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RICCI FLOW OF CONFORMALLY COMPACT METRICS

ERIC BAHUAUD

ABSTRACT. In this paper we prove that given a smoothly conformally compact metric there
is a short-time solution to the Ricci flow that remains smoothly conformally compact. We
apply recent results of Schniirer, Schulze and Simon to prove a stability result for conformally
compact metrics sufficiently close to the hyperbolic metric.

1. INTRODUCTION

In 1989, W. X. Shi initiated the study of the Ricci flow on a noncompact manifold by
proving that there is a short-time solution to the flow starting at a complete metric of bounded
curvature, and moreover the flow remains in this class. Recently there has been intense
activity to understand to what extent the Ricci flow preserves other geometric conditions on
noncompact manifolds, see [2, 5, 13, 11, 12, 18] for examples. In this paper we prove that the
Ricci flow preserves the set of smoothly conformally compact metrics in general dimension for
a short time. We begin by introducing these metrics.

Let M™ ! be the interior of a compact manifold with boundary M. Suppose that z is a
boundary defining function for 0M. This is to say that z is a smooth non-negative function
on M that vanishes to first order precisely at OM. We say that a metric h is smoothly
conformally compact if h := x*h extends to be smooth metric on M. The Poincaré ball model
of hyperbolic space provides an easy example.

We may use z to identify a collar neighbourhood of M in M with [0,€) x OM. We then
write h as )

dx? + h(z)

h = 5 ,

x
for a smooth family of metrics h on OM.
If h is smoothly conformally compact, with \daz\% =1 on OM, and K denotes the curvature
4-tensor of constant sectional curvature 41, then the curvature 4-tensor R of h satisfies

IR+ K|, = O(x), and
]V;Lj)R\h = O(z), for all j.

For this reason conformally compact manifolds with |dx|% = 1 on OM are asymptotically
hyperbolic. It is well known that A is complete and of bounded geometry.
Recall the Ricci flow is the system of equations

(L1) { e )

As previously mentioned, it follows from [24] that there is a solution to the Ricci flow, g(t),
with initial metric h for a short time.
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It will be more convenient to study a normalized Ricci flow. Set 7 = %(ezm — 1), and set
gV (z,t) = 1Jr%g(:n,t). It is a simple matter to verify that gy solves the normalized Ricci
flow:

N _ N N
(1.2) { Orgiy = —2ng,; — 2Re g5,

g"(0) =nh

As solutions to the Ricci flow and normalized Ricci flow differ by a rescaling in the time
variable, we see that spatial regularity is preserved. Thus a conformally compact solution to
the normalized Ricci flow yields a conformally compact solution to the Ricci flow and vice
versa.

The first main result of this paper is the following

Theorem A. If h is smoothly conformally compact then there exists a unique smoothly con-
formally compact solution g(t) to (1.2) (and hence (1.1)) for a short time.

The proof of this Theorem proceeds in three steps. First we apply the DeTurck trick to
obtain a system that may be solved by parabolic PDE techniques. Then conditioning the
equation appropriately we are able to apply a contraction mapping argument to reprove the
existence of a short-time solution to the flow in 0-Holder spaces, which are Hoélder spaces
associated to conformally compact metrics that respect the interior geometry. Finally we
prove that the solution is smoothly conformally compact by applying regularity techniques
modeled on [20]. By chasing regularity at each step of the argument it would be possible to
give a finite regularity version of this theorem.

Given short-time existence for the Ricci flow it is natural to study the stability of the flow
about fixed points. Recently, Schniirer, Schulze and Simon studied the stability of hyperbolic
space under the Ricci flow [23]. Using their work and the regularity result underlying Theorem
A, we are able to quickly obtain the second main result of this paper.

Theorem B. Let n+1 > 4. For all K > 0 there exists ¢; = €1(n, K) > 0 such that the
following holds. Let go be a smoothly conformally compact metric close to the hyperbolic metric
h on the unit ball in the sense that

/ B lgo — h|2dvol), < K,
Hn

and

sup |go — hlp < €.

Hn+1
Then there exists a long-time solution g(t) to the Ricci-DeTurck flow (with initial metric gg)
such that

1
sup |g(t) — hln < C(n, K)e i),
Hn+1

Moreover, g(t) — h exponentially and g(t) remains conformally compact for all time.

Note in the above theorem, unlike in the original source, we have transcribed the dimension
to n + 1 to match the convention of the rest of the paper.

It follows from the work of Fefferman and Graham [9] that there is an obstruction to find-
ing a smooth conformally compact Einstein metric on generic manifolds when the boundary
dimension (in our convention n) is even. In view of this fact, one expects there to be con-
siderable challenges to using the Ricci flow to produce conformally compact Einstein metrics
more generally.
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We take this opportunity to mention two related papers. First, recent work by Hu, Qing
and Shi [11] proves the Ricci flow preserves a certain class of asymptotically hyperbolic metrics
for a short-time. These metrics are defined by curvature decay conditions and, as shown in [3]
and [11], are conformally compact of only a limited regularity. Hu, Qing and Shi subsequently
prove an interesting rigidity result. On the other hand, in view of the applications of smoothly
conformally compact metrics to geometry and physics (see for example [6] and references
therein), it is natural to study the Ricci flow in the smooth conformally compact setting.
Second, the author and Helliwell have recently proved short-time existence results for higher-
order geometric flows on compact manifolds [4]. We observed that many short-time existence
results depend only on the special algebraic structure of the flow. Both [4] and the present
paper were developed in parallel, and were inspired by recent work of Koch and Lamm [14].
The short-time existence of the Ricci flow we give here, while in the setting of conformally
compact metrics, may be regarded as a concrete application of the ideas in [4].

This paper is structured as follows. In Section 2, we outline the DeTurck trick and reduction
of the flow to a parabolic system. In Section 3, we define function spaces and outline the main
results from linear parabolic theory on conformally compact manifolds. This theory is based
on the edge and heat calculus for 0-operators that appears in [19] and [1]. In order to not
distract from the main Ricci flow argument, we have kept this section short and instead
sketched several of the proofs of the analytic results in the Appendix. In Section 4, we
condition the flow equations and provide the contraction mapping argument. We discuss the
regularity argument in Section 5, and the stability argument in Section 6. Finally, in the
Appendix we provide sketches for the various analytic facts quoted in Section 3.

