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ON LIMIT DISTRIBUTIONS OF NORMALIZED TRUNCATED VARIATION,
UPWARD TRUNCATED VARIATION AND DOWNWARD TRUNCATED
VARIATION PROCESSES
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ABsTrRACT. In the paper we introduce the truncated variation, upward truncated variation and
downward truncated variation. These are closely related to the total variation but are well-defined
even if the latter is infinite. Our aim is to explore their feasibility to studies of stochastic processes.
We concentrate on a Brownian motion with drift for which we prove the convergence of the above-
mentioned quantities. For example, we study the truncated variation when the truncation parameter
c tends to 0. We prove in this case that for “small” ¢’s it is well-approximated by a deterministic
process. Moreover we prove that error in this approximation converges weakly (in functional sense)
to a Brownian motion. We prove also similar result for truncated variation processes when time
parameter is rescaled to infinity. We stress that our methodology is robust. A key to the proofs was
a decomposition of the truncated variation (see Lemmas [[1] and [[2). It can be used for studies of
any continuous processes. Some additional results like an analog of the Anscombe-Donsker theorem
and the Laplace transform of time to given drawdown by ¢ (and analogously drawup till time) are
presented.

1. INTRODUCTION

The variation of Brownian paths was the subject of study of many authors (cf. [6], [11], [3], 2] just
to name a few, for more detailed account see e.g. [9, Chapter 10]). It is well known that for any p < 2,
p—variation of the Brownian motion is a.s. infinite and this arguably gave rise to the development
of It6 integral, which alone proves that studies of the variation is of an utmost importance for the
stochastic processes theory.

Intuitively, the above motioned infiniteness of the variation stems from “wild behaviour” at small
scales. A natural, yet not studied before, way to tackle this problem was introduced in the paper [7].
The idea introduced there was to neglect a moves of a process smaller than a certain (small) ¢ > 0.
This led to the definition of the truncated variation. Let now f : [a,b] — R be a continuous function.
Its truncated variation on the interval [a,b] is given by

n—1
sup sup > e (1£(tigr) = f(t)])
na<ti<tz<..<tn<b ;3
where ¢ (r) = max{z —¢,0}. This defines a functional which can be applied to the paths of any
continuous stochastic process. In the paper we study the case of (W;);>¢ being the Brownian motion
with drift 1 € R and covariance function cov(Ws, W;) = s A t. The reason for this is twofold. Firstly,
W is a widely studied process, which enables us making some explicit computations. Secondly, W is
an exemplar case of semimartingales and diffusions. The results for W will shed some light on the
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properties of the truncated variation in these more general classes. We stress that even this paper
contains some general results for continuous processes. In separate articles, we plan to apply them for
semimartingales and diffusions.

Therefore, the main object of our studies will be the truncated variation of the Brownian motion
with drift p, which is given by

n—

1
(11) TV::H [aa b] ‘= sup sup Z (bc (|Wti+1 - Wti

n a<lt;<te<..<tn<b i—1

).

for 0 < a < b < oco. We recall a closely related notion of the upward truncated variation of W,
introduced in [§] and defined by

n

(1.2) UTVH [a,b] := sup sup Z ¢ (Ws, —W4,),

na<t;<s1<t2<s2<..<tn<sn<bi—|

and, analogously, the downward truncated variation:

n

DTVC# [av b] ‘= sup sSup Z ¢c (th - Wsl) :

n a<t;<s1<t2<sa2<..<tp<sn,<b i—1

The properties of TV, UTV} and DTV} are known up to some degree. Indeed in the paper [8], the
author proved that all three have finite exponential moments. Moreover, there are explicit formulas for
the moment generating functions of UTV#[0,T] and DTV} [0,T] when T is an exponential random
variable, independent of W.

The calculations we mentioned, however, did not give explicit insight into the "nature” of truncated
variation. We would like to obtain a more direct description of ”infiniteness level” of 1—variation
of Brownian paths. A tempting way of answering to this question, followed in this paper, may be
to study the divergence of the truncated variation as ¢ N\, 0. We denote TV# (t) := TVH[0,t],
UTVE (t) :==UTV!|0,t] and DTV} (t) := DTV} [0,t]. In the paper we prove that the processes

(13) vi(rvw-t).

(1.4) V3 (UTVC“ (t) — (% Jcru> %) :
(15) va(orvew-(2-n)5).

converge (in the functional sense) weakly to a standard Brownian motion as ¢ — 0. This is arguably the
most surprising result of the paper. It appears that the truncated variation (of the Wiener process) is
essentially a deterministic function. We believe that this is closely related to the fact that the quadratic
variation (W), =t is also deterministic.

We prove a very useful decomposition of TV (t),UTV! (t) and DTV} (t) stated in Lemmas [Tl
and It is in fact valid for any continuous stochastic process and it will be starting point for our
further studies. In this paper setting the decomposition is particularly useful as it is very similar to a
renewal process. This is a crux of the proofs of the above-mentioned convergences.

For completeness we also investigate the convergence in distribution of properly normalized processes
TV (nt), UTVH (nt) and DTV} (nt) for fixed ¢ as n tends to infinity. Similarly as before we obtain
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that the processes

TV (nt) — mint UTVF(nt) — mant DTV (nt) — mgnt
, and ,
g1 \/ﬁ 0'2\/5 0’3\/ﬁ

converge weakly (in the functional sense) to a standard Brownian motion, for some deterministic
constants my, me, ms,01,02,03. The result is very similar to the case of ¢ N\, 0 however it is more
“expected”.

For the purposes of our proofs we also prove some results which may be interesting on their own
and would be useful tools for some other applications. We calculate the bivariate Laplace transform
of the variables

Tp (c¢) := inf {s : osup W, — W, = c}
0<u<s
and
Zp—c(c) = sup  max{Wy;—W; —¢,0}.
0<t<s<Tp(c)
This result is similar to the one of [10], where the bivariate Laplace transform of Tp (c) and supg<;<7,, () Wt
was calculated.

We also present a functional convergence theorem (Theorem [I3]) which may be viewed both as an
extension of the Donsker theorem and an analogue of the Anscombe theorem. Although the theorem
seems quite standard, up to our knowledge it was not known before.

