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Abstract

A conceptual model for microscopic-macroscopic slow-fast stochastic systems is considered. A dy-
namical reduction procedure is presented in order to extract effective dynamics for this kind of systems.
Under appropriate assumptions, the effective system is shown to approximate the original system, in
the sense of a probabilistic convergence.
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1 Motivation

In modeling complex phenomena in biomedical, geophysical, and chemical systems, we sometimes encounter
microscopic-macroscopic stochastic systems. These are systems of coupled stochastic ordinary and partial
differential equations (SDEs and SPDEs). The SPDEs describe the macroscopic dynamics while SDEs for
the microscopic dynamics. For example, angiogenesis is a vital process in human tissue growth and wound
healing. This process involves the growth of new blood vessels from pre-existing vessels where blood cells
penetrate into growing tissue, supplying nutrients and oxygen and removing waste products [3]. During
the process, blood cells interact with the tissue mass randomly. Here the blood cells may be regarded as
“particles” while tissue may be described by a “density” quantity. We consider a conceptual microscopic-
macroscopic stochastic system where the microscopic component is composed of finite number of “particles”
and the macroscopic component is about “densities” evolution of a finite number of substances. Both
particles and substances are interacting randomly or are interacting in a random environment.
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Grants 1025422 and 0731201, and the Cheung Kong Scholars Program.


http://arxiv.org/abs/1011.2909v1

More specifically, and for simplicity, we assume that there are only two particles whose positions are at
&(t) and n(t), and assume also that there are two substances with densities u(x,t) and v(x,t), respectively.
Here both £ and 7 satisfy a system of SDEs, and v and v are described by a system of SPDEs. The SDEs
and SPDEs are coupled, due to the impact of particles on density evolution. Furthermore, we suppose that
& and u evolve slowly, but n and v progress much faster. We are interested in deriving an effective model
for this coupled stochastic system, hopefully involve only slow variables £ and wu.

First, in §2, we consider a simpler coupled microscopic-macroscopic system when the fast density v is
absent and no external noise acting directly on w:

'L.Lt = Ugz + f(U,f), ) ’LL(J),O) = ’LL(](:E),
fzb(fﬂl)‘f‘%(f ‘/Vfa 6(0) .:‘7:07
i =e'B(En) +e 2au(&;mWe, n(0) = yo,

u(0,t) = u(1,t) =0,

(1.1)

where t € [0,T], x € [0,1], € is a small positive parameter, and W is a standard scalar Brownian motion.
The coefficients f,b, B, 03,04 all satisfy Lipschitz and boundedness assumptions. In this part, £ is slow
component and n fast component. We derive an effective model involves u and & only. This result is
summarized in Theorem [2.11

Then in §3] we consider a more complex coupled microscopic-macroscopic stochastic system

Up = Ugy + fu,0,8) + o (W)W, u(z,0) = ug(z),
01 = Lvre + 9(0,0,€)) + Loa(w, ) WE, o(@,0) = w(e),
& =0 +a3(OWF, £(0) =, (1.2)
i =e"'B(E,n) +e2au(E MW, 0(0) = o,
Lu(0,t) =u(l,t) =0, o0(0,t) =v(1,t) =0,

where t € [0,7], = € [0,1], € is a small positive parameter, and {W}};>0,i = 1,2, 3 are independent scalar
Brownian motions. The coefficients f, g,b, B, o}s satisfy some assumptions. In this setting, £ and u are slow
components while n and v fast components. The first two equations are macroscopic components coupled
with the latter two equations for the microscopic components. We derive an effective model involving only
u and &, and the result is stated in Theorem [3.11

2 A stochastic microscopic-macroscopic model

First we consider the following coupled SPDE-SDE system

Ut = Uz + f(u,§),  u(z,0) =uo(z),
£=0b(¢n) +o3(OWy,  £(0) = mo,

0 =e"B(&,n) + e 20u(&mMWi,  1(0) = o,
u(0,t) = u(1,t) =0,

(2.1)

fort € [0,T], x € [0, 1], where ¢ is a small positive parameter, W is a standard scalar Brownian motion, the
coupling term f :R x R — R satisfies the condition: Globally Lipschitz in v and £ with Lipschitz constant
K7, and b(€,m), B(€,1), 03(£), 04(€,m) are all globally Lipschitz and bounded.