It is a pleasure to thank Rafe Mazzeo for ideas and many helpful discussions during the
course of this work. I am also in debt to Pierre Albin, Dean Baskin, and Andrds Vasy
for useful conversations. Finally I would like to thank my collaborators in related projects,
Emily Dryden, Dylan Helliwell and Boris Vertman as their input has greatly shaped my
understanding and this paper.

2. PRELIMINARIES

As is well known, the Ricci flow is not a parabolic system due to the diffeomorphism
invariance of the Ricci tensor. We will break this invariance using the standard DeTurck
trick. Choosing h as the background metric, and writing all Christoffel symbols and curvature
quantities with respect to h with tildes, we define a time dependent vector field

kE_ k o
Wk = gra <rpq - rpq) .
The normalized Ricci-DeTurck flow is given by
(2‘1) { 8tg,-j = —2ngij —2Re 9ij + VZ'WJ' + VjWZ’,
9(0)i; = hij.
Standard computations, for example given in [24], show that this flow may be written
0 =i — 9°°VaVigis + 2095 + 9 giphP Riag + 9% giph?  Riagy
_%gabgpq (Vigpangqb + 2vagjpvqgib - 2Vagjpvbgiq
- Z%jgpa%bgiq - 2%igpa%b9jq> 5
9(0) = h.
From this equation we see the Ricci-DeTurck flow is a quasilinear parabolic system for the
metric.

(2.2)
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Once we prove short-time existence of a smoothly conformally compact solution g to the
Ricci-DeTurck flow, the time-dependent vector field W* will have coefficients smooth up to
the boundary of M and vanishing to first order there. If ¢; denotes the flow generated by
W* then § = ¢fg is a solution to the normalized Ricci flow [8]. Tt is straightforward to see
that ¢ is smoothly conformally compact.

Finally, we only prove the existence of a short-time solution to the Ricci flow. The unique-
ness assertion in Theorem A follows from the work of Chen and Zhu [7].

3. PARABOLIC THEORY ON CONFORMALLY COMPACT SPACES

In this section we outline linear parabolic theory for uniformly degenerate operators on
conformally compact manifolds. We just state the results we need here; sketches of proofs are
deferred to the appendix. The primary references for the material in this section are [19] and
[1].

Let (M, h) be a smoothly conformally compact manifold as defined in the introduction.
Suppose that z is a boundary defining function and that {y',--- ,y"} are coordinates on the
boundary, extended to be constant in z. We will refer to these coordinates as background
coordinates. The metric h decomposes as

dz? + hap(z,y)dy*dy"
2 )

h =

x

where the components of h are smooth up to the boundary.
The 0-vector fields are generated by

{20y, 20,1, w0},

and form the basis of a vector bundle, the 0-tangent bundle 7M. We will also have occasion
to discuss b-vector fields, which are generated by

{x@x,a?ﬂ, tee ,ayn} .

We will denote the space of smooth functions on M by C°°(M) and functions smooth up
to the boundary by C°°(M). The vector bundle of symmetric 2-tensors on M will be denoted

¥2(M). We will use d% and dTyb as the preferred basis for this bundle.

An operator L on functions is uniformly degenerate of order m if in local coordinates it is
given by:

L= %" ap(x,y,1)(20,) (20,)".
J+1Bl<m

where the coefficients a; g are at least continuous up to the boundary. In order to use Albin’s
heat calculus, we require that a; g be smooth up to the boundary and independent of time.

The principal symbol of a uniformly degenerate operator L is a homogeneous polynomial
on "T*M given by

SoL)(Em) = Y. ajsn’.
J+[Bl=m

We say that L is elliptic if %o (L) is invertible away from (£,7) = 0.

For the Ricci flow analysis, we will have to deal with systems of equations as our operators
will act on the vector bundle of symmetric two tensors. An operator between tensor bundles
FE and F is uniformly degenerate if in local coordinates it may be written as a system:

(Lu)i = Y (a;8)f(@0,) (x0,) wy.

J+BI<m
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where the coefficients a; g are now entries of a dim F' x dim E matrix that is at least continuous
up to the boundary. The principal symbol is defined as before. We will not need to consider
the most general notions of ellipticity for systems as the Ricci flow system (2.2) is ‘diagonal’
at top order, i.e. (ajg)} = (a;p)-d%. From this we can see that all coupling occurs at lower
order. We now say that L is elliptic if dim F' = dim E and the symbol is invertible away from
(&mn)=0.

For the remainder of this section we suppose that L is a second order uniformly degenerate
elliptic operator with diagonal principal symbol.

3.1. Function spaces. We work in the 0-Holder spaces defined for example in [17, 19, 21].
We describe the anisotropic version of these Holder function spaces, and refer the reader to
the references for the purely spatial version. For any manifold M, the notation M7 will denote
the cylinder M x [0, 7). Fix a smoothly conformally compact metric h, which in the Ricci flow
analysis, will be the initial metric. We assume a covering of M by background coordinates
has been fixed.

Cover M by a Whitney decomposition of countably many uniformly locally finite coordinate
balls B; with centre (z;,y;) and radius %xl We will consider the product of each ball with a
time interval [0,7"). For any 0 < a < 1, consider the norm

na t) — ! t
[ulla,g = [|ul]oc + sup sup (o o) Jul ,6) — ule’ y', )
’ i | @yt Ay eB)r |z — 2|+ |y — /|
+ sup \u(az,y,t) - u(az,y,t/)\ ]
(,9,8)# (9.t ) E(Bi )1 |t — t/|a/2

The prefactor x + 2’ comes from using the euclidean metric in background coordinates instead
of the intrinsic g-distance, see [21]. Note that we may also use an affine map f; : By — (B;)r
from a fixed cylinder By to define these norms.

Let C¢'%(Mrp) be the closure of C°°(Myp) with respect to this norm. We define
k+a,Bte ; :

Ce 2 (Mr) to conmsist of all functions u such that (0;)%(20,)! (x0,)°u € Cg’%(MT) for
a,ita
all 2 + j + |B| < k. Note that we also weight these spaces: u € x”C’er © 2 (Myp) if and only

B a5
if u = 2¥v for some v € Ce (Mry).