Let us comment on the organization of the paper. In the next section we present the main results of
this paper - theorems about convergence in distribution of the normalized processes TV (t), UTV} (t)
and DTV} (t) as ¢ — 0 and processes TV (nt) ,UTV! (nt) and DTV} (nt) as n — +oc. In the third
section we state and prove the lemmas concerning structure of the processes TV (), UTV! (t) and
DTV}H (). In the fourth section we state and prove the general functional theorem. Finally, the fifth
section is devoted to the proofs of the theorems stated in Section 2l The bivariate Laplace transform
of Tp (¢) and Zp_.(c) is calculated in this section as well.

2. RESULTS

2.1. Limit in distribution of truncated variation processes. In this subsection we present the
results concerning the limit distribution of the normalized truncated variation, upward truncated
variation and downward truncated variation processes. By B;,t > 0, we denote a standard Brownian
motion.

Now we are ready to present some functional limit theorems. Let us recall the definition of the
truncated variation (1)) and that TV (t) = TVF([0,¢]). We start with

Theorem 1. Let T > 0. We have
(TVF(t) — ¢ ) =9437Y2B,, asc— 0,
where —% is understood as weak convergence in C([0,T],R) topology.

Remark 2. The immediate consequence of Theorem [lis that the variable v/3(T'V/*(t) —c~'t) converges
in law to the variable with normal distribution N (0,) as ¢ — 0.

Remark 3. This theorem reveals that for small ¢ the truncated variation is almost a deterministic
process. Namely, TV#(t) ~ ¢~ 't + 37'/2B, and obviously the first term overwhelms the second one.

For fixed ¢ and rescaled time parameter we have
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Theorem 4. Let T > 0 and ¢ > 0. We have
TV (nt) — mEnt
ak\/n

where — is understood as weak convergence in C([0,T],R) topology and

i Heoth(cu) ifp#0,
B e if =0,

=% B, asn — +o0,

G

o [y T Ao
1/3 if = 0.

Remark 5. The immediate consequence of Theorem[lis that the variable (TVH(T) — mtT) / (0(‘; VT )

converges in law to the variable with standard normal distribution N (0,1) as T' — +o0.

Remark 6. We note that when p = 0 both theorems are equivalent. It is enough to notice that by the
scaling property of the Brownian motion we have TV?(nt) =% /n (TVCO/ \/ﬁ(t))

2.2. Limit distribution of upward and downward truncated variations processes. In this
subsection we present the results concerning the limit distribution of the normalized upward and
downward truncated variations processes. Since DT'V*[a,b] =% UTV, #[a,b] we will only deal with
upward truncated variation. We recall the definition (I2) and that UTV#(t) = UTV#([0,¢]). Firstly
we analyze the situation when c is small,

Theorem 7. Let T > 0. We have

1
(UTVC“(t) - (2— + g) t) —437Y2B, asc— 0,
C

where — is understood as weak convergence in C([0,T],R) topology.
For fixed ¢ and rescaled time parameter we have

Theorem 8. LetT >0 and ¢ > 0. We have
UTVH(nt) — mknt
ak\/mn
where — is understood as weak convergence in C([0,T],R) topology and
o Japleoth(en) + 1) if 0,
© @t if =0,

{2cxp(4c,u)(sinh(2qu)2c,u) Zf,u 7& 0,

=B, asn — 4o,

(exp(2cp)—1)°
1/3 ifp = 0.

Remark 9. Analogously as before one checks that both theorems are equivalent if y = 0. This is
a simple consequence of the scaling property of the Brownian motion which yields UTV?(nt) =1

Vi (UTVS ().

(o) =
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3. A STRUCTURE OF TRUNCATED VARIATION, UPWARD TRUNCATED VARIATION AND DOWNWARD
TRUNCATED VARIATION PROCESSES

In this section we develop tools to analyze TV, DTV, UTV processes. For the matter of convenience
we work with the Winer process with drift W but we stress that all results in this section are valid for
any continuous stochastic process.

3.1. A structure of truncated variation process. Firstly, we will prove that the process (T'V/ (t)),~,
has similar structure as a renewal process. To state it more precisely we first define

TD(C)zinf{SZO: sup VVu—Ws:c}7

0<u<s
= 1 > N —_ =
Ty (¢) = inf {s >0: W, o<12f<sW“ c}
T (¢) =min{Tp (¢), Ty (c)}.
and now let (T; (¢));=, be series of stopping times defined in the following way: T := 0 and
o if T(¢) =Tp(c), then T (¢) := T (¢) and recursively, for k = 1,2, ...,
T (¢) := inf {s > Top—1 (c) : Wy — inf W, = c}

Top—1(c)<u<s

Topy1 (c):==inf S s > Top (¢):  sup W, —-Wsy=c¢
Tor(c)<u<s

e if T (¢) =Ty (c), then Ty (¢) := 0, T5 (¢) := T (¢) and recursively, for

Tokt1 (¢) := inf {s >Tor(c):  sup W, —W,= c}

Top (c)<u<s

T ¢):=inf{s>T: c): Wy — inf Wu—c
2k+2 (€) { 2 Toky1 (¢) S
(Observe that the event {Ty (¢) = Tp (¢)} is impossible, hence the definitions above do not interfere.)
Additionally we define series of times (S; (¢));~, (which are not stopping ones): for k =0,1,2, ...
e Sy () is the first time when the maximum of W; on the interval [Toy (¢) , Tor+1 (¢)] is attained
(in particular for 77 = 0, Sy = 0);
e Soi11 (¢) is the first time when the minimum of W; on the interval [Togy1 (¢), Tors2 (¢)] is
attained.

We have

Lemma 10. For k =1,2,3, ... the following equalities hold

TVH (T: =TVHF (Ty,_ W. — inf W,
¢ ( 2" (C)) ¢ ( 2w 1(C))—|— Tor—1(e) T2k71(c)lgsST2k(c)
TV (a1 () = TV (Tor (c) + sup Ws = Wiy (o)

Top (c)<s<Tary1(c)

Moreover, a partition for which TV} (Tey) and TVH(Tak11) in definition (LI) are attained is given by
SO (C),Sl (C),....
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Proof. The proof will follow by induction.
It is easy to see that TV (T (¢)) = 0. Let us consider two cases.

1. First case T'(¢) = T (c).

We start with & = 1.

