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AN ARONSSON TYPE APPROACH TO EXTREMAL
QUASICONFORMAL MAPPINGS

LUCA CAPOGNA AND ANDREW RAICH

In memory of Juha Heinonen

ABSTRACT. We study C? extremal quasiconformal mappings in space and establish neces-
sary and sufficient conditions for a ‘localized’ form of extremality in the spirit of the work
of G. Aronsson on absolutely minimizing Lipschitz extensions. We also prove short time
existence for smooth solutions of a gradient flow of QC diffeomorphisms associated to the
extremal problem.

1. INTRODUCTION

A quasiconformal (qc) mapping is a homeomorphism, u : 2 C R" — R™ whose components
are in the Sobolev space W' and such that there exists a constant K > \/n for which

du[" < K detdu a.e. in Q. Here we denote [A]* = 3 7., ai; to be the Hilbert-Schmidt
norm of a matrix and du the Jacobian matrix of u = (u',...,u™) with entries du;; = d;u’.

At a point of differentiability du(z) maps spheres into ellipsoids and the smallest possible K
in the inequality above, roughly provides a bound for the ratio of the largest and smallest
axes of such ellipsoids. In this sense qc mappings distort the geometry of the ambient space
in a controlled fashion. Quoting F. Gehring [19], qc mappings “constitute a closed class
of mappings interpolating between homeomorphisms and diffeomorphisms for which many
results of geometric topology hold regardless of dimension.”

Quasiconformality can be measured in terms of several dilation functions. Here we will
focus on the trace dilation

|du(z)]
(det du(z))w
Other dilation functionals used in the literature are the outer, inner and linear dilation (see
[36] for more details) as well as mean dilations for mappings with finite distortion (see [10]).

There are a variety of extremal mapping problems in the theory of qc mappings, in fact qc
mappings were introduced in just such a context in [22]. Extremal problems usually involve
two domains 2, ) C R", (or two Riemann surfaces) for which there exists a quasiconformal
mapping f : Q@ — @, and ask for a quasiconformal map u : © — Q' which minimizes
a dilation function in a given class of competitors. Such competitors are usually other
quasiconformal mappings with same boundary data as f on a portion (or all) of 9 or in

(1.1) K(u, ) = [[Ku(2)]| oo (o) with K, (z) =
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the same homotopy class as the given map f. Existence and uniqueness of extremals depend
strongly on the dilation function used. Typically, existence follows from compactness and
lower-semicontinuity arguments applied to a particular dilation function, and uniqueness
does not hold unless the class of competitors is suitably restricted (for instance to Teichmiiller
mappingsﬂ).

Quasiconformal extremal problem arose first in the work of Grotzsch in the late 1920°s
and were later studied in the two dimensional case both for open sets and for Riemann
surfaces, see for instance [35], [2], [23], [34] and references therein. A celebrated result of
Teichmiiller, which was subsequently proved using two very different methods by Ahlfors
[2] and by Bers [12], states that given any orientation preserving homeomorphism f : S —
S’ between two closed Riemann surfaces of genus g > 1 there exists among all mappin
homotopic to f, a unique extremal which minimizes the L* norm of the complex dilatiorﬁ
K(f,S) = ||K¢||ze(s)- Moreover, the extremal mapping is a Teichmiiller map, real analytic
except at isolated points and with constant dilation K = const. In [23], Hamilton studied
the extremal problem with a boundary data constraint, and one of his results is a mazimum
principle of sorts stating that if f is extremal, then the maximum of its Beltrami coefficient
in S is the same as the maximum on 0S.

In higher dimensions, the problem becomes even more difficult and the references in the
literature more sparse. The extremality problem without imposing boundary conditions is
studied in the landmark paper [20]. Existence and uniqueness for the analogue of Grétzsch
problem in higher dimensions is established in [18] and a maximum principle for C? extremal
qc mappings is proved in [8]. More recently, in [10], [9] and [1] the study of extremal problems
for mappings of finite distortion is carried out for LP norms (and more general means) of the
dilation functions with p finite, rather than with the L*> norm. In the same vein, the paper
[11] examines extremal problems in the mean for dilation functions based on the modulus of
families of curves.

In the literature discussed above, the study of extremal problems for qc mappings in space
rests on a careful analysis of compactness properties for families of q¢c mappings with a
uniform bound on dilation and on techniques from geometric function theory to establish
uniqueness. The finite distortion problem relies on techniques from direct methods of calculus
of variations, in which the study of the functional itself, rather than its Euler-Lagrange
equations, is used. This approach is only natural as the extremal problem is posed in the
class of qc mappings, and so there should be no additional hypothesis concerning second
order derivatives. With this approach, however, there is so little regularity that finding
information about the structure of extremal mappings (let alone the uniqueness) has proven
intractable thus far. In particular, there is a huge gap between the findings in the two
dimensional setting vs. the higher dimensional theory.

In the present work we propose an approach to the extremal problem that is motivated by
two classic papers: One by Ahlfors [2] in which an LP approximation of the L> distortion
is used to solve the extremal problem in the setting of Riemann surfaces. The other is by

1Roughly speaking, a planar qc mapping f is Teichmiiller if there exist local conformal transformations
¢, such that ¢ o f oy ™! is affine and ¢ and ¥ give rise to well defined quadratic differentials.

2The dilation Ky = {3=HHEH.
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Aronsson [6], (see also [7]) where he assumes the extra hypothesis of C? regularity and carries
out his program to determine the structure of absolute minimizing Lipschitz extensions.

The extremal problem for qc mappings is a L variational problem that can be rephrased
as follows: Given the boundary restriction ug : 9Q — R" of a C*(Q, R") qc mapping, find the
qc extensions of ug to {2 with minimal trace dilation. From this viewpoint the problem has
a superficial similarity to the problem of finding and studying minimal Lipschitz extensions
u € Lip(Q2) for scalar valued functions ug € Lip(I') to a neighborhood I' C € in such a
way that Lip(u, Q) = Lip(uo, F)E The existence of minimal Lipschitz extensions was settled
in 1934 by McShane (see also [I5] for a more recent outlook of the problem), but simple
examples show that uniqueness fails. In 1967, Aronsson showed that if the extremal condition
is suitably localized to absolute minimal Lipschitz extension (AMLE), i.e., u € Lip(Q) is
AMLE with respect to ug € Lip(99) if Lip(u,V) = Lip(u,dV) for all V C €, then a C?
function u is AMLE if and only if it solves the co—Laplacian

In essence, this PDE tells us that |Vul is constant along the flow lines of Vu. Aronsson
also discovered several links between the geometry of the flow lines and the regularity and
rigidity properties for co—harmonic functions in planar regions. In the 1960’s, solutions of
(L2) could only be meaningfully defined as C? smooth. In the 1980’s, however, a number
of authors (see for instance [14], [25]) developed the theory of viscosity solutions, leading to
Jensen’s uniqueness theorem for AMLE and for the Dirichlet problem for the co—Laplacian.
Recent, exciting extensions of Aronsson’s work to the vector-valued case provide further
links with qc extremal problems (see Sheffield and Smart’s preprint [33]) but, as the theory
of viscosity solutions has no vector valued counterpart, the standing C? hypothesis is present
even in these very recent developments.

The similarities with the AMLE theory prompted us to study a local form of the classical
extremality condition, in which the qc mapping is required to have minimum dilation in every
subset of the domain with respect to competitors having the same boundary values on that
subset. Our goal is to find an operator that plays an analogous role to that of the co-Laplacian
in the characterization of extremals and would provide a platform for the qualitative study
of these mappings. The non-linear relation between the dilation of a diffeomorphism and the
dilation of its trace on a hypersurface introduce further complications in our work.

