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1. Introduction

For s1, s2, s3 ∈ C with ℜ(s1 + s3) > 1, ℜ(s2 + s3) > 1 and ℜ(s1 + s2 + s3) > 2,
the Tornheim’s double zeta function is defined as

(1.1) T (s1, s2, s3) :=

∞
∑

m,n=1

1

ms1ns2(m+ n)s3
.

It has two alternating analogues:

(1.2) R(s1, s2, s3) :=
∞
∑

m,n=1

(−1)n

ms1ns2(m+ n)s3
,

and

(1.3) S(s1, s2, s3) :=

∞
∑

m,n=1

(−1)m+n

ms1ns2(m+ n)s3
.

Since L. Tornheim [6] introduced the series T (p, q, r) for p, q, r ∈ N in 1950’s, a
lot of results on evaluating the values T (p, q, r) in terms of Riemann zeta values
have been found. See for example [1, 3, 4, 5, 6, 7, 10] and the references therein. In
[10], H. Tsumura proved a functional relation for Tornheim’s double zeta function
which represents T (a, b, s)+(−1)bT (b, s, a)+(−1)aT (s, a, b) with a, b ∈ N and s ∈ C

via Riemann zeta function. After that, T. Nakamura [4] gave a “simpler” version
of this functional relation. And in [2], K. Matsumoto, T. Nakamura, H. Ochiai and
H. Tsumura showed that these two functional relations are the same.

The alternating analogues of Tornheim’s double zeta series were first introduced
by M. V. Subbarao and R. Sitaramachandrarao in [5]. They posed the problem to
evaluate S(r, r, r) and R(r, r, r) for r ∈ N. In a series of papers [7, 8, 9, 11], H.
Tsumura obtained some fascinating results on evaluating S(p, q, r) and R(p, q, r).
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He gave an evaluation formula for S(r, r, r) for any positive odd integer r in [7], and
for R(r, r, r) for any positive odd integer r in [8]. In [9], he obtained the evaluation
formula for S(p, q, r) with p, q, r ∈ N and p+ q + r odd. To evaluate R(p, q, r), H.
Tsumura introduced the partial Tornheim’s double series defined by

(1.4) Tb1,b2(p, q, r) :=

∞
∑

m,n=0

1

(2m+ b1)p(2n+ b2)q(2m+ 2n+ b1 + b2)r
,

where b1, b2 ∈ {1, 2}. Then in [11, Theorem 4.1], he proved that for any p, q, r ∈ N

with r > 2 and p + q + r odd, and for b1, b2 ∈ {1, 2}, the values R(p, q, r) and
Tb1,b2(p, q, r) can be expressed as polynomials in Riemann zeta values ζ(j) (2 6

j 6 p+ q + r) with rational coefficients.
In this paper, we give two functional relations for S(s1, s2, s3) and R(s1, s2, s3)

in Theorem 3.3, from which we obtain new proofs for formulas of S(p, q, r) and
R(p, q, r) mentioned in the last paragraph. The method used here is different from
that of H. Tsumura [10] and of T. Nakamura [4] for Tornheim’s double zeta function
case. In fact, it is also valid for proving T. Nakamura’s functional relation for
Tornheim’s double zeta function. We give this new proof in Section 2. Then in
Section 3, we prove our main theorem (Theorem 3.3). In Section 4, we give new
proofs of H. Tsumura’s results mentioned in the last paragraph.

2. A functional relation for Tornheim’s double zeta function

In [10, Theorem 4.5], H. Tsumura proved the following functional relation for
Tornheim’s double zeta function:

T (a, b, s) + (−1)bT (b, a, s) + (−1)aT (s, a, b)(2.1)

= 2
a
∑

j=0
j≡a(2)

(21−a+j − 1)ζ(a− j)

j/2
∑

l=0

(πi)2l

(2l)!

