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Abstract

In this paper, we aim to study solutions of reflected gerezdlBSDES, involv-
ing the integral with respect to a continuous process, whidhe local time of the
diffusion on the boundary. We consider both a finite randommitgal and a infinite
horizon. In both case, we establish an existence and unégseresult. Next, as an
application, we get an American pricing option in infiniterizon and we give a prob-
abilistic formula for the viscosity solution of an obstageblem for elliptic PDEs
with a nonlinear Neumann boundary condition.
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1 Introduction

Generalized backward stochastic differential equatidos ¢hort GBSDESs ) has been con-
sidered by Pardoux and Zhang [16] as an extension of nomlBS&®E which involves an
integral with respect to an increasing process. They peopidbabilistic representation of
viscosity solutions of both parabolic and elliptic PDE willeumann boundary condition.
Let us mention that the now well- known theory of nonlineackveard stochastic differ-
ential equations was formulated by Pardoux and Peng [16EeSithey have found several
fields of applications. Namely, we refer to Pardoux [13] aidl|[ El Karoui et al[[6], Cvi-
tanic and Mal[2] for the applications in mathematical finaand to Hamadeéene, Lepeltier
[8] for the applications in stochastic control and stocicagames. On other hand, El Karoui
et al [4] have considered reflected BSDEs where the “reflettieeps the solution above
a given stochastic process called an obstacle. In thimgettiany others results have been
established in the literature, among others, we note thé& wbHamadene et al [9, 10],
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Cvitanic and Mal[3], Hamadene and Ouknihel[11]. Recently) &sd Xia[17] give a prob-

abilistic formula for the viscosity solution of an obstapl®blem for parabolic PDEs with a
nonlinear Neumann boundary condition. They use the commewstith such PDEs and the
reflected GBSDEs. We notice that above result is with det@stic horizon and Lipschitz

condition on the coefficients.

Tofill the gap, this paper is devoted to derive existence angleness result to reflected
GBSDEs with random terminal time which may be infinite and hipehitz coefficients. In
application, we give an optimal stopping time problem dlatio American pricing option,
using a infinite horizon reflected GBSDEs. With a finite randiimme one, we derive a
probabilistic formula for the viscosity solution of an ohale problem for elliptic PDEs with
a nonlinear Neumann boundary condition. The rest of thigpé&porganized as follows.
We precise our problem in section 2. Section 3 and Sectioa dewted to the main results.
In section 5, we give as an application, the connection witiefican option pricing and an
obstacle problem for a elliptic PDEs with nonlinear Neumbaoondary condition.

2 Formulation of the problem
Let (Q, 7 ,P) be a complete probability space afWk, 71)-o be ad-dimensional Wiener
process defined on i{.#;} denotes is natural filtration augmented withi&dhull sets of7
and 7« = U0 #t. Let us consider the following objects:

() Tis a#;-stopping time

(A1) (i) (Gt)i>ols a continuous real valued increasfgprogressively measurable

process verifyindgsg =0
(A2) f andg are R-values measurable functions defined respectivefy oiR , x R x RY

andQ x R, x R such that there are constants R, B <0, K > 0, A > 2|a| +K?
andp > 2|B| and[1, +)-valued proces$d:, Y fi<o verifying

(i) vt,vz,y — (f(t,y,2),0(t,y)) is continuous

(i) (w,t) — (f(w,t,y,2),0(w,t,Y)) is Fi-progressively measurable

(i) Vt,Yy,V(z.Z), |f(t,y,2 — f(t,y,Z)| < K|z—Z]

(iv) Yt,Y2Y(v.Y), (y—¥) (f(t.y.2 - f(t.Y.2) < aly—y/|?

(V) VLY (v,Y), (y=¥) (9t.y) —g(t.y)) <Bly—Y[?

(Vi) Vt, Yy, vz, [f(t,y,2)] < &+ K(yl+2), [9t.y)] < e +Kly|

(vii) E [ [5 &S [p(s)2d s+ W(s)?]d Gs] < 0.

(A3)E is a 7-measurable variable such thagetHC0 £|2) < o0
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(A4) (S);=0 Is a continuous progressively measurable real-valuedegeosatisfying:
() E (SuR)gtgr e)\H“G‘(StJr)z) < Fo

(i) S <¢Pas.