In order to be more specific about our results we need to introduce some basic definitions:
If ¢ is a n x n matrix of C! functions, then the Ahlfors operator S(¢) is given by

(1.3) 5(¢) =

(see [3], 29], []). If u: Q — Q' is a C1(Q) orientation-preserving diffeomorphism then it is
quasiconformal and det du > € > 0. For such a mapping we define the normalized pull back
of the Euclidean metric under ! as the Riemannian metric ¢g~!. In coordinates, the metric

Ju(@) —u()|

3We have set Lip(u, Q) = SUDy yeQasty — To—y]



is expressed by the matriz{]

N _ “1, -1
du="Tdu1 duy; duy;

o 5700 = e i) = G )

The inverse
(dudu®);; dupdu i

93 = (det du)?/m ~ (det du)?/™

In [24] the metric g is called the distortion tensor. As in the work of Ahlfors [2] we consider
LP approximations

inf/KZp(x)dx,
vJa

of the L variational problem (these approximations have been studied in depth in [10]).
Let 2 C R™ be a bounded open set. An orientation preserving QC mapping u : Q2 —
R™ is p—estremal if ||Ky|[zr@) < ||Kyl[zr(q) for all orientation preserving QC mappings
v:Q — R” with u = v on 0. It is straightforward to derive Euler-Lagrange equations
for the L? variational problem: Every orientation preserving p—extremal diffeomorphism
u=(u',..,u") € C*(Q,R") satisfies the fully nonlinear system of PDE

(Lyu)' = npd; {sz_z(s(g)du_lj)ij] = npd; [KZP_2S(9)ziduﬂ =0

in Q, for i = 1,...,n. Here (du)” denotes the ij entry of du~!, g is defined by (L)) and
S(g) by ([L3)). For C? smooth mappings with non-singular Jacobian, the operator L, can
be expressed in the non-divergence form (Lyu)’ = A% (du)uk,. The quasi-convexity of the L7
variational functional [24] implies that the system satisfies the Legendre-Hadamard ellipticity
conditions (see Lemma [B.I)). Motivated by the work of Aronsson, we consider the formal
limit as p — oo of the PDE L,u = 0 and obtain

-~ n?|dul* _
(1.5) (Loou)' = ]|K3 | (S(g)du 17T)ijaij“ =0,
or equivalently S(g)VEK, = 0, where g = % (see Section [ below). This PDE tells us

that the trace dilation K, is constant along the flow lines of the rows of the matrix S(g)du=""
(and their linear combinations with C! coefficients). Since the derivation of (LH) is formal,
a priori there need not be any links between solutions of this PDE and the extremal problem
for qc mappings. However, such links exist and are addressed by the main results of the
present paper.

Theorem 1.1. Let Q C R" be an open set. If u € C%(Q,R") is an orientation preserving
diffeomorphism solution of Lou = 0 in 2, then for any bounded subdomain D C €2,

K(u, D) < supK,.
oD

4This metric has the following property: for all VW € T,)R™ we observe that (V,W) -1 (um)) =

(du”'V,du" ' W)gna g (. da? ). o~ 1) i f 1 in th that (duV,duW =
et ence u : (Q,dz*) — (u(2),g™") is a conformal map in the sense that (duV,dulW),1 =

(det du)Q/n<V, W>Eucl-
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Moreover, if n > 3 and K,, has a strict mazimum on 0D in the sense that K,(z) < supyp K,
for z € D, then

n—1

(1.6) K(u, D) = supK, < vn(n —1)""= sup K. 5p»
oD oD

where K, op denotes the dilation of the trace of w on 0D (see Definition [6.1)).

Corollary 1.2. Given the hypothesis of the previous theorem,
(1) if mingeao Ky (x) > y/n, then

v Fel) = i Rl
(2) If K, is constant with K, > \/n on 0Q then K, is constant in ). Moreover, if n = 2
and u is affine and is not conformal on OS2, then u is an affine map.

Theorem 1.3. If u € C*(Q,R") N CY(Q,R™) is an orientation preserving diffeomorphism,
such that for every D C Q and v € C*(D,R")NCY(D,R™) orientation preserving diffeomor-
phism with u = v on D we have K(u, D) < K(v, D) then Loou =0 in Q. If n > 3 and for
every D C Q,

n—1

(1.7) K(u, D) < n~ 2 sup Kb

then Loou = 0 in €.

Corollary 1.4. Letu,v € C?(D,R")NCY(D,R") be orientation preserving diffeomorphisms,
such that u=v on 8D If Loou = Loov = 0 in D then K(u, D) = K(v, D).

These results echo some of the n = 2 theory, in particular the mazimum principle for the
dilation in Theorem [T recalls Hamilton’s result [23, Corollary 2]. The fact that the dilation
is constant along flow lines of a conformally invariant set of vectors recalls the analogous
planar result about dilation being constant along the image of lines under the action of the
conformal mappings associated to the quadratic differentials of Teichmiiller mappings (see
[34, Page 175] for a more detailed description).

Remark 1.5. Theorem [Tl and (6.1) tell us that if Lou = 0in Q C R™, n > 3, then for every
D c Q for which K, has a strict maximum on 0D, u is a quasi-minimizer for the extremal
problem for the trace dilation in D. In fact, if v € C?(D,R") N C'(D,R") orientation
preserving diffeomorphism with v = v on 0D,

n—1

K(u, D) < v/n(n—1)""% supK, 5, = vVa(n—1)"% SupK L < Vnn—1)""= n2K(v, D).
oD

On the other hand, Theorem tells us that those diffeomorphisms that are minimizers
for the extremal problem for the trace dilation on every subset D C €2 are also solutions of
Loou = 0. This lack of symmetry in our result follows from the fact that the constants in
(LE) and (L) are different. While the constant in (L8] seems to be sharp, we are confident
that is possible to improve on the constant in (L) and conjecture: If u € C*(Q,R™) then
the condition Loou = 0 in Q is equivalent to minimizing the dilation K(u, D) < K(v, D), o
any subset D CC Q, among competitors v € C?(D,R") N CY(D,R") with v = u on ID.
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A large class of solutions of L.,u = 0 is provided by observing that (in any dimension)
the set of C? solutions of L.,u = 0 is invariant by transformations & = Fou and v = uo F
with F' conformal. In particular, all the known explicit extremal QC mappings (that we are
aware of) have constant trace dilation and hence satisfy the PDE (I.3]).

Corollary 1.6. (1) Any Teichmiiller map of the form u := 1 ov o ¢! with 1, ¢ conformal
and v affine is a solution of Loou = 0. (2) the QC mappings u(z) = |z|* 'z for a > 0 solve
Loou = 0 away from the origin. (3) Let 0 < a < 2mw and (1,0, z) be cylindrical coordinates
forx = (x1,...,x,) where xt; =rcosb, xo =rsing and z; = z;, 3 < j < n. The QC mapping

<0<
(1.8) u(r,0,z) = (r, We/a’jz 0<d=za
(rmd+ms—%2) a<f<2r

solves Loou = 0 away from the set r = 0.

The proofs of Theorems [L.I] and rest on the analysis of the flow lines of the rows of
the distortion tensor S(§) and the geometric interpretation of Lou = 0. We show that if
is not conformal on the boundary then these flow lines fill (row by row) the open set.

The smoothness assumptions we make here are not natural for the problem, as they do not
guarantee the necessary compactness properties that we need to prove existence of extremals.
However, in the spirit of Aronsson’s work on C? AMLE, it is plausible that the study of C?
mappings can yield a measure of intuition for the general setting.