(

b− 1 + j − 2l

j − 2l

)

ζ(b + j + s− 2l)

− 4

a
∑

j=0
j≡a(2)

(21−a+j − 1)ζ(a− j)

(j−1)/2
∑

l=0

(πi)2l

(2l + 1)!

b
∑

k=0
k≡b(2)

ζ(b − k)

×

(

k − 1 + j − 2l

j − 2l − 1

)

ζ(k + j + s− 2l),

where (2) means mod 2, a, b ∈ N∪{0}, b > 2, s ∈ C, except for the singular points
of both sides. In [4], T. Nakamura gave a “simpler” version, which can be restated
as the following theorem.

Theorem 2.1 ([4, Theorem 1.2]). For all a, b ∈ N and s ∈ C except for the singular

points, we have

(2.2) T (a, b, s) + (−1)bT (b, a, s) + (−1)aT (s, a, b) = 2N(a, b, s) + 2N(b, a, s),

where

N(a, b, s) :=

a/2
∑

j=0

(

a+ b− 2j − 1

b− 1

)

ζ(2j)ζ(a+ b+ s− 2j).

In [2], K. Matsumoto T. Nakamura, H. Ochiai and H. Tsumura showed that the
right-hand sides of (2.1) and (2.2) are the same. In this section, we first restate
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their proof with a different method to obtain the key formulas used in the proof.
Then we give a new proof of the functional relation (2.2).

Recall that the Bernoulli polynomials {Bn(x)} and Bernoulli numbers {Bn} are
defined by

text

et − 1
=

∞
∑

n=0

Bn(x)
tn

n!
,

t

et − 1
=

∞
∑

n=0

Bn
tn

n!
,

respectively. It is known that Bn(0) = Bn(1) = Bn for any n 6= 1 and B1(0) =
B1 = −B1(1) = − 1

2 . We recall the formulas

ζ(2n) = −
(2πi)2n

2(2n)!
B2n,(2.3)

Bn(1/2) = (21−n − 1)Bn,(2.4)

Bn(x+ y) =

n
∑

k=0

(

n

k

)

Bk(x)y
n−k.(2.5)

From the translation formula (2.5), we immediately get the following lemma.

Lemma 2.2. For any nonnegative integer n, we have

(2.6)
n
∑

k=0

(

2n

2k

)

B2k(x)y
2n−2k =

1

2
(B2n(x+ y) +B2n(x− y)),

and

(2.7)

n
∑

k=0

(

2n+ 1

2k

)

B2k(x)y
2n+1−2k =

1

2
(B2n+1(x+ y)−B2n+1(x− y)).

Using the above lemma, we get the following key formulas for proving the fact
that the right-hand side of (2.1) equals that of (2.2).

Lemma 2.3. For any nonnegative integer n, we have

(2.8)

n
∑

k=0

(21−2k − 1)ζ(2k)
(πi)2n−2k

(2n− 2k)!
= ζ(2n),

and

(2.9)

n
∑

k=0

(21−2k − 1)ζ(2k)
(πi)2n−2k

(2n− 2k + 1)!
= −

1

2
δn,0,

where δij is the Kronecker’s delta symbol.

Proof. (2.8) follows from (2.3), (2.4) and (2.6). And (2.9) follows from (2.3), (2.4)
and (2.7). �

We come to prove the fact that the right-hand sides of (2.1) and (2.2) are the
same. The right-hand side of (2.1) is 2R1 + 2R2, where

R1 =

a
∑

j=0
j≡a(2)

(21−a+j − 1)ζ(a− j)

j/2
∑

l=0

(πi)2l

(2l)!

(

b− 1 + j − 2l

j − 2l

)

ζ(b + j + s− 2l),
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and

R2 =− 2
a
∑

j=0
j≡a(2)

(21−a+j − 1)ζ(a− j)

(j−1)/2
∑

l=0

(πi)2l

(2l + 1)!

b
∑

p=0
p≡b(2)

ζ(b− p)

×

(

p− 1 + j − 2l

j − 2l− 1

)

ζ(p+ j + s− 2l).