Let (1,§, f,0,5) be the data satisfying the previous conditions. We want tsizact an
adapted processé¥, Z;, K )i>o solution of the reflected GBSDE

—dY = Lo F (%, Z0)dt + LG (t, Y)AG + dK — ZdW, Y= (2.1)

or equivalently

T T T
Yor=E+ [ f(tY%z)dt+ / g(t,Y)dG — / ZdW + Ke — Konr. (2.2)
tAT tAT tAT

Let us first recall that a solution to the equati@n]) is a triplet of progressively measurable
processesgY;, Zt, Kt )~ With values inR x RY x R such that

1. Y is a continuous procesB;a.s., for eaci, t — Z belongs td_?((0,T);RY) and
te (%, Z),9(t. %)) € LY((0,T):R) x LY((0,T);R);

2. Forallt >t as,Y,=¢&, =0, Ki=Kg;

3. for each nonnegative redl vt € [0,T],

TAT TAT TAT
Yt = Yrar+ A f(sYs,Zs)ds+ a(s,Ys)dGs — ZsdWs + Ky e — Kear.

AT tAT tAT
4 %>3,t>0
SMHHG(H) [y 2 4 [T @ASHIG(S) 2 2 2
S. ESUR<t<r Yi[“+ Jo Ys|”+ 2|7 ) ds+ [ “dGs| | < 40

6. K is a non-decreasing process such #at 0 andfg (Vi —S)dK; =0 a.s.

3 Reflected GBSDESs with finite random terminal time

The aim of this section is to prove the first main result of g@per, concerning the existence
and uniqueness result for reflected GBSOES) when the random timeis suppose to be
finite.

Theorem 3.1. Assume thatAl)-(A4) hold. Moreover if the obstacle proce&s )i>o is the
Itd process in the form dS= m 1 dt + w1 dW,
T
with E (/ STHES) (Imy|2 + [ve|?) ds> < 4 . Then there exists a unique tripl¥,Z,K)
0
solution of reflected GBSDIZ.J).



Proof. We adopt this strategy for the proof.

Existence.For each integen, let us denot€,, = E(&| #,) and consider the data
(&n, L0 f, 1009, Sar). Under(Al)-(A4), one can show, using the same argument as in
[17] that there exists a unique procqyg,ZnKn), solution of the classical (deterministic
terminal time) reflected GBSDE

. n P n .
Ytn = En+/t 1[07r]f(57Y2722)d5+/t 1[071]9(37Y2)dGS
n
—/ Zldw + K"K\ o<t <n, 3.1)
t

satisfying:
Yt > Sand [¢""(Vy - S)dK{ = 0.
Sinceg belongs td_?(7;), there exists a proce$g; ;>0 in M?(0,T;RY) such that

EzE[E]Jr/OTndes

and, we defingY",Z",K") on the whole time axis by setting:
Vt>nY, =EE|R) =& Z =ndjoq and K =K.
In the sequel, we consider the proc¢¥s,Z",K") defined by:Y," = thM, =7, and
Ktn = Ktn/\r
The rest of the proof will be split in several steps aB@ddenotes a positive constant
which may vary from one line to another.
Step 1 A priori estimates uniform in n
First, there exists a constabt> 0 such that for alk > 0,
T
E ( sup @K 121 [t (YD |20 )ds+ (VY7 d Gy + \KP!2>
o<t<t 0
(3.2)
T
< CE (eNﬂ‘Gf €[>+ / G [92(s)ds+ WA(s)dGs] + sup VFHG |(a)+\2> .
0 o<t<t
Indeed, for any arbitrarily sma#l > 0 and anyp < 1 arbitrarily close to one, there exists a
constanC > 0 such that for als> 0,y € R, ze RY,

20y, f(s¥,2) < (2a+p 'KZ+e)ly]”+plz® +c*(s),
2y,9(sY)) < (2B+e)lyl*+cy(s).
From these and Itd’s formula, we deduce that for any arlidgramall & > 0

T —
B (SN [ SN + pZE s A G )

IN

E <e“+“Gf|E|2+Zc /m SIS [92(s)ds+ Y2(s)dGs) + 2 /M @*“G%Ss,d@)

IN

“ <e)\r+perm2+2c/f NSHHGs [¢2(s)ds+ qJZ(s)dGs]
tAT

+571 sup MG ()24 5(KN - Kt”)2> : (3.3)

o<t<t



wheLe)_\ =A—20—p 1K2—¢, p=1—pandu=p— 2B —¢c. We may choose andp such
thatA > 0, p > 0 andp > 0. From the reflected GBSD.]), estimate3.3) and for every
A’ such that < A < min(A, y), we have

BE K — K
o8 (NP2 624 004 [ &% (62(9)+ NP+ 2°) s
tAT
n—1 N 'Gs 2 n2
0 [ S (429 +1017) 0 )
B8 (S Y124 THG )