Let 0 =ty < t1 < ... < tp, < T (c) be a partition of the interval [0,7% (¢)]. Without the loss
of generality we may assume that there is no element t¢; such that max{‘Wtjfl — Wtj‘ — c,O} =
max {|W;, — Wi, | — ¢,0} = 0. Indeed, if it would be such element we may skip it and the sum (1]
will not decrease.

(1) It is easy to see that if max {|W;,,, — W,
consecutive non-zero summands, then

— c,O} and maux{’W,gi+2 — Wti“‘ — c,O} are two

max{’Wti+2 - Wi, | — C,O} > max{‘WtHl — Wi | — c,()} + max{‘VV,gi+2 - Wti+1’ - C,O} .
In fact, because we are before the first upward move by ¢ we must have W;, , — W;, <
—c, Wiy — Wi, < —chence
Wi =Wy, = (Wti+2 - Wtiﬂ) + (VVti+1 — Wti) < —2¢,
and
Inax{|Wti+2 - Wi, | - C,O} = Wy, =Wy, —c
> (We, = Wiy —¢) + (Wepy = Wiy, — ©)
= max{‘WtHl - Wi, | — c,O} + max{‘VVti+2 — Wti+1| — c,O} .

(2) Similarly, if max {|W;,,, —¢,0} and max {|W,,,,
summands, while max { |I/Vti+2 — Wtiﬂ‘ —¢,0} =0, wehave Wy, , —W;, < —c, W,
—cand Wy, , — Wy, <c, hence

— W,

i

— Wti+2| —c, O} are two non-zero
Wi <

i+2

Wis =Wo = Wiy = Wain) + Weyo = Weyy) + (Way, — Wa)
< —c+c—c< —c
max{|Wti+3—Wti —c,O} = Wy, —Wy,,—c
> Wiy —Wiso —¢) + Wiy, — Wi, — )

—c,O}—i—maux{‘Wti+3 —Wti+2| —c,O}.

max {|Wy,,, — W4,

As a result we obtain that the sum Z?;ll rmam{‘Wti+1 - W,
for a two-element partition 0 < 1 < to <Ts(c).

—c, O} attains its largest value

Since W, () = supg<s<my () Ws and Wi, (o) = info<s<m, (o) Ws we get

n—1
TV} (Tz(c)) = sup sup Z max {|W;,,, — Wi,

n 0<t;<t2<..<tn<T2(c) ;

—c,O}

n—1
= sup max  [We, ., = Wi, | —¢,0
0<t1 <t2<T(c) ; {‘ o t }
= max{‘Wso(c) - W51(0)| -6 O}
W ) — i f Ws
Ti(e) Tl(C)éISISTz(C)
= TV (Ty(e) +Wryo—  inf W,

T1(c)<s<T>(c)
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(Note that TVH (Ty (¢)) = TVF (T (¢)) = 0)

Let us assume that the Lemma [IT] holds for some k£ > 1. We proceed with the induction step from
interval [0, Ta, (¢)] to the interval [0, Tog41 (¢)] -

We know that 0 < Sp(c) < S1(c) < ... < Sar—1(¢) < Ta (¢) is the best partition of the interval
[0, T2 (¢)] . We will prove that the best partition of the interval [0, Tox4+1 ()] is 0 < Sp (¢) < S1(¢) <
eee < Sop_1 (C) < So (C) ie.

n—1 2k—1
Z max{}WtiH - Wti} -6 0} < Z max{}WSHl(c) - WSi(C)} -6 0} )
i=1 i=0

for any partition 0 < t; < ... < t, < Togt1 (€).
Again we will consider several cases.

(1)

max {|Wy,,, — Wi,

Firstly let us observe that if there exists such v € {1,2,...,n} that Sox_1 (¢) < t, < Tak (¢),
then, due to optimality of the partition 0 < Sy (¢) < 571 (¢) < ... < Sak—1 (¢) < Tak (¢),

2k—2
- 670} < Z max{‘WSiﬂ(C) - WSi(C)’ - 670}

i=0

= TV (Tak (¢)) -

Moreover, reasoning similarly as in the proof of the case (1) for k¥ = 1, from definitions
of Sor—1(¢),Tok (¢) and Togi1 (¢) we obtain that for any Sar—1(¢) < s < u < Togy1 (¢),
W, — W, > —c and the sum > max { ‘Wti+1 - Wi, | —c, O} attains its largest value for two
element partition and can not be larger than max { ’Ws%(c) — WS%A(C)} —c, O} . Collecting
these two inequalities, we get

v—1
Z max {‘Wti+1 — Wti
i=1

n—1 2k—1
Zmax{‘WtHl - W, —c,O} < Z max{|W5i+l(c) —ng(c)‘ —c,O}
i=1 =0
= TV (Tak () + sup Ws = Wry, (o)

Top (c)<s<Tary1(c)

Now we may assume that there is no such indice v that Sax_1 (¢) < t, < Tak (¢). In this case
let v be the largest index such that ¢, < So.

We have two subcases.

(a) th < WSzk—l(C)'

In this case we have t, < Sap_2 (c) (since Wi, < Ws,, | (c), by definition of Wg,, () as a
minimal value of W; on the interval [Tor_1 (¢), Tax (¢)] we have that ¢, < Thr—1 (¢), but since
W, _s(c) is the maximal value of W; on the interval [Tor 2 (c),Tox—1 (c)] and by definition
of Tor—1 (¢) we must have t, < Sop—2 (¢)) and we easily find that partition 0 < t; < ... <
ty < Sop—a(c) < Sap—1(c) < tyy1 < ...tn < Topsq (¢) gives a larger sum, than the partition
0 <t <..<ty, <Toey(c).So we have a new, better partition which satisfies the conditions
of the case (1) above.

(b)th = WS2k—1(C)'

In this case, if Wy, € [Wg%fl(c), thﬂ}
opposite holds, we get that ’th+1 - We,

— c,O} < maX{‘W52k71 - We,

then |Wi,,, — Wi, | < Wi, — Wes (o] - If the
< }Wtu - Ws%,l(c)’ . In both cases we calculate

— c,O} + max{‘WtHl — Ws%,l‘ — c,O} .

