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MINIMAL SURFACES IN G2-MANIFOLDS

ANDREW CLARKE

Abstract. We consider immersions of a Riemann surface into a manifold with G2-holonomy

and give criteria for them to be conformal and harmonic, in terms of an associated Gauss
map.

1. Introduction

The decomposition of R7 as the sum R3 + R4 has been utilised almost since the initial advent
of G2-geometry. In one form this is seen in the distinguished families of minimal submanifolds
that arise from the calibration condition for the degree 3 and 4 forms that define the structure.
In another way, this is seen in the development of a gauge theory for G2-manifolds that mirrors
the theories that exist in 3 and 4 dimensions.

In the first case, given the differential 3-form that determines the metric, one can consider
those 3-dimensional submanifolds L that satisfy the calibration condition ϕ|L = volL. Any such
submanifold is homologically volume minimising. This is to say that, in addition to being a
minimal submanifold, the volume of L is minimal among all submanifolds in the same (relative)
homology class. In dimensions other than 3 and 4 however, we can not consider submanifolds
that relate to the ambient spacein this way. This is the subject of this article. We consider maps
from a 2-dimensional Riemannian manifold into a space X .

The 4-dimensional version of the principal results given here were obtained by Eells and Salamon
[ES]. Over an oriented Riemannian 4-manifold M one can consider the positive and negative
twistor spaces Z+ and Z−. that fibre over M . These spaces can be defined in many ways but
the one that is tractable in this case is to consider them to be the sphere bundles of subspaces
of Λ2 that correspond to irreducible representations of SO(4). Among many other results, they

prove that for any immersion of a surface f : Σ → M , the adapted Gauss lift f̃− : Σ → Z−

is J1-holomorphic if and only if f is conformal and harmonic. Here J1 is a naturally defined
almost-complex structure on Z−. We prove an analogue of this result.

In the current paper we consider a sphere fibration of a G2-manifold π : Z7 → X where in this
case Z7 is the unit tangent sphere bundle. For any immersion of an oriented surface F : Σ → X ,
the vector cross product on each tangent space defines a lifting f̃7 : Σ → Z7. We show that the
space Z7 admits a distribution E with Hermitian structure defined in terms of the G2-geometry
of the base. For any immersion f into the base, the lifting f̃7 of f is everywhere tangent to
the distribution E . If Σ has a given conformal structure, one can give geometric criteria for the
derivative f̃7 ∗ : TΣ → E to be complex linear. The principal hypothesis is that f be conformal
and harmonic, the geometric meaning of which is clear. The second hypothesis is that the
second fundamental form takes values orthogonal to the unit vector η that defines the lifting
f̃7. In Section 6 this condition is interpreted in terms of the holomorphicity of a vector bundle
associated to the immersion. In the final section, the results are interpreted on a number of
important G2-manifolds.
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This analogue can be understood by considering a recent theorem of Verbitsky [V]. One of the
celebrated theorems of twistor theory states that Z− admits an almost-complex structure J2
and this structure is integrable if and only if a component of the Riemannian curvature tensor
of M vanishes. Verbitsky proves that if (X,ϕ) is a 7-manifold with G2-structure, the manifold
Z7 admits an almost CR-structure that is integrable if and only if the G2-structure is torsion
free. This can be interpreted in terms of some components of the Riemannian curvature tensor
vanishing.

The use of Gauss maps to study minimal submanifolds is a well established technique. In
addition to the work of Eells and Salamon, it was used by Bryant and Gauduchon [B, G] to
study super-minimal immersions. This is another notion that could be also studied in the G2

context, although we leave this to another occasion. Gauss maps can be used to study other
curvature conditions on submanifolds. We take the opportunity to mention the work of Labourie
and Smith [L, S] as examples.

This project was largely undertaken at École Polytechnique and the Instituto Nacional de
Matemática Pura e Applicada. The author would like to thank these institutions for their
hospitality and excellent working environment.