We observe that in the proof of the first part of Theorem [I.1] the smoothness hypothesis
can be decreased to W?P for p sufficiently high, using the work of DiPerna and Lions [16]
(see also [5]) on solutions of ODE with rough coefficients. In fact, we can rephrase the PDE
(LH) in the following terms: A QC mapping u : Q@ — Q' is a weak solution of Lou = 0 in
Q if the trace of the corresponding distortion tensor ¢ is constant along flow lines of linear
combinations of the rows of S(g). In this formulation, the components of du need only be
in a suitable Sobolev space or in BV. At present we are unable to decrease the smoothness
hypothesis to the natural category of QC mappings and still obtain the maximum principle.

Although currently we do not know how to prove existence of solutions of L,,u = 0 or how
to attack the extremal problems for a fixed homotopy class of qc mappings, we indicate a
possible strategy for a proof which involves the construction of a competitor for u by flowing
u along a gradient flow for the L” norm of the dilation, then letting p — oco. The initial
value problem we need to control is the following:

(1.9) {&up—Lpup:O in @Q

Uy = U on Oper@,
where @ = Q x (0,7) and 0,2 = Q x {0} U x (0,7). We prove the following
Proposition 1.7. Let ug : 2 — R" be a C?< diffeomorphism, for some 0 < o < 1 with
det dug > € > 0 in Q. Assume that
A (dug)d;00uf = 0,

forallz € 0 andi=1,...,n.
For every p € (0, «) there exists positive constants C' > 0 depending on p,n, Q, €, |[uo||c1.0(),

and T > 0 depending on p,n, Q, €, [|[uo||c2.o(q) and a diffeomorphismu € C?M(Q) solving (I9)
6



such that
(1.10) [ullc2n(@) + 10wl cong) < Clluollcze),

(1.11) det du > g for all (z,t) € Q.

We remark that although flows of qc mappings have been studied and used several times
in the literature, see for instance [3], [29], [4], [13], and [32], this is the first instance of
a gradient flow used in this context. Study of this flow may also contribute to a better
understanding of the well-posedness and long-time behavior of initial value problems related
to gradient flows of quasi-convex (and non convex) functionals (see [17]).

Acknowledgments. It is a pleasure to thank Hans Martin Reimann and Jeffrey Rauch for
their interest and encouragement for this project. L. C. would like to dedicate this paper in
fond memory of Juha Heinonen, who continues to be an inspiring role model.

2. PRELIMINARIES

A map F: R" — R" is conformal if at every point
dFTdF = \I,,,

for some scalar function A. Liouville’s theorem states that if n > 2 then 1—quasiconformal
mappings are conformal and that the only conformal mappings are compositions of rotations,
dilations, and the inversion z + z/|z|?>. If n = 2, then orientation preserving conformal
mappings are biholomorphisms (and vice versa). A simple computation shows that A =
|dF|?/n and det dF = +/A". We now list some equivalent formulations of conformality.

Lemma 2.1. Let F : R" — R" be a diffeomorphism. The following are equivalent:

(a) F is conformal;

(b) Kp = v/n identically;

(c) The expression (dF)7* — n(é?'? vanishes identically;
)

(d ( dFdFT )_0‘

(detdF)2/n/ —

Note that if n = 2 and u is holomorphic with du/dz # 0, then (du)’* — n(@“)‘gj =0isa

restatement of the Cauchy-Riemann equations.
The action of conformal mappings on S, K, and ¢ follows immediately from the definitions.

Lemma 2.2. Let u : R" — R" be a diffeomorphism and F be an orientation preserving
conformal mapping. If we set © = F ou and denote by K and g the corresponding dilation
and distortion tensor, then

(d) (da=HT — n#Tﬂ‘Q = —nK;2(dFT)7'S(g)(du=")T.

In a similar fashion we will be interested in compositions with conformal mappings from

the right, i.e., @ = v o I, for which we can show:
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Lemma 2.3. Let u : R" — R" be a diffeomorphism and F' be an orientation preserving
conformal mapping. If we set 4 = uo F and denote by K and g the corresponding dilation
and distortion tensor, then

(a) K = Ky,

(b) =g,

(c) S(g) = S(g);

() (@Y7 ~ e = —n25(g)(du~)T (dFT)

3. THE EULER-LAGRANGE SYSTEM

Let Q2 C R™ be a bounded, smooth, open set and u : €2 — R" a smooth, orientation
preserving diffeomorphism with 0 < det du < co. For 1 < p < 0o, we define, whenever the
expression if finite,

1
T, Q) = I /Q K™ dz.

For any ¢ € C§°(£2, R") we set h(s) := F,(u+ s¢,2) and compute

d 1 — np— —p— % n;
Eh(s) B :@/an(det du) P |du|"™"2du - dip — p(det du) P 9;9" (cof du)ij|du| ™ dz
1 |du|™ nldu|™=2_ .\ .
1 — TP eofdu)s — A2 gt |
(3:1) 9k /Qa]<(det gyt W = T o ¢ de

where cof du denotes the cofactor matrix of du, so that (cof du)?’du = det dul. Define the
operator L, on R"-valued functions by

. L ()] |dul . dudu™] |dul"™
i 9. Ji _ = —pd. —
(Lpu) paj([(du) "Tdul? | (det du)? PO\ du I = | et du)y .

(32) = npd, K2 (du'S(9),, | = npd; [KIr2S(g) ],

where du® denotes the i J entry of the inverse of du, and I, is the n X n identity matrix, and
K, is defined in (I.T]), ¢¥ by (L4) and S(g) by (L3). Note that the equality of the first and
third expressions in (3.2)) uses

du

(3.3) (du™h)T — e

= —nK;*S(g)(du™)".

We write (Lyu)’ = 9;A%(du) where

g™
(det g)r’

i ji 4ij
Aj(q) =—p {qﬂ —n ]2}
lqi
defined for any non-singular nxn matrix ¢. Notice that A%(q)g; = 0. Set A%(q) = &A;(q).
Recalling that
Dy (cOf q)ij = cof queq?® — cof qipg’™® and 00’ = —q"¢"",
8



we compute

(3.4)

k(N lq

np—2 ..
| np(qreq”” + 4i54™) — n(np — 2) |]q Eal (" + pa™ ") — néridje |-

For C* smooth maps with non-singular Jacobian, the operator L, can be expressed in non-
divergence form:

(3.5) (Lyu)' = A;@(du)ufe

We remark that, in this form, the operator satisfies a Legendre-Hadamard ellipticity con-
dition. This result can be inferred by observing that the functional F,(u, ) is quasi-convex
(it is actually polyconvex, this is proved in [24 Corollary 8.8.1]), and consequently, given
sufficient smoothness, satisfies Legendre-Hadamard conditions. As we need explicit expres-
sions for the constants involved, we provide the following estimates, whose elementary proof
we omit.

Lemma 3.1. Forn >3 andp >1 orn > 2 and p > 1 and for all non-singular matrices q
and vectors £, € R", we have

g2

< Ai'k(Q)nigjnkgz < C2(”)p2|7]|2|£|2 |Q|np—2 |Q|n(p+2)—2
(detq)p = 79 - (detg)r = (detq)r+2 )’

where we can choose Cy(n,p) =n forn >4 and p > 1 and forn >3 and p > 1; Ci(n,p) =

G;T_f ifn=3and p>1 and Ci(n,p) = 2% form =2 andp > 1. The constant Cy(n) does

not depend on p and can be chosen to be Cy(n) = 100n3.

(3.6) Ci(n,p)plnl*|<?

Remark 3.2. The operator L, does not satisfy the stronger ellipticity condition Alp|* >
Aknimie > Aln|*.