So again we have a new, better partition which satisfies the conditions of the case (1) above.
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Now we may proceed to the proof of the step: form interval [0, Thx+1 (¢)] to the interval [0, Tog42 (¢)].
This case is analogous to the previous one when we consider the process W; = —W; instead of W;.

2. Second case T (¢) = Ty (c). )

Again this case is analogous to the previous case in such a way, that considering the process W; =
—W; and the corresponding times (Tl)oo , (S’l)oo we get T;11 = Ti, Siy1 = S; for i = 0,1,2,... So
in this case we obtain the thesis in a si&filoar way Za:soabove. O

Let us now define

o for k=0,1,2,...,
(3.1) Zpx(c) = sup Ws = Wiy (0)s
Top(c)<s<Toxy1(c)
e and similarly
Zuk(c) =W ¢ — inf Ws.
v(€) Tar+2(€) Topq1(c)<s<Tapq2(c)
Now, for £k =0,1,2,..., we define sequence of random variables

Dy (c) := Tary2(c) — Tak(c),

Zk(c) = ZDJC(C) + ZUyk(C).
Let us note here that in the case of the Wiener process with drift W obviously {Dy(c)}, and {Zx(c)},
are i.i.d sequences.
The immediate consequence of Lemma [I0 is

Lemma 11. For the process (TV} (t)),~, stopped at (Markov times) Tory2(c),k = 0,1,2,..., the
following equality holds -

TV (Taria(c) = > Zi(c).

3.2. A structure of upward and downward truncated variation processes. Now we will state
an analog of Lemma [IT] for the upward and downward truncated variation processes.
Let us first define two sequences of stopping times. Let Ty 0(c) = Tp,o(c) = 0 and

e recursively, for k=1,2,...,

Tpy(c):=inf< s >Tpk_1(c): sup Wy —Ws=cy,
Tp,k—1(c)<u<ls

e and analogously

Ty (c) := inf {s > Ty -1 (c): Wy — inf W, = c} ,
Tu,k—1(c)<u<s
(notice that Tp 1(c) = Tp(c)). Further, we introduce
e recursively, for k=1,2,...,

Zp_ck (€)== sup max {W, — Wy —¢,0},

Tp,k—1(c)<t<s<Tp i (c)
e and analogously

Zy—c (€)= sup max {W; — Wy —¢,0}.

Ty, k—1(c)<t<s<Ty i(c)
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As the immediate consequence of [8, Lemma 3| we get

Lemma 12. For k=1,2,3,... the following equalities hold

UTV! (Tp (¢ ZZD e (
DTV} (Ty (¢ ZZU e (

4. ANSCOMBE LIKE THEOREM

Our aim in this section is to present an Anscombe-like functional central limit theorem for renewal
processes. For the classical Anscombe theorem and for its functional extensions we refer to [5, Chapter
1, Chapter 2, Chapter 5]. From now one we will use "<" to denote the situation when an equality or
inequality holds with a constant K > 0, which is irrelevant for calculations. Our setting is as follows.
Let

(Di(c), Zi(c)), i €N,

be sequences of i.i.d. random vectors indexed by certain parameter ¢ € (0,1]. We define

M(t) := min {n >0: iDi(c) > t} )

i=1

M. (t)
EZl (C)
Pc t) = Zi - t, t 0, 1].
0=\ X 70 ) - gt el
We will need the following assumptions
(A1) For any ¢ > 0 we have Di(c) > 0 a.s. and ED;(c¢) — 0 as ¢ — 0.
(A2) We denote X;(c) := Z;(¢) — (EZ1(c)/ED1(c))D;(c). We have EX;(c) = 0. Now we assume
that there exists o > 0 such that
EX,(c)?
ﬁl((cg) — 02, as ¢ — 0.
(A3) There exists 0 € (0, 2] such that
E|X1(c)**?
W — O, as ¢ — 0.
(A4) There exists 6 > 0,C' > 0 such that

E|D1(c)|'** < C(EDy(e)" .
Theorem 13. Let T > 0 and we assume that (A1)-(A4) hold. Then
P. »%¢B, asc— 0,

where o2 is the same as in (A2), and convergence is understood as the weak convergence in the Skorohod

D([0,T],R) topology.
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Remark 14. The theorem should be compared to a few results. However, we will not attempt to
present the whole related bibliography referring instead to [5]. Firstly, the convergence of P.(1) could
be proved by the Anscombe theorem [B Section 1.3 p.16]. Secondly, the result is closely related to
the theory of renewal process [5, Chapters 3, 4] - our theorem should be compared with [5, Chapter 4,
Theorem 2.3]. Thirdly, one should also bear in mind a functional version of [5, Chapter 4, Theorem
2.3], namely [B, Chapter 5, Theorem 4.1]. Let (D;, Z;) be an i.i.d. sequence. We define D;(n) := D;/n
and Z;(n) := Z;/y/n. Using our theorem we recover the result of [5, Chapter 5, Theorem 4.1]. One
should be warned however that our assumptions are a bit stronger, namely in this case (A3) and
(A4) are not required. This is not surprising, conditions of the same nature are required in the CLT
for triangular arrays. Finally, in the same spirit, if we consider Fact Il with X;(n) = X;/v/n and
g(1/n) = n, for a certain i.i.d. sequence {X,},, we would get the classic Donsker theorem. Analogously
as before (A3) and (A4) could be dropped.

Remark 15. We will now discuss the assumptions. (Al) is pretty obvious it enforces that we indeed
we consider a sum of random variables of increasing length. (A2) is also quite straightforward as it
require proper normalization, it might be also considered as a requirement of convergence of second
moments. Finally, we demand (A3) and (A4) in order to have some control over the distribution as ¢
changes. They are by now means surprising e.g. (A3) is nothing else but the Lyapunov condition. As
we noticed in the previous remark these are natural in our setting (though may be dropped in some
very special situations).

Remark 16. We stress out that although we work with the Skorohod topology the convergence to a
continuous process implies also the convergence in the sup norm.

4.1. Proof of Anscombe like theorem. We define
(4.1) Se(n) =" Zi(c), Ve(n):=)Y_ Di(c), neN.
i=1 i

Moreover let us denote f(c) := ]]EEgll((?) and we recall that X;(c) := Z;(¢) — f(¢)D;(c). The proof will
be less technical if we consider a “continuous version” of M, (abusing the notation we keep the name).
We define it by declaring M, to be linear on each segment (V.(n), Ve(n + 1)) and putting

M.(Ve(n)) :=n+1, neNl.