2. Linear Algebra of 2-planes in R7

G2-geometry is defined in terms of a three-form on R7. The three form is defined so as to
encode the multiplicative structure on O and the vector cross product structure on R

7 = ImO.
Following Karigiannis [K] and Harvey and Lawson [HL] we define

ϕ0(x, y, z) = 〈x, yz〉 = 〈x, y × z〉.

The cross product × is skew symemtric and satisfies

|y × z| = |y ∧ z|

where the norm on the right is of the simple 2-vector in Λ2R
7. With respect to the standard

orthonormal basis {e1, . . . , e7} for R7 can be expressed as

ϕ0 = ε123 + εi ∧ η−i

= ε123 + ε1 ∧ (ε45 − ε67) + ε2 ∧ (ε46 − ε75) + ε3 ∧ (ε47 − ε56)

where {εi} form the dual basis of covectors and εij = εi ∧ εj. We note that {η−i } form a basis
of anti-self-dual 2-forms on R4 (see [K]).

Given an oriented 2-plane ξ = span(y, z) of R7 where y, z form an oriented orthonormal basis
for ξ, we can define a vector ηξ = y × z ∈ S6. Due to the skew symmetry of the cross product,
this is independent of the oriented orthonormal basis for ξ. η(y ∧ z) is uniquely determined to
be that unit vector such that y ∧ z ∧ η is an associative 3-plane.

For example, for ξ = e1 ∧ e2, we have

ηξ = ((e1 ∧ e2)yϕ0)
#.

In fact, this example effectively describes the definition and much of the pointwise geometry for
an arbitrary 2-plane. In [HL] it is shown that G2 acts transitively on the Stiefel manifold V2,7

of ordered orthonormal pairs of vectors in R7. That is, up to the action of G2, we can say that
an arbitrary 2-plane ξ is spanned by {e1, e2} where ϕ0 has the form

ϕ0 = ε123 + εi ∧ η−i .(2.1)
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Given an oriented 2-plane ξ ⊆ R7 we obtain a unit vector η orthogonal to ξ. This vector
determines the complex structure arising from the orientation and inner product by the definition

〈J v, w〉 = ϕ0(η, v, w)

= 〈η × v, w〉.

That J satisfies J 2 = −1 follows from contractions and restrictions of ϕ to ξ. The corresponding
fundamental 2-form is given by ω = (ηy ϕ)|ξ. Similarly, left cross multiplication by η preserves
the subspace W = span{e4, e5, e6, e7}. The fundamental form on W is given by

ω = (ηy ϕ)|W .

In particular, this shows explicitly how S6 ⊆ R7 is endowed with a G2-invariant almost complex
structure. The tangent space to S6 at η is the space Eη = 〈η〉⊥. As we have seen, left multipli-
cation by η on this vector space defines the structure. In the expression S6 = G2/SU(3) of S6

as a homogeneous space, this is the almost complex structure given by the SU(3)-structure.

The action of SO(7) on Λ2R7 is irreducible but when restricted to G2 this is no longer true.
There is a decomposition

Λ2
R

7 = Λ2
7 ⊕ Λ2

14.

According to the identification Λ2R7 ∼= so(7) by raising an index the component Λ2
14 is identified

with g2. We also have identifications

Λ2
14 = ker{(∗ϕ0)∧ : Λ2 → Λ6}

Λ2
7 = {

1

3
Xyϕ0 ; X ∈ R

7}.(2.2)

More important for our interests at hand are that Λ2
7 and Λ2

14 are eigenspaces of the operation
on Λ2R7

α 7→ ∗(ϕ0 ∧ α).

Using the convention that ϕ0 = ε123 + εi ∧ η−i we have

Λ2
7 = {α ; ∗(ϕ0 ∧ α) = −2α}

Λ2
14 = {α ; ∗(ϕ0 ∧ α) = α}.

The projections from Λ2 to the two factors can be given

π7 =
1

3
(Id− ∗ ◦ ϕ0∧)

π14 =
1

3
(2Id+ ∗ ◦ ϕ0∧).

These calculations are expressed in terms of exterior covectors, which are typically the natural
objects to study. In the case at hand though, for the embeddings of Grassmannians and for the
study of Gauss maps, we consider the algebra of exterior vectors, denoted ΛpR

n. These spaces
have identical decomposition to those above and only differ notationally in the presence of a
metric. Notationally though, they are simpler in this case.