As the dilation functional is invariant under the action of conformal mappings (i.e.,
Fp(u, Q) = Fp(F(u),Q) for all conformal mappings F' : R* — R™ that map 2 into itself),
we can expect a corresponding invariance for the solutions of L,u = 0.

Proposition 3.3. Let u: Q — R™ be a orientation preserving diffeomorphism.
(i) If F: R™ — R™ is a conformal map and u = F(u), then

(Eyit)i = ([dF-WLpu)i,

where

= dudu™]  |du|™

Lyu)' = —pd;( du™"| I, — :

e (s I fe e .
with the sign in the denominator being +1 if F is orientation preserving and —1
otherwise.

(ii) If F : Q — Q a composition of dilations, translations, and the inversion x — xz/|z|?,
then v = u o F satisfies

(va)i = (Lpu>i‘
9
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Remark 3.4. Case (i) holds for all conformal mappings, including in n = 2 all invertible
holomorphic and anti-holomorphic functions. In contrast, case (ii) only applies to the given
set of conformal transformations, as in the plane it fails to hold except for linear invertible
holomorphic and anti-holomorphic functions.

4. THE ARONSSON-EULER-LAGRANGE SYSTEM AND THE OPERATOR L.

In this section we assume that for each p > 1 we have a solution u, of the PDE
(4.1) Lyu, =0, in Q,

and that u, — u. in C? norm on subcompacts of 2. Our goal is to formally derive a system
of PDE for 1.

Observe that 8;|du|™ = np|du|"™~*ufuy; and 9;| det du|P~' = —(p+1)| det du|P~2(cof du)gpuy;.
Using the fact that 0;(cof du);; =0 for ¢ = 1,...,n, we compute

|dul"™* [ |dul?

[ det dufp | "'F det du
du|? \2 ,

—(p+1) <d|et c‘lu) (cof du)ge(cof du);; — n(np — 2)ulgu} — n|du\255j5ik}ulzj

(42) (L)' = —p

(ulg(cof du); + uf(cof du)kg)

foralli=1,... n.
Dividing the expression above by p? gﬂzz; and letting p — oo, we obtain that equation
(A1) formally converges to
Lous =0,

where

i |dul? i |dul? ’ i
(Loou)' = — {nm (cof du)sjup + (cof du)peuy | — et du (cof du);;(cof du)ye — nzujué? ulgj

4.3

- = (nduy; — |dul*du’) (ndug, — |du|®*du™)0;dug,.

Observe that the system does not satisfy the Legendre-Hadamard conditions.

Proposition 4.1. (1) Let u(z) = |z|* 'z where « € R and o # 0. Then
Lou(z) =0

and

n+a®—1\2n@-1n-1) z
(n+o?—=1a |z/o+t

Lyu(z) = —(

away from the origin.
(2) Ifu(r,0,2) is defined by (1.8) from Corollary[L8, then Loou =0 in the set r # 0.

Proof. For (1), direct computation yields K, (z)? = "tg—f;l for all x # 0 and

o =1 (wx; by
PR

a2n \|z|2  n

o

The proof follows from these identities and from the definition of L., and L,.
For (2), for the case 0 < 0 < «, we have detdu = 7/« and |du|? = (n — 1) + 72/a?. The
computation in the a < # < 27 case is similar. O
10



Note that u(z) = |z|* 'z is conformal exactly when o = 41, the only cases for which
Lyu=0.
5. EXTREMAL MAPPINGS AND THE EQUATION L.,u =0
In this section we establish some analogues of Aronsson’s results in [6, Section 3].

Lemma 5.1. Ifu € C*(Q,R"), then

. n?ldul! _
51) (L) = "0 (59 a7 0, ..
Proof. Observe that
L/ dug ji -1 ~-1,T
(5.2) 04, Ky = ( |du|j2 du’ )Ku =K, "' (S(g9)du )Z.j,
and 0,, K, = (9,,,K,)u},. The result follows quickly from (3.3) and (#3). O

The following proposition on conformal invariance of solutions of L. u follows immediately
from combining previous lemma with Lemma 2.2 and Lemma 23]

Proposition 5.2. The set of C? solutions of Lou = 0 is invariant by transformations
= Fouandv =uoF with F' conformal.

Corollary 5.3. In the plane any Teichmiiller map of the form u = 1 ov o ¢~ with ¥, ¢
conformal and v affine is a solution of Lsu = 0.

Lemma 5.4. If K, = Ky > \/n, then there exists e = e(Ky) > 0 so that

1
e<ISP <KL (1--).
n
Proof. Let 0 < Ay < .-+ < A, be the eigenvalues of g. We can write S(g) = g — “Tgl and

K2 = tr(g). Direct computation yields

trg 12 1
2=t [——I} = tr(g®) — — tr(g)%.
St =t ([s - r(g?) ~ L tx(g)
Note that the upper bound for |S(g)|? is now immediate.

We now prove the lower bound. Note that the n-tuple of positive numbers (A,..., \,)
satisfy A - -+ A, = 1 and K2 = A\; +--- A, > n with equality if and only if \; = --- = X, = 1.
Set A =K2/n = L(A +---\,). Since tr(g?) = D1, AZ, it follows that

=1 "%

- 1
)\—)\ A =22 ) A+ 0\ =tr(g?) — —tr(g)? = |S(g)|*
; Z Z +n r(g%) —tr(g)” =15(9)]
We now claim that for § > 0, there exists ¢ = ¢(d) so that whenever K2 /n = X\ > 1+ then

> — 5‘)2 =€
To prove the claim, we argue by contradiction. Assume that there exists 6o > 0 such that
for each k& € N we can find positive A\f as in the hypothesis with \*¥ —1 > ¢y > 0 and

kA2 1
(5.3) ;w—m <
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If \* is a bounded sequence then so are AF (as A¥ > 0), hence for an appropriate subse-
quence we may assume that \¥ — X\ > 140y and \¥ — \; as k — co. As M- 0\F =1
for all k, it follows that A;---\, = 1 and \; > 0. From (5.3) we conclude that \; = A and
I=X- A\, =\ > (14 dp)™, a contradiction.

If \* is an unbounded sequence then for each M > 0 there exists ¢ = ¢,; > 0 such
that A* > M. On the other hand, in view of (5.3) we have A\ > M/2 and consequently
L=X -\ > (M/2)", a contradiction. O

Remark 5.5. When n = 2, we can find an explicit lower bound. In this case, A;As = 1 and

1 1 1

We are now ready to study the relation between C? extremal quasiconformal mappings
and the operator L...

Proposition 5.6. Let QQ C R" be an open set. If u € C*(2,R"™) is an orientation preserving
diffeomorphism solution of Loou = 0 in € then for any bounded sub-domain D C 2,
supK, < supkK,.
D oD
Proof. Let i = supyp K, and assume that there exists po € D such that K,(po) = ko > p >
Vv/n. Since u € C? and det du > € > 0, S(g)(du™")T is Lipschitz in D. Consequently, for each
po € D and i = 1,..,n there exists a unique trajectory v;(s) defined for s € I C R through
po satisfying £+7(s) = [S(g)(du™)T];;(vi(s)) for j = 1,...,n. Using (5.1)) and the fact that
Lou =0, we have
d d _
T Ku(1(9)) = 777 ()2, Ku(7(5)) = S(g)(du™) 500, Ka(7(5)) = 0,
SO
Ku(7i(s)) = Ku(po)
forall s € [ and all + = 1,...,n. If a curve 7; terminates at a point p inside D, than at
p there must exist another flow curve ~; that flows out of it. In fact, not all 7; can have
vanishing speed simultaneously at a point inside D. Arguing by contradiction, if this were
to happen then we would have S(g) = 0 at the end point. This would would yield K, = v/n
at the end point, while K, (7;(s)) = ko > v/n, a contradiction. We choose i so that

Sup 5(9)ii((s))] = CulS(g)| > 0,

for C,, > #
The argument yields a piecewise C'! curve v inside D, passing through py with K, (y(s)) =

£73'(3) = [S(g)(du™")7T]5;(~(s))

for some index i = 1,...,n and
(5.4) sup [$(9):i(2(5))| 2 CulS ()]

for all s € I. There are two alternatives: (i) the curve v has finite length and so touches
the boundary 0D in two points P, € D; (ii) The curve v does not touch dD and so has

infinite length.
12



In (i), it follows that K, (P) = ko > supyp K, > K, (P), a contradiction that ko > p.