Let us point out that this definition is valid as Dy(c) > 0 a.s. Moreover, by construction, M, is a
continuous process therefore after a suitable truncation it can be considered as a random element of
C([0,T],R), T > 0. Now we define a family of auxiliary processes which will be crucial for our proof

(42)  Pi(t) = He(lg(o)t]) + (9(o)t = Lg()t]) (He([g(o)t]) = He(lg(e)t])), ¢ >0,t € [0,00).

where H.(n) := S.(n) — f(c)V.(n) and g(c) := (EDy(c))~!.
From now up to further notice we will work only with continuous process. All convergences in
distribution are denoted by —% and understood as the weak convergence in C([0,T],R), C([0,T],R?)

or R where T' > 0. For z € R? we will use norm |z| := |z1| + |z2|. We recall the definition of a
module of continuity in C([0,T7], X)
(43) ’LU((S, f) = sup{|f(3:) - f(y)| STy € [OaT]v |I - y| < 5}7

where the choice of |- | will be clear from a context. Before the actual proof we reinforce ourselves with
some preliminary facts.
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Lemma 17. Let T > 0. For any f = (f1, f2) € C([0,T],R?) we have
w(d, f) <w(d, f1) +w(f, f2)-
Proof. Let x,y € [0,T] such that w(d, f) = | f(z) — f(y)| we have

w(@, f) = [f(x) = )| = [[1(2) = r(w)] + | fa(2) = f2(y)] < w(6, fr) + (6, f2).
O

Fact 18. Let {P.}.c 1) be a sequence of random elements in C([0, 1],R?). It is tight if and only if
these two conditions hold:

(1) For any t € [0,1] set of variables {Fe(t)} (g q) Is tight.

(2) For each e, > 0, there exists a § € (0,1) and ¢y > 0 such that

P (w(5a PC) > 5) < n, c&E (07 CO)'

Proof. The proof hinges on an upgraded version of the Arzela-Ascoli theorem valid for C([0, 1], R?).
It can be found in [4) Theorem 2.4.3E|. Now one should proceed along the lines of the proof of [T}
Theorem 7.2] with ([£3)) instead the one-dimensional modulus of continuity. 0
Lemma 19. Let c € (0,1], T'> 0 and {Xc(t)},c(0,77 - {Ye(t) }e(o, 1) be continuous stochastic processes

(not necessarily independent). We assume that Y. —? f, and X; =% X as ¢ — 0, where f is a
deterministic function and X is a certain (continuous) process X. Then

(Xe,Ye) =4 (X, f), asc—0,
where —% denotes the weak convergence in C(]0,1],R?).

Proof. First we recall an elementary fact that if X, and Y, were real random variables then convergences
X, —% X and Y, — a for a certain constant a € R would yield X; +Y; —4 X +a. By using the Crameér-
Wold device we see that this fact holds also if X, Yy, a are R"-valued. Let now (t1,t2,...,t,) € [0, T]",
the above fact yields

(4.4)  ((Xe(tr), Ye(tr)), (Xe(t2), Ye(t2)), - -5 (Xe(tn), Ye(tn)))

—>d ((X(tl)a f(tl))a (X(tQ)v f(tQ))v SR (X(tn)v f(tn))) , asc—0.
Let {cs}, >, be a sequence ¢, € (0,1] and ¢;, — 0. Using Lemma [I7] and Fact [[§ we will prove that
{(X.,,Ye,)}, is tight in C([0,1],R?) . The first condition follows easily from (Z4). Let ,n > 0, by

Fact [[8 and tightness of {X.,}, ,{Ye,}, there exists § > 0 such that P (w(d, X.,) > ¢/2) < n/2 and
P(w(d,Y.,) > ¢e/2) <n/2 for any n > 0. Hence by Lemma [I7l we obtain

P (w(d, (X.,,Ye,) > ¢e) <P(w(d, X.,) +w(d,Y,,) >e) <P(w(d,X.,) >e/2)+P (w(,Ye,) >¢e/2) <.

Now, when the conditions have been verified we know that any sub-sequence of {(X,,Y.)} contains a
further sub-sequence which is weakly convergent in C([0,T],R?). By (4] we check that whatever the
sequence is the limit has the same distribution, viz. the one of (X, f). This concludes. O

Let T' > 0. We define a functional F : C([0,T],R?) — F : C([0,T],R) by
F((f,9)®) := f((g(t) AT) V 0).

It is obvious that F' is well-defined. Moreover,

1Let us note that the formulation of the theorem contains a typo. Namely in b) should be sup {wf (6;X):f€ A} — 0
as § — 0+.
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Lemma 20. Functional F' is continuous.

Proof. Let (fi,g:) € C([0,T],R?) such that (f;,g;) — (f,g). This implies (in fact is equivalent to)
fi — fand g; = g in C([0,T],R). We estimate
[£i((9:(t) AT)V 0) = f((9(t) AT) V 0)
< fillgi(®) AT)V0) = f((g:(£) AT)V O) + [f((9:(8) AT) V 0) = f((g(t) AT) V O)]
< Ifi = flle +w(llgi = glles £),

where || f|lo = supg< <7 [f(s)|- Function f is continuous on a compact set, hence is uniformly contin-
uous and w(d, f) — 0, as 6 — 0. This concludes. O

We prove now a functional limit theorem.
Fact 21. Let T > 0 and let P} be given by @E2). We have
P! »452B, asc— 0.
where —% denotes the weak convergence in C([0,T],R) and o is given by assumption (A2).

Proof. Firstly, we prove the convergence of finite dimensional distributions. To this end we take
0<t; <ty <...<t, <T and write

(Po(t1), Pa(t2), .. Pi(tn)) = (He(lg()tr]), He(Lg(e)ta], ... He(Lg(€)tn]))) + R

where R, is a residual term originating from the second summand of ([£2), consisting of terms of the
form (g(c)t; — |g(e)t:i])(He([g(e)ti]) — He(lg(c)t;])). Let € > 0 we have g(e)t; — |g(e)t;| <1 and we
observe that EX;(c) = 0 hence by assumptions (A1) and (A2) we get

P(I(g(c)ti = Lg(c)t: ) (He(Tg(c)ti]) — He(lg(c)ti]))| = €) <P (|Xi(c)| =€)

gwﬁo, as ¢ — 0.