We will also need Holder spaces of tensors. As previously stated, we use the vector fields
20, and x0, and covector fields dz/x and dy’/z as a basis for bundles of tensors, and with

this convention V" involves only derivatives by the O-vector fields. In this way a section of a
tensor bundle is an element of a Holder space if and only if its components are. Furthermore,
for j < k

k+a a
(VY 2 CEY 5 (M B) — 27C2% (M B © OT* M),
Finally, in what follows since we always deal with the bundle of symmetric 2-tensors, we will
not explicitly mention it in the notation.

We mention also that the norm on C¥(M) is equivalent to the usual intrinsic C* norm,
o I1V™) ull oo ay.

As proved in [17, 19], elliptic estimates in 0-Holder spaces are proved from scaling and classi-
cal interior elliptic estimates on the balls B;, as the pullback of a uniformly degenerate elliptic
operator under f; becomes uniformly elliptic. Similarly we may obtain parabolic estimates
from scaling and classical parabolic estimates. In particular we have the following regularity
result, see [15, Theorem 8.11.1, Theorem 8.12.1] for the classical parabolic statements.
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Proposition 3.1 (Parabolic regularity). Let L be a second order uniformly degenerate elliptic
operator. Suppose that DVa; g € Ce 2 (M) for|y| < k, and DV f € Co'2 (My), D¢ € C4(M)

2+a 2+a

for all |y| < k. Ifu e Cc " 2 (Mr) is a solution to (0; — L)u(¢,t) = f((,t) then DYu €

2-‘1—(1 2+a

Ce' 7 2 (My) for all |y| < k.

3.2. Parabolic Schauder estimates. We now state the main facts from linear parabolic
PDE theory that we need. We will be interested in the following problem

(at - L)U(Cv t) - f(C? t)

The basic result is

Theorem 3.2. Suppose L is a second order uniformly degenerate elliptic operator with

time-independent coefficients. For every f € a"Cy % (Myg) there is a solution u to (3.1) in

24a

x“C’62+a’ 2 (Mr). Moreover, u satisfies the parabolic Schauder estimate
) . < o .
(32 (IPRRES T

The Schauder constant K that appears in the statement depends on T’ but remains bounded
as T'— 0.

3.3. Mapping properties of the heat operator. Given the homogeneous Cauchy problem

(at - L)U(Cv t) - 0
(3.3) { u(¢,0) = 6(¢),

let A denote the heat operator such that takes ¢ to the solution of this problem, i.e.
(Ag)(¢,t) = u(¢,t). We also use the notation that A = e'~. In the appendix we describe
how A is given by an integration against a specific polyhomogeneous distribution on a certain
manifold with corners that covers M x M x RT. The mapping properties of such operators
follow from the asymptotics at each of the boundary hypersurfaces. A key result that we will
need is that if V}, is a b-vector field and A is a heat operator, then the commutator [A, V3] has
the same asymptotics as A, and will enjoy the same mapping properties. See Proposition A.6
for a precise formulation.
Let H denote the following time convolution of the heat operator

(Hf)((t) = / et (. s)ds.

0
This operator provides a solution to the inhomogeneous Cauchy problem with zero initial
data. The precise mapping properties we need are given in the following

Proposition 3.3. (see Corollary A.4) If ¢ € x#C°(M) and f € 2*C>®(Mr) then

(1) A € atC>(Mr).
(2) Hf € 210 (Mr).

4. SHORT-TIME EXISTENCE

In this section we prove short-time existence of a solution to (2.2) in the 0-Hélder spaces.
This is based on a contraction mapping argument.

We begin by making several observations that will be needed later. Let F = R+ K
be the curvature ‘error’ tensor for the conformally compact metric h, where K denotes the
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+1 constant curvature 4-tensor. By our convention for function spaces, if h is smoothly
conformally compact then
— dx' da?
h:h” z 7 GCSO(M)

We also have E € zC°(M;T*M).

We need an expansion for the inverse of the metric. Suppose that v € xC. M) with

sufficiently small norm, then the symmetric 2-tensor h + v will be invertible and (h +v)~! €

k—l—a,m .
Ce 2 (Mry). Furthermore, we document a useful expansion

(4.1) (h+v)® = h® — RUR ™0+ (B A+ 0) " RO WP L0,

+“7%(

4.1. Conditioning the Ricci-DeTurck system. Here we pursue short-time existence of
the normalized Ricci-DeTurck flow. We will look for a solution of the form

gl](xayat) = hl](x7y) + Uij(x7y7t)

where v;; € 2C; e (Mr). The system (2.2) for v may be written in the following way,
which will facilitate treating the quasilinear system with a contraction mapping argument.

Here we handle the quasilinearity as a quadratic error.

0 = Qvij — hV o Vyvij —~((h + ) — ho) VaVivij + 2n(h +v)i
= (h+0)®(h + v)iph? Rjagp — (h+v)* (h + v)jph" Riagp
+{(h+v) 7L x (b + )7L % Vo x Vo,

v(0) =0.

(4.2)

Note that in this expression we have switched curvature sign conventions from [24]. Shi lowers

an index in the curvature tensor to the third slot whereas I lower to the fourth slot. The

asterisk denotes linear contractions whose precise formula is unimportant for what follows.
Let us introduce notation for some of the terms above. Define

(T1v)ij = ((h +v)® — h“b) VaVivij,
(T3v)i5 = 2n(hij + vij) + (—(h +0)®(h + 0)iph" Rjags — (h + v)™ (h + U)jphpqﬁiaqb> ;
(T3v)i5 == (h+ )" % (h+ )L % Vo x Vo.

We begin by studying the various mapping properties of the terms of this equation. Much
of the argument depends on the special algebraic structure of these equations. We introduce
the following notation. We will say various terms are Q(v) if they are linear combinations of
contractions of bounded tensors with either v or its first two h-covariant derivatives. We will
loosely refer to this dependence as being ‘quadratic’, and we will make precise the estimates
we need at the end of this section. Note that indices on Q index the term of origin in the
decomposition above.