The Grassmannian G(2, 7) of oriented 2-planes in R
7 naturally embeds in Λ2R

7. A plane ξ with
oriented orthonormal basis {e1, e2} can be identified with e1∧e2 ∈ Λ2R

7. As noted above, G2 acts
transitively on G(2, 7), with isotropy group U(2), and this is compatible with the representation
of G2 on Λ2R

7 induced from that on R7.

The action of these projections on the Grassmannian in this space can also be understood. The
image π7(G(2, 7)) is an orbit of G2 on Λ2,7 and can be identified as S6 ⊆ R7. In fact,

π7(e1 ∧ e2) =
1

3
(e12 + e47 − e56) =

1

3
(e3yϕ0)

#(2.3)
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where e3 = η = e1× e2 is the vector orthogonal to ξ = e1 ∧ e2 that is considered above. In terms
of homogeneous spaces,

G(2, 7) = G2/U(2) → G2/SU(3) = S6

with fibre SU(3)/U(2) = CP
2 with the fibre over η ∈ S6 being the set of Jη-complex lines in

〈η〉⊥ (with orientation). On the other hand, π14 : Λ2R
7 → Λ2,14 is injective when restricted

to G(2, 7) and defines an equivariant embedding of G(2, 7) into g2. In particular, this realises
G(2, 7) as an adjoint orbit of G2.

According to the standard embedding G(p, n) ⊆ ΛpR
n, the tangent space to G(p, n) at ξ is

generated by exterior elements of the form

a ∧ (by ξ) for b ∈ ξ and a ⊥ ξ.

For G(2, 7) ⊆ Λ2R
7 and for ξ = e1 ∧ e2 we can then see that

TξG(2, 7) = {V1 ∧ e1 + V2 ∧ e2 + e3 ∧ (ae1 + be2)}

for V1, V2 ∈ W = 〈e1, e2, e3〉
⊥ and a, b ∈ R7. A G2-invariant almost complex structure can be

defined on G(2, 7) by denoting

T 1,0
ξ = W 1,0 ∧ e1 ⊕W 1,0 ∧ e2 ⊕ e3 ∧ ξ1,0 ⊆ Tξ ⊗ C

where the subspaces ξ and W have the almost complex structures given, as above, by left
multiplication by e3 = η(ξ). When we express the Grassmannian as a homogeneous space
G(2, 7)/U(2), it can be seen that the structure given above is the one compatible with the
isotropy action of U(2).

We need to consider the projections

π7 : G(2, 7) → S6

π7 : TξG(2, 7) → TηS
6 η = π7(ξ).

It can easily be seen that π7 is not complex linear, but in fact π7(e3∧ξ1,0) ⊆ E1,0 and π7(W
1,0∧

ei) ⊆ E0,1. This is to say that π7 is linear, and anti-linear on the respective subspaces. These
statements can be made more precise. We can furthermore see that

kerπ7 = W 1,0 ⊗ ξ0,1 +W 0,1 ⊗ ξ1,0

and that the following maps are bijections

π7 : W 1,0 ⊗ ξ1,0 + e3 ⊗ ξ0,1 → E0,1

π7 : W 0,1 ⊗ ξ0,1 + e3 ⊗ ξ1,0 → E1,0.

In particular, for α ∈ TξG(2, 7) ⊗ C ⊆ Λ2R
7 ⊗ C, and for ε = e1 − ie2 ∈ ξ1,0, the projection

π7(α) ∈ E1,0 if and only if the component of εy α in W 1,0 is equal to zero and the component
of ε̄y α in 〈e3〉 is equal to zero.

3. Manifolds with G2 Holonomy

We continue the above discussion and consider these constructions to be the pointwise description
of our geometry.