+30) e ([ oS [P g2 + 1237 as)

IN

IN

T

+3(\)7E < ST (1Y1)2 4+ qﬂ(s))des> .
tAT

Choserd small enough such that45(\) > 0, A =A—3(\') "1 >0, p=p—5(\) 1> 0

andp = p—38(A)~1 > 0, we get

E |:(1_ 6(A/)71)e)\t+uGt ’Ytnlz—i_/t:\-l_ e)\S+IJGs <[):\’st’2+ij£’2](:13+ mst‘szS>:|

< CE (eﬂﬂ%ar% | @5 Helg2(s)ds+y(5)dGs + sup eNﬂG“)(s*)Z) .

o<t<t

Therefore, the result follows by using Burkhdlder-Davigs@y inequality.

Step 2 Convergence of the sequen@€', z" K").
Form>n, letus sef\Y; = Y"—-Y", AZ = Z" - 7", AK; = K" —K{". In view of (3.1), we
get

—d@aY) = (f(sYs,2d)— f(sYs",ZJ))ds+ (9(s.Ys') —9(s,Ys"))dGs
—AZ,dW + d(AK)s,

from which, It6’s formula and above assumptions yield
MAT —
UG Ay, 2 4 / &GN |AYL[? + PIAZ)) s+ HAY?d Gy
tAT

MAT MAT
A N A / (A, d(AKs) —2 | &HS(AY, AZAW).  (3.4)
tAT

tAT
Furthermore, since one can show that

" v dakg) <o

AT

by taking expectation in both side ¢f (B8.4) and using BurklkéiDavis-Gundy inequality,
we get

T —
E ( sup HHG Ay 2+ /0 eSS [(\|AYs|? + p|AZs|)ds+ mAYS|2dGS]>

0<t<t

< B (MmO aY2).



But, sinceAYm = &mar — &nats

T —
E ( sup e HHGAY; 2 + / &STHS[(N|AYe)? + plAZg|)ds+ mAYSyZdGS]>
0

o<t<t

tends to zero as,m goes to infinity. Therefore(Y",Z") is a Cauchy sequence and con-
verges to(Y,Z). In virtue of (3J), the convergence of", Z" (for a subsequence), the
continuity of f andg and

o Ul f(S Y Zs)| < fst K{(supo [¥') +11Zsl]}.
® SURo|@(sYd)| < @+ K {(sup=o[¥e'])
° Ef [1(sY,28) ~ F(s¥'.Z9) PdS< CE fg || 28 — Z|ds
there exists a procegssuch that for alt € [0, T]
E|K"—K > — 0

asn goes to infinity.
Step 4The limit processY, Z,K) solves our reflected GBSOE,E, f,9,S) .
Taking the limit in BSDE([3.J), we getP-a.s. for anyT > 0,

TAT AT AT
Y=t [ fs¥ezydst [ gls¥o)dGstKur—K— [ Zawe Ve[0T AY
andforallt > 1, =&, Z =0, K; = K;. Moreover, sincgY,", K{")o<t<T tends taY;, Kt )o<t<T
in probability, the measurgK" converges taK in probability, so thagy”"" (Y — S;)dKD —
Jo (Ys— S5)dKs in probability asn — . Hence, [ (Ys— Ss) dKs = 0.

Uniqueness L
Let (Y, 2, K;) and(Y/, Z{,K{) be two solutions of the reflected GBSHET), and(Y;, Z,K;) =
Yt =Y,z — Z{,K; — K{). It follows from It&’s formula, the assumptiorisi ), (iv) and(v)
of (A2) that

_ TAT — — —
AT +HGi Yire |2 _|_/ @ stHGs [)\|YS|2dS—|— p.|Ys|2dGs+ |Zs|2d5i
tAT
_ TAT — — —
< TGy, 2 2/ eSO o Yo |2 + K |Ye| x |Z5%]ds
tA
TAT _ ' TAT — —
ZB/ SHHG(s) |Y5|2dGS— 2/ e\StHG(s) (Y, ZAWS).
tAT tAT
Hence, withp < 1,)_\: A—2a—p1K?>0,p=p—28>0,
_ TAT — — —
E <e)\(t/\f)+uGt/\T Yone |2 +/ & STHG A Y| 2d s+ P Ys|?dGs + (1 — p)\Zs\zdﬂ>
tAT
< E (emm)+u6m Yr M‘2> 7
and consequently, lettin§ — c, dominated convergence theorem yields

E (ez\(t/\t)-&-uG(t/\T) ‘Y_t/\T’2> —0
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Then for allt, Y;,; = 0 andZ;,; = 0. Moreover, since

_ _ _ tAT
Kt/\‘[ = YO _Yt/\‘[ _/ f(va57 Zs) - f(S>Ys/>Zg)dS
0

tAT tAT _

- 0 g(S>YS)_g(Sst/)dGS+ 0 stV\éa

Kiqp = O for allt. O

4 Infinite horizon reflected GBSDEs
In this section, we study the following infinite horizon refied GBSDE:
Y. :z+/ f(s,YS,ZS)ds+/ g(s,Ys)ds—/ ZAW+ Ko — K, 0<t <co.  (4.1)
t t t

Let us introduce some spaces which our discussion will béecbon.