Lemma 4.1.
Tvv = Qi (v), and

k+a;kte k‘—2+a;—k7§+a
e

Qp:2"C, > (Mp) — z*C. (Mr).
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Proof. We begin by applying the expansion for the inverse in equation 4.1
(Thv)j == ((h + v)“b — h“b> 6(16(,@”-
= (R = BB+ (b ) B R0 — B V00
=h kb ko Vo4 (h+0) LA s b v s v« Vi,

which shows the expression is quadratic in v. Noting that h™! € C®(M) and v €

k+4a;kte . . . . . .
'Oy (M), we see that while we lose two O-derivatives we gain decay in z, i.e.
k—24 ;k72+a
Qe a?Ce T (My). O

The expression for T simplifies considerably.
Lemma 4.2.
— — ~
(Tg?))ij = 2Eij + 277/[)2']' + UipRCj + ’UijCZ- + 2UmlRmij ! + Qo (’U)Z’j.

k+a;kte k+a;kte

Q2 : LZ'VCe 2 (MT) — 1’2VC@ 2 (MT)

Proof. By applying the expansion for the inverse to terms in 75 we find the expression contains
inhomogeneous terms as well as terms linear in v which we must separate from the main
expression. In particular, considering one of the constituent terms in 75 we find

~(h+ ) (h 4 0)iph? Rjagy = —(h+ 0) (0 + 0)ip Ry,
=— <hab — h Ry + (B + v)blh“mhpqupvmq> (hip + 'Uip)éjalg
= /R/Cij + yip}}/cjp - Umlémij L tsh b xosxox ﬁ]ij,
where R in this calculation denotes the (1,3) tensor. One may check that the final quadratic

. k—l—a;m 2 1€+a;m
contraction terms map z¥Ce ~ ? (Mp) — x*Ce 7 2 (My).

Consequently,
—(h+ V) (h 4+ 0)iphPT Rjagy, — (h+ ) (B + 0) jphP Rigg
= 2§Cij + UipRNij + ’Ujpﬁcip — 2’Umlén;j ! + QQ('U)ij

Note that by the curvature asymptotics ]f%vcij = —nh;; + E;; where E;; € xC®(M). There-
fore, re-assembling 75 we find

—~ p —~ p ~
(Tg’[))ij = QEZ'j + 27”L’Uij + ’L)Z’pRCj + UijCi — 2UmlRmij ! + QQ('U)ij

The third term requires no additional conditioning.

Lemma 4.3.
(Tg’l))ij = Qg(?)), and

k+a;kte k—l—l—a;—k*%ﬂl
e

Q3 :2"C 2 (Mp) — 2. (Mrp).
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The preceding lemmas allows us to condition the equation for v further. We now move
the terms linear in v to the other side of the equation. We also have from [8] that the term
h“bﬁaﬁbvzj is the rough Laplacian on 2-tensors. In fact, we see the linear elliptic part of the
equation is the Lichnerowicz Laplacian on 2-tensors,

L= AFLL’UU + 277/[)@' = h“bﬁaﬁbvij + Uipﬁ/cjp + ’Ujij\éip — 2Uml§"§j ! + 2m)ij.

We may write:

’L)Z’j(O) =0.

For the remainder of the argument we drop indices.

To summarize the argument so far, we have conditioned the flow equations to recognize a
strongly parabolic equation for the metric. As the quadratic terms Q depend on v and up to
its first two covariant derivatives in a polynomial fashion, there is a constant C' > 0 depending
on the algebraic structure of Q such that for all u,v € z*C?***% (My),

(1)
Q)]

a < 2
onCe 2 (My) — C"””wcﬁ*“’%(Mﬂ’

(2)
1Q(u) — Q)|

arCo 2 (Mr)

< C'max {HuHxHCHa’%(MT)’ HUH:{:#CH“’%(MT)} [|lu — UH;CQM,%(MT).
o €

e

Note in these estimates that we are relaxing control of one time derivative. This will facilitate
the contraction mapping argument given in the next section. Note also that this part of the
argument will not explicitly use the gain of decay by Q.

In the regularity argument of Section 5, we will need this additional decay. We conclude
with the following lemma.

Lemma 4.4. All of the quadratic mapping terms satisfy

k+a;ftae k—2+aq;k=2ta
e

Q:z"C 2 (Myp) — z*C. 2 (Mr).

: — o " / v Rt 7 m kta; 552
Moreover, if w = w' + w", where w' € x"Ce (Mr) and w" € z*C, (Mr), (v < )

then

k—2+q;k=2ta k—2+q;k=2ta

Q(w) € z* C; 2 (Mr) + 2" Ce > (My).

Proof. The first mapping property stated follows from the previous lemmas. We need only
check the final claim. The explicit contraction structure of each of the terms that form Q are:

Qlfu:h_l*h_l*v*%zv
ng:h_l*h_l*v*v*ﬁ
Q30 = (h+v) " % (h+v) "' % Vo Vo.

Now insert w = w’ + w” into the expression and notice the cross terms have the decay
expected of w’ * w”. O
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4.2. The contraction mapping argument. We now explain the contraction mapping ar-
gument that leads to short-time existence for equation (4.3). Write the heat operator for
0y — L as et Apply Duhamel’s principle to (4.3) to get an equivalent integral equation

(4.4) o(t) = /0 t eI (B 4+ Q(v)) ds.

=Uv
Note the definition of the map ¥ in the displayed equation above.

For a parameter p and T' to be specified, define a subspace Z,, 7 of :EC’SHL’E(MT) by

2+a,?
Zur = {“ € aC " (Mr) s u(e,0) = 0, llull _aeay < “‘} ‘

This is a closed subset of a Banach space.
Suppose that u € Z,, 7, it follows that v = Wu is a solution to

{ (O —L)v =Q(u)+E,

v(0) = 0.
As Q(u) + E € zC%2(Mry), the Schauder estimate implies v & xC’e2+a’l+%(MT) C
xCe2+a’5(MT), and so

U 2,0 — 2Co 2 (My).

We would like to prove that V¥ is in fact an automorphism of Z, r and a contraction for
and T sufficiently small.

Lemma 4.5. V: Z, 7 — Z, 1 for i and T sufficiently small.

Proof. To begin, let u € Z, 7 and set

t
vy ::/ 9L Q(u)ds
0

¢
V9 ::/ =)L pds.
0

Consider v1. This is a solution to

{ (0r — Lyv1 - = Q(u),
’U1(0) 0.