Let (X,ϕ, g) be a Riemannian 7-manifold with holonomy group contained in G2. This is equiv-
alent to the following. X possesses a smooth 3-form ϕ such that at each point there exists a
basis {ei} of TX with dual coframe of 1-forms {εi} such that ϕ is expressed at p as

ϕ = ε123 + εi ∧ η−i ,
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ie., ϕ is pointwise equivalent to ϕ0 on R7. Just as on R7, ϕ determines an orientation dµ and
metric gϕ on X . The holonomy group of (X, gϕ) is contained in G2 if and only if ϕ is parallel
with respect to the metric that it determines.

A consequence of this definition is that on each tangent space there exists a vector cross product
isomorphic to the one on R7. The exterior bundles decompose into components isomorphic
to those on R7. The Grassmann bundle can at each point be projected onto the 7 and 14-
dimensional components of Λ2T ∗

X . These properties hold for any 7-dimensional manifold for
which the structure group reduces to G2. If Hol(gϕ) ⊂ G2 though, the Levi-Civita connection
preserves the decomposition and acts essentially identically on isomorphic components.

We consider the Grassmann bundle G2(X) of oriented 2-planes tangent to X . This space fibres
over X with each fibre diffeomorphic to G(2, 7). By the same construction given earlier, the
bundle G2(X) is naturally contained in the vector bundle Λ2TX of exterior 2-vectors. In the
same fashion as for differential forms, this space splits into 7 and 14-dimensional components;
Λ2,7, Λ2,14. The component Λ2,7 is naturally isomorphic to the tangent bundle TX .

Again following the previous section we can consider the projection π7 from Λ2 to Λ2,7. As
previously noted, the restriction of π7 to G(2, 7) ⊆ Λ2R

7 defines a fibration of G(2, 7) over the
six-sphere. We can consider this to be the model at each point and conclude that the restriction
of π7 to G2(X) defines a map π7 : G2(X) → Z7 onto the unit sphere bundle of the tangent
bundle to X .

We now recall some definitions of connections on geometric fibre bundles. Let X be an n-
dimensional Riemannian manifold and let Gp(X) be the Grassmann bundle of oriented p-
planes. The metric on X defines a splitting of the tangent bundle of Gp(X). At ξ ∈ Gp(X),
TξGp(X) = Vξ +Hξ where the vertical space Vξ = ker(π∗) and the horizontal space Hξ is gener-
ated by infinitesimal parallel translates of ξ along paths in X through x = π(ξ). π∗ defines an
isomorphism π∗ : Hξ → TxX . For v ∈ TxX the horizontal lift of v to ξ is given as follows. Along
a path in X tangent to v we extend ξ to a family of p-planes and define the horizontal lift of v
at ξ to be

vHξ = ξ̇ − (∇vξ)
V(3.1)

where the final term is the covariant derivative of ξ along the path in X , with respect to the
Levi-Civita connection. This definition is independent of the extension of ξ that is chosen. It is
depends only on the point ξ ∈ Gp(X) and the vector v ∈ TxX .

We apply this in particular to the case p = 1 for the unit sphere bundle Z7 = U1(TX) of the
tangent bundle to X . In this case, at a point η ∈ Z7 the vertical space Vη can be identified
with the subspace Eη = 〈η〉⊥ ⊆ Tx,X . The manifold Z7 canonically admits a contact structure.
Given the projection map π : Z7 → X , we define

Eη = π−1
∗

(〈η〉⊥) ⊆ TηZ7.

The tangent space to Z7 splits as a sum of vertical and horizontal components TηZ7 = Vη +Hη.
The projection π is an isomorphism to TX when restricted to the horizontal subspace. We
therefore have a decomposition of E ,

Eη = EV
η + EH

η

where both EV
η = Vη and EH

η = π−1
∗

(Eη) ⊆ Hη are canonically isomorphic to the subspace

Eη = 〈η〉⊥ ⊆ Tx,X . As we have seen in the previous section, for any unit vector η ∈ Tx,X the
subspace Eη can be given an almost complex structure by defining

J : Eη → Eη

〈J v, w〉 = ϕ(η, v, w).
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Using the above identifications we can consider EV and EH as having almost complex structures.
We can in turn define almost complex structures on the distribution E on Z7. The structure in
which we will be interested for the moment can be defined as follows. We take

E1,0 = (EV )1,0 + (EH)1,0 ⊆ E ⊗ C.