€
Therefore R, — 0 in probability and a fortiori in law. We define K.(i) := H.(|g(¢)tix1])— H(|g(c)ti])
fori e {1,2,...,n—1}. Our aim now is to prove their weak convergence. Assumptions (A1l)-(A3) are

the assumptions of the classical CLT. One easily checks that

K.(i) =4 N(0,0%(tiy1 — t;)), asc— 0.
Moreover for ¢’s small enough K.(i) are independent hence we have proved P! — oB in the sense of
finite-dimensional distributions.
We are now left with the proof of tightness. Let ¢t € (0,1), e > 0 and v € (0,1) (this parameter is
to be adjusted), using fact that P! is piecewise linear we have
> 45)

c
where R(c) is a certain remainder term stemming from the second summand of (£2). By assumption
(A3) we know that

A:=P ( sup |P(t) — Pi(s)| > 45) <P| max
t<s<t+vy i<g(e)y

Z Xi(c)+ R(c)
=1

P (|Xi()| > 1) < E[Xi(e)*** = g(e)~"h(e),

for a certain function h(c) such that h(c) — 0 as ¢ — 0. Moreover,

(4.5) EIX;()|1gx,(0)>13 < EIXi (0P 1 x, (0513 < 9(c) h(c).
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We define Y;(c) := X;(c)lqx,(e)|<1}- We have 0 = EX;(c) = EYi(c) + EX;(c)l{|x,(c)|>1}- By @I) we
conclude that |EY;(c)| < g(c)~*h(c). We now can estimate
A<P(R(c) >2)+P ( max

i<g(c)vy

Yi(e)
1

> 28) = 1+1I.
1=

We will deal firstly with the second summand. Obviously

i<g(c)y

II§]P<maX

Yi(c)

> 25) +P (Eligg(c)”Xi(C” > 1)
1=
(Yi(e) — EYi(c)) +iEYi(c)

i<9()y |1

§P<max

> 25) + yh(c).

Now, we choose ¢g such that for any ¢ < ¢g we have |g(c)yEY;(c)| < e. Thus for ¢ < ¢y we may write
i

IT<P ( max |y (Yi(c) - EY(c))

i<g(e)y |1

> E) + vh(c).

We put this estimation aside for a moment. For any i.i.d. sequence {Q;}, such that EQ; = 0 by simple
algebra we get

" 4
E(Z Ql-) < nEQ? +n? (EQ?)”.
=1

By (A3) and obvious inequality we have E(Y;(c))* < E|X;(¢)|2+® < g(¢)~'h(c). Using the Minkowski
inequality we get

E(Yi(e) - BYi(e)' < ((E(i(0)?)

(0" (e) " + 9(0)h(e)) < gle) " h(c).

The last inequality follows from the fact that g(c)~*h(c) — 0. By (A2) we have EY;(c)? < EX;(c)? <
og(c)~t. Let A > 0, using the above facts and the Doob inequality we estimate

P | max
i<g(c)y
where K is a certain constant depending only on 0. We pick now 0 < €, n < 1. We can choose \ such
that KA~2 < 1ne? and A=2 < e72. Now we fix v = e2A~2. Putting these to the above expression we

obtain
P max
i<g(c)y

When c is small enough we have 31 (A2c72h(c) + 1) < 7. We may now come back to estimation of A.
We know that for any &,7 > 0 there exist v € (0,1) and ¢g > 0 that for any ¢ < ¢y we have

A <P(R(c) > 2¢) +n+~h(c).
The tightness is thus established by appealing to [I, Theorem 7.3]. 0

1/4 4
+[EYi(0)])

IN

i

> (Yi(e) - EYi(e))

=1

> 71/2)\> <KX (v7'h(c) +1),

i

> (Yile) - EYi(e))

=1

> 5) < %n (N 2h(c) +1).
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Fact 22. We have
M.

9(c)
where —® denotes the weak convergence in C([0,T],R) and id(t) = t.

—44d, asc—0,

Proof. We first define a family of processes
Lo(o)t] B
(4.6) Uc(t) := Di(c) + (g(e)t — [9(c)t]) D g(eptj+1(c), =0,

=1

where D;(c) := D;(c) — ED;(c) = D;(c) — g(¢)~'. Our aim now is to prove that U. — 0.
Firstly let us notice that in assumption (A4) we may always assume § < 1. Indeed, if it is not the
case, by the Minkowski inequality we have

EDZ'(C)Q < (EDi(C)1+5)2/(1+6) < (O(EDi(C))lJFJ)Q/(lJFJ) ,S (EDZ(C))2
By assumption (A4) and by the Minkowski inequality one can show
E|[Di()]"* S ge) 1"
Moreover E|l~)i(c)|1{‘[)i(c)‘21} < E|D;(c)|**+?. We define truncated random variables
Ei(e) = Do) p, ¢ <1}-

Without loss of generality we assume that (A4) holds with § < 1 and we easily get
(4.7) E(Ei(c)® < E[Di(e)|"** < ge) ',
Since EE;(c) = _Eﬁi(c)l{\f)i(c)pl} hence we get
(4.8) [EE;(c)] < E|D;(e)|'*" < g(e)™' "
Let us fix T'> 0,e > 0. We obtain

> 25)

> 25) + P (Ejgfg(c)T] |DJ(C)| > 1) .

I(c): =P sup |Ue(s)|>2e) <P max
(€) <O<SET| (s)] ) <0<j<fg(C)T1

Z D;(c)

J
<P max FE;(c
- <0<j<fg(C)T1 Zl ©

K2

By (@8] we can choose ¢ small enough to have [T'g(c)]|EE;(c)| < €, moreover we apply the Chebyshev
inequality and obtain

J
> (Ei(c) — EE;(c))

I(c) <P max
0<j<T9(e)T] |

> E) + (9(e)T + 1)E[D;(c)|+°.

Estimate (1) and the Doob inequality for ¢ small enough implies that
I(c) < e %(g(c)T + 1) Var (Ei(c)) + (9(c)T + DE[D; ()] < g(e)™® = 0, asc— 0.

