2 (24)

for 1/2 <s<1andye Oyt = {y e Oy |dg(y) >3/}

To apply Proposition 23] we need certain decay of |v(y,s)| when |y
is large. Notice that the preferred decay can be obtained by considering
a cone with slightly small opening. Proposition 23] holds for angles in
(2arccos(1/+/3), 7). We thus consider the median of # and 2arccos(1/v/3),

5— 6 + 2 arccos(1/v/3)
= 5 :

In the smaller cone Os = {x € R",z1 > |z|cos(6/2)} we have the estimate
do(y) > |y|sin (%). It follows (24)) that

ly

| 2
s

[0y, $)| + [Vo(y, s)| < csMe™™ (25)

for 1/2 < s < 1 and y € OsN Oy, with the constant § = Bsin?(%52).
We can further have

/ lyl?
0(y, s)| + [Voly, s)| < yMe 75 (26)

for 1/2 < s <1and y € OsnN{y; > 3/A} for some other constant c;.
Next we work on the smaller cone Qs with opening d, where we have
exponential decay (20) and the following properties inherited from Oj.
|0sv + Av| < e A(|Vo] + |v]) in Os x(0,1), (27)
v(y,s) =0 in O5 x(0,1/2). (28)

Proposition [2.3] requires support condition for the Carleman inequality.
For that purpose, let us fix two smooth cut-off functions such that

- 0, y1<3/)\+2,
%@ﬂ_{L y1 > 3/A+ 3,

[0, T<=3/4,
w*ﬂ_{1,7>—uz

7



We set (for the definition of ¢, see Proposition 2.3))

o)~ B = (1-

oB(y,s) =

where ¢ = cos(6/2), B = %qﬁ(yh %), with yy = (3/A+3,0,---,0) and

My s) = al)in(T2), wly,s) =y, 00y, )

The function w is not compact supported in Qs (recall that Q5 = (Os N{x; >
1}) x (0,1)). However, it follows from (24) and the special structure of
the weight function ¢ in Proposition 23] that, with w replacing u in (2.3]),
integrals on both sides converge. If we multiply w by an additional cut-off

function & such that
1, 7T<R
5(””)_{ 0, 7>2R

and |V¢| < ¢/R, |V2€| < ¢/R?, apply Proposition 2.3 to the compact sup-
ported function wé, then let R — oo, we finally obtain

/ 8 [a (A(s) + @) w? + |Vw|?] dyds
Qs
< 4/ €28 |9,w + Aw|*dyds. (29)
Qs

From (27)) we have

|0sw + Aw| < i A(|Vw| + |w])
+ea(|Vol + [v)(18sn + [Vl + |An]). (30)

Refer to the definition of 92 we know that ¢p/B > —3/4 in the support of
w. In other words aA(s)p(y) + 52 > aB/4. For a large enough, this implies
that a(A(s) + ¢(y)) > 1 by Cauchy-Schwartz inequality. In addition, we
take 71 (c1) small enough such that 16¢2A% < 1/2. We then have

I = /62“¢B (w? + [Vw|*])dyds (31)
Qs
< 38 / 2995 (Jof2 4 |Vol?) (10| + [Vl + |An))2dyds.  (32)
Qs

To estimate the right hand side, we need to look into the detail of deriva-
tives of 1. In view of the definitions of ¥; and 19, the support of derivatives



of n(y, s) is the closure of the set

{y1 >3/A\+2, -3B/4 < ¢p < —B/2}
U{3/A+2<y1 <3/\+3, op > —B/2}.

However, the second set has empty intersection with O x(1/2,1), where
the function v is nonzero. Hence the support of the term (|Vo|+ |v])(|0sn+
V1| + |Anl) is closure of the set

w={y1 >3/A+2,1/2<s<1,-3B/4 < ¢p(y,s) < —B/2}.

We denote by x(y, s) the characteristic function of the set w.