We need to exclude the second alternative. For simplicity we assume that the composition
of flow lines is actually one single flow line, the general case is proved in the same way. For
each i = 1,...,n, we have

W) = wiln) = [ (s

mwmszm>:[kwwwVLMWMMWWs

t
(5.5) ~ [ Sloutr(s))ds
0
Consequently, for some 0 > t; > t,
sup [u'(7(t)) — u'(po)l =t sup |S(g)ul(v(t)),

i=1,....,n i=1,...,

and by (54)), we conclude
sup |u'(v(t)) — u'(po)| = Cul S(9)I(v(1))2-

i=1,....n
Since |S(g)| is bounded from below by Lemma[5.4] |u(y(t)) —u(po)| has at least linear growth.
Consequently, if v has infinite length, then u(D) would have to be unbounded, whereas since
D is bounded so is u(D). O

We can now prove Corollary

Proof of Corollary[1.2. Using the argument from the previous proof, we have that the set of
points z € 2 with K, (z) > y/n can be covered by compositions of flow lines of the rows of
S(g)(du™")T with K, constant along these curves. We have shown that if K, > /1 on such
a curve then it must reach the boundary 0. To prove (1) we observe that for any € > 0
such that K, > /n + € on 09, if zy € {z € QK,(z) € (v/n,v/n + €)} then there exists
a composition of flow lines passing through xy which must reach the boundary and hence
contradict the hypothesis K, > \/n + € on 99Q. As for (2), we observe that by virtue of (1)
every point in €2 can be connected to the boundary with a composition of flow lines along
which K, is constant, thus concluding the proof. O

Remark 5.7. Arguing as in the proof of (5.I), we can show that for each i = 1,...,n, if we
let v : [0,€) — Q be a flow line of the i-th row of S(g)du~t7T, then for any j = 1,...,n and
0 <t < € we have
td t )
s (o) = dug(10) = [ Zuia(as = [ )

:/0 (S(g)du_l’T)Z.ku;-k(fy(s))ds:/0 KOs, Ky (7(s))ds.

This formula allows us to recover the differential of u from the dilation and the flow lines of
the distortion tensor. In particular, if K, is constant in ) then the rows of du are constant
along the flow lines of the corresponding rows of S(g)du='7.

The previous remark yields:
13



Proposition 5.8. In the hypothesis of the previous theorem, if @ C R? and du (and hence
K. ) is constant in 092, with K, > \/n on 02, then du is constant in Q) and hence u is affine.

Proof. The remark above implies that if K, is constant then the rows of du are constant
along the flow lines of the corresponding rows of S(g)du~tT. It suffices then to show that
for every point py € Q we can find flow lines of both rows of S(g)du~'T passing through
that point and touching the boundary 0f). To establish this fact we recall that |S(g)| > 0
in 2 and that, since we are in the planar case, both rows of S(g) cannot vanish unless they
vanish simultaneously, which is impossible. Since du is invertible the rows of S(g)du™""
cannot vanish at any point in €2. Repeating the argument in the proof of Theorem [I.1] we
see that the flow lines of the two rows of S(g)du~!T through py cannot end in 2, nor can
they continue for an infinite time, hence they must reach the boundary in a finite time. [

Remark 5.9. If n = 2 and K,, > y/n on 02 then L, u = 0 actually implies that K, is constant
along any path in Q. Hence, in the plane there will be no C?(2, R?) N C1(Q2, R?) solutions
of Lou = 0 in €2 unless K, |sq = const.

We conclude this section with the proof of the necessity of the condition L,u = 0 for a
C? qc mapping to locally minimize dilation in subsets D C ), among competitors with the
same dilation on 9D.

Proposition 5.10. Let u € C?*(Q,R") be an orientation preserving diffeomorphism which
does not solve Loou = 0 in a closed ball D C Q. There exists v € C*(D,R"™) orientation
preserving diffeomorphism with u = v on D such that K(v, D) < K(u, D).

Proof. Let u € C*(2,R") be an orientation preserving diffeomorphism which does not solve
Lou = 0 in a closed ball D € €. In view of the conformal invariance of the PDE we can
assume without loss of generality that D = B(0,1). Let E = {x € D|K(u, D) = K,(z)}.
Since V, K, = 0 at any interior point x € E, we must have £ C 90D and consequently
K(u, D) = sup{K,(z)|x € 0Q}. If 7i denotes the outer unit normal at x to 9D, then the
latter yields that V,K,(z) = an for some o« > 0 at each x € E. The identity (5.I)) then
implies

(5.6) S(g)du=""7i # 0.

For A € R and x € C%(D,R"), vanishing on 9D, we define uy(z) = u(x) + Ax(z). Using
(5.2)) and a Taylor expansion of K, in A\, we have that

(5.7) Kuy = Ky + A0y, Kudxij + O(V) = K, + MK (S(g)du™"7) i + O(N?).

We claim that given u satisfying (5.6), we can find a mapping x € C?(D,R"), vanishing on
0D, such that the coefficient of A in (7)) is strictly negative in a neighborhood U of E, for
small values of A\. This fact would allow us to the conclude the proof of the proposition.
Indeed, for z € U N D and small values of \, we would have K,, < K, < K(u, D). On the
other hand, for € D\ U, there would exist ¢ > 0 such that K, < K(u, D) — ¢, thus yielding
that K, < K(u, D) — e+ C\ < K(u, D) for small values of A and C = C(||ul|c1, ||x|lc2, D).
Given such inequalities we would then conclude that v = u) is a qc diffeomorphism with the
same boundary data as u and strictly smaller dilation K(uy, D) < K(u, D).

To find y, observe that if p € F then as a consequence of (5.6) there exists ¢ € R"™ such
that
(5.8) (S(g)du"Ti, ) > 0
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in a neighborhood B(p,r). Since we can cover E with a finite set of such neighborhoods,
we obtain vectors y,..., 0 € R™ for which (5.8) holds in B(pg,r) and such that £ C

Ule B(p;,r). For each I = 1,....k, let ¢ : S"!' — R be a positive smooth function such
that ¢ = 0 outside B(p;,7) N .S™"!. We set

k
(5.9) ) = (1= o) | S ()|
=1

Clearly this mapping vanishes on 9D and it can be easily modified near the origin to yield
a smooth mapping in D. Observe that at every point in S" !,

k
dy = —2(2@@) ® 7.
=1

Substituting the latter in (5.7]) we obtain that for every point in 0D,
(5.10)

k
K., = K,—2)\K;* (S(g)du_l’T)ijﬁjﬁl,iqSl—l—O()\2) =K,—2)\K;* Z(S(g)du_l’Tﬁ, )OO (N?).
I=1