We show that R1 = N(a, b, s) and R2 = N(b, a, s). For R1, let a − j = 2k and
k + l = n, we get

R1 =

a/2
∑

k=0

(21−2k − 1)ζ(2k)

a/2
∑

n=k

(πi)2n−2k

(2n− 2k)!

(

a+ b− 2n− 1

a− 2n

)

ζ(a + b+ s− 2n).

Changing the order of n and k, we get

R1 =

a/2
∑

n=0

(

n
∑

k=0

(21−2k − 1)ζ(2k)
(πi)2n−2k

(2n− 2k)!

)

(

a+ b− 2n− 1

a− 2n

)

ζ(a+ b + s− 2n),

which is N(a, b, s) by (2.8). Similarly for R2, we have

R2 =− 2

a/2
∑

k=0

(21−2k − 1)ζ(2k)

(a−1)/2
∑

n=k

(πi)2n−2k

(2n− 2k + 1)!

b/2
∑

m=0

ζ(2m)

×

(

a+ b− 2m− 2n− 1

a− 2n− 1

)

ζ(a+ b+ s− 2m− 2n)

=− 2

(a−1)/2
∑

n=0

(

n
∑

k=0

(21−2k − 1)ζ(2k)
(πi)2n−2k

(2n− 2k + 1)!

)

b/2
∑

m=0

ζ(2m)

×

(

a+ b− 2m− 2n− 1

a− 2n− 1

)

ζ(a+ b+ s− 2m− 2n),

which is N(b, a, s) by (2.9). Hence the right-hand sides of (2.1) and (2.2) are the
same.

In the rest of this section, we give a new proof of the functional relation (2.2).
We set

F (a, b, s) := T (a, b, s) + (−1)bT (b, s, a) + (−1)aT (s, a, b).

It is well-known that the Tornheim’s double zeta function satisfies the following
recursive formula

T (s1, s2, s3) = T (s1 − 1, s2, s3 + 1) + T (s1, s2 − 1, s3 + 1).

We find that

F (a, b, s) =(T (a− 1, b, s+ 1) + T (a, b− 1, s+ 1))

+ (−1)b(T (b, s+ 1, a− 1)− T (b− 1, s+ 1, a))

+ (−1)a(−T (s+ 1, a− 1, b) + T (s+ 1, a, b− 1)),

which is just

(2.10) F (a, b, s) = F (a− 1, b, s+ 1) + F (a, b− 1, s+ 1).

As stated in [1], we have the following general lemma.
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Lemma 2.4. Let X(s1, s2, s3) be a function satisfying the recursive relation

X(a, b, s) = X(a− 1, b, s+ 1) +X(a, b− 1, s+ 1).

Then for any a, b ∈ N ∪ {0} and s ∈ C, we have

X(a, b, s) =

a
∑

j=1

(

a+ b− j − 1

b− 1

)

X(j, 0, a+ b+ s− j)(2.11)

+

b
∑

j=1

(

a+ b − j − 1

a− 1

)

X(0, j, a+ b+ s− j).

One can prove this lemma by induction on a+ b.
Now we apply Lemma 2.4 to F (a, b, s). We first compute F (j, 0, a + b + s − j)

and F (0, j, a+b+s− j). It is easy to see F (j, 0, a+b+s− j) = F (0, j, a+b+s− j).
And we have

F (j, 0, a+ b + s− j)

=T (j, 0, a+ b+ s− j) + T (0, a+ b+ s− j, j) + (−1)jT (a+ b+ s− j, j, 0)

=(1 + (−1)j)ζ(j)ζ(a + b + s− j)− ζ(a+ b+ s).