2 {¢t> 0 <t < o, is anyi-adapted process such tﬁa( sup |¢t|2> < m}j

0<t<ew

H? = {q)t, 0 <t <, is anF;-adapted process such th]Et</ |<|)t|2dt> < oo} 7
0

Throughout the paper, we propose the following assumptions

(A2) f:Qx[0,0) x RxRY — Randg: Q x[0,0) x R — R measurable mappings and
three positives deterministic processes andv' verifying

/0 ") dt+ ud G < +oo. 4.2)

such that
() [f(t.y,2 - f(t.Y,Z) <wly—Y[+wlz—Z],
(i) l9(t,y) —9(t,y)| < wly—Y/|
(iit) (y—y,g(t,y) —g(t.y)) <Bly—-y[?
(i) [F(t,y,2)| < &+ K[+ [1Zl]), [9(t,y)] < +K]y]

(V)E (fy péds+ pdG) < .
(A3') a terminal valug € L?(Q, 7w, P)

(A4’) The barrier(S, t > 0) is a continuous progressively measurable real-valuedepsoc
such that

(NE[supo(§)% <o

(i) limsup », § <&, as.



With all the above preparations, we have

Definition 4.1. A solution to reflected GBSDE associated with the d&td, g, S) is a triple
(Y, Z, K¢ ) of # progressively measurable processes such(th@t holds and

(Y es? ZeH? Kyel?
(i) % >S, t>o;
(iii ) K is continuous and increasinigo = 0, and ;" (Y; — S )dK; = 0.

Our approach to solve above reflected GBSDESs with infinitézbaris to use the snell
envelope theory connected to the contraction method. Fntie consider first the special
case that is the functioh andg do not depend ofY, Z) such that

E </Ow|f(t)|2dt+/om |g(t)|2dq> <. 4.3)

More precisely we have the following reflected GBSDE:
Y = a+/ f(s ds+/ $)dGs— / Z AW+ Ko — Ky, t € [0,00]. (4.4)

Proposition 4.2. Assume thatA3'),(A4’) and (4.3) hold. Then reflected GBSDE&.4)
associated with{€, f,g,S) has a unique solutioKY, Z,K).

Proof. Let (R)o<t< be the process defined as follows:

K= / ds+/g (9)dGs+ Sltcoo + Eli—co.

Then fort < =, F is continuousft-adapted process and gup.., i € L%(Q, 7). So, the
Snell envelope dF is the smallest continuous supermartingale which domsértheprocess
F and it is given by:

St(F) = esssupE (R | #),
NSV

wherex; is the set of allFs-stopping times taking values [ «|. Then, we have

E( sup [St(F)]2> <

0<t<e

hence(s:(F))o<t<w is Of class [D]. Therefore, it has the following Doob-Mey&cdmpo-

sition:
<E+/ ds+/ ()G + Keo m)

where(K;)o<t<« IS an#i-adapted continuous non-decreasing process sucKgha. By
the theory of Snell envelope (see Ren and [18]) we Ii\&,)? < . Therefore we

derive
@+/’f<m+/ dG+K|ﬂ>

8
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and then, through the martingale representation therg¢sexisontinuous uniformly inte-
grable proces§Zs)o<s<wSuch that

M = E<E+/o f(t)ds+/0 g(t)th+Koo|7t>
t
Now let us set

Y; = esssupE [/v f(s)ds+ /v g(s)dGS+S,1\,<oo+El\,_m] .
VEX; t t

Then

Yt [ f9dst [ 994G = s(F)
= M —K

henceforth, we have
0 0 00 0 t
Yt+/0 f(s)ds+/o g(s)dGS:E+/o f(s)ds+/0 g(s)dGS+/o 7AW — Ke.
So, we obtain
Yi =a+/t f(s)ds+/t 9(5)dGs+ Kw—Kt—/t 7AW, 0< t < co,
Since .Y, + [y f(s)ds+ 5 9()dGs = st (F) andsy (F) > R = f§ f(s)ds+ [59(S)dGs+ S Licoo+

€li—w, thenY; > S.
Finally, use again the theory of Snell envelope, we kigis:(F) — R)dK; =0 i.e.

[ -s)dk = [“(F) - Rydk =0
0 0

Therefore, the tripl€Y,Z,K) satisfies the reflected GBSDE.4) and propertiesi)-(iii )
above.
Let us prove uniqueness. (Y’,Z’,K’) is another solution of the reflected generalized
GBSDE (4.9) associated with{&, f,g,S) satisfying propertiegi)-(iii) above, definey =
Y -Y',Z=2Z—-2Z, andK = K —K'. Using Itd’s formula tq¥;|?,
M2+ [ 1ZPds=2 [ YdKe—2 [ YZaw, (4.5)

by the integrable condition@)-(iii ) and Burkholder-Davis-Gundy’s inequality, we have

E(W+/t \i—\zds) =2E</t \?de_s> <o.

SoE(Y;) =0 a.s. for allt € [0,«] andE (f;*|Zs|?ds) = 0. Then|¥;|? =|Z|?>=0 a.s., SO
thatY =Y’ by the continuity ofy; andZ = Z'. Finally, it is easy to geK = K’ a.s. O
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We now establish the main result of this section.

Theorem 4.3. Assume thatA2'), (A3') and (A4’) hold. Then the reflected GBSOET)
associated with{€, f,g,S) has a unique solutioKY, Z,K).

Proof. We first prove the uniqueness. Let,Z,K) and (Y’,Z',K’) be two solutions of
the reflected GBSDHA.T) associated witH(E, f,g,S). By use the same notation as in
Proposition 3.1 and applying It6’s formula fg|?, we have

N2+ [ Zds = 2 [ W(f(sY¥eZo) - f(sYiZ))dst2 [ VigleYe) - g(s ¥)dG
+2 thSdK_s—z tw?sz_dV\é.
Then
E<|YI|2+ / °°|z‘s|2ds> < 28 [ VIVl + Vs
+2[3E/t°° y\@yzdes+2E/tmid|€5
< 5[ ZPdstE [ (2t 22)Pds (@46

From Gronwall’s lemma we obtaifi[¥;|2 = O for allt € [0,0]. Then|¥;|> =0 as., s =Y’
by the continuity ofy;. Now, going back tq4.6), we have

IE/ |Zs|?ds< E sup ]\75\2/ (2vs+2v2)ds
0 0<t<oo 0
SOE [3’|Zs/?ds= 0. Then itis easy to get; = K.

At last, we prove the existence @f (%.1). It is divided intotsteps.

Step 1.Assume( [y’ vsds+ UsdGs)? + [o° v2ds < 5.
Letus denotep =52 x s 2and||(Y,Z)||» = [|Y||%.+|Z||?,.. We define a mapping : » —
p as follows: foranyU,V) € o, (Y,Z) =¥ (U,V) is a element of> such tha(Y,Z,K) is
a unique solution to reflected GBSDE associated Vtt (s,Us,Vs),g(s,Us),S). Similarly
we define(Y’,Z2') = W(U',V’) for (U",V') € » and setd =U —U’", V=V -V’ Y =
Y-Y,Z=2Z-7 K=K—K/, f=1(sUsVs)— f(s,U,,V,) andg= g(s,Us) — g(s,U).
From above we have

\Y \Y
Y, = esasupE(/t f(S,Us,VS)dS+/t g(s,Us)dGs+S,1v<m+Elv_oo\ft>,
VE Xt

<
[

VvV V
esssupkE (/t f(s,Us’,VS’)dSJr/t g(s,Us’)dGs+S,1v<oo+El\,_m!ﬁ>.
Ve Xt

W < esssup ( [[f(sldst [ a]dG 7

VERX:

E (/Ooo|f_(s)|ds—|—/ow|§(s)|dGslft>

10
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which provides
o __ 00 2
E(sup |Yt|2> < E supE(/ f(9lds+ | |§(S)|dGs|ft>]
0<t<oo 0<t<oo 0 0

< 4E( | isnds+ [ m@s)\des)z

by Doob’s inequality. Using Itd’s formula tb7t|2 we get

\\K\%/ Zfds = 2 e ds+2/ Yglsds+2 | ks —2 [ Yezadwe,
t t
< 2f “Vef(s)ds—2 / YZdWL,

Then

E</tw|z_s|2ds> < 2 0(}tj\Ysl‘_(s,)ds
() iren)
a2 ( [“1folds+ >\des1) +E( 17 rds)z.

+E</om\f_(s)]ds>2

o _ _ o 2
< IE< /0 (vs]Us]+\/S\VS\)ds+uS]US]dGS>

{00 2 (o]
1
4[(/0 vsds+uSdGs> +/0 V2ds| [[(UV)]].

IN

IN

From (A2') we get
2

B ( [ 1f(s1ds+ atside

IN

At last, we have

- © 2 0 —
\|<Y,z>u@gz4[< / vsds+usdes) + ["vEds| [0V @.7)

From the inequality [o’ vsds+ Usd Gs)? + [5” V2ds < 2i4 we infer thatW¥ is a strict contrac-
tion and has a unique fixed point, which is a unique solutiothefreflected GBSDEA.T)).
Step 2.For the general case ile (#.2), there exigts- 0 such that

/ Vsd s+ Usd Gg +/ V2ds< — 1
T 24
From Step 1 we know that the reflected GBSDE

/Y\t = E+/t 1{52T0}f(s>?8725)ds+/t> 1{52T0}g(sv/Y\S)dS

—/ ZsdW, + Koo — Ky, 0< t < o0, (4.8)
t
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has a unique solutiofY,Z,K). Then we consider the reflected GBSDE

. To U To -
Y = E"‘/t f(S>YS>Zs)dS+t g(s,Ys)ds
To_ o
- | Zaw s Ry, K, 0t < To (4.9)
t

It follows from [17], the existence of a unique solution, Z,K) of reflected GBSDHZ.J).
Let us set

i, t€[0,Tol, Z, t<0,Tol, Ki, t€[0,To]
Y= 4= Ki =
Y, te [To,OO] Z, te [To,OO] KT0+Kt_ KTO, te [TQ,OO].

If t € [To, o], (Yt,Zt,Kt)lsthe solution off4.9), and ther(Yt,Zt,KToJth KTO) also satisfies
@38). Now, ift € [0, To] , (Yt,Zt,Kt) is the solution of4.9) andYT0 YTO, Ky, = KTO+KT0
Ky, SoY andK are continuous, angl,Z,K) is a unique solution of reflected GBSDE

@.3). ]

Remarkd4.4. If the random variablé = 0 a.s, the conditiofiA3) remain true and Theorem
4.2 is available with assumptiori#\1)-(A4). The proof follows steps of proof of Theorem
3.1 takingt = o

5 Applications

In this section, we consider reflected GBSDESs in Markoviamiework and stated is related
to an American option pricing as well as is related to a prdiséib representation of the
viscosity solution of an obstacle problem of elliptic type.

5.1 Aclass of reflected diffusion process

Letb:RY — RY, g : RY — RY9*9 pe functions such that
Ib(x) —b(X)|+|o(x) -0 (X)| <K[x=X]|.

Let® be an open connected bounded subsBfvhich is that for a functiope c2(RY), 0=
{9>0},00={p=0}, and|7@(x)| = 1, x € 00. Note that at any boundary poirt 00,

v 0(X) is a unit normal vector to the boundary, pointing towardsitierior of 00.

By Lions and Szitmari[12] (see also Saishd [19]) for eacl® there exists a unique pair of
progressively measurable continuous proce$$¥$, GX) :t > 0}, with values in@ x R
such that

s—G} is increasing

_x+/ dr+/ dW+/ Oe(X¥)dG, s> 0,

12



S
Gl = /0 1x¢ca0) G (5.1)

Let state some properties of proces§e&, G%),s > 0} . We refer the reader to Pardoux
and Zhang, [16].

Proposition 5.1. For each T> 0, there exits a constant{Csuch that for all xX €0

E( sup |><§—x§|4) < Crlx— x|

0<s<T

and

E< sup \eé—eé’r‘) <Crlx—x*

0<s<T
Moreover, there exists a constang Such that for all(t,x) € R, x ©,
E(IG{|?) < Cp(1+tP),
and for each pt > 0, there exists @ such that for all xc ©,
E (e“G?) <Cyu.
Since we state in Markovian framework, tfte f,g,S) are defined as follows:

f(sy,2) = f(s X, Y.2), 9(s)y) = 9(s. X, y), S=h(X),

wheref, g satisfy the previous assumptions as we have in random fiaitedn or infinite
horizon anch € ¢ (RY;R) with most polynomial growth at infinity.