As in [6], p.268, the slow-fast SDEs for (£,7) above have the following averaged effective dynamical
description.



We introduce a random process 7(t), defined by the stochastic differential equation for fixed ¢ € R,

() = Bt (1) + oa(&nt (0)Wi, 7°(0) = 0. (2:2)
For any ¢ > 0 and any ¢ € R, we assume that there exists a function b(¢), such that
1 t+T _
Bz [ bErf (9)ds = 5©)| < (D),
t

where the non-negative upper bound function x(7') — 0 as T — oo. Then there is an averaged effective
model

E(t) = BE®)) +o3(E()Wr, £(0) = . (2.3)
It follows from [6] that sup E[¢ —&[? — 0 and lim IP’{ sup € —¢| > 5} =0.
0<t<T =0 " ieo,1]

Now we consider the following effective system for the original microscopic-macroscopic system (Z1):

{ .t = ﬁi::c + f(av 5)7 ﬁ(l’, O) = uo(a:), (24)

€ =b(€) +o3(OWy,  &(0) = o

We have already known above that ¢ converges to € in probability, uniformly on bounded time intervals.
Our goal in this section is to show that u converges to % in some probabilistic sense.

Theorem 2.1. (Effective dynamical reduction I)
Under the above assumptions on the coefficients, the system ([24)) is an effective description of the original
system (21)). That is, for any T >0 and § > 0,

IP’{ sup |ju — al? >5} — 0, as & —0.
t€[0,7]

This says that u converges to u in probability, uniformly on any finite time intervals.

Proof. Recall the Gronwall’s inequality in differential form: Let z : [0,7] — R satisfy the differential
inequality

% < g(t)z + h(t).

Then
z(t) < z(0) exp (/0 g(r)dr) —i—/o exp (/ g(r)dr)h(s) ds.

Denoting U = u — 4, then

U = Up+ f(uvf) - f(ﬁag)7 (25)

Multiply each side of the equation above by 2U and taking integral, by Young’s inequality and the global
Lipschitz condition on f, we get

d _
2V = =20|U:|* + U1 + KF U + KT g - €]

IN

1+ KN|U|?+ KT |E - &>



Taking expectation and by the Gronwall’s inequality, we obtain

t
i < /0 e OFENG=0 e g2 gy

IN

T
6(1+Kf)TKf/ € _g|2 ds.
0

Thus,

T
IP’{ sup ||UH2>5} < IP’{ sup 6(1+Kf)TKf/ |£—£_|2ds>5}
t€[0,T] t€[0,T] 0

T
< pf / sup |6~ &P ds =T sup_|¢ — &P > o/(e T KA}
0 s€[0,T] (0,77

= ]P’{ sup € —¢&|* > 5/(Te(1+Kf)TKf)}.
te[0,7

By the result lim P{ sup [£—&|> 0} =0 in [6], we finally have ]P’{ sup ||U|*> > (5} — 0 as ¢ = 0. This
=0 " yef0,7] te[0,7)

completes the proof. O

3 A more complex stochastic microscopic-macroscopic model

In this section we consider teh following more complicated slow-fast microscopic-macroscopic stochastic
system

(1w = gy + f(u,0,8) + o1 (W)W}, u(z,0) = ug(z),

0t = Hoas + 900,0.)) + Loa(u, )R, 0(w,0) = vo(a)

§=b(&n) + Us(f)Wt . €(0) = =, (3.1)
i =e"'B(En) + e Tou(E MW, 1(0) =
u(0,t) = u(l,t) =0, v(0,t) =v(1,t) =0,

for t € [0,T], « € [0,1], where € is a small positive parameter, and {W/};>0,i = 1,2,3 are independent
scalar Brownian motions. For the coefficients we have the following assumptions:

H1: The drift coefficients f(u,v,£) :R x R x R — R, diffusion coefficients o;(u) :R — R are Lipschitz
continuous with respect to all three variables and hence also linear growth, i.e. there exist constant Ky,
K, such that for any u;, u, v1, v € H and &1, £ € R,

|f (ur,v1,61) = flu, 0,87 < Kp(lur —ul® 4 [or — o] + |& — £]%),
|f(w,0, )P < Kp(1+ [ul®+ |v* + [¢]%),
o1 (u1) — o1 (W) < Koy lur — uf?,
lo1(w)? < Koy (1+ [ul?). (3.2)