In view of (B.8) and the choices of ¢; and %, it follows that for all  in a neighborhood
EnB(p,r) C B(p,r)N0D and A sufficiently small, the coefficient of A is strictly negative

as
k

—2K, "> (S(g)du~ ", 7)< 0.
=1
Thus, the strict inequality K,, < K, holds, whereas elsewhere in 0D \ UF_ B(p;,r) we have
equality. 0

6. DILATION OF TRACES OF DIFFEOMORPHISMS

Throughout this section Q C R™ is an open set, n > 3, u € C*(Q2,R") is an orientation
preserving diffeomorphism, M C Q and M’ = u(M) are closed, C' hypersurfaces endowed
with metrics induced by the Euclidean metric. For x € M, we denote by ey,...,e,_1 an
orthonormal basis of T, M and by wy, ..., w,—1 an orthonormal basis of T, M’. We let wy
be the unit normal field to M’ such that (du,wy) > 0. We denote by

U= U‘M
the trace of u on M. For each z € M consider the (n — 1) x (n — 1) matrix dMU(z) = (d;;)
with d;; = (due;, w;)?.
Definition 6.1. The tangential dilation of U = u|y; at a point x € M is given by
dMU
Kpr(z) = — L
[det dMy]n-T

If v € CHQ,R") is an orientation preserving diffeomorphism with u = v on M then
Kym = Ky ar on M. The following lemma is probably well known but we give a short proof

as we did not find it in the literature.
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Lemma 6.2. For every x € M, the dilation

o | duit|2(duR. we) T
(6.1) K2, < nrKi - 19U (duf wo)
[det du]»=T

Proof. We consider the two orthonormal frames of R" given by

{n,e1,...,e,_1} and {wg, wq, ..., w1}
and observe that in these frames du(x), x € M, can be represented as a block matrix
o= (v o )
Consequently,
|du|?* = [dMU|* + |duii|* and det du = {duii, wo) det d™ U.
The estimate (G.I]) then follows from the latter and from recalling (duii, wo) < \/n|dul. O
Lemma [6.2] and Proposition (.10l immediately yield

Proposition 6.3. If u € C?(Q,R") is an orientation preserving diffeomorphism that does
not solve Loou = 0 in a ball D C Q then

1 n—1 —
n~ 2 sup K, %, < K(u, D).
oD

Theorem [L3 now follows from Propositions and

We now turn to the final step in the proof of Theorem [Tl In order to estimate the dilation
of the extension of u|y in terms of the tangential dilation we need more information about
the extension.

Lemma 6.4. Let u be a solution of Loou = 0 in a neighborhood of M. If v € M satisfies
VK, (x) # 0 and i || VK, (z), then

(6.2) PR (1) = K2 (0),

n(n 1)
Proof. We observe that Lu = 0 at x is equivalent to

1
(6.3) du du i — E|du\2ﬁ =0,

at z. In particular, 7 is an eigenvector of du’du(z) with eigenvalue |du|?/n. Representing
du’du in the orthonormal frame 7, ey, ..., €,_1, with e; eigenvectors of du’du(z), tangent to
M corresponding to eigenvalues A?, i = 1,...,n — 1, we have the diagonal matrix

|du|?
g0
2
(6.4) dquu(:E):<8 o )
0 0 .. A,

We remark that du”du|r,y = dMUTdMU, so that [dMU]> = SN2 From (64), we
immediately obtain
dul? A d
|dul?* = tr du” du = Il + Z A2 = Idul u| + [dMU|?
n
i=1
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and

2
det du? = det(du’du) = M(olet dMU)2.
n
To conclude, we have
d 2 _ ‘d“|2 1 1 an
K2, = Mﬁ\dm%n_ﬁ = <1 _ _>n—nlL12.
(det du)n-1 n (det du) -1

U

Remark 6.5. Tt is interesting to compare these conclusions with the example u(z) = |z|* 'z
on OB(0,1). In this case, K2 = %ﬁ“z and K2 5,y = 7 — 1. Note that the proof above
does not apply as VK, = 0.

Proof of Theorem[11. The first part of Theorem [Tl is proven in Proposition 5.6l For the
second statement, observe that if 2 € 9D satisfies K(u, D) = supyp K, = K, () then either
VK, (x) =0 or it must be normal to dD. If V,K,(z) = 0, then the point  must be a local
maximum of K, in 2. Consequently, there must exist a continuum F' through x on which
K, is constant and with F'N D = 0, otherwise x would be an isolated strict maximum point,
an impossibility by the first part of Theorem [LTI However the existence of points in D for
which K, = supyp K, contradicts the hypothesis K,(z) < supyp K, for z € D and hence
VK, (x) # 0. The proof now follows immediately from Proposition 5.6 and from (€2). O

7. QUASICONFORMAL GRADIENT FLOWS

For a fixed diffeomorphism ug : @ — R"™, we want to study diffeomorphism solutions u(z, t)
of the initial value problem (L9). If there is a T > 0 such that a solution v € C*(Q2 x (0,T))
exists with det du > 0 in © x (0,7"), then by the same computations as in (3.1),

d 1
— Q) =—(—= [ |LulPdz) <

meaning that the p-distortion is nonincreasing along the flow. Hence we obtain

Proposition 7.1. Ifu € C*(Q x [0,T),R") N C*(Q x [0,T),R") is a solution of (LI) with
det du > 0 in Qx[0,T), then for all0 <t < T, 1K, 170 () = ||Ku||’£p(ﬂ)—f0T | Lpu(-, t)|| L2 dt
and consequently

(7.1) 1Kl e x i) < 1Ko || Lr(0)-

By Lemma and Lemma 2.3 the functional F,(u, 2) is invariant by conformal defor-
mation. Therefore, if we let s — F, : R — R™ be a one-parameter semi-group of conformal
transformations, then solutions to the PDE system

d
8tu = Lpu + —FS(U)

ds <=0
would also satisfy (TI]). Recall that the flow Fy is conformal if
D +dDT 1
S(dD) = % ~ 2 trace (dD)1, = 0
n
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where D = (LF,)| oFy'=(LF,) and S denotes the Ahlfors operator. If n = 2 then
s=0 s=0
this amounts to ;D = 0. If n > 3 there is more rigidity and conformality requires that
D(z) = a+ Bz + 2(c- 2)x — |z|°c

for any vectors a, ¢ and matrix B with S(B) = 0 (see [30]).

We observe that in light of Proposition B3] if u(z,t) is a solution of (L9) in 2 x (0,7)
and v(z,t) = du(Ax,§72t) for some A, 0 > 0, then v(x,t) is still a solution with initial data
vo(x) = dug(Ax) in an appropriately scaled domain. Applying inversions in a suitable way
will also yield new solutions from u(x,t).

7.1. Short-time existence from smooth initial diffeomorphisms. Throughout this
section 2 C R" is a bounded, %% smooth, open set.

Definition 7.2. Let 2 C R" be a smooth bounded domain and for 7' > 0 let Q = Q2 x (0, 7).
The parabolic boundary is defined by 0, Q = (2 x {t = 0}) U (0 x (0,T)). The parabolic

distance is d((z,t), (y,s)) := max(|x — y|, /|t — s|). For a € (0,1) we define the parabolic
Holder class C**(Q) := {u € C(Q,R)] |Jullca(q) := [u]a + |lullo < oo}, where
t) —
e Do)
(@, (5:9)€Q and (z.0)£(9) A1), (4, 5))
and |ulo = supg |u|. For K € N we let C**(Q) = {u: Q = R| 8,, --- 9, u € CO*(Q)}.