Then we get

a
∑

j=1

(

a+ b− j − 1

b− 1

)

F (j, 0, a+ b+ s− j)

=2

a/2
∑

j=0

(

a+ b− 2j − 1

b− 1

)

ζ(2j)ζ(a+ b + s− 2j)−
a
∑

j=1

(

a+ b− j − 1

b− 1

)

ζ(a+ b+ s)

=2

a/2
∑

j=0

(

a+ b− 2j − 1

b− 1

)

ζ(2j)ζ(a+ b + s− 2j) + 2

(

a+ b− 1

b

)

ζ(0)ζ(a+ b + s),

and similarly

b
∑

j=1

(

a+ b− j − 1

a− 1

)

X(0, j, a+ b+ s− j)

=2

b/2
∑

j=0

(

a+ b− 2j − 1

a− 1

)

ζ(2j)ζ(a + b+ s− 2j) + 2

(

a+ b− 1

a

)

ζ(0)ζ(a + b+ s).

Here we use the fact that ζ(0) = − 1
2 . Combining these two equations and Lemma

2.4, we finish the proof of Theorem 2.1.
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3. Functional relations for S(s1, s2, s3) and R(s1, s2, s3)

As in [12], we define

ζ(s̄1, s̄2) :=
∑

m>n>0

(−1)m+n

ms1ns2
,

ζ(s̄1, s2) :=
∑

m>n>0

(−1)m

ms1ns2
,

ζ(s1, s̄2) :=
∑

m>n>0

(−1)n

ms1ns2
,

and

ζ(s̄) :=

∞
∑

m=1

(−1)m

ms
= (21−s − 1)ζ(s).

It is easy to see that

ζ(s̄)ζ(t) = ζ(s̄, t) + ζ(t, s̄) + ζ(s+ t),(3.1)

ζ(s̄)ζ(t̄) = ζ(s̄, t̄) + ζ(t̄, s̄) + ζ(s+ t).(3.2)

For a, b ∈ N and s ∈ C, we define

F1(a, b, s) := S(a, b, s) + (−1)bR(b, s, a) + (−1)aR(a, s, b),

F2(a, b, s) := R(a, b, s) + (−1)bR(s, b, a) + (−1)aS(a, s, b).

Similar to Tornheim’s double zeta function, we have the recursive relations:

S(s1, s2, s3) = S(s1 − 1, s2, s3 + 1) + S(s1, s2 − 1, s3 + 1),

R(s1, s2, s3) = R(s1 − 1, s2, s3 + 1) +R(s1, s2 − 1, s3 + 1).

Then we get the following lemma.

Lemma 3.1. We have the following recursive relations:

F1(a, b, s) = F1(a− 1, b, s+ 1) + F1(a, b− 1, s+ 1),(3.3)

F2(a, b, s) = F2(a− 1, b, s+ 1) + F2(a, b− 1, s+ 1).(3.4)

Before applying Lemma 2.4 to F1 and F2, we make some preparations.

Lemma 3.2. We have

F1(j, 0, a+ b+ s− j) = F1(0, j, a+ b + s− j)(3.5)

=(1 + (−1)j)ζ(j)ζ(a + b + s− j)− ζ(a+ b+ s),

F2(j, 0, a+ b+ s− j) = (1 + (−1)j)ζ(j̄)ζ(a + b+ s− j)− ζ(a+ b+ s),(3.6)

F2(0, j, a+ b+ s− j) = (1 + (−1)j)ζ(j̄)ζ(a + b+ s− j)− ζ(a+ b+ s).(3.7)

Proof. (3.5) and (3.6) follow from (3.1), and (3.7) follows from (3.2). �

By Lemma 2.4 and the above two lemmas, we immediately get the main result
of this section.