This is to say that we take J on both the horizontal and vertical summands of E .

It should be noted that this structure differs from the almost complex structure usually given on
the canonical contact distribution on the unit tangent bundle to a Riemannian manifold. In that
case, the automorphism interchanges the horizontal and vertical components. In many cases,
geometric conditions can often be given for the distribution with complex struture to define an
integrable CR structure. This does not apply however in the case at hand however. The almost
complex structure on E restricts to the vertical subspace to define the standard non-integrable
G2-invariant almost complex structure on the S6 fibres.

4. Harmonic Maps and Minimal Surfaces

Let (M, g) and (N, h) be Riemannian manifolds and f : M → N a smooth map between them.
The derivative between them can be considered a section

df ∈ Γ(M,T ∗

M ⊗ f∗TN )

of a Riemannian vector bundle over M . The tension field τf of f is defined to be the divergence
of this section

τf = tr(∇df) ∈ Γ(M, f∗TM ).

f is said to be a harmonic map if τf = 0. If f is an isometric immersion, the Levi-Civita
connection ofM is obtained as the tengential projection of the Levi-Civita connection onN . The
torsion of f can then be related to the second fundamental form of the immersed submanifold.
Let M ⊆ N be a smooth submanifold. The second fundamental form B of M is a bilinear form
on TM with values in the normal bundle to M .

B(v, w) = (∇vw)
N

B ∈ Γ(S2(T ∗

M )⊗NM ).

The mean curvature H is the trace of B. If H vanishes, M is said to be a minimal submanifold.
It can easily be seen that if f : M → N is an isometric immersion, f is a harmonic map if
and only if the image f(M) is a minimal submanifold. This can be strengthened in M is 2-
dimensional. The condition that f be harmonic is, for a fixed metric on N , dependent only on
the conformal structure on M . We can then conclude that the image of a conformal immersion
is minimal if and only if the immersion is harmonic.

For a smooth manifold X of dimension n we can consider the fibration π : Gp(X) → X given by
the set of all oriented tangent p-planes to X . At each point x ∈ X the fibre over x consists of
the p-dimensional planes contained in TxX with a fixed orientation. This fibre is diffeomorphic
to the Grassmannian G(p, n) of oriented p-planes in Rn.

Let M be a p-dimensional oriented manifold and f : Mp → Xn a smooth immersion. The Gauss
lift of f is defined to be

f̃ : M → Gp(X)

x 7→ f∗(TxM)

If X is a Riemannian manifold we can use the embedding G(p, n) → ΛpR
n to describe the

Gauss lift using exterior algebra. let f : M → X be an isometric immersion and at x ∈ M let
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{e1, . . . , ep} be an oriented orthonormal basis for TxM . Then f̃ is given by

f̃(x) = e1 ∧ · · · ∧ ep.

In the case where M = Σ is of real dimension 2 and if f : Σ → X is an isometric immersion, we
can consider the orthonormal basis {e1, e2} such that ε = e1 − ie2 is of type (1, 0) with respect
to the induced complex structure on Σ. Then, e1 ∧ e2 = −i/2ε ∧ ε̄.

We can extend the observation given in Equation 3.1 to consider the derivative of the Gauss lift.
Let f : M → X be an immersion and f̃ : M → Gp(X) be a lifting of f that satisfies π ◦ f̃ = f .

Then f̃ defines a section σ of the bundle f∗(ΛpTX) → M . Then for v ∈ TM , the horizontal and

vertical parts of f̃∗(v) are given by

f̃∗(v) = (f̃∗(v))
H + ((f∗∇)vσ)

V

where f∗∇ is the pull-back of the Levi-Civita connection on X .

5. Complex Linear Gauss Lifts

We now suppose that the manifold X is 7-dimensional and equipped with a metric of holonomy
G2, given by a 3-form ϕ. The integrability of the G2-structure is required in this case because we
ask that the connection preserve the decomposition Λ2 = Λ2,7 + Λ2,14, and that the connection
on the 7-dimensional component can be identified with the connection acting on vector fields.