The Schauder estimate, followed by the estimate for QO given on page 9 gives

) < "Ull‘xcg+a,1+%

< K||Qull 0

HUlHu’CCSJra'%(MT (M)

(MT)
< KC 2 a
= Huncj+a,§

(M)
< KO,U| |’LL| |x02+a,% (MT)
Taking y sufficiently small allows us to force KCp < . So ||U1||x02+a’%(M ) < 5. Note that
e T

this same p works if we shrink 7.
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Regarding vy, note that this is a solution to

{ (8t - L)’Ug = E,
1)2(0) =0.

We recall that F and the coefficients of L are smooth, time-independent and have bounded
0-derivatives of all orders, and so by parabolic regularity any finite number of derivatives of
v9 are bounded. Fixing any ( we may write

¢

2(6.t) = [ BQ)+ Lua(C.5)ds. t<(0.7).
We may now estimate the $02+a Ity (Mr) norm of ve. The L*> norm of spatial derivatives
may be controlled through the Schauder estimates by the norm of E, and can be made as small
as we like by choosing T’ sufﬁmently small. Further, as the time derlvatlve of vy is bounded

and wvy(z,0) = 0, the C¢ & (Mr) norm of vy can be made arbitrarily small by choosing T
sufficiently small. We conclude for 7" small enough

RS

ol gt gy <
Thus ¥ : Z, 7 — Z, 7 for t € [0,T]. O

Lemma 4.6. For the p and T specified in the previous lemma, ¥ : Z,7 — Z,71 is a
contraction.

Proof. Schauder’s estimate applied to Yu — Yo implies

Wy — 0t
10w =[] ovag )

< 1Qu =Wl 2tarvy

(M)
< KfjQu = Qull og
§KCmax{HuH 2+a,“(MT)7HUHxC2+a }Hu H 28 (i)
<KC,uHu—vH oo % (M)’

Where K and C' are the same constants from the previous proof. Consequently KCu < %,
and W is a contraction. O

We are now ready to prove the existence of a solution to the Ricci-DeTurck flow with full
0-regularity.

Theorem 4.7. If h is a smoothly conformally compact metric, then there exists T > 0 and a
solution g € C&%°(Mr) to (2.2).

Proof. The existence of a solution to (4.3) in Z,,  follows from the Banach fixed point theorem.
The Schauder estimate applied to the fixed point equation shows that the solution lies in

2+a, . . . . . . ..
Ce +a. g (Mr). This short-time solution yields a solution in the same space to the Ricci-
DeTurck flow by taking ¢ = h + v. We now improve the regularity by using a bootstrap
procedure, applied to the system (2.2). We may write this abstractly as

2
a9+ Y, as(h,g)D’g
181=0
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where the coefficients ag at worst satisfy DVag € C%2(My), for |y| = 1. By parabolic

o 2ta
regularity (c.f. Proposition 3.1) we conclude D7g € It (Mr) for all |y| = 1, which

allows us to improve the spatial regularity. By bootstrapping, and then using the equation to
improve regularity in time, we find g € Ce~"°(Mr). O

5. BEYOND O0-REGULARITY

In the previous section we proved short-time existence of the Ricci-DeTurck flow starting
at a smoothly conformally compact metric. The solution was constructed in 0-Holder spaces
and is smooth in time and 0-derivatives. We can expect more as the inhomogeneous terms in
equation (4.4) are smooth up to the boundary with respect to background derivatives. In this
section we prove the solution remains smoothly conformally compact on the entire interval of
existence. The arguments of this section are modeled on the arguments in [20].

We begin by writing (4.4) more compactly as

(5.1) v=—HFE — HQu,

where H is the time convolution of the heat operator appearing in (4.4).
We will need to introduce function spaces intermediate between the 0-Holder spaces and
functions smooth up to the boundary. Define :E“C’{f(MT) to be the space of functions such

that up to k b-derivatives of the function lie in C.’2(My). The following lemma gives the
main mapping property of H on these spaces.

Lemma 5.1. For k > 1,
H : 2*Cf(My) — zHCF(My)

Proof. Suppose that f € x“Cl}(MT). Consider taking an arbitrary b-derivative of H f, we
write

Oy(Hf)=H(0yf)+ [H,0,]f.

Since 0, f € x“C’Z’% (Mr), and H : x“C’s’% (Mp) — xHCe (M), the first term lies again
in x“C’g’%(MT). For the other term, by Proposition A.6 and Corollary A.5, [H,0d,] has the
same mapping properties as H, and again maps z#C} (Mr) C a:“Cs’%(MT) to x“Cs’%(MT).
This implies that H f € 2#C}(Mr).

By iteration one shows H : 2#Cf(Mr) — xHCF(Mry). O

We now state the main result of this section

Theorem 5.2. Let g be a solution to (2.2) in Ce>°(Mr), with h smoothly conformally
compact. Then g(t) is smoothly conformally compact for all t € [0,T).

Proof. Consider the term HE. As h is smoothly conformally compact, E € xC*®(Mr). Now
H preserves polyhomogeneity via Proposition 3.3, and so HE € zC®(Mr). Thus we need
only focus on the second term.

In order to handle the term HQu we take advantage of the improved decay of Qu. If
v € 2CO°(Mr), then Qu € x2C°°(My), which H maps to 22Ce"°°(Mz). Consequently,
taking any b-derivative of H Qu yields

Oy HQu = 2~ (20,(HQu)) € 2C>(Mry),

which shows a gain of one tangential derivative. This argument iterates, as we now show.
Step 1: The tensor v is fully tangentially regular, i.e. v € xC;°(Mr).
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Fix any finite k. Given control of k 0O-derivatives, we iterate the fixed point equation k
times to obtain an expression of the form

N
—

v=> (HQYHE + (HQ)"v,

<.
[l
o

The summation term causes no problems, already being smooth up to the boundary.
The term (HQ)Fv € 22¢C>*°(Mr), and upon taking 2k — 1 tangential derivatives we find
(8,) Y (HQ) v € 2C>™°(My). We conclude v € 2C2 7 (Myg). As k is arbitrary, this step
is complete.

Step 2: v € xC®(Mr).

We return to the equation

v=—HE — HQu,

Note that initially, v € xCy°(Mr). Since O-vector fields are combinations of x0d, and xd,,
we find that Q(v) € 22Cg°(Mr).