Proposition 7.3. Let uy : Q@ — R"™ be a C*% diffeomorphism for some 0 < o < 1 with
det dug > € > 0 in Q. Assume that Lyug = 0 for all x € Q. There exist constants C,T > 0
depending on p,n, ), €, ||uol|creq), and a sequence of diffeomorphisms {uh} in C%%(Q) with
Q=Qx(0,T) so that

(a) detu" > § for all (2,t) € Q,

(b) lu"[c2aq) + 0| go.aiq) < Cllugllczey

(©) Jyult — A’k( h— 19, 8uhk =0 nQ

uh = U on aparQ-

Proof. We prove the result by induction. We start with the base case h = 0. Since ug €
C**(Q), if we set ao ) = A% (dug(x)) then ao e () and in view of Lemma B.]

?llk satisfies for all 5 neR”and x €
(7.2) e Pl < @& mm < AMEPn,
with h =0 and
dup|"? | |duy|"#)2 (llduo]| oo () )" ® 22
7.3 A = Cy(mp?( - < Co(n)p”
(7.3) 2(n)p ((det duy)P + (det dup)P*t2 ) — 2(n)p ep+2
and
duy |2 C
(7.4) A= Cy(n,p)p du [, ()

(det dup )P — Chl|duo|| ()

with h = 0 and Cy = 1. We have also used the bound det g < nlq|".
18



Applying Lemma [ATl with T, = 1 we obtain a constant Cy = Co(n, p, €, ||dug||ca)) > 0
and a map u! € C**(Q) that solves (c) and satisfies

(75) T (T_1/2!|duh||ca(cz> + [[u* | o) + Hﬁtuhllcwc») < Choalluolloze ),

for h =1.

Next, the bound on T will be imposed to keep the determinant from vanishing. Set

w = u' — ug and observe that this map solves the equation

(76) Bew' — A% (du®) 9,00 = Ak (du)d;0uh  in Q
) w=0 on 8parQ

fori=1,...,n. An application of the Schauder estimates ([A.4]) yields

_l-a
(7.7) T2 ||dwllce@) < C(n,p, €, ||dugllce@))[[uollcze(g)-

Choose T < 1 sufficiently small depending only on n, p, o, ||dug||ce() and € = ming det dug
so that ||dw|ce) < 5. Since the determinant has polynomial dependence on the coeffi-
cients, we have (a) for h =11n @, = Q x (0,7}).

Next we iterate this process to generate u” from w"~', h > 2, yielding estimates of the
form (7ZH) in @, = Q x (0,7},) for some constants Cj,, T, > 0. The difficulty resides in
controlling the constants ', and T}, independently of h. In the following lemma, we show
how to (re)choose the constants C}, = € and T}, = T uniformly in h € N and while keeping
det du"*' > €/2 in Q) = Q x (0,T).

Lemma 7.4. Using the notation of Proposition|[7.3, if there exist C, T > 0 with T < 1 such
that

(78) Hduh - duoHca(Q) <€ and Hﬁjﬁluhﬂca(g) < C||u0]|cz,a(9)

forh=1,..,N—1 and Q = Qx|[0,T], then there exist constants € = &(n, p, ||uo||cr.a(q)) > 0
and T > T =%(C,n,p, ||uo|cr.e)) > 0 that are independent of N and such that

||dUN — dUQHCa(Q) S € and ||0j01uN||Ca(Q) S Q:HUOHCZQ(Q)
in Q= x[0,%].

Proof. We set w” = u" — 4™~ and observe that w" satisfies
(7.9)

{ At — Al (du™=1)8; 0™ = [A;’f(duN_l) — A;’f(duN_z)} 9;0uN"1Fin Q
wV =0 on Oper Q.

Applying the Schauder estimates (A4 in the cylinder Q x [0,%] with 0 < T < T to be
chosen, we obtain

|dw™ || cag) < C(n,p, €, ||duN | ca(g)) T2

{A;’f(duN_l)—A?f(duN_z)} 8j8luN_1’k

c(@)
The hypothesis (Z.8) yields a bound on the Hélder norm of the second derivatives

10;0u™ | ca(g) < Clluollcze@),
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and at the same time a strictly positive lower bound on det du” > s, forh=1,...,N—1in
Q so that

(7.10) [ldw™lcaig) < Cn,p, e, du™[lcaq))Clluollcan@ T 2(ldw™ " |cag)

1—a)/2|

< C’(n,p, €, ||du0||ca(Q))C||uo||Cz,a(Q)T( |dwN_1||ca(Q).

Choosing T sufficiently small depending only on C,n,p and ||ug||c2.q) and independent of
the index N, it follows that

ldw™ [ caq) < Olldw™|ca o),
where 6 € (0,1). The latter yields

N
: . 0
ldu™ — dugl|ceig) < Y ldu? — dw/ ™ ceg) < m”dul — dug||ca()-
j=1

We have proved the first part of the conclusion. To establish the estimate ||0;0u’||ca(g) <
Cllugl|c2.a(q) it is now sufficient to apply Schauder estimates to (c) with h = N — 1 and
observe that the ellipticity bounds on A and A are independent of N in light of the estimate
Jdu — dugllcni) < . .

We now complete the proof of Proposition[.3l Applying Lemma[Z4lto the case h = N = 2
yields bounds

Hdu2 — du0||(;a(Q) <e and ||8j81uh||ca(Q) < €’|U0||C2,a(g)
in Q = x [O,‘Z], with ¥ = ‘3(01”1,60“02,(1(9),71,,]), 6) >0and € = Qﬁ(n,p, €, HUOHCLQ(Q)) > 0.
As € is a constant independent of C', we can eliminate the dependence on h by applying
Lemma [7.4] again, yielding
(711) Hduh — dU(]Hca(Q) <e and ||8j81u2||ca(Q) < Q:HU(]ch,a(Q)
for h =21in Q = Q x [0, T] with

T = T(Q:, n,p,e, HU(]ch,a(Q)) = T(n,p, €, HUOHCZ,Q(Q)) > 0.
At this point we proceed by induction on h: If (Z.I1]) holds for h =1,..., N in Q@ = Q x |0, T
with 7' =T'(n,p, €, [|[uoll cza(0)) > 0 and € = €(n, p, €, [[uo|[c1.2(q)) > 0, then applying Lemma
[C4l at the level of N + 1 leads to (TII)) for h = N+ 1 in Q = Q x [0, 7] with T and € as

above; there is no degeneracy of the constants. Finally, since ¥ is uniform in h, (b) follows
from the Schauder estimate (A.7)). This concludes the proof of the proposition. O

The previous proposition and Arzela-Ascoli theorem yields Proposition [L.71

Remark 7.5. The proof of the short time existence is quite standard and uses only the
Legendre-Hadamard ellipticity rather than the specific structure of the non-linearity in the
PDE. It seems plausible to expect that techniques such as those in the paper [26] may also
be used in our setting to establish short-time existence for C'% initial data.

Note that the Schauder estimates in the appendix yield uniqueness of a C%# solution (for
short time) but nevertheless there still may exist rough solutions of the equations with the

same initial data [2§].
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APPENDIX A. EXISTENCE AND BASIC ESTIMATES FOR CLASSICAL SOLUTIONS OF
PARABOLIC SYSTEMS

We recall results of Schlag [31] and Misawa [27] concerning classical (i.e., two spatial and
one time derivative in C*) solutions of the syste

Ow — Ak(z ywk, = f(x,t) inQ
(A.1) { o0 J J on 9,0

assuming that 2 is a C** domain, Q = Qx (0,7, 4, f € C*(Q), the compatibility condition
f=0o0n 900 x {t =0} and an ellipticity assumption

(A.2) NEP < Az, t)€sef < Mg,

for some A\, A > 0 and for all (z,¢) € Q and & € R™™.