In addition, f is bounded, i.e. exists C't, such that



H2: There exist constant K,, K,,, such that for any uy, u, vi, v, &1, &,

lg(ur,v1,€1) = g(u,v,6)* < Ky(jur — uf® + o — o + &1 = €%),
l9(u, 0,67 < Kg(1+ [ul® + [v]* + [£[%),
|02 (u1,v1) — 02(u,v0)[* < Koy (Jug — ul® + o1 — o),
oo (uw)]* < Koo (1+ |ul?). (3.4)

Moreover, there exist constants o > 0 and C,, such that

U'g(u,?},f) < a‘v‘zu
oo(u,v) < Cg,. (3.5)

H3: There exist K;, Cy, Ky,, Cyy such that for any &, &1, 0, n1,

b(&,m) — b, m))*? < Kp(|€ = &>+ n—m]?),

& < K1+ 1€+ ),

‘03(5) - 03(51)‘2 < Kag‘g - 51’27
o3(6)1? < Koy (1+ €%,
b n)| < G,

lo3(&)] < Coy. (3.6)
Furthermore, there exists a constant 8 > 0, such that

€-b(&m) < B+ €M) (3.7)

H4: There exist Kp, Cp, K,,, C,, such that for any &, &1, n, m,

|B(&,m) — B&,m)? < Kg(|€ =& +1[n—ml?),
IBE > < Kp(l+ ¢+ nl),
o4(&,m) —oa(&,m)PP < Ko (1€ = &> +In—ml?),
loa(& )P < Koy (1+ (€7 + |nf),
B n)| < Cg,
loa(§;m)| < Coy. (3.8)

H5: 2)\; + 2a — K,, > 0, where \; is the first eigenvalue of the operator —A.

1

Let H be the Hilbert space L?(D), equipped with inner products (-, ), and norm |- || = (-,-) 4. Define
the operator A = A with zero Dirichlet boundary condition. Let {ex(x)}r>1 be the complete orthogonal
system of eigenfunctions in H such that, for K =1,2---,

— Aek = )\kek, ek‘aD = 0, (39)

with 0 < Ay < Ag < -+ A < ---. It is well known that the semigroup {G;}i>0 generated by A can be
defined by,

(Geh)(s) = /D G, . OR(Q)C,

for any h(s) € H, where G(5,(,t) = Y. e ler(s)er(C). It is clear that ||Gih|| < k||, thus {Gi}io is
k=1

a contraction semigroup. Let V' be the Sobolev space H& of order 1 with Dirichlet boundary conditions,
which is densely and continuously injected in the Hilbert space H. V, H and V* satisfies a Gelfand triple

VCHCV™,



and
AV =V
With the Poincare inequality, we have
{Av,v) = = Vu[|? < =Aljo|?, (3.10)

where (-, -) denotes the dual pairs of (V*, V).
Under the assumptions, the macroscopic fast equation has a unique stationary solution, with distribution
1" independent of e, and the average is

flu, &) = /Hf(u,v,é),u“(dv), ue H, £eR. (3.11)

Then we deal with the following macroscopic effective system
Ut = Ugy + f(ﬁa g) + Ul(a)thr ﬁ(x7 O) = UO(x) (312)
Moreover, an averaged microscopic effective model for £ is defined as in the last section.

Now we consider the following effective system for the original microscopic-macroscopic system (B.1]):

. N (3.13)

{u lge + f(T, &) + oy (@)W}, a(z,0) = ug(z),
b() + a3 (WP, €(0) = xo.

We have already known above that ¢ converges to € in probability, uniformly on bounded time intervals.
Our goal in this section is to show that u converges to u in some probabilistic sense.

The well-posedness for both systems B.I)) and BI3)) is verified as in [5].

Definition 3.1. (Mild solution). For fized £, an H x H — valued predictable process (u(t),v(t)) is called
a mild solution of the first two components of Eq. B1)) if for any t € [0,T],

{u(t) = Grug + f(f Gisf(u(s),v(s),&)ds + fot Gir—so (u(s))dWy, (3.14)

v(t) = Gsvo + L 5 Gi_,g(v(s),0(s), O)ds + 2= 5 Gi_,oa(u(s), v(s))dW?Z,

: : : A
where {G§}i>0 denote the semigroup generated by differential operator 2.