Let f : Σ → X be an immersion. Then, in addition to the usual Gauss map f̃ : Σ → G2(X),

we can consider the projection to the 7-dimensional component f̃7 = π7 ◦ f̃ : Σ → Z7. Then an
elementary initial observation is the following.

Proposition 5.1. For any immersion f : Σ → X, f̃7(Σ) is an integral submanifold of the

distribution E on Z7.

Proof. For f : Σ → X , π(f̃7(p)) = f(p) so π∗(f̃7∗(v)) = f∗(v) which is perpendicular to the

vector η that defines both the lift f̃7 and the distribution E . It clearly follows that f̃7∗(v) is
tangent to E .

That is, for any immersion f : Σ → X , the linearisation of the 7-dimensional Gauss lift defines
a linear map f̃7∗ : TΣ → E . If Σ is endowed with a metric h, we look for conditions for when
this map is complex linear.

The horizontal and vertical components of E are each complex vector spaces with respect to the
structure. It is sufficient that these components of the Gauss lift be complex linear. To begin
with, we consider the horizontal component.

Proposition 5.2. Let (Σ, h) be a Riemannian surface and f : Σ → X an immersion. The

horizontal component of the 7-dimensional Gauss lift is complex linear if and only if f is a

conformal map.

Proof. This is an immediate consequence of the definition of the the Hermitian structure on the
horizontal component of Gauss lift. In particular, π∗ defines an isomorphism between EH

η and

Eη = 〈η〉⊥ = ξ ⊕ W for ξ = f∗(TΣ) ⊆ TX . Vector multiplication by η defines the Hermitian
structures on ξ and W . The map f is conformal if and only if the structure induced on ξ is the
same as that coming from the metric h on Σ.

As noted above, the derivative of the 7-dimensional Gauss lift of the map f has a horizontal and
a vertical component. The map is complex linear if each is complex linear separately. In the
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above proposition it is seen that the horizontal component of f̃7∗ sends T 1,0
Σ to (EH)1,0 if and

only if f is conformal. The vertical component is dealt with in the following result.

Theorem 5.3. Let f : Σ → X be an immersion such that the second fundamental form of f(Σ)

takes values orthogonal to the vector η = η(ξ). Then f̃7 : Σ → Z7 is holomorphic with respect

to the Hermitian structure on the distribution E if and only if f : Σ → X is conformal and

harmonic.

Proof. From the previous proposition we see that f must be a conformal map. We will suppose
that the map is in fact an isometric immersion. The conclusions that we will obtain will be
conformally invariant though, so this assumption is allowed. The vertical part of the derivative
is given by

(f̃7∗(v))
V = ∇vη

where ∇ is the Levi-Civita connection on X . Given also the choice for the Hermitian structure
on E , f̃7∗ is complex linear if and only if

∇εη = ∇επ7(ξ) = π7(∇εξ)

takes values in the vector space E1,0
η ⊆ E1,0 whenever ε ∈ T 1,0

Σ . We have however that

∇εξ =
−i

2
∇ε(ε ∧ ε̄) =

−i

2
(∇εε) ∧ ε̄+

−i

2
ε ∧ ∇εε̄.

If the immersion f : Σ → X is an isometric immersion the Levi-Civita connection on Σ is given
by the tangential component of ∇. At a point p ∈ Σ we can take a hermitian frame {ε} near
p such that (∇ε)T (p) = (∇ε̄)T (p) = 0. The expressions ∇εε and ∇εε̄ are therefore (complex)
normal-valued at p.

We recall the observation made at the end of Section 2. A vector α ∈ TξG(2, 7)⊗ C is mapped
by π7 to E1,0 if and only if the component of εy α in W 1,0 is equal to zero and the component
of ε̄y α in the span of e3 is zero. We apply this to α = ∇ε(ε ∧ ε̄). Suppose that the second
fundamental form of the immersed submanifold takes values orthogonal to the vector η = e3.
Then,

ε̄y∇ε(ε ∧ ε̄) = ∇εε

= B(e1, e1)−B(e2, e2)− 2iB(e1, e2).

which has no component in the space of e3. For the same reason, if the second fundamental
form B only takes values orthogonal to e3,

εy∇ε(ε ∧ ε̄) = ∇εε̄

= B(e1, e1) +B(e2, e2) = H

is orthogonal to e3 and so lies in W 1,0 +W 0,1. If the immersed submanifold f(Σ) is minimal,

H = 0 then clearly the component in W 1,0 vanishes and f̃7∗ is complex linear.