Next we estimate the rate of increasing at infinity of derivatives of 7(y, s)
in the set w. Recall that ¢(y,s) = aA(s)p(y) + s?, where A(s) = % and
o(y) = yf —e® Jy|®. The function A(s) and the derivative A’(s) are bounded
for s € (1/2,1). The function ¢ and its derivatives up to the second order are
bounded by (const. |y|*). The cut-off functions ; and v and derivatives
up to the second order are bounded by some absolute constant. The value

of B is bounded from below regardless of the value of the parameter a. Thus
(10sml + V] + |An])? < esly[* (33)

in the set w.
We now estimate ([32)) by using (25]) and (33). We see that

2
I < cgMeBe / 227"\ (y, s)dyds
Qs
for some constant cg. The last integral in bounded. Passing to the limit as
a — oo we see that v(y,s) =0 for 1/2 < s < 1 and ¢p(y,s) > 0. Using the
property of unique continuation across the spatial boundaries (see Theorem
4.1 in [5]), we show that v(y,s) =0if y € Op and 0 < s < 1. This proves
the lemma. O

3 Proof of Lemma 2.2

The proof of Lemma is based on the Carleman inequality in [5], which
we quoted in Proposition 211

Proof of Lemma[2Z.2. The proof is similar to the one in [5]. We still include
the proof here for the convenience of the reader.



In what follows, we always assume that the function u is extended by
zero to negative values of ¢.

The assumption that R > 2 results in no loss, since the conclusion is
only useful when R is large. According to the local gradient estimates of the
heat equation [I0], in the smaller cylinder (x,t) € Bgr_1 x (0,7/2), we can

assume that c

7
Vu(z,t)| < ————M 34
ol + Ve, )] < ot (34
with some absolute constant c7.
We fix t € (0, min{1,7'}/12) and introduce a new function v by the usual
parabolic scaling:

v(y, s) = u(Ay, \2s — t/2).

The function v is well defined on the set Q, = B(p) x (0,2), where
p=(R—1)/Xxand A = V3t € (0, min{1,v/T}/2). We have the following
relations for v.

|0sv + Av| < er A(|Vo| + |v)), (35)
Cr
[v(y, s)| + [Vu(y, s)| < mM (36)
for all (y,s) € Q,,
v(y,s) =0 (37)

for (y,5) € B(p) x (0,1/6].
By the assumption that R > 2 and A < 1/2, we have p > 2. In order to
apply Proposition 2.1 we take two smooth cut-off functions in Q,:

¢p(y):{ 07 ’y‘ >p—1/27

17 |y|<p_17
[0, T/4<s<2,
wt(s)_{ 1, 0<s<3/2.

By assumption, these functions take values in [0, 1] and are such that [VFv,| <
Ckv k= 1727 and |637,Z)t| < CO' We set 77(1173) = ¢p(y)wt(s) and

w(y,s) = n(y s)v(y, s). (38)
It follows from (B35 that
05w + Aw| < el A(|Vw| + [w]) + esx(IVo] + o)), (39)

where cg is a positive constant depending only on ¢; and Cy, k = 0,1, 2,
X(y,8) =1for (y,s) Ew={p—1< |y <p,0<s<2}U{ly| <p—-1,3/2<
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s < 2}, and x(y,s) = 0 for (y,s) ¢ w. The set w is where the cut-off
function 7 is not constantly 1 in ¢),. Obviously, the function w is compactly
supported on R? x (0,2), we may apply Proposition Z.1] and obtain

‘y‘z a 2 2
e (g|w| + [Vwf?) dyds

h™2(s)e”
Qp

2
< co/ h_za(s)e_%wsw + Aw|dyds. (40)

Qp

Taking a > 2, and applying (39) we finally obtain that

2
I= h=2%(s)e” 4 (|w]? + |Vw|?)dyds < 4co(EN2T + c21h), (41)
Qp

where

l|?
b= [ s (e E (T + o dyds,
P
Taking a sufficiently small value for v = ’y(cl) such that in the range A €
(0,7), we can assume that the inequality 4coc?A\? < 1/2 holds, and therefore
(1)) implies that
I < 8cyctly. (42)

Notice that near the origin {y = 0,s = 0}, where the parametric function

vl . -~ . .
h_2“(s)e_i_s is not integrable, our characteristic function x is 0. By (B4

we have

lv|?
I, < / / h™2%(s)e™ 45 dyds
mln{l T2} { 3/2 J|yl<p—1

2 2
+// h_za(s)e_%dyds (43)
0 Jp-1<y|<p
p—1

69M2 _9%a 2 _9%a _(
(L7 [h 2 (3/2)+/0 h™2%(s)e

where ¢g is an absolute constant.

: ds] L (W)

11



Using (44]) we obtain the estimate

1 1
D = / / \w\zdyds:/ / [v|?dyds
B(1) J1/2 B(1) J1/2

2
< 610/ h_Z“(s)e_‘Z‘s (Jw]* + |Vw|?)dyds
Q@p

e M? P /2 9 _2
_ M 2039 B2 < d
min{l,TQ}[ (3/2) + ; (s)e6x ds

c11 M2 62 [, —2a 52 2 N

We take 8 < 1/64 and then let
@ = 65/(2108 h(3/2)).