Definition 3.2. (Strong solution). For fized £, a V x V — valued predictable process (u(t),v(t)) is called
a strong solution of the first two components of Eq. B1)) if, for any ¢ € V,

(u(t), ) = (u0,9) y + Jo (Au(s), @)ds + [y (f(uls),v(s),€), ) ,ds
+ [y (o1 (u(s)), @) dWL,

(v(t),0) = (v0,0) y + 2[5 (Av(s), 0hds + L [1 (g(uls),v(s),€), ) ,ds
+2= o (02(u(s), 0(9)), @) dW2,

(3.15)

hold for any t € [0,T] a.s..

Under the assumptions we listed, for any fixed ug € H and any vg € H, the first two equations of the
Eq. BJ) has a unique strong solution (also a mild solution). Moreover, the following energy identities

hold ( [8] or [2]):
lu@)I* = ||uOH2+2/ (Au(s), u(s )>d8+2/ (f(u(s),v(s),€), u(s)) yds

+2 /0 (o1 (u(s), u(s)) ;WL + / oy (u(s))|[2ds, (3.16)



and

2 [t 2 [t
o) = Mﬂ2+;A<AM$w@»&%%ﬂ/(mwﬁw@%©m@DH®
+%XHQW@w@>< LAWE /m@ ()]s,

(3.17)

Similar to the case in section 2, for fixed ug € H, £ € R we introduce a fast motion with frozen slow
component

dv(t) = [vee(t) + g(uo, v(t), )]dt + o2 (ug, v(t))dW?,
v(z,0) = vo(x), x€]l0,1], (3.18)
v(0,t) =v(1,t) =0, te[0,T].

Under the assumptions, for any fixed ug € H and any vy € H, the Eq. (318]) has a unique strong solution
(also a mild solution), which will be denoted by v"*°(¢). By energy equality similar to (817), one can get

t
Ello" (0] < oo ~ 20 + ) [ Blo(s)ds + Ct.
0
By the Gronwall’s inequality again we have
EH,ng,vo(t)H2 < C<1 + ||U0H26_2()\1+a)t>.

Let v“0%(t) be the solution of Eq. (BI8) with initial value v(0) = vj. With the aid of energy equality
similar to (B.I7), we get that

t
EfJuor0 () — oot (1)2 = wm—%W+2E/XA@W“@»—WMW@xwwwg—v%%@»@
0
t ! !
%QE/‘@Wmﬁmm@%ﬁ—QWmﬁm%Q%@ﬂﬂw%$—U%%@»H“
0

t
+E/ oz (10, " (5)) — 02 (g, v**0 (s)) |[*ds
0

IN

t
llvo — wol* — (201 +26 — Caz)/ Ejv*0*0(s) — 0" (s)||? ds.
0

Hence
E[v o () — "% (1)]|* < [lug — vpl*e ™, (3.19)

where kK = 20y + 208 — Cy, > 0.

For any u € H denote by P} the Markov semigroup associated to Eq. (B defined by

Prf(z) =Ef(V,*7), t=0, z€H,



for any f € By(H) the space of bounded functions on H. We also recall a probability u* on H is called
that a invariant measure for (P}*);>¢ if

/ Pyt = / fdut, £ >0,
H H

for any bounded function f € B,(H). As in [4], it is possible to show there exists an unique invariant
measure " for the semigroup P}* which satisfies

/H 2]l (dz) < C(1 + [ful). (3.20)

Furthermore, according to Lipschitz assumption on f and ([B.I9) we have
[Ervi = [ rzoua]

_ H/H[Ef(wvt“v”,g)—Ef(u,‘éu’z,ﬁ)]ﬂu(dz)H

IN

c /H B[V — Vi*¥||u(dz)

IN

Ce 5t / o — 2l (d2)
H

< ce i ol + [ el a)]
H
< ce—%t[1+\|u||+\|v\|] (3.21)

The following arguments follow [7]. First we have some mean square uniform estimates on u, v, and &.

Lemma 3.1. There exists a constant Cp > 0 such that
sup El¢*> < Cr. (3.22)
0<t<T
Proof. For the slow equation £ of the microscopic system, multiplying each side with 2¢, we get

d .
|17 =26 b(&,m) + 26 - o3(OW.