We will now use the structure of the heat kernel as a polyhomogeneous distribution to
prove polyhomogeneity of v. Given that v € xCy°(Mr) satisfies

v=—-HFE — HQu,

We see that Qu € x2Cp°(Mr), and so we may decompose v as

v =1 +v" € xC®(Mr) + 2°C°(Mr).
We now insert this back into (5.1). Using Lemma 4.4, we find

Qv 4+ ") = 22C®(Mr) + x3C5°(Mr).
Equation (5.1) now lets us conclude

v € 2C®(Mr) + 23Cg° (Mry).
Iterating we conclude v € zC°°(M7). O
We have proved v € zC®°(Mr), i.e. that

_dztdxd
v ::E’Uij - —l‘ s

where 9;; is smooth up to the boundary. So now z%v = 29;;dx’dz? and consequently g = h+v

is smoothly conformally compact. This completes the proof of Theorem A.

6. STABILITY ABOUT HYPERBOLIC SPACE

In [23] the authors proved a stability result for hyperbolic space under the Ricci flow.
We review their main theorem. In the following h denotes the standard hyperbolic metric
on H". C* denotes the space of sections of a bundle with up to k continuous covariant
derivatives with respect to h in L>°(H"). M°(H") denotes the space of continuous metrics on
H". M§°(H" x [0,00)) denotes the space of continuous metrics which are smooth for positive
times and, when restricted to time intervals of the form [§, c0) are uniformly bounded in C*.

In particular the main result of [23] is
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Theorem 6.1. Let n > 4. For all K > 0 there exists e = e1(n,K) > 0 such that the
following holds. Let go € MO(H") satisfy

/ g0 — hl7dvol, < K,

and
sup [go — hlp < er.
Hn

Then there exists a long-time solution g € MG (H",[0,00)) to the Ricci-DeTurck flow (with
initial metric go) such that

1
sup |g(t) — hlp < C(n, K)e i,
Hn

Moreover, g(t) — h exponentially in C* as t — oo for all k € N.

As the reader may check, C* in this theorem corresponds to Cf: covariant derivatives with
respect to a smoothly conformally compact metric (in this case h) are bounded if and only
if the O-derivatives are bounded. In view of this, starting with an initial metric sufficiently
close to h in the C° sense, and of bounded distance from h in the L? sense, the solution to
the Ricci-DeTurck flow converges in the 0-Hélder spaces to h.

In view of our work, if gy is initially smoothly conformally compact, then this shows that
the Ricci-DeTurck flow g(t) exists for all time and converges to h in C2°. By Theorem 5.2
in the previous section, ¢(¢) remains smoothly conformally compact for all time. This proves
Theorem B.

APPENDIX A. MORE ON LINEAR PARABOLIC PDE THEORY

In this appendix we give more detail surrounding linear parabolic theory on conformally
compact manifolds. Our approach to understanding these operators is based on the edge heat
calculus developed in [1]. Note that in this appendix we deal exclusively with the 0-case but
the arguments generalize in a straightforward manner to the full complete edge case.

The point of view we adopt is that for a second order uniformly degenerate elliptic operator
with time-independent coefficients, we can explicitly construct the heat kernel as a polyho-
mogeneous distribution on an appropriate manifold with corners that covers M x M x RT.
In this section we will first describe this blow up space. We then proceed to discuss the heat
kernel as constructed in [1]. We then prove several mapping properties of these kernels. We
conclude by proving Schauder type estimates.

We now introduce the appropriate blow up spaces for the construction of the heat kernel.
First we define the 0-double space: M2, originally introduced in [19] for the elliptic edge
calculus. This is a manifold with corners that covers M?, and is obtained by introducing
polar coordinates around the submanifold

OM x g OM = {(w,w') € OM x OM :w = w'}.

So M? = [M x M;0M xp OM]. This will introduce three new boundary hypersurfaces;
following Albin we denote these by Bjj (the front face), By; (the right boundary) and Big
(the left boundary). We denote the blowdown map

Be s M2 — M?,
and the edge diagonal by

diag, = B¢ (diag \OM xp OM).
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We describe the edge double space in terms of coordinate charts. In the interior of M2 we
may use the usual coordinates

((‘Tv y)? (‘T/7 y/)) = (C7 C/) s
where y will always denote coordinates along B and z will always denote coordinates along

F. We will favour the following projective coordinates for M2, defined away from Bjg and
that express the edge diagonal easily are given by

<(m,y, 2), <s = %,v = y/; y)) .

Note that in these coordinates, s = 0 is a defining function for By; and x = 0 for the front
face (away from Bjg). By reversing the roles of x and 2’ in the obvious manner, one may
obtain a second chart covering the remainder of M2.

We now introduce the heat space HM?2. This is given by a parabolic blow up of the
manifold M2 xR along the submanifold diag, x{0}. This gives us a number of new boundary
hypersurfaces. We keep Albin’s notation for these, illustrated in Figure 1.

B.ll,O

BOl,O

\J\

[\ BDO,I
Boo.2

A~

FIGURE 1. The blown up heat space, HM?

We now discuss the coordinate systems we can use on HM?2. In what follows we work away
from Bygg (i.e. away from = = 0). Near By, and away from By, we can use

/ I
<($,y), <3/ = 33_71), =Y y) ,T = t1/2>.
€z x

Near Bi1 and the ‘top’ of Byp2 we may use

r—a y—y
(A1) (01.¢.7) o= ( (S S ) w22,

Finally, near Bi1,p and the ‘bottom’ of Byg 2, close to Byp,1 we appear to need to introduce
another coordinate system. However, we observe that this region is reached using the above
coordinates as |(S,U)| — 4o00. We will soon see that our heat kernels vanish to infinite order
along this boundary.

We will denote the full blow down map 3: HM2 — M? x R*.

Given a manifold with corners M, C°°(M) denotes functions on M that are smooth in
the interior and smooth up to all boundary hypersurfaces. The space C°°(M) will denote
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smooth functions vanishing to all orders at the boundary hypersurfaces. If F denotes a list
of boundary hypersurfaces then C]O_-O(M ) denotes smooth functions vanishing to all orders at
all boundary hypersurfaces except those in F; at the other hypersurfaces we demand the
functions are smooth up to the boundary.

We will also need to define sets of functions that have asymptotic expansions at the bound-
ary hypersurfaces. Let M be a manifold with corners with boundary defining functions z;. A
distribution w is polyhomogeneous conormal® if:

pj
un 3 N aj(@y)a (log z)?,

Resj—o00 p=0

where a;, € C°°(M). We'll denote the set of such distributions Alpg- We can also restrict the
set of exponents that may occur above. Define an index set to be a discrete subset &£ C C x Ny
such that

(1) if (sj,pj) € E and |(s;,p;)| — oo, then Re(s;) — oo.

