arXiv:1011.3565v2 [math.AP] 19 Nov 2010

REGULARITY RESULTS FOR FULLY NONLINEAR
INTEGRO-DIFFERENTIAL OPERATORS WITH
NONSYMMETRIC POSITIVE KERNELS

YONG-CHEOL KIM AND KI-AHM LEE

AsstrACT. In this paper, we consider fully nonlinear integro-differential
equations with possibly nonsymmetric kernels. We are able to find dif-
ferent versions of Alexandro-Backelman-Pucci estimate corresponding to
three different cases: nonlinear equation with 0 < ¢ < 1 (supercritical
case) or 1 < ¢ < 2 (subcritical case), and linear equation with 0 < ¢ < 2 in-
cluding o = 1 (critical case). And we show a Harnack inequality, Holder
regularity, and C'“*-regularity of the solutions by obtaining decay esti-
mates of their level sets in each cases.

1. INTRODUCTION

In this paper, we are going to consider the regularity of the visocosity
solutions of integro-differential operators with possibly nonsymmetric kernel:

(1.0.1) Lu(x) =p.v. jﬂ;n u(u, x, v)K(y) dy

where u(u,x,v) = u(x + y) — u(x) — (Vu(x) - y)xs,(y), which describes the
infinitesimal generator of given purely jump processes, i.e. processes with-
out diffusion or drift part [CS]. We refer the detailed definitions of no-
tations to [KL]. Then we see that Lu(x) is well-defined provided that
u € C"(x) N B(R") where B(IR") denotes the family of all real-valued bounded
functions defined on R". If K is symmetric (i.e. K(-y) = K(y)), then an odd
function [(Vu(x) . y))(Bl(y)]K(y) will be canceled in the integral, and so we
have that

Lutr) = pa. [ [uta s + ute = ) - 2000 [K()

On the other hand, if K is not symmetric, the effect of [(Vu(x) “Y)XB, (y)]K(y)
persists and we can actually observe that the influence of this gradient term
becomes stronger as we try to get an estimate in smaller regions.
Nonlinear integro-differential operators come from the stochastic control
theory related with
Ju(x) = sup Lyu(x),
24
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or game theory associated with

(1.0.2) Tu(x) = irﬁlf sup Lpu(x),

when the stochastic process is of Levy type allowing jumps; see [S, CS,
KTJ]. Also an operator like 7u(x) = sup,infg Lypu(x) can be considered.
Characteristic properties of these operators can easily be derived as follows;

ir}gf Lopo(x) < Tu +v](x) — Zu(x) < sup Lago(x).

(1.0.3) y

1.1. operators. In this section, we introduce a class of operators. All no-
tations and the concepts of viscosity solution follows where a more
general class of operators has been considered. Similar concepts can be
found at for symmetric kernel.

For our purpose, we shall restrict our attention to the operators £ where
the measure m is given by a positive kernel K which is not necessarily
symmetric. That is to say, the operators L are given by

(1.1.1) Lu(x) =p.v. jﬂ;n u(u, x, y)K(y) dy

where p(u, x, y) = u(x + y) — u(x) — (Vu(x) - y)xa,(y)-
And we consider the class £ of the operators L associated with the
measures m given by positive kernels K € K satisfying that

(1.1.2) (2-0) <Ky <@2- o)lyl%, 0<o<?2.

|y|1’l+0
The maximal operator and the minimal operator with respect to £ are
defined by

(1.1.3) MGu(x) = sup Lu(x) and Mgu(x) = inf Lu(x).
LeQ Leg

For x € QO and a function # : R” — R which is semicontinuous on 5, we
say that ¢ belongs to the function class Cé(u ;)" (resp. Cé(u ;x)7) and we
write ¢ € Cé(u ;)" (resp. @ € Cé(u ; x)7) if there are an open neighborhood
UcQofxand g € C?(U) such that @(x) = u(x) and ¢ > u (resp. ¢ < u)on
U\ {x}. We note that geometrically u — ¢ having a local maximum at x in Q
is equivalent to ¢ € Cé(u; x)* and u — ¢ having a local minimum at x in
is equivalent to ¢ € Cé(u; x)". Forxe Qand ¢ € Cé(u; x)*, we write

[J(u/ X, y/ qu) = M(x + y) - M(X) - (V(P(X) : y)XBl (y)/
and the expression for L,g u(x; Vo) and Zu(x; Vo) may be written as
Lopu(x; Vo) = f}R p(u, x, y; Vo)Kap(y) dy,
Tu(x; Vo) = irp}f sup L u(x; Vