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Abstract. We explore the existence of time reparametrization symmetry in the
p-spin model. Using the Martin-Siggia-Rose generating functional, we analytically
probe the long-time dynamics. We perform a Renormalization Group analysis where
we systematically integrate over short-time scale fluctuations. We find that the RG
flow converges to a fixed point that is invariant under reparametrizations of the time
variable. This continuous symmetry is broken in the glass state and we argue that
this gives rise to the presence of Goldstone modes. We expect the Goldstone modes to
determine the properties of fluctuations in the glass state, in particular predicting the
presence of dynamical heterogeneity.
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1. Introduction

Very slow dynamics is an essential feature of glasses [1]. In both structural glasses and
spin glasses slow dynamics is manifested through a dramatic increase in the relaxation
times. The slowdown has been captured in mean field theories, such as the mode
coupling theory for supercooled liquids [2] and the dynamical theory for mean field
spin glass models [3, 4, B [6]. Even though mean field theories are useful in describing
some aspects of glassy dynamics they do not completely capture phenomena associated
with fluctuations. Fluctuations have been shown, with the discovery of dynamical
heterogeneities, to be central to an understanding of glassy dynamics [7].

Dynamical heterogeneities - mesoscopic regions that evolve differently from each
other as well as from the bulk - have been shown to be present in experimental studies
of materials close to the glass transition [8 [9] [10] and in simulations of both spin glasses
and structural glasses [I1), 12 [13]. Their presence has been directly observed at the
microscopic level in experiments on colloidal glasses [10] and granular systems [14].
Understanding the onset of heterogeneities without an apparent structural trigger is
believed to be key to an understanding of the glass transition [7]. Theoretical attempts
to explain the emergence of heterogeneous dynamics as the glass transition is approached
include among others a geometrical explanation. In the geometrical picture dynamical
heterogeneities result from non-trivial structure in the space of trajectories due to
dynamical constraints [I5]. Another explanation is provided by the Random First
Order transition (RFOT) approach, in which a liquid freezes into a mosaic of aperiodic
crystals [16]. Here we will explore a different theoretical avenue to explain dynamical
heterogeneities, which is based on time reparametrization symmetry [17, [18] 19].

Time reparametrization symmetry (TRS), the invariance under transformations of
the time variable ¢t — h(t), was discovered some years ago in the non-equilibrium mean
field dynamics of spin glasses (Sherrington-Kirkpatrick and p-spin glass models) [5] [6].
The symmetry was shown to be present in the long-time limit of the mean field
evolution equations and implies that the asymptotic equations do not have a unique
solution [5, 16 20]. In more recent studies, TRS has been proved to be present in
the long time dynamics of a short range spin glass model, the Edwards-Anderson
model [17, I8, 19]. In these studies, the proof of the symmetry is at the level of the
generating functional, including all fluctuations. Using the renormalization group (RG),
it was shown that the stable fixed point of the generating functional is invariant under
reparametrizations of the time variable.

The explanation for dynamical heterogeneities from TRS is derived from the fact
that TRS is spontaneously broken by the correlations and responses in the glass state. In
the absence of long range interactions or gauge fields, a spontaneously broken continuous
symmetry is expected to give rise to Goldstone modes [21], and these modes are
associated with spatially correlated fluctuations of the time variable, which give rise
to heterogeneous dynamics. In this work we go beyond mean field theory and give a
proof that the p-spin model is invariant under time reparametrizations regardless of the
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spatial extent of the interactions. We discuss how this may carry over to models of
structural glasses which have been shown to be connected to the p-spin model [22, 23].
Furthermore, we discuss the connection between TRS and heterogeneities. The proposal
that dynamical heterogeneities originate in fluctuations of the time variable is supported
by positive evidence from numerical studies in spin glasses [I§] and in structural
glasses [24], 25].

In this work we consider a system of soft spins on a lattice, with p-spin interactions.
The spin couplings are assumed to be uncorrelated Gaussian random variables with
zero mean. We assume Langevin dynamics for the spins with a white noise term that
represents the coupling of the spins to a heat reservoir. We set up the calculation
by writing the generating functional of the spin correlations and responses using the
Martin-Siggia-Rose (MSR) approach and introduce two-time fields that are associated
with the spin correlations and responses. To study the long time dynamics we start
the renormalization group procedure by introducing a short time cutoff 7. We
systematically increase the short time cutoff by integrating over the two-time fields
associated with the shortest time differences, thus following a procedure analogous to
Wilson’s approach to the RG. In our case, however, we integrate over fluctuations that
are fast in time, not in space. We find that the RG flow converges to a fixed point
generating functional which is invariant under reparametrizations of the time variable.

The rest of the paper is organized as follows: We start by giving a description of the
model in Sec. 2l Then, we illustrate how we obtain the generating functional through
the MSR formalism in Sec. Bl In Sec. 4 we show how we use Wilson’s approach to
the renormalization group to get the stable fixed point. We then show, in Sec. [ that
the stable fixed point generating functional is invariant under reparametrizations of the
time variable. We end with a discussion of our results and conclusions in Sec.

2. Model

The p-spin Hamiltonian is given by

1
H = __' Z Jil...ip¢i1"’¢ip7 (1>
Ti1..dp
where the {¢},—, ..y are soft spins with the spherical constraint > [¢;(#)]> = N and
the couplings are assumed to be uncorrelated, Gaussian distributed, zero mean random

variables, P{J} = IT;,< i, ﬁ exp[—J.
7Ky . ip

the Langevin equation

JAK;, ;). The dynamics is given by

212

OH
L0ups(t) = ———— 4+ mi(1), 2
where the {n;(t)}i=1,. n are assumed to be zero mean gaussian random variables with

the correlation (m(t)m (t')) = 27°6;;0(t — t') that couple the spins to a thermal bath at
temperature T". Then the Langevin equation can be written as

lat¢z - p Z Jlll Jp— 1¢21 ¢2p 1 +7h( ) (3>

Til.dp—1
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3. MSR generating functional

From the Langevin equation we use the Martin-Siggia-Rose formalism [26] and write
down the noise averaged generating functional

(Zl{1}. {h})) = [ DSDSDEDN exp {L[cb, o+ [ dtis

*MﬁW@“”;@W%%W””A?MWW;ﬁ@—N”v(®

where the [ and h are sources and the last two terms in the exponent are due to the
initial condition and spherical constraint, respectively. The action L[p, ¢] is given by

~ N ty ~ ~
Lig.d] = =i > [ dt &i(t) T3 001(t) = iT6:(1)
i=1""%0

, o Jiireiy1 Gir e Biy 1]. (5)

p 7. Zp 1
We now average the generating functional over the disorder in the system. The
action contains only one term with an explicit dependence on the disorder, which we

call L[, ),

~ P ty ~
Lol d =iy 3o [Tt 6 (000u(0) 64, (1) (6)
T i1.dp
We now compute the part of the generating functional affected by disorder averaging,
exp(Ly[0,]) = [ DIP{I}exp[Ly], (7)
with DJ = [ dJi. i, Therefore, after integrating over the disorder we have
1< <ip

exp(Ly[¢. 9]) given by

- P gt
exp(Ls[p,0]) =exp |[—= > Kh...ip/t dtdt
—~ .

[e 7 ’a;re{()’l} il...ip r=1
where we have re-labeled the fields using the definitions qbo( ) = ¢i(t) and ¢ (1) = ¢4 (1).
The constrained variables C' and C’ are given by C' = Z (1—-aq), C'= f: (1—-a),
1

and the constraints C' = C’ = 1 enforce the condition that for each of thertwo times t
and t', there is a product of fields, of which only one is a (;5 and all others are ¢ fields.
We are also interested in introducing two-time fields Qf"a,(tl, ts), physically associated
with two-time correlations and responses. In order to do this we write the number
one in terms of an integral of a product of delta functions that enforce the condition

QY (1, ts) = ¢ (1) o (1),
1= [pQIT T o(Q (it —or(tor(e). 0

i,t1,62 oy,05€{0,1}
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By writing the delta function in exponential form we get
1= /DQDQ exXp {ZZ Z /dtldtQQaz 24 (tl,tg)
i oy,0€{0,1}

x (@it t) - 65 (06 (1) )}, (10)

where we have introduced the auxiliary two-time fields Qf‘a/ (t1,t2) and the notation
0=1,1=0. We now obtain the noise and disorder averaged generating functional

(ZHY {h) = | DRDQDS DY DEDN exp(S),
S = Sl +SJ+Sspin+Sext+SBC+SSC~ (11)

Here we have written the different terms of the action separately:

Sl [Q, @, (bo 1 =1 Z Z dtldtQQal a (tl, tg)

i ag,ae{0,1}
< (@ (tst) — o) (1) ) (12
C=1,C"= ol
Syl Z K, . Zp/ dt,dt, Z HQ T (L), (13)
11...0p Q0 6{0 1} r=1

2
spzn (bo 1 = ZZ/ dt¢0 lat(bi(t) +700¢?(t)} - p_ Z Kilmip

|
Dy,
C=1,0"=

X /ttf dtldtg g(tl — tg) Z H ¢alr tg) (14)

@i, ap €{0,1} r=1

Suald®. i1, = [ at [L()01(0) + i (0(0)] (15)
Spcle!, ¢r ] = ZZ Pi [@1 (to) — %} : (16)
St NN =i [ () [(ata)? - |, )

and we have I' = T'y, 790 = —iT" and g(t — t') = 0 at the start of the RG flow.

4. Renormalization group analysis

We perform a Renormalization Group analysis on the time variables. For simplicity
we take tp = 0 and ¢y = oo from now on. We focus on the two-time fields. First, we
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introduce a cutoff in the integration of two-time fields, 7o < |t; — ta|. We then write the
terms of the action affected by the cutoff:

Sl[Q,@] - ZZ / dtldtg Z Qa“a tl,tg)

i 0<ty,tg<o0 051705
To<|t1—t2]
< (@t 1) = 9 ()0 (1) ) (18)
C=1,C"=1 p o o
S Z Kll ip / dtrdty Z HQ . ZT t17t2) (19)
11...lp 0<t1,tg<oo @iy, €{0,1} r=1
To<|t1—ta]

We define fast and slow fields respectlvely by QS; (tl,tg) = Qa“a (t1,t9), for 7y <
|t1 — t2| < b’TQ and Qa“a (tl,tg) = Qa“a (tl,tg) for b’TQ S |t1 — t2|, with b > 1. This
separation of fast and slow parts of the fields results in a separation in the terms:

$11Q, Q. 4% ¢'] = Si[Q>, @, ¢°, ¢'] + S1[Q<, Q<. ¢°, 8], (20)
S;Q) = 5,[Qs] + S,[Q<]. (21)

Next we calculate the integral I. over fast fields. To do this we use the fact that there
are no cross-terms between fast and slow fields in the integral:

I> = /DQDQeXp ZZ / dtldtg Z Qa“a tl,tg)

v org<|ty —tg|<brg auaz
0<tq,tg<o0

x( o0y Yty ts) — S (tl)qf;(h))

C=1,C"'=1 »p o
A5 SF RPN BV SIS | (2 R AL CY
‘ 1...0p T0 <t —ta|<bTg Qi ,Cl{ E{O 1} r=1

0<tq,tp<00
Calculating the delta function integral constitutes undoing the delta function integral
transformation we used to introduce the two-time fields for the fast modes. Hence,

p2 Cc=1,C'=1 »p
I. =exp - Z K .4, / dt,dt, Z H ¢ ( (ts)
" i oip ro<t1 St <bro aiaf €{0,1} r=1

0<ty,tg<oo

Next we re-scale all the one-time and two-time fields
S (bt by) = b QN (1), (24)

a“a (btlvbt ) - b i Qla“a (tlv )7 ( )

bt' =t, (26)

o (bt') = b ' (t), (27)

L(bt') = DN, (28)

hi(bt') = b hi(H), (29)

@i = b (30)
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By rescaling the fields in the part of the action arising from the delta function (S;) we
get
S1Q.Q.¢% 0" =i [ anat QT (Eb)
T0<|b(t1 —t2)|
Ay +ha; +2

5\_—,+)\a,7a/_+2 a“a A o a
[P e ) P s Ree). ey

Since this term represents the constant one, it must be marginal in the RG
transformation. So then we obtain the two equations

Az + Aapar $2=0 (32)
Azt Ao, + A +2=0 (33)
By rescaling the fields in the part of the action arising from the disorder average (.S;)
we get
S,10] = bAJ S K / dt’ dt,
p t--tp T0<|b(t; —t)]

Cc=1,C0'=1

X Z Z HQlalr’a” t1>t2) (34)

air,a E{O 1}11 Lip r=1

Using the relation between A, o/, Ao and A, implied by Eq. (82]) and Eq. ([33]) together
with the constraints C' = C" = 1 we get A\; = 2Xg+ 2(p — 1)A\; +2. We argue that since
this is the term that produces the glassy freezing, it must be present in the long time
dynamics. Therefore, it must be marginal, i.e.

AJ=20+2(p— DA +2=0 (35)

There are an infinite number of possible solutions to this equation. The most simple of
these solutions is given by

We note that this solution is the only one consistent with the two-time spin correlations
being frozen, which is what we expect in the glass state. Rescaling the fields in the
source terms yields

Sl 8131, 8] = z [ ) 50 0] (38
The source terms are marginal by virtue of being derived from external fields, hence
A= —1, (39)
Ap = 0. (40)
Rescaling the fields in the boundary term we get;

wole?, @ ¢l —zsz 5, [0 (to) — ] (41)
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Since A\; = 0, the boundary term is marginal if A, = 0. Next we consider the constraint
term and obtain
o N
Stoloh NN = [T a0t - . (@2
0 i=1
There is no condition on this term. But requiring this term to be marginal so that the
constraint is still enforced at long times gives A\y = —1. Finally we re-scale the fields in
the spin term

Sepinld”, 0" = zz 3y ROl e ZHO R R

C=1,C'=1 p
P K [ dthang? ot 1) > ILemr )i (1) (43)
p i1..ip Qi 0, 6{01}7" 1
where we have used the fact that \y = —1, Ay = 0, \; = 0 and the constraints

C = C'" =1 to determine the powers of b in the terms. The result is the following
set of flow equations

1t =@or)! (44)
Yoo — %0 = 7005 ) (45)
gty —t2) = g'(t) —t5) = g(b(t] — 15)) + Cro<ibt, —bts | <bro (46)

where Cp is defined by Cp = 1 if P is true and Cp = 0 if P is not true. If we let
b=e? =1+ dl then the flow equations can be written as follows
ar

a0 =T, (47)

% = —Y00- (48)
From the flow equations we obtain the following fixed points

I' =0, o0, (49)

Yoo = 0, 00, (50)

g(tr —t2) = Clty—to) <o (51)

The stable fixed points are I' = o0, vy = 0 and g(t; — ta) = Cpzy—ty<r,- The stable
fixed point values indicate that the derivative term and the noise term are not present
in the fixed point generating functional. In the next section we will show that these are
the only terms that break time reparametrization invariance and this will lead to the
fixed point generating functional being invariant under reparametrizations of the time
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variable. The stable fixed point generating functional we have obtained is

Zpll.h] = (ZIE} Ahiy, = [ PRDQDS DY DEDN

X exp {ZZ / dtdt, Z QT (1, 1) <Q (b t) — 65 (h) oy (t2))

C=1,C'=1 P o
Z Ko / dtdt, S HQ T (8, 1)
i1...0p Qi al €{0,1} r=1
+ / il ()6} (1) + ih (1) (1)

+3 plol() — o+ o) S (el - v} (52

i=1
5. Time reparametrization symmetry

We now evaluate the effect of a reparametrization ¢ — s(t) of the time variable on
the fixed point generating functional. For this purpose we consider a monotonously

increasing function with the boundary conditions s(0) = 0 and s(oco) = oo, which
induces the following transformations on the sources,
- 0s
(1) = (0 (53)
hi(t) = hi(s(t)). (54)

We now evaluate the fixed point generating functional for the new sources

e / DQDQD¢0D¢1D¢DN

xeXp{ZZ/ dtldtgz ) tl,tz <Q (b t) — U (t ) (t2)>

C=1,C'=1 p

Z Koo / dtdty Y HQ““ (b, )

U1...0p i, ap €{0,1} r=1
ty

DAt () (1) + ihi ()0} ()]

to

HY Bl - gl + a0 [Swlo2 - v} (5)

i=1 i=1

Here we have used new dummy variables ¢, gé, N, Q and Q instead of ¢°, Q, N, Q
and @, respectively, in the functional integral. We now perform the following change of
variables

w0 = (5] e, (50

aen=(5) (%)E@?’a%s(t), (1)) 57
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s o, s\ [ O o /
& wn=(5) (5) @ ewsw),

N = LR (s(0),

p =P
The change of variables results in Jacobians in the differentials,
. . [p@DQ
DQDQ =DQDQJ, | ——=
QDQ = DQDQ; [ 50D @]

Dy°Dy' DN = D¢ D¢ DN T, [D ¥° Dy’ DN ]

D¢® D' DN |
Dy = D,

(61)

(62)

(63)

Since the field transformations are linear, the Jacobians only depend on the
reparametrization s(t) and are independent of the fields and sources, and can be taken

outside the integral as common factors.

By inserting the values of transformed sources and dummy variables back into the

fixed point generating functional we obtain,

Zll,h) = 7T / DQDQD¢° D' DEDN

x (Q;-"““%s(t), s(t)) ~ ¢?i(8(t))¢?;(8(t’))>

) 00 , 0s it 0s a_;—l—a;. Aa_i,a_; /
exp ZZ/@ dtdt Z/ % ot Qi (s(t), s(t))

C=1,C'= o o
ZKH ,p/ dtdt’ Z H(&t) (gi) Q; M (s(t), ()

i1...0p aip o €{0,1} r=1

+ / it Gyt 0) + in(s0) 5000500 )

+z’;@[¢§(s(0)) — +z’/ooo dt%ﬁ(s(t)) [Z(@l

i=1

(o0 - v .

(64)

We now use the fact that o« + @ = 1 and that the constraints C and C’ ensure that
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d [eT o, . . . .
T];Il (%) (%) = %%, to write the transformed fixed point generating functional

LB = 7.7: [ DQDQDS" DY DDN

Zell.
exp {ZZ/ dsds’ Z Qa“a (s,8 (Q “ag(s, s') —¢?i(5)¢?i(3/))

Z K. / dsds 126‘:{_1}12[1@“”’“
+ / dsll(5)01(5) + ihi(s)¢4(5)]
+z’;m¢3<o> ~l i [ ase) [ Dot - ] (65

In other words, we have shown that
Zpll,h] = T T Zp(l, b (66)

We know that in the absence of sources, the transformation leaves the generating
functional unchanged. This implies that J;J> = 1, but since J; and 75 are independent
of the values of the sources, then for any value of the sources the fixed point generating
functional is unchanged by the transformation, i.e.,

pr[i, i’] = pr [l, h]- (67)

Therefore, the long-time fixed point dynamics of the p-spin model is invariant under
RpG transformations.

6. Discussion and conclusion

We have shown that the MSR generating functional of the p-spin model is invariant
under global time reparametrizations in the long time limit. The proof of invariance
only assumes that the couplings .J;, . ;, are uncorrelated Gaussian random variables with
zero mean, but no condition is imposed on the variance Kj, ;, of the couplings, thus
allowing them to have an arbitrary space dependence. In particular, the proof applies
to both short-range and long-range models. Since the long-range version of the p-spin
model shares some of the main features of structural glass phenomenology [22, 23], we
expect that analytical tools similar to the ones used here can uncover the presence of
time reparametrization symmetry in models of structural glass systems.

As discussed in Refs. [I7, 18, 9], time reparametrization symmetry is a
spontaneously broken symmetry in a glass. The symmetry is broken by correlations
and responses. To illustrate the spontaneous breaking of the symmetry, we consider the
correlation function C(t1,ts). If correlations were invariant under the transformation
we would have C(t,t') = C(h(t),h(t')) for all £ and ¢ and all reparametrizations
and the only way this is possible is when the correlation function is independent of
time. This is not the case in glasses because the correlation decays with time. The
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presence of a broken continuous symmetry in the absence of long range interactions or
gauge potentials is expected to give rise to Goldstone modes [21I]. In the case of the
glass problem, the Goldstone modes should be associated with smoothly varying local
fluctuations ¢ — h,.(t) in the time reparametrization [17, I8, 19]. These fluctuations
can be interpreted as representing local fluctuations of the age of the sample [17] [I§].
Support for this point of view comes from simulation results both in the Edwards-
Anderson model of spin glasses [I8] and in models of structural glasses [24, 25]. It is
expected that an analysis similar to the one done on simulation results can be done on
data from confocal microscopy experiments of colloidal systems [24].

We conclude by noting that the present work proves the presence of time
reparametrization symmetry in the p-spin model with arbitrary range interactions, and
that we expect that similar methods to the ones used here can be applied in the future
to attempt a proof of time reparametrization symmetry for structural glass models.
By investigating the Goldstone modes predicted as a consequence of the symmetry
we expect to be able to compute detailed predictions for probability distributions and
correlation functions that describe the behavior of dynamical heterogeneity in glassy
systems.
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