Schlag proves that there exists a constant C' = C'(n, A\, A, ||Aljo.,2) > 0 such that if
w € C%%(Q) and dw € C**(Q) solves (AJ]) then

(A?’) [wjl]a + [wt]a < CY(|w|0 + [f]oc)
Misawa proved that such solutions exist and that the estimate can be slightly strengthened
lwjillce@) + lwillce@) + [Vwllea) + wllea@) < Cllfllea@)

with a constant C' > 0 depending on n, A, A, [|Al|ce(g), 2 and T'.

We address the dependence of the constants in the Schauder estimates from the parameter
T'. Since these estimates have a local character we expect the constant to blow up as 7' — oo
and to be bounded for T" > 0 fixed.

Let To > T > 0 and set %Q = {z € R*"|V/Tz € Q}. Observe that if w solves (A1) then

the function w(z,t) := w(v/Tx, Tt) solves
0/ — A (VTa, Ttyh = f(a,t) = Tf(VTe,Tt) in J=Qx(0,1)
w=0 on 8;,,@,1%(2 x (0,1)

Note that yw(z,t) = T@tw(ﬁx, Tt), 00 (w,t) = TOjw(vVTx, Tt) and Vi (z,t) = VTVw(VTx, Tt).
The Hélder norm of A(z,t) := A(v/Tx,Tt) is bounded by

. a e a/2
min{1, 7%?}|| Al|ca(q) < ||A||CQ(%Q><(O,1)) < [|Aflce g (1 + Ty,

Since the ellipticity constants of the coefficients are not affected by the rescaling, the Schauder
estimates for w read
||'wjl||CQ(%Q><(O,1))+Hwt||CQ(%QX(0,1))+||vw||0a(%ﬂ><(0,l))+||'LD||CQ(%Q><(O,1)) < CHfHC’O‘(%QX(O,l))’

with a constant C' > 0 depending on n, A\, A, [|Al|ce(q), 2. Rescaling back this estimate to
the parabolic cylinder @) = €2 x (0,7), we obtain
(A.4)
min{1, 7%/2}
14137

with C' depending on the quantities above and on 7.

<||wjz||ca(cz> + [Jwellca) + T2 V] cagg) + T_1||w||ca(cz)> < C|lflleeq,

®Both papers address more general systems.
21



Using the standard method based on applying Fourier transform to the integral
[ At ontuo) da
Q

(see for instance [21]) we note that the Schauder estimates continue to hold when weakening
the ellipticity assumption from (A.2)) to the Legendre-Hadamard ellipticity

(A.5) NP Inl? < A% (2, )€€ nm < Al nl?
for some A\, A > 0 and for all (z,t) € @ and &, € R™. Recasting these results for the system
(A6) ' — Al (x,1)0;0u* = 0 in Q

u(z,0) = up(x) for all x € 0per @

we obtain the following:

Lemma A.1. Assume that OQ is CY* Ty > 0 and for 0 < T < Ty, Q = Q x (0,T). If
A € C%(Q) and the compatibility condition

Al (2,0)0;0u(x) =0 for allz € O and i =1,...,n,

holds, then given uy € C%(Q) there exists a solution u € C**(Q) of (A6) with u; € C¥¥(Q)
and such that

(A7) [ullc2e@) + |10¢ullce(@) < Chlluollca(q)-

The positive constant Cy depends only T, n,Q, X\, A and the C*% norm of the coefficients of
A. The time-scaled version of (A) is
(A.8)
min{1, 7%/?}
1+ 1572

where Cy depends only Ty, n, 2, X\, A and the C* norm of the coefficients of A.

(HuleC“(Q) + luellcaig) + T2 Vullcagg) + T_1||u||ca(c2)) < Colluo|lca @)

APPENDIX B. EVOLUTION EQUATIONS FOR THE JACOBIAN AND THE DISTORTION
TENSOR.

Let u € C([0,T], C3(Q, R™)) be a classical solution of (LJ) and Q be the range of u, (or
equivalently, the range of u(-,t) for all t € [0,T]). Denote by v(-,t) = u~'(-,¢) the inverse of
the diffeomorphism u at time ¢ and set §(y) = det dv(y). For a fixed time ¢, set y = u(z,t)
and dv(y,t) = du='(z,t). Let £ € C(Q x [0,T],R).

The argument in [17, Theorem 2.1] yields

0 :/0 /Q [Opu’ — 8xjA§-(du)] (0yi§)}ud:5 dt
(B'l) :/0 /Q [ - 8t(§(u(a:, t)> t)) + 8tul(ayz€)}u} - 8xJA;(du)(ayz§)‘udx dt

T
:/ /(—&fﬁ}udetdv}u—chAé»(du)detdv}u(ﬁyig)}u) det du da dt
o Jo
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Next, we define
-1 |np

Aifq) = A{a™) = =g~ n L ) 12
’ ’ " g (det )

for all non-singular matrices ¢ and observe that

O, Al (du(z, 1)) = 8sz‘~1§-(dv(u(x, t),1)) = dv™ (u(x,t),1)[0,, A (dv(y, t))”u

Also, on Qa
v, A (dv)B = —8,, :p(cof @)in <d“ﬂ - nlaollzilg) ‘ (G{Ztu JZ)” }
- ot st
- o[y -ttt | L |

since ,, (cof dv);, = 0. The latter and (B.]) yield

T
0 :/ / ( — 8t£‘udet dv‘u — dvhj‘u[ﬁyhfl;(dv(y,t))”udet dv\u(ayig)h) det du dz dt
0 Jo
T
= [ [ s~ [aio, A, 18] oy
0 JO

- / / 0B — 0,0, [ﬁ (cm _ nd“’”d;‘“)
0o JO |du‘

We have then proved the following:

Lemma B.1. Letu € C'([0,T],C?(Q,R™)) be a classical solution of [LI). If we setv(-,t) =
u= (-, t) and B(y) = det dv(y), then B satisfies
]

duhjduij \du|”p
|du|? ) (det du)P’

|dul"™”

(det du)P

v

}g dy dt.

v

(B.2) OB = 0,0y, [Bih(du)

in Q x (0,T), with

Bip(du) = p(éhi —-n
as well as Neumann type conditions

9, [dwh[ayhfx;(dv)] B] = 9,0, [Bih(du)

8l =0

for all (y,t) € 992 x (0,T).
Let n € R" and ¢ a non-singular matrix, and consider the quantity
j Ing|?
{ i q 712 q np 5 q np
Ban(g)n'n" =p(5hm n" _ )] ) 4 :plnl2<1 _ il ) lq|

lal* ) (detq)r la® ) (det q)
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In the model case when n = 2, ¢ is diagonal with eigenvalues 0 < A; < X5, and for unit 7,

one has 2v2 | 212 2 2\ P
i AL T A\ (A1 + A5
B. h— 1=

The matrix does not have a sign, it vanishes when A\; = Ay. Unlike the case studied in
[17], the parabolic maximum principle does not apply.

Lemma B.2. If u is as in Lemma [B1 then the corresponding conformal metric evolves
according to

(B.3) 01gap = npb*"< 0,0, {S(g)laduj_llK"p”} dugy, + 010, {S(g)wduﬁlf("””} du g

2 . .
—=b67"10,,04, | Sin(9) detdu‘lK"”_Z)dukhdu]’—ﬁxk Sin(g) detdu_lK"p_z)dUShduklamjamsuldu”
n

m

+ (det du) ™ duF du’0,0,u' 0, (S(g)midu;lK"”_z)] dUan, dugh,

in Q= Q x (0,T) with g = gy on 9perQ, and where b = (det du)™' = det du™" o u.
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