Conversely, if the component in W 1,0 vanishes, then H ∈ W 0,1. It is a purely real vector and so
must vanish if it is a −i eigenvector of J .

To conclude the result we recall that the image of an immersion of a Riemann surface is minimal
if and only if the map is conformal and harmonic. Lastly, we observe that the condition of the
harmonicity of the map is invariant under conformal change. This shows that the hypothesis of
f being an isometric immersion was not a restriction.
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6. Adapted Surfaces in a G2-manifold.

Suppose that Σ ⊆ X is a 2-dimensional submanifold. Then the unit vector field η along Σ allows
us to consider the bundle W over Σ defined as the sub-bundle of the normal bundle that is
orthogonal to η. This is a Hermitian vector bundle of rank 2. The complex structure on W is
given by cross product with η. That is,

〈J v, w〉 = 〈η × v, w〉 = ϕ(η, v, w).

Proposition 6.1. The connection ∇W induced from the Levi-Civita connection on X, is Her-

mitian with respect to the complex structure J if and only if the second fundamental form B
takes values in W .

Proof. The differential form ϕ being parallel gives that

(∇Xϕ)(η, v, w) = 0 = d(ϕ(η, v, w)) − ϕ(∇Xη, v, w) − ϕ(η,∇Xv, w) − ϕ(η, v,∇Xw).

Here we note that ϕ(η,∇Xv, w) = ϕ(η,∇W v, w) because the 3-dimensional subspace TΣ + η is
closed under the cross product. Hence,

ϕ(η, (∇v)T , w) = 0

since w ∈ W . For a similar reason, that being that W is at each point a coassociative subspace,
we have that

ϕ(∇Xη, v, w) = ϕ((∇η)T , v, w) = −〈Aη × v, w〉

where Aη is the shape operator (or second fundamental form) for the normal vector η, considered
as an endomorphism of TΣ. Therefore,

〈(∇WJ )v, w〉 = 〈∇W (J v), w〉 − 〈J (∇W v), w〉

= d(〈J v, w〉)− 〈J v,∇Ww〉 − 〈J∇W v, w〉

= −〈Aη × v, w〉.

Then, the final line in this equation vanishes for all v, w ∈ W if and only if Aη = 0. This is
equivalent to the condition that B takes values orthogonal to η.

With this in mind, the connection ∇W defined on W is J -linear and so extends to W 1,0.
The (0, 1)-part of the connection satisfies (∇0,1)2 = 0 because the base is only of one complex
dimension. This implies that ∂̄ = ∇0,1 defines an analytic structure on the bundle W . Sections
in the kernel of this operator are the holomorphic sections.

The next statement that we make is a relationship between the vector bundle W and the intrinsic
geometry of Σ. Specifically we consider the map

F : TX → Λ2T ∗

X

Y → Y y ϕ.

This is injective because in particular it maps TX to the 7-dimensional irreducible subspace of
Λ2. It can be related to the bundle W defined over the submanifold Σ as follows. We consider
the restriction

F : TΣ → Λ2W ∗

Y → (Y yϕ)|W .

That this is still injective is clear by taking Y = e1 to be any unit vector in TΣ. This is sufficient
because of the transitive action of G2 on the relevent space. Then according to the above
description for ϕ, F (Y ) = η−1 = ε45 − ε67 which is clearly non-zero on W .
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The spaces TΣ and W are equipped with endomorphisms J with square minus the identity. We
tensor these spaces with the complex numbers and extend J by complex linearity. We then
obtain decompositions of them into i and −i eigenspaces. That is

TC = T ⊗ C = T 1,0 ⊕ T 0,1, WC = W 1,0 ⊕W 0,1.

We extend the map F by complex linearity.