This choice of a leads to the estimate

2
D < cne_ﬁp2 [1 —I—/ g(s)ds} ,
0
2
where g(s) = h™2%(s)e~ 32 . By simple calculation we have that

/ _ 31— 2a —3’)72 sz 1 1 102
g (s)=h"""(s)e 32 [—W(;—gﬂ‘@]-

One can readily verify that ¢g(2) < 1 and ¢'(s) > 0 for any s € (0,2) if
B < 27 log h(3/2). Therefore,

611M2 _Bp2 611M2 _ﬁlﬁ
e =3—— e Pi2,
min{1,7?} min{1,72}

On the other hand, the regularity theory implies that
|u(0,8)* = [v(0,1/2)[* < e12D.
Finally we obtain that

C R2
2 Me P,

[u(0,1)] < min{1, T}

Taking another constant equals (3/24, and still denotes by /3, we reach the
conclusion of the lemma. O

12



4 Proof of the Carleman inequality

One of the difficulties in the proof of the Carleman inequality in Proposi-
tion 2.3 is that — by comparison with the case § = m — some loss of the
convexity of the weight ¢ cannot be avoided. Therefore we have to investi-
gate in more detail some of the terms which can be neglected when 6y > 7.

Proof of Proposition [2.3. We denote ¢ = aA(t)p(z) + t2. Let u be an arbi-
trary function in C§°(Qg) and v = e®u. Then

Lo = e?(Opu + Au) = Av + |Vo[*v — 8ypv + 0w — 2VVu — Agn.  (45)

We decompose L into symmetric and skew-symmetric parts

L=S+A,
where
Sv = Av +|Vo[*v — v (46)
and
Av = 0w — 2V Vv — Agu. (47)

The right hand side of the inequality (0] is
/|Lv|2d:1:dt:/|Sv|2dxdt—|—/|Av|2dxdt—|—/([5, Alv)vdzdt,  (48)

where [S, A] = SA — AS is the commutator of S and A. By simple calcula-
tions we have that

(S, A10,0) = [ 46u0p0iduds (49)

- / (2VoV|V|* — A%p + 0 — 20,|Vo[?) |v[*dzdt.(50)

The Hessian of the function ¢ = aA(t)(z§ —e® r®) is not positive-definite.

To compensate the term f 4¢ v v dedt in ([@9) we introduce a function
F(z,t) to be determined.

(Sv, Fv) = /AUFU + (|V|* — 0y¢) Fod

_ /—F|Vv|2 + (%AF + [V[2F — o F)odadt,

13



Cauchy-Schwartz inequality implies that
(Sv,Sv) > —(Sv,Fv) — i / F2?dzdt
> /F|W|2 - (%AF + |V@|*F — 8,6F + 3F2)v2dxdt. (51)
Combining ([@Y) and (5I)) we have
(1S, Alv, v) + (Sv, Sv) > / 46 jv g + FIVo|dudt (52)
+/ (2VoV|Ve|* — A%¢ + 07 — 20,|Vo|*) v3dadt (53)
4 / —(%AF + [V[2F — 0o F + iF2)vzdxdt. (54)

By calculation the Hessian of ¢ is

a—2

8 0 --- 0
) 0O 0 --- 0 )
Dp(x) = ala—1) . L | —ac*r*2E,  (55)
0O 0 --- 0
+a(2 — a) e rv Ty, (56)
where E, reprensent the n dimensional identity matrix, z = (z1,...,x,) is

the row vector and 27 denotes the transpose of z. It is easy to see that
D?p(z) + ae®r*2E, > 0.
We thus let f(z) = ac®r® 2 and
F(x,t) =4alA(t)f(z) + 1. (57)
With this choice of F'(x,t), the right hand side of line (52)) is positive and

/4¢,klv7kv7l + F|Vv|?dzdt > /|Vv|2d:17dt.

Grouping the remaining terms according to the orders of the parameter a,
with A3 denoting the terms with a® and etc, we have that

(1S, AJv,v) + (Sv, Sv) > /|Vv|2d:1:dt

+ / (A3 + Ay + Ay + Ag)widzdt  (58)

14



where

Az = 4a®N3p o pps —4aP A3 f| V]2, (59)
Ay = —4d’AN |Vl 4+ 4a® AN of — 4a® A% (1) f? — a®> A%V |, (60)
Ay = —aAA 0+ aN' o — 2aA(t)Af + al o — 2aA(t) f + SatAf, (61)
Ay = T/4+2t. (62)

We analyze As first. With a® as a coefficient A3 must be non-negative in
the set Qg. By letting z1/r — ¢, we see easily that ¢ < 1//3 is a necessary
condition for A3 > 0. This could be seen by letting . Next we show that
under the condition ¢ < 1/v/3, we indeed have that A3 > 0. Denoting by
V! the transpose of the row vector V¢, we notice that

Az = 4a® NP (t)V o (DPp(z) — ae® r®?) vl (63)
It is easy to see that

D?p(z) — ae®ro?