(2) if (s,p) € E then (s + k,p—1) € E for any k,l € N,1 < p.

Given a set of index sets £ for each boundary hypersurface, we denote by Aghg the set of
polyhomogeneous conormal functions with exponents ranging in £. Note that we will use a
few special notations for index sets. The empty set will denote the index set for a function
vanishing to all orders along a hypersurface. A single number n € Ny will denote the index
set {(4,0) : j € N,j > n} of functions vanishing to order n. Note that the index set {0}
represents functions smooth up to the hypersurface. For more details about operations on
these sets, see the concise review in [19, Appendix A].

A.1. The heat kernel of a uniformly degenerate elliptic operator. Let L be a second
order uniformly degenerate elliptic operator. We consider a heat type equation

{ (0r — L)u(¢,t) =0
U(Cv 0) - f(C)v
where f € I'(M;€) is a smooth section of a vector bundle £.
The heat kernel of L is a distribution on M? x R* so that the solution to the above problem
is given by:

u(Got) = [ B E 0S¢ dvoly(©).
M
Here h formally satisfies:
(0 — LR, CL ) =0
(A4-2) { B(C,CL0) = 6(C— ),

We will see that h = B, H, where H is a polyhomogeneous distribution on HM?2.
The actual construction of this distribution is done for half-densities, so that it makes sense
to compose operators. We briefly review Albin’s construction of the heat calculus. We define

_n _ntl
a weighted bundle of half-densities D := p00?2+2 P11.0 QY2(HM?). Kernels of operators in the
heat calculus are elements of

Kk’l(M7 D) = ng,Qplll,OO%?)o,z,Bll,o (HME, D)

ISee [10] for a discussion and to make the meaning of ~ precise.
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The action of a kernel K4 in K®! on smooth half-densities is given by

fwmw:&mmmmww»

k.l

We'll denote the operator A acting in this manner by A € W, ..

Albin proves:

Theorem A.1. If L is the scalar Laplacian of a exact edge metric, then A € \I/i’?{eat, where

A is the heat operator of Oy — L.

We note that Albin’s construction is closely modeled on the work of Melrose [22], and
generalizes in a straightforward manner to general second order uniformly degenerate elliptic
operators. Furthermore, Melrose also considers the case of elliptic operators between bundles
[22, Theorem 7.29] with diagonal principal symbol. Thus we have

Theorem A.2. If L is a uniformly degenerate elliptic operator with diagonal principal symbol
then, then A € \I/i’?{eat, where A is the heat operator of 0y — L.

We now give a brief indication of the proof of theorem and refer the reader to [1, 22]
for further detail. We work in HM?2 with the ansatz that the solution already vanishes to
infinite order at Big,0, Bo1,0, and Bgo,1. To deal with the rest of the equation and boundary
hypersurfaces involves three main steps. First, an initial parametrix is constructed by pulling
the heat equation back to HM? in coordinates near the blown up diagonal. As B2 fibres
over the diagonal, we find that the equation restricts to a Euclidean type heat equation on each
fibre with smooth coefficients in the variables along the fibre. Thus we may progressively solve
way the Taylor series at Bgg 2 with control of the asymptotics down to Biyp. This handles
the initial condition. The second step is to progressively solve away the Taylor series at By
using the heat kernel of hyperbolic space (recall 0-metrics are asymptotically hyperbolic).
The result of these two steps is a parametrix solving the heat equation to infinite order at all
boundary hypersurfaces. To improve the parametrix to an actual inverse requires an argument
involving Volterra operators and is given in [22, Proposition 7.17].

A.2. Mapping properties. In this section we study the action of the heat kernels in \I/z(l){ cat
above on functions, using Melrose’s pushforward theorem. Figure 2 introduces some impoftant
notation.
We identify functions and half-densities on M? x Rt and the factors M x Rt and M by?
F oo 1) 6 flay,alsy e (o) dadydady' dt] 2,
1 N 12
x,y,t) < f(z,y,t)x” 2 |dedydt|”/=,

Fz,y) & f@)e 5 |dedy[V/2.

From [1, page 11] an element of A € U>9

e,Heat
_n _ntl

900,52911,07]‘7 -v, where k is a function that vanishes to infinite order at By, Bo1,0, and Boo,1,

has an integral kernel that may be written as

and is smooth up to the boundary at Byg o and By g, and v is a smooth section of QY/2(H M?2).

An operator A € \I’i’?{e .+ acts on half-densities by

(A.3)
ntl . n _n+l " _n+1
mnm%m:éumwwﬂz@QOwmgmw@Mﬂ%w@ﬁ¥MM@T“>

2Here we omit the smooth factor v/det g in the densities that follow.
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HM?

BL'V'GIRBBR

2 +
M™xR
TE_/ \m
+
MxR M
FIGURE 2. Definition of various maps

To relate these half-densities, let us work in coordinates near By 9 and Bgp2. We may take
v = |dSdUdz'dy'dr|*/?. Pulling our standard half-density on M? x R* back we find

B* (:L'_% (')~ " \dxdyda’ dy' dt|*/?)
= (1+S7)7 "2 (2)) "7 (&) "T (2(z))" T2 Y21 dSdU da' dyf dr |2

_n+1 n+42

=V2(1+ ST)_nTH(x’) 2T 2oL
The factor v/2(1 4+ S7)~("*1/2 is smooth and uniformly bounded, so we omit it hereafter.

In order to apply Melrose’s push-forward theorem, we must work with smooth b-densities.

Here is how to arrange this. We multiply both sides by the half density az_nTH|d3:dydt|1/ 2,
and noting
_n#l nt1

Bila™ 7 |dadydt|'*)Bh((a)) =7 |da'dy|'/?) = 87 (2T (2f) 77 |dadyda’ dy'dt]'/?),
we find the action on smooth densities is given by
(Af)(@,y, a0 dadydt| = (B1). (pbo2piy's k- Brf V7).