After integrating and taking expectation on both sides, we get
t t
BIP = o428 [ ¢obemds +28 [ ¢ on @
0 0

¢
< 2? +25t+2/3/ E|£|? ds.
0
Thanks to the Gronwall’s inequality, we finally have
t
Elg* < a?+28t+23 / (a” +285)e* (=) ds
0

= (1+a22He®t -1
Cr.

IN



Lemma 3.2. There exists a constant C' > 0 such that

sup Eljv||> < C. (3.23)
0<t<T

Proof. Due to energy identity ([BI7), coercivity ([BI0), the assumption H2 and the Gronwall’s inequality,
we obtain the desired result.

O
Lemma 3.3. There exists a constant Cp > 0 such that
sup E|u(t)|* < Cr. (3.24)
0<t<T
Proof. Applying energy identity (3.I0]), with the aid of ([BI0) and the above two lemmas , we get
t t t
Bl = Jul? +E [ @u)u)as +E [ (#u(s) 00, .u(s))  ds +E [ (uts))]as
t t
< ol +C [ Blu(s)|Pds +C [ EQ+ [u(s)| + o] + 1)
t
< uol® + CT/ E|lu(s)|*ds + Ct.
0
The Gronwall’s inequality yields the desired estimation.
O
Lemma 3.4. For any h € (0,1) and v € (0, 3), there exists a constant C,, > 0 such that
Ellu(t + h) — u(®)|* < C,R7. (3.25)
Proof. In the mild sense
t+h
u(t+h) —u(t) = [Geruo — Grugl + Grin—sf(u(s),v(s),§) ds
t
t+h
+ Gryhso1(XS)dW]
t
t
+ [ 1Gen-af (), 0(),6) = Guos(u(s),0(5). )} s
t
+ [ [Grrnaon(u(s) = G uls))aw}
0
5
= > L (3.26)
i=1

By the property of semigroup Gy (see [9]), we have the estimate of I,

L7 < B2 A (3.27)



By the Holder inequality and the bounded property of f, we deduce that
t+h
BILI < KB [ [Grenmf(uls) (). O P ds
t

t+h
gcm[ E|[f(u(s), v(s), )| ds

< COh% (3.28)

Using the It6 isometry and Holder inequality, it yields

t+h
M@W::E/ |Gt (u(s)) | 2ds
t

t+h
< c/t E[L + [u(s)[?] s
< Crh. (3.29)
Moreover
E|L|I* < Gy,
and

E||* < Cr,h,
are obtained in the same way as those in [7], where f(u,v,§) and f(u,v) are both bounded.

As a result of (B26])—(B330), we obtain inequality (B:20]). O

Next, we introduce an auxiliary process (4(t),0(t)) € H x H. Fix a positive number ¢ and do a partition
of time interval [0, 7] of size 6. We construct a process 0(t) by means of the equations

O(t) = v 1tf)sltu 0(s),&(s))ds
o) = vlkd) + [ Mo+ [ g(u(ks). o). () d
1/t

7z | 2 (ulkd) 0(5))dW2, (3.30)

_|_

for t € [ké, min ((k +1)5,T)).
Also define the process 4(t) by linear equation with additive noise

alt) = ug + /OAa(s)ds+/of(u([s/a]a),ﬁ(s),g(s))ds

+ /0 oy (u(s)) IV (3.31)
for t € [0,T].

Similar to the mean square uniform estimates on v, we have

Lemma 3.5. There exists a constant C' > 0 such that

sup E[9]? < C. (3.32)
0<t<T



We now are ready to establish mean-square convergence of the auxiliary processes 0(t) and 4(t) to the
fast solution process v(t) and slow wu(t), respectively.

Lemma 3.6. For any v € (0, %), there exist constants Ot~ > 0 such that

S s
e« .

sup Eljo(t) — 9(t)[]* < Cr,
0<t<T

Proof. For t € [0, T] with t € [kd, (k + 1)d), by energy identity (BI7) , (3I0) and the Lipschitz condition
of g(u,v,§) that

l9(u(s),v(s),6) — g(u(ks), 5(s),)* < Ky(lluls) = ukd)|* + [[v(s) — o(s)II),

we get the desired result.

The next lemma is by the same argument with the help of

|f (0, €) = f(ul(t/d]0), 5, < Ky(llu—u([t/8)8)]|* + |lv — o]|*).