This proves that supgc,<r [Ue(s)] =% 0. Now we notice that (M. —1)/g(c) = (¢t + Uc(t))~*, where
~1 denotes the inverse function. This is always well-defined as t + U.(t) is almost surely strictly
increasing. Let us fix 0 < ¢ < 37T and A := {supg< o7 |Uc(s)| < 3e}. On the set A we have

SUPg<s<T ‘Agﬁ—c()t) - t‘ <eg and P(A4) — 1. 0
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We are now ready to prove our main result.

Proof. (of Theorem [[3) By Fact 21 Fact 22l and Lemma [I9 we have

(P! g(c)"'M,) =4 (B,id), asc—0,
with respect to the topology of C([0,27],R?). Applying Lemma 20 yields that the family of processes
{P2(t),t € (0,271}, defined by the formula P2(t) := P} ((g(c) ™' M.(t)) A2T) converges in C([0, 2T, R)

to 0?B. Our final step is to compare this process with P,. We notice that they agree whenever M, is
an integer, by the construction (£2)) and (A4) we conclude that

Pl su Pfs—Pcs >5) < ]P’( max | X;(c >a>
<O<sET| ( ) ( >| i<(MC(T)]| ( )|
< P max | X;(¢)| >e ) +P(MA(T) > 2g(c)T
< <i<!'2Tg(C)]| ()] ) (M(T) 9(c)T)
< (22 g(c)]s (2 6)E|Xi(c)|2 S 4 P (M. (1 ) > 2g(c)1 ) — 0,

as ¢ — 0. An application of [I, Theorem 3.1] is enough to prove the convergence in the Skorohod
topology. 0

5. PROOFS OF THE RESULTS OF FUNCTIONAL CONVERGENCE

5.1. Truncated variation.

Proof of Theorem [1 The strategy of the proof is to approximate the process T'V# using results of
Lemma [TT] by a renewal-type process and then use Theorem Let us recall the notation of Section
(e.g. (BI)). By the strong Markov property of Brownian motion we have that Zp x(c),k = 1,2, ...,
is an i.i.d. sequence and

(Tzk+1(c) = Tor(c), Zp,(c)) = (Tp(c), Zp(c)),
where Zp(c) := Wy, (o) + ¢. The formula [I0, (1.1)] reads as

(5.1) Eexp(aZp(c) = fTp(c)) = ) j(fs)](;zg;)(ci Tau-)i-cij);?n(s(c‘gc) ,

where § = \/p? + 2. This formula is valid if & < coth(dc) — p and § > 0. If 4 # 0 we may also put
B = 0. From (B) we easily calculate

et — 2cp —1

(5.2) ETp(c) = 2.2 =c+o(c).

Further we notice that the distribution of

(Tok42(c) — Tont1(c), Zui(c)),

is the same as the distribution of (Ty/(c), Zu(c)), where Zy(c) := Wy, () — ¢, and is the same as
(Tp(c), Zp(e)) if we considered a Brownian motion with drift —p.

For k = 1,2, ... we also have (Dy(c), Zx(c)) = (Tp(c) + Ty (c), Zp(e) + Zy(e)) and (Tp(c), Zp(c)),
(Tu(¢), Zu(c)) are independent.

We will use the renewal theory we developed in Sectiondl To this end we define

k
(5.3) M,(t) == min{k > Di(e) > t},
=1
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and

k

Se(k) =" Zie).
1=1
We will apply Theorem [I3] which will require verifying conditions (A1) - (A4). Hence we present
some auxiliary lemmas.
Lemma 23. For any p > 0 and non-negative random variables X andY we have
E(X +Y)? <E(2max{X,Y})’ <2PE(X? + YP).
Lemma 24. We have
ED, (0)4 <& EZ (0)4 <

Proof. The proof goes by the simple computation using the Laplace transform (5I]). When p # 0 we
have

4 3eBr 4 b (15 — 42¢p) + 6€*(2 — Hep)? — 18ce?H (4 + 3ep(—3 + 2cp))

ETD (C) 2/18

n 2eu(12 + cp(—3 + cpu — 42) (=1 + cu))
28

For ;i = 0 one has ETp(c)* = ZITe8. In either case one checks that ETp(c)*/c® — 2, as ¢ — 0,
hence ETp(c)* < ¢®. Similarly one checks ETy(c)* < ¢®. Now, by Lemma 23] and definition of D;(c),
ED;(c)* < 8.

Analogously, one may check that Zp(c) has exponential distribution and

4
EZp(c)" = {3<‘°‘xp G it 0,
24c4 if u=0.
In either case one checks that EZp(c)*/c* — 24, as ¢ — 0, hence EZp(c)* < ¢*. Similarly EZy (c)* < ¢
and by Lemma 23, EZ;(c)* < .
We used Mathematica to facilitate above computations. The appropriate Mathematica notebook is
available at http://www.mimuw.edu.pl/ “pmilos/calculations.nb. O

Now we will check the assumptions of Theorem [[3 Assumption (A1) is obvious. We have

(5.4) fle):= 11512311((3 = peoth(cp) = ¢ +0O(c).

We denote the fraction in assumption (A2) as o and calculate

2—2cp coth(cp) .
{#@#)M"rl 1f/1,750,_>

1
— asc—0.
1/3 ifu=0 3

(o)* =

Now we proceed to verification of assumption (A3). Using Lemma 23] and 4] we get
EX1(c)" SEZi(c)* + f(¢)*'ED1(c)* < c*.

We easily check that ED;(c) &~ ¢® and see that assumption (A3) holds for § = 2. We are left with
assumption (A4). By (52) and Lemma [24] it could be easily verified for 6 = 3.
Thus, since f(c¢) = ¢t + O(c), by Theorem [[3 we obtain:
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Corollary 25. Let S., M, be defined according to [&1) for the Z.(i), D.(i) above. For any T > 0 we
have

(Se (Me(t)) — ¢ 't) =4 371/2B,,
where —% is understood as weak convergence in C([0,T],R) topology.