Finally we introduce a total defining function on both sides of this equation to obtain
b-densities, denoted here by the floating b-preindex:

(Af)(z,y, t)ate™ "D bldzdydt|

= (BL)« <P10,0/71_17}0P01,1P00,1Pgo,zk‘ -(Br)*(f(2,y)) sz)

We now apply this to the following

Proposition A.3. Let A € \I'i’?{eat. If f e .Afhg(M) then Af € .A;Z’]O)(M x RT).

Proof. First, let us consider the b-map Sr. As no boundary hypersurface is mapped to a
corner of M, SR is a b-fibration. It is easy to check that the exponent matrix for this map is

Bioo Bi1,o Boio Boogi Booe
0X 1 1 0 0 0
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As a consequence, if f € Afhg(M) with index set F, fif € A;i}]:’o’o’o}(HMez), by the
pull-back theorem [19, Proposition A.13].

The function & is polyhomogeneous with respect to the index set {(,0,0,0,0}. Accounting
for the powers of the defining functions we obtain the index set {(), —n, 0,0, 2}. The index set
for the product of this expression with the pull-back of f is then G = {0, —n + F, 0,0, 2.}.

The map fy, is a b-fibration. The exponent matrix for this map is

Bioo Bi1,o Boio Boog Boop
Hi O 1 1 0 0
Ho O 0 0 1 1

In the above table we have the labeled hypersurfaces of M xRT in the following manner: H;
represents t = 0 and Hg represents x = 0. We now apply Melrose’s pushfoward theorem [19,
Proposition A.18]. Note that the integrability condition is met at Bjg o as Re(G(Bio,0)) > 0.
Now the index set for H; = Q(Blm)Ug(BoLo) = -—-n+F and Hy = Q(BOOJ)UQ(BOOQ) = 2.
Note that Ho = 2 is not surprising since 72 = ¢, from the parabolic blow up.

The calculation here provides the index sets needed to for computing the asymptotics of

(Af)(@,y, t)atz™ "D Y dzdydt|.

Canceling the powers of the defining functions, and returning to the identification of densities
with functions now shows that Af € A;J;’]O)(M x RT). O

We use the above proposition primarily in the form
Corollary A.4. If f € 2#C°°(M) then Af € x#C>®(Mr).

Proof. The only point that we have to be careful about is that the previous theorem only
guarantees an expansion in powers of 7 = /t. However we can obtain full smoothness in
t by using the fact that Af solves the heat equation and is already smooth in the spatial
derivatives. O

Corollary A.5. If f € 2*C(Mr) and H denotes the time convolution of the heat operator
of A, then Hf € 2*C>(Mr).

We conclude this section with a proposition that we will need in the finer regularity analysis
of the Ricci flow. This shows that the commutator of a b-vector field with an element of the
heat calculus remains in the calculus, and thus has the same mapping properties.

Proposition A.6. If A € \Ifi’?{mt(X) and Vy, is any b-vector field, then [A,V}] € \Ifi’?{mt(X).

Proof. The proof is similar to [19, Proposition 3.30], adapted to the heat calculus setting. We
sketch the proof here. Return to the action on half-densities, equation (A.3), and suppose
that f is a smooth half-density vanishing to all orders at the boundary hypersurfaces. Now
suppose for simplicity that V; = 9, is a b-vector field. After an integration by parts, we may
write

Oy Af)(z,y,t) — (Adyf)(z,y,1)
= (5L)* <(52(6y) + 5;%(8;;)) pao’%pl_l%iky . (53)*(f(:13',y')(3:’)_n7+1 |d3:/dy/|1/2)> ’

where 85, is the adjoint of @,y under the measure. The key now is that while each of 9, and 9,/
lifts to a vector field singular near By 2, their sum cancels this behaviour. Indeed, computing



20 ERIC BAHUAUD

in the coordinates defined in equation (A.1), we find that
. 1
Br(9y) = EaU

1
Br( yT) = _EaU + 0, + smooth function.
Consequently, 57 (0y) + B5( T,) does not affect the asymptotics of the kernel, and [A, V}] €
\I/z (I){eat (X) |:|

We conclude with a discussion of the main existence theorem for the inhomogeneous Cauchy
problem:

(at - L)U(Cv t) f(C? t)
(A.4) { w(C,0) 0.

where f € zhC? (Mp) and L is a second order uniformly degenerate elliptic operator with
coefficients in C¢.

Theorem A.7. Suppose L is a second order umformly degenerate elliptic operator with
time- mdependent coefficients. For every f € z#C, ’Q(MT) there is a solution u to (A.4)

m a;“C2+a (M) Moreover, u satisfies the Schauder-type estimate
(4.5) ol vt <RI
Proof. By Duhamel’s principle, a solution to (A.4) is given by
L
(A.6) u(C,t) = / / h(¢, ¢t =) f( ) dvolg (¢t
0o JMm
where h is the heat kernel of the heat operator e*’, where el € \I/i ?{eat
We now discuss the estimates. The case for nonzero weight follows from the unweighted
2+a

estimate, as to solve the inhomogeneous problem with u € z#C. (M ) amounts to solving

(0 —x7"Lat )/ (¢, 1) = f'(C, 1)
for with @’ and f’ in appropriate unweighted spaces. The kernel of the conjugated operator
x~*Lx" has precisely the same asymptotics as the kernel of L, as may be seen by working in
coordinates near the left hand corner. So the mapping properties follow from the pu = 0 case.
The strategy is now to cut up the space HM?2. Consider a function ¢ equal to one in a
tubular neighbourhood of By 2 and vanishing outside a slightly larger tubular neighbourhood.
We may write the heat kernel as
h = hy + hy := ¢h + (1 — ¢)h.

To prove (3.2), it will suffice to estimate both

t
0=AAﬂﬂ£¢%ﬁmﬂ®%KW

and .
w@ﬂzAAﬂM¢¢%Wmﬂ®%@W’

Regarding the estimate for uo, we view ho as a polyhomogeneous distribution vanishing
to infinite order at By, Bo1,0, Boo,1, Boo,2 and smooth up to Bi1o. The estimates are then
straightforward when working in coordinates near the left hand corner.
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Regarding the estimate for uq, we now use the Whitney decomposition from Section 3 to

pull back the integral near By to a fixed bounded subset of R"™! x R*. As h; shares the
asymptotics of the euclidean heat kernel, this reduces the estimate to the classical parabolic

case, for example done in [16]. We forgo the lengthy argument. g
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