Lemma 3.7. For any v € (0, %), there exists constant Cr~ > 0 such that

14+
sup Ellu(t) — a(t)]|> < CpA (87 + 0 )

0<t<T 3

In the following we prove the averaging principle that the slow component process u(t) converges in
mean-square sense to an effective dynamics equation as follows

{da(t) = Au(t)dt + f(a(t),€)dt + o (a(t))dWy, (3.33)

u(z,0) = up(x).

The following lemma formulates mean-square convergence of the auxiliary process (t) to the averaged
solution process u(t).

Lemma 3.8. For any v € (0, %), there exist constants Ot~ > 0 such that

1+y
E|la(t) — a(t)||? < Or (67 + < + L

) €
Proof. In the mild sense, we have
at) —a(t) = ; Gis[f(u([s/0]6),0(s), &) — f(u(s), &) ds + ; Gis[f(u(s),€) — f(u(s),€) ds
) Gis[f(a(s),€) — f(a(s), &)l ds + ; Grsloi(u(s)) — o1 (a(s))] AW



In view of the Holder inequality, the Lipschitz condition of f(u,&) and contraction of the semigroup Gy, it
follows from Lemma [3.7] that

S s
e=).

ElLOP < Cr (6 +

For Js , because of the Lipschitz continuity of f we have
2 LiE 7 21112
ElJs@)]° < CrE ; 1f(a(s),€) — f(uls),§)[" ds
t

< oy / E([la(s) — a(s)|? + ¢ — £2) ds. (3.34)

0

Furthermore, Jy, J5 are estimated using the properties of Gy and Lemma (3.7]),

51+“/ s
e=),

ElLOP < Cr( +

Els@)2 < C /0 Ella(s) — a(s)|? ds.

For E||J1(t)||? with t € [kd, (k + 1)6), we write

k=1 r(p+1)s _
WO = X[ Gl i), 6(5).) ~ Flulpd).€) ds

p:() p5

k=l (pt1)s _ _
+3 [ Gl Fu9),©) - Fluls). ) ds
p=0"P%
] Gis[f (u(pd), v(s),&) — F(u(s),€)] ds (3.35)
= Ji(t) + Ja(t) + J3(2).
Due to ([B25), we conclude
E|LO)° < Cr,d,

with v € (0, 3). _
According to the mean square uniform estimates on u, v, £ and the linear growth conditions of f and f,
we get

t

E|J30))* = E| kéGt_s[f(U(M)’ﬁ(S),&)—f(U(S)jé)]dSHZ

< JE Mllf(u(ké),ﬁ(s),s)—f(u(s),s)\lzds
< Cé/ E[1 + [[u(kd)|[ +[[0(s)]1* + [lu(s)]|* + |€]*] ds
ko
< Cré. (3.36)



The argument of the estimate of

E|J;||* < Cr (3.37)

€
57
is the same as that in [7], except that the coefficient f has an extra parameter £, which can be handled
using (B.2I]) and the boundedness conditions for f.

Combing (3.30]), (3:36]) and B.37) it yields

E||lJ (t)|% < Cr.,8" + ch. (3.38)

Therefore, combining together ([B.34)—(B.35) and ([B38]) we obtain

. ~ ) c 51+~/ cs o t . ~ )
Ella(t) —a@)[]” < Cry (07 + < + e= + sup E|—&)+Cr | Ela(s) —u(s)||" ds (3.39)
o 3 0<t<T 0
and thus
61+’y _
Ella(t) - a(t)|® < Cry(87 + 5 + —€% + sup Ef¢ - €>2).
4 £ 0<t<T

This proves the lemma. O

Finally we have the following theorem.

Theorem 3.1. (Effective dynamical reduction II)
Under the Hypotheses (H1)—(Hb5), the system BI3) is an effective description of the original system
BI). That is, for any T > 0,
lim sup Elu(t) —a(t)]|* — 0. (3.40)
e—0 0<t<T

This says that u converges to u in mean-square, uniformly on finite time intervals.

Remark 3.1. According to B40) and by the Chebyshev inequality, there is a direct consequence that u
converges to u in probability.

Proof. By Lemma ([3.7) and Lemma (3.8)) and take 6 = ¢[—In e]%, we have

sup Ellu(t) —a(®)|® < suwp E||u(t)—a(t)||2+021t1£TE||u(t)—a(t)||2

0<t<T 0<t<T
e O e _
< Cry(07 4+ <+ e= + sup El§— 512)
o € 0<t<T
— 0,
ase — 0. O
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