20?0 0
0O 0 --- 0 )
> ala—1) ) L | —2ae*r*E, (64)
0O 0 --- 0

—1—-2&° 0
2 _ ao—2 5 a—2 «Q
D?p(x) —ae“r* * > ar < 0 gcap ) (65)

where F,,_1 is the n — 1 dimensional identity matrix.
The first derivatives of ¢ are as follows.

wi1(z,t) = oz:n‘f‘_l —ae“r* 2y, o, t) = —ae” r 2, k=2,...,n.
We notice that ¢ 1 > a1 —&*)z¢. Thus

Ay > 4a® NP () r* 2 [(a — 1 — 2e*)(1 — £%)2g20m2 g3 rPe 2P
Taking into account that z1/r > ¢ and |2/|?/r? < 1 — &2,

As > 4a3 A3 (t)a3r3o1 2072 [(a—1-2e%)(1- €2 —20F2(1 — 62)] .
Let us denote the quantity in the bracket above by m(a,¢).

m(a,e) = (@ —1—2e¥)(1 —e¥)? — 2e272(1 — £2).
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Aj is non-negative if m(a,¢) is. In the set a € (1,2) and ¢ € (0,1/4/3), the
function m(a, €) is monotone increasing with respect to o and is monotone
decreasing with respect to €. Notice that

m(2,1/v3) = 0.

Hence for any e < 1/+/3, there exists a corresponding a(¢) < 2 such that
for a € (a(e),2), m(a,e) >0, and in turn Ag > 0.

For the estimate of Ay we notice that Vv = Vv +e?Vu, as v = e®u. To
bound |e?Vu|, we want to apply the inequality [e?Vu|?/2 < |[Vv|? +|V¢|?v2.
We thus look at the inequality (G8)) in the following way.

(1S, Alu, v) + (Sv, Sv) > /(yw? + [Vo[20?)dudt
+ [+ (42 = [90P) + 41 + Aol

Next we estimate Ay — V|

Ay — |Vo|*> = —4a®A(t)A () <<1 + %) V| —of + ﬁ,((?) f2> . (66)

A(t) = 15t and N/(t) = — 220200 A1) /N (1)) < o

1 1
Ay — 2> _da®A(t)N 1—— 2_of ——f%).
= V0P = 1A ON'0) ((1- 42 ) I9oP = of = 5o ). (oD
Notice that [V[? > |p1]? > a?(1—e®)227* 2 and ¢f < ae®(1 —e®)23* 2
From the expression of m(«, ) in the estimation of A above, we know that

e < (a —1)/2. Taking into account that r > x; > 1,

2
Az = [Vo|* > —4a®A(t)A'(1) <§x%°“2 - 3r2a—4> > —%A(t)A'(t)wfa—?

4
(68)
Finally, we estimate A;. Recall that
Ay = —aAA%p + aN o — 2aA(t)Af + al' ¢ — 2aA(t)f + SatAf.
An simple observation is that
Ay > a(N'p + al)p — ah(A%p + 2Af + 2f), (69)
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and A”(t) + A’(t) > @« —1 > 0. The terms in the second parenthesis are of
homogeneity less than a — 2, thus under the control of As. Consequently,
there exists some constant ag depending on ¢ such that for a > ay,

2
Ay + Ay > —%A(t)A'(t)xfa—2 +ala—1)p. (70)
In addition |A’(t)| > 1 and 27 > 1. We thus have
(1S, Alv, v) + (Sv, Sv) > /(\w? + Vo Po?)dadt
a’ 2 2
+ ZA(t)v dzdt + | a(la — 1)pvdzdt

In turn

2 1
/ 20 (D) +21> KG—A(t) +a(a — 1)cp> u? + —\Vu]Z] dxdt

Qo 4 2

< / MDD |9y 4 AuPdedt. (71
Qo
To simplify, we can assume « > 3/2, and a > 2, it follows that
[ O a6k ) a4 [Vl deds
Qo
<4 / 2L |90 4 Audadt. (72)
Qo

O
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