Theorem 3.3. For all a, b ∈ N and s ∈ C except for the singular points, we have

(3.8) S(a, b, s) + (−1)bR(b, s, a) + (−1)aR(a, s, b) = 2N1(a, b, s) + 2N1(b, a, s),

and

(3.9) R(a, b, s) + (−1)bR(s, b, a) + (−1)aS(a, s, b) = 2N2(a, b, s) + 2N3(b, a, s),
6



where

N1(a, b, s) :=

a/2
∑

j=0

(

a+ b− 2j − 1

b− 1

)

(22j+1−a−b−s − 1)ζ(2j)ζ(a+ b+ s− 2j),

N2(a, b, s) :=

a/2
∑

j=0

(

a+ b− 2j − 1

b− 1

)

(21−2j − 1)(22j+1−a−b−s − 1)ζ(2j)ζ(a+ b+ s− 2j),

N3(a, b, s) :=

a/2
∑

j=0

(

a+ b− 2j − 1

b− 1

)

(21−2j − 1)ζ(2j)ζ(a + b+ s− 2j).

Note that

N1(a, b, s) +N2(a, b, s) +N3(a, b, s) = (22−a−b−s − 1)N(a, b, s),

where N(a, b, s) is defined in Section 2.

4. Applications of functional relations

In [4, Section 3], T. Nakamura used the functional relation (2.2) to give new
proofs of some formulas for the special values of T (p, q, r) with p, q, r ∈ N. For
example, we have the evaluation formula of T (p, q, r) when p + q + r is odd as in
[1, 4].

Proposition 4.1. For p, q, r ∈ N with p+ q + r odd, we have

T (p, q, r) = (−1)pN(p, r, q) + (−1)pN(r, p, q) + (−1)qN(q, r, p) + (−1)qN(r, q, p).

In this section, we use the functional relations (3.8) and (3.9) to deduce some
formulas for the special values of S(p, q, r), R(p, q, r) and Tb1,b2(p, q, r) with p, q, r ∈
N and b1, b2 ∈ {1, 2}.

Let a = b = s = r ∈ N in (3.8) and (3.9), we get

S(r, r, r) + 2(−1)rR(r, r, r) = 4N1(r, r, r),(4.1)

(1 + (−1)r)R(r, r, r) + (−1)rS(r, r, r) = 2N2(r, r, r) + 2N3(r, r, r).(4.2)

Let r = 2p be even in (4.1) and (4.2), we get a formula which was mentioned in
[7, Eq. (4.2)].

Proposition 4.2. For any p ∈ N, we have

S(2p, 2p, 2p) + 2R(2p, 2p, 2p)

=4

p
∑

j=0

(

4p− 2j − 1

2p− 1

)

(22j+1−6p − 1)ζ(2j)ζ(6p− 2j)

=2

p
∑

j=0

(

4p− 2j − 1

2p− 1

)

(22−6p − 22j+1−6p)ζ(2j)ζ(6p− 2j).

The above formulas give some relations for Riemann zeta values. For example,
taking p = 1, we get the relation 7ζ(6) = 4ζ(2)ζ(4).

Let r = 2p+ 1 be odd in (4.2), we get the evaluation formula of S(2p+ 1, 2p+
1, 2p+ 1) as in [7, 2].
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Proposition 4.3. For any p ∈ N ∪ {0}, we have

S(2p+ 1, 2p+ 1, 2p+ 1)

=2−6p

p
∑

j=0

(

4p+ 1− 2j

2p

)

(22j−1 − 1)ζ(2j)ζ(6p+ 3− 2j).

Let r = 2p+1 be odd in (4.1). Using the above formula for S(2p+1, 2p+1, 2p+1),
we get the evaluation formula of R(2p+ 1, 2p+ 1, 2p+ 1) as in [8, 2].

Proposition 4.4. For any p ∈ N ∪ {0}, we have

R(2p+ 1, 2p+ 1, 2p+ 1)

=2−6p−1

p
∑

j=0

(

4p+ 1− 2j

2p

)

(26p+2 − 22j−1 − 1)ζ(2j)ζ(6p+ 3− 2j).

Let a = p, b = q and s = r in (3.8), we get

(4.3) S(p, q, r) + (−1)qR(q, r, p) + (−1)pR(p, r, q) = 2N1(p, q, r) + 2N1(q, p, r).