The final stage is to compare process TV and process S, (M. (-)) with the use of Lemma[IIl Since
Dy(c) has different distribution than Dg/(c) for k= 1,2, ..., we introduce two auxiliary objects

k
M_(t) := min {k : > Di(c) > t}
=0
and
_ k—1
Se(k) = Zi(o).
=0

These differ from S.(k) and M, by starting the summation from [ = 0. After small changes of the
definitions of the appropriate processes we see that the thesis of Theorem holds also in our case
and we obtain

(5.5) (S (]\ch(t)> - c_lt) 43712,

where —¢ is understood as weak convergence in C([0, 7], R) topology.
From this definition and Lemma [[1] we see that the processes TV, and S. (Mc(t)> coincide at

random times Th,, kK = 0,1, 2, ..., moreover, both are increasing, hence, for any t > 0 and € > 0

te[0,T7] t€[0,T]

(5.6) P < sup ‘TVMC(t) - S’c(]\;[c(t))‘ > 5) <P ( sup Zyy p(c) > 5) .

Now, by (&.0) we estimate
P ( sup ‘TVC“ (t) — S. (]\;[c(t))‘ > 5)
]

tel0,T
<P a Zy(c)>e | +P( M, (t) > 2T
max - > — .
- k<2T/ED; (¢)+1 RAE = ED; (c)

The first term could be estimated by the Chebyshev inequality and the estimates of EZ;(c)* and
EDl(C)

4
2T 1) EZ:(c) — 0, asc—0.

P Z; <

(k<2T%%>f(c)+1| () > E) - (EDl(c) * et
The convergence of the last term to 0 could be established by simple calculation using assumption
(A4). One could also use Fact From this and (&3] the thesis follows.

Proof of Theorem [§] The strategy of the proof is to find a renewal-type processes G, which approx-
imates the process in the theorem. In order to prove the convergence of G,, we will use |5, Theorem
V.4.1]. In the final step we will show that the approximation error converges to 0.

Let us define a family of processes

Sc(Mc(nt)) — mEnt
ob\/n ’

Go(t) == t>0,n€N,
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where mf = f(c) = $243 and (o#)? = Var((EZ1(c))Di(c) — (ED:(c)) Zi(c))(ED: () =% were cal-
culated in the previous subsection. By [5, Theorem V.4.1] we know that G,, —¢ B in the Skorohod
topology. Similarly o
~ Sc(Mc(nt)) — mbnt
Gn(t) == I

TV (nt) = Se(Me(nt))
ok\/n '

Similarly as in the proof of Theorem [I] we estimate

— By, asn — oo.

Our final step is to estimate

|TVH(nt) — Se(M,(nt))| ( >
P - > < P Z >
(tes;%] Vn : N kS?nTI}lﬂ?gl(C)H [Zu(e)l > evn
~ 2nT
P( M. (nT —— +1).
+ < (nT) > ED1(0) + )

The first term can be estimated by the Chebyshev inequality
2nT EZ(c)?
P Z < 1
(k<2nTI}l€l))(1 (c)+1| k(C)| - E\/ﬁ) - (EDl (C) + )

The second one converges to 0 by the law of large numbers. In this way we proved that the limit of
the processes in theorem is the same as the one of G,,’s.

o) — 0, asn — +oo.
n2e

5.2. Upward and downward truncated variation. While the proofs in the previous section rely
on Lemmal[ITl the ones in this section hinge on Lemma[I2l The flow of the proofs of this section is much
alike the ones in the Section[5.Il The main difficulty is to calculate the of moments (Tp 1(c), Zp,1(c)).

This will be done with the use of bivariate Laplace transform of (Tp(c), Zp(c)) calculated in the
next subsection.

5.2.1. Buwariate Laplace transform of Tp(c) and Zp(c). In [8] two-dimensional density of the variables
Tp(c) and supg<,ci<ry (o) {Ws — Wi} is calculated. This density is given by [8, formula (11)]. Using
it, we unconsciously calculated bivariate Laplace transform Eexp (AZp(c) + vTp(c)) which is given in
[8] by the formula (20). This formula reads (using notation from [8]) as

_ _ L(;W (_V’ C) vT'p(c)
(5.7) Eexp (AMZp(c)+vTp(c)) = |1 /\T—u Py E Ee ,
where

o Uk) [ U w)coth (U ) =) Uu()
Ly" (—v,e) = —2u { sinh (cU,, (v)) sinh? (cUu (v)) } ’
EevTD(c) _ U# (V) et
U,(v)cosh (cU, (v)) — psinh (cU, (v))’
Tt (~0.6) = = Uy (v) coth (U, (1)

and

Uy (v) =/ p? —2v.

Substituting the above formulas in (2.7 we obtain B:

2see also http://www.mimuw.edu.pl/ “pmilos/calculations.nb.
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Corollary 26. The bivariate Laplace transform of the variable (Tp(c), Zp(c)) reads as
Eexp (AZp(c) — vTp(c))

vt e He
= (1 ~ sinh (2¢6) /8 — 2 (A + p) sinh? (cd) /52) (1 ~ cosh (¢8) — psinh (¢6) /5) ’

where § = /2 + 2v.

Proof of Theorem[7. This time we adhere to the proof of Theorem[Il We will concentrate on differences
leaving the reader the task of filling the rest of details. We calculate

EZpi(c) 1 Lol
= EZpald) _ 1ot 1) =g¢7 50+ 0(0).
f(e) ETp(0) 2u (coth(ep) + 1) 20 + 2M + O(c)
Further we have 2 exp(dep) (sinh(2cu) —2¢p)
exp(4ep)(sin C)—ach 1
(o1)* = (exp(2ci)—1)° iy 70, — ! as ¢ — 0.
1/3 ifp=0 3

To verify the assumption (A3) we firstly notice that Tp 1(c) and Zp 1(c) are majorised by D;(c) and
Z1(c) respectively. Using it we get

EX:(c)' SEZpa(e)* + f(e)'ETp(c)* < ¢t

We easily check that ETp 1(c) ~ ¢? and see that assumption (A3) holds for § = 2. Assumption (A4)
could be easily verified for 6 = 3.

Next step - comparison of the process UTV}/(t) with the appropriate reneval process is even simpler,
since the distribution of Zp i(c) - first term in the sum appearing in the first equation in Lemma [I2] -
is the same as the distribution of the further terms.

Proof of Theorem[8 This proof goes along the lines of the proof of Theorem [4
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