5.2 American option pricing revisited

In this section, we use the result on infinite horizon refléc&BSDESs with one barrier to
deal with optimal stopping time problem. Roughly speakiatjus consider the following
reflected GBSDE:

1.
W= g [ X zdr [ wde
s s

—/ ZXdW + KX — KX, 0< < o, (5.2)

S
2. YX > h(X%),
3. E (SURy<tcw W2+ J57 22 ) < e,

4. KZis an increasing process such thgt= 0 and [, (Yo — h(XZ))dK& = 0.

13



From Theorem 4.1, the previous reflected GBSDE has a unidqugoso(Y*,Z*,KX). Un-
like of the work of Cvitanic and Ma[]2], we interpret* in (5.1) as a price process of
financial assets which might affect the wealth of a contralled forced to live in a bounded
domain;Y* andZ* are the wealth process and the trading strategy, respgctive "small”
investor or a "small" shareholder in the market in the sehaeliothY* andZ* might no
affect the pricex*. The investor acts to protect his advantages so that he Isatbpity at
any time6 € x (set of all 7s-stopping time with values ifD, «]) to stop controlling. The
control is not free. We define the pay off by

0 0
Re) = 5{ [ zars [on G
0 0
+h(Xg)Lp<w) +E1{p=co} |

for all @ € . For the investor,f(X*,YX,Z¥), (resp. f(X*,YX,Z¥) +g(X*,Y*)G¥) is the
instantaneous reward @ (resp. or®), andh(X*) andg are respectively the rewards if he
decides to stop before or until infinite time. The problermoisobk for an optimal strategy
for the investor, i.e. a strate@/such that

R(6) <R(8) forall B¢ x.

Now we give the main result of this section, an analogue df ith&vitanic and Ma,

2.

Theorem 5.2. Let (Y*,Z¥ KX) be a unique solution of reflected GBSI#c4). Then there
exists an optimal stopping time given by

R inf {t € [0,0), Y*<h(X")},
0=
o otherwise

Then ¥ = R(8), and8 is an optimal strategy for the investor.

Proof. Since(Y*,Z*,K¥) is a unique solution of reflected GBSOi&4), Y is deterministic
and we have

Yo =E(Y)

E(z+ oz [ o vder
- / ZerW+Ké>
0
) )
= B[ [ 100 zdrs o wag
()
. / ZrdW -+ K (5.3)
0

In view of 8 and reflected GBSDE's properties one knows that the pro€estoes not
increase between 0 afidhence therh(g =0.

14



On the other hand, sincJC%ﬁZde is a martingale, we get
X X é X X X é X X X
YO =E Y’é +/0 f(Xr>Yrvzr)dr+/o g(rvxr>Yr )dGr :

Next, ¥ = h(X¢ )15 oy +&115 ) @S., impliesrg = R(B).
Now from (5.3), we deduce that for evey= %,

0
YS = E{Yé%—/ f(r, XX, YX, Z0)dr
0
0
+/0 g(r,XrX,\GX)dGHKé}-

But Ké >0 andYg‘ > h(Xé()l{9<oo} + El{gzm}. Then,

. ] ]

R(e) :Y(;( > E {/0 f(r’ XrX’Yl’X7Z?()dr+‘/O g(r’ XrX’YrX)dG?("’_ h(xé()1{9<00} +El{9—m}}
> R(0).

Hence the stopping tim@is optimal. O

5.3 An obstacle problem for elliptic PDEs with nonlinear Neumann bound-
ary condition

In this subsection, we will show that in the Markovian case s$blution of the reflected
GBSDEs with random terminal time is a solution of an obstactéblem for elliptic PDEs

with a nonlinear Neumann boundary condition. It followsnfrohe results of the Section
3 that for allx € ©, there exists a unique triplgy*, Z*,K*) be the unique solution of the
following reflected GBSDE:

1.
T T
Y= hOQ)+ [ YA Z0dr [ grx da
S S

T
—/ ZYdW + KX — K&, 0<s<T, (5.4)
S

2. YX > h(XY),
3. E <SUFbgtgr 12+ [o \Z@‘\zdr> < o0,

4. KXis an increasing process such that= 0 and 5 (YX — h(XJ))dKX = 0.

We now consider the related obstacle problem for ellipti€Bmvith a nonlinear Neu-
mann boundary condition. Roughly speaking, a solution efabstacle problem is a func-
tion u € C(6; R) which satisfies:

min{u(x) — h(x),Lu(x) + f(x, u(x), (Ou)*o(x))} =0, x€ O,

15



(5.5)

%+ gl ux)) =0, xe 90,
where
d 2 d

L—

1 ) 9
szl (00 )IJ (X) ax|axj +i;b| (X) &

and at poin € 90

a 49 a
n- ¥<X>F'
& 0X X

More precisely, solutions of EquatidB.5) is take in viscosity sense.
Definition 5.3. (a) u € ¢ (©,RY) is said to be a viscosity subsolution &f (5.5) if for any

point X € ©, such thati(xo) > h(xp) and for anyd € C?(©) such thaih(xp) = u(xp) and
u— ¢ attains its minimum atg, then

—Lu(xo) — f(X,u(Xo), (Juo)(xg)) <0, if Xo€ O
(5.6)
min (—Lu(xo) — (%, u(x), (0u0) (%)), 3¢ (x0) ~ g0, ~B(x0))) <0, if x< 0O.