Let a = p, b = r and s = q in (3.9), we get

R(p, r, q) + (−1)rR(q, r, p) + (−1)pS(p, q, r) = 2N2(p, r, q) + 2N3(r, p, q),

which is
(4.4)
(−1)pR(p, r, q) + (−1)p+rR(q, r, p) + S(p, q, r) = 2(−1)p(N2(p, r, q) +N3(r, p, q)).

The difference of (4.3) and (4.4) gives

((−1)q − (−1)p+r)R(q, r, p)

=2N1(p, q, r) + 2N1(q, p, r)− 2(−1)p(N2(p, r, q) +N3(r, p, q)),

which deduces the evaluation formula of R(p, q, r) when p+ q + r is odd as in [11].

Proposition 4.5. For p, q, r ∈ N with p+ q + r odd, we have

R(p, q, r) = (−1)pN1(r, p, q)+(−1)pN1(p, r, q)+(−1)qN2(r, q, p)+(−1)qN3(q, r, p).

Explicitly, we have

R(p, q, r)

=(−1)p
p/2
∑

j=0

(

p+ r − 2j − 1

r − 1

)

(22j+1−p−q−r − 1)ζ(2j)ζ(p + q + r − 2j)

+ (−1)q
q/2
∑

j=0

(

q + r − 2j − 1

r − 1

)

(21−2j − 1)ζ(2j)ζ(p + q + r − 2j)

+ (−1)p
r/2
∑

j=0

(

p+ r − 2j − 1

p− 1

)

(22j+1−p−q−r − 1)ζ(2j)ζ(p+ q + r − 2j)

+ (−1)q
r/2
∑

j=0

(

q + r − 2j − 1

q − 1

)

(21−2j − 1)(22j+1−p−q−r − 1)ζ(2j)ζ(p+ q + r − 2j).

With the help of the above proposition and (4.3), we get the evaluation formula
of S(p, q, r) when p+ q + r is odd as in [9].

8



Proposition 4.6. For p, q, r ∈ N with p+ q + r odd, we have

S(p, q, r) = (−1)pN2(p, r, q)+ (−1)qN2(q, r, p)+ (−1)pN3(r, p, q)+ (−1)qN3(r, q, p).

More precisely, we have

S(p, q, r)

=(−1)p
p/2
∑

j=0

(

p+ r − 2j − 1

r − 1

)

(21−2j − 1)(22j+1−p−q−r − 1)ζ(2j)ζ(p + q + r − 2j)

+ (−1)q
q/2
∑

j=0

(

q + r − 2j − 1

r − 1

)

(21−2j − 1)(22j+1−p−q−r − 1)ζ(2j)ζ(p+ q + r − 2j)

+ (−1)p
r/2
∑

j=0

(

p+ r − 2j − 1

p− 1

)

(21−2j − 1)ζ(2j)ζ(p+ q + r − 2j)

+ (−1)q
r/2
∑

j=0

(

q + r − 2j − 1

q − 1

)

(21−2j − 1)ζ(2j)ζ(p + q + r − 2j).

The evaluation formula for S(p, q, r) with p+ q+ r odd given by H. Tsumura in
[9] reads

S(p, q, r) = (−1)pN2(p, r, q) + (−1)qN2(q, r, p)

− 2(−1)p
(r−1)/2
∑

j=0

ζ(2j)

p/2
∑

ρ=0

ζ(2ρ)

(p−2ρ−1)/2
∑

µ=0

(

p+ r − 2j − 2ρ− 2µ− 1

p− 2ρ− 2µ− 1

)

× ζ(p+ q + r − 2j − 2ρ− 2µ)
(πi)2µ

(2µ+ 1)!