Proposition 6.2. The map F sends T 1,0 isomorphically onto Λ2,0W ∗. Moreover, this map

preserves the connections on the respective spaces.

We will show that the image of T 1,0 is Λ2,0W ∗. This is again clear. Specifically, we can take the
vector Y = e1 − iJ e1 = e1 − ie2 ∈ T 1,0 and σ1 ∧ σ2 = (ε4 + iε7) ∧ (ε6 + iε5) ∈ Λ2,0W ∗. Then,

F (Y ) = η−1 − iη−2 = −iσ1 ∧ σ2.

That is, F is a smooth isomorphism of these vector bundles. This means that the only numerical
invariant of the bundle W can be calculated solely from the intrinsic topological data of the
submanifold. That is, c1(W ) = −c1(Λ

2W ∗) = −c1(TΣ) = 2g − 2. The derivative of F is also
easily calculated.

(∇F )(Y, ξ) = ∇(F (Y, ξ))− F (∇TY, ξ)− F (Y,∇W ξ)

= (∇Xϕ)(Y, ξ) + ϕ(∇XY, ξ) + ϕ(Y,∇Xξ)− ϕ(∇TY, ξ)− ϕ(Y,∇W ξ)

= ϕ(B(·, Y ), ξ) + ϕ(Y,DW⊥

ξ)

= 0.

in the first case, the term vanishes because the second fundamental form B takes values in W
and ϕ vanishes on W , and in the second case because ϕ(a, b, c) vanishes if exactly 2 of a, b and
c lie in the associative plane TΣ + η and the third is in W . Hence, F is parallel. It is thus a
holomorphic isomorphism of the line bundles TΣ and Λ2W ∗.

7. Examples

The first complete examples of manifolds with G2 holonomy were constructed by Bryant and
Salamon [BS]. In the first case, they considered the total space of the bundle Λ−

M of anti-self-dual
2-forms on a self-dual Einstein 4-manifold M of positive scalar curvature. This space can be
expressed as the quotient F ×ρ Im(H) where F is the orthonormal coframe bundle on M . The

torsion-free G2 structure on Λ−

M is given as ϕ = fγ1 + gγ2 where f and g are functions on Λ−

M

and γ1 and γ2 are 3-forms on F × Im(H) that are SO(4) invariant and vanish on the kernel of
the projection to T (Λ−

M).

The zero section of Λ−

M , considered as a submanifold, is totally geodesic for this metric. Along

this subset, f = g ≡ 1 and ϕ can be expressed as ϕ = ε123 + εi ∧ η−i . Here εi = dxi where xi

give linear coordinates on the fibres of Λ−

M , and {η−i } form an orthogonal basis of anti-self-dual
forms on M .

Let Σ ⊆ M be a submanifold of M . Then, according to this expression for ϕ, the unit vector
field η to the submanifold is given as the vector dual to the covector

η♭ = η−i (ξ)ε
i = ξyϕ

which is to say that η is orthogonal to M and hence orthogonal to all values of the second
fundamental form. In particular, submanifolds of S4 and CP

2, considered as submanifolds of
the total spaces of bundles, satisfy the conditions of Theorem 5.3.

The other complete example given by Bryant and Salamon involved the total space of the spinor
bundle on S3. Similar considerations to those above show that submanifolds of the zero section
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of this bundle do not satisfy the required condition. The second fundamental form takes values
colinear with η.

Another important example of a manifold with holonomy contained in G2 is X = M ×S1 where
(M, g, J,Ω) is a Calabi-Yau manifold of real dimension 6. The product G2 structure is given by
the 3-form

ϕ = Re(Ω)− dt ∧ ω.

Ω here is a parallel (3, 0)-form on M and ω is the Kähler form. For any complex curve Σ ⊆ M ,
considered as a submanifold of M × S1, the second fundamental form takes values tangent to
M but the distinguished unit normal vector field η is given by

η = (ξy ϕ)# = ∂t.

Complex curves in M×{t0} therefore satisfy the hypotheses of Theorem 5.3 . However, arbitrary
minimal submanifolds of M do not necessarily.
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