(b) ue ¢ (©,RY) is said to be a viscosity supersolution [of{5.5) if for anyrieg € S,
such thati(xp) > h(xo) and for anyp € C2(©) such thath(xg) = u(xo) andu— ¢ attains its
maximum atxg, then

—Lu(xg) — f(x,u(Xo), (Cuo)(xp)) >0, if xp€ ©
(5.7)
min (—Lu(x) — f(x U(x0), (TU0) (X)), — 5t (%) ~ 9%, § (%)) = 0, if X< 9@,

(c) uis a viscosity solution of (5]5) if it is both a viscosity sohbstion and supersolution.
We define
ux)=Y§, xe 0 (5.8)
which is a deterministic quantity sincé is measurable with respect to tleealgebra
o(W :0<r < ). For standards estimates for reflected GBSDEs and Propoditio we
deduce
Proposition 5.4. The function u= C(®;R) such that @x) > h(x) Vxc ©

The main result in this subsection is the following.

Theorem 5.5. The function defined bff.9) is a viscosity solution of5.5).

16



Proof. First, let us show thatl is a viscosity subsolution of5.5). Letx, € © and¢ €
C2(©;RY) be such thad (xo) = u(xo) andd(Xo) > u(x) for all x € ©.
Step 1: Suppose thatXg) > h(xp) andxp € © and

—Lé(x0) — (X, ¢(X0), (0d0) (%)) > O,

and we will find a contradiction.
Indeed, by continuity, we can suppose that there exist0 andn, > 0 such that for
eachx € {y: |y—Xo| < ne C ©, we haveu(x) > h(x) +¢€ and

—Lu(x) — F(x $(x), (000)(x)) > . (5.9)
Define
T=inf{s>0: |XX° —Xo| > Ne} (5.10)
Note that, for alls € [0, o]
U(X®) > h(X) + .

Consequently, the proceBg° is constant orf0, ] and, hence,
YX o= YTX°+/ST f(x,XO,YrXO,z;%)dr—/st;%dw, 0<s<t.
On the other hand, applying 1té’s formula¢gXZ®) gives
00C) = 60¢%)— [ Lo0x)dr— [ Doo0¢e)dW, 0<s<T.
Now, by inequality(5.9),
—LO(X°) — FOX°,0(X%°), (090) (X)) > €.
Also,
O (X:%) = u(Xz®) = Y°.
Consequently, comparison theorem for GBSDESs (s€e [16]liesp

b(x0) > 6 (X7°) — 1€ > uU(x0),

which leads to a contradictions.
Step 2: If we further suppose thaxg) > h(Xp) andxg € 00 and
. 0
min (Lo~ f(x. 8. (369) (). 58 ~g0.000) ) >0. (512
By continuity, we can suppose that there exist 0 andng > 0 such that for eack € {y:
ly —Xo| < ne C ©, we haveu(x) > h(x) + € and
0

min (~Lu)  F(x.6(3). (360)(). - 3¢ - x0(0) ) & (5.12)
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Let T be the stopping time defined as above(Byl0) and note that, for ali € [0, T]

U(X®) > h(X®) +.

Consequently, the proceig° is constant ori0, 1] and, hence,
T T
Y= e [roge e zeydr+ [ glnXe,ve)dare
S S
T
—/ ZPdW, 0<s<T.
S

On the other hand, applying Itd’s formula¢gX®) gives

002) = 600~ ["Longar— "2 eaee — [TTpolxeaw, 0<s<t

Now, by (£.12),

min (~LOOE) — F7, 00, (360) 0. ~ SE0) - glr X2 %)) =&

Also,
O (X:%) = u(Xe®) =Y.
Consequently, comparison theorem for GBSDES (see [16]jésp
¢ (x0) > $(X°) — & = u(%0),

which leads to a contradiction.
By the same argument as above one can showuitlaten by (5.9) is also a viscosity
supersolution of elliptic refected PDHES.5) and ends the proof. O
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