− 2(−1)q
(r−1)/2
∑

j=0

ζ(2j)

q/2
∑

ρ=0

ζ(2ρ)

(q−2ρ−1)/2
∑

µ=0

(

q + r − 2j − 2ρ− 2µ− 1

q − 2ρ− 2µ− 1

)

× ζ(p+ q + r − 2j − 2ρ− 2µ)
(πi)2µ

(2µ+ 1)!
.

The third term of the right-hand side of the above equation equals

− 2(−1)p
(r−1)/2
∑

j=0

ζ(2j)

p/2
∑

ρ=0

ζ(2ρ)

(p−1)/2
∑

n=ρ

(

p+ r − 2j − 2n− 1

p− 2n− 1

)

× ζ(p+ q + r − 2j − 2n)
(πi)2n−2ρ

(2n− 2ρ+ 1)!
.

Changing the order of ρ and n, we see that the above formula equals

− 2(−1)p
(r−1)/2
∑

j=0

ζ(2j)

(p−1)/2
∑

n=0

(

n
∑

ρ=0

ζ(2ρ)
(πi)2n−2ρ

(2n− 2ρ+ 1)!

)

×

(

p+ r − 2j − 2n− 1

p− 2n− 1

)

ζ(p+ q + r − 2j − 2n),
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and using (2.9), we find that it becomes

(−1)p
(r−1)/2
∑

j=0

(

p+ r − 2j − 1

p− 1

)

ζ(2j)ζ(p+ q + r − 2j).

Hence the formula of H. Tsumura is nothing but

S(p, q, r) =(−1)pN2(p, r, q) + (−1)qN2(q, r, p)

+ (−1)p
(r−1)/2
∑

j=0

(

p+ r − 2j − 1

p− 1

)

ζ(2j)ζ(p+ q + r − 2j)

+ (−1)q
(r−1)/2
∑

j=0

(

q + r − 2j − 1

q − 1

)

ζ(2j)ζ(p+ q + r − 2j).

Now it is easy to see that the formula of H. Tsumura for S(p, q, r) is the same as
that given in Proposition 4.6.

It is obvious that

T1,2(p, q, r) = T2,1(q, p, r), T2,2(p, q, r) = 2−p−q−rT (p, q, r),

R(p, q, r) = −T1,1(p, q, r) + T1,2(p, q, r) − T2,1(p, q, r) + T2,2(p, q, r),

S(p, q, r) = T1,1(p, q, r)− T1,2(p, q, r)− T2,1(p, q, r) + T2,2(p, q, r).

Thus we get

T2,1(p, q, r) = −
1

2
(R(p, q, r) + S(p, q, r)) + T2,2(p, q, r),

T1,1(p, q, r) = −
1

2
(R(p, q, r) +R(q, p, r)) + T2,2(p, q, r).

Then we obtain the evaluations of Tb1,b2(p, q, r) when p+ q+ r is odd as in [8, 11].

Proposition 4.7. For p, q, r ∈ N with p+ q + r odd, we have

T1,1(p, q, r) =−
1

2
{(−1)pN1(r, p, q) + (−1)pN1(p, r, q) + (−1)pN2(r, p, q)

+ (−1)pN3(p, r, q) + (−1)qN1(r, q, p) + (−1)qN1(q, r, p)

+ (−1)qN2(r, q, p) + (−1)qN3(q, r, p)} + T2,2(p, q, r),

T1,2(p, q, r) =T2,1(q, p, r)

=−
1

2
{(−1)pN2(p, r, q) + (−1)pN2(r, p, q) + (−1)pN3(p, r, q)

+ (−1)pN3(r, p, q) + (−1)qN1(r, q, p) + (−1)qN1(q, r, p)

+ (−1)qN2(q, r, p) + (−1)qN3(r, q, p)} + T2,2(p, q, r),

and

T2,2(p, q, r) =2−p−q−r((−1)pN(p, r, q) + (−1)pN(r, p, q)

+ (−1)qN(q, r, p) + (−1)qN(r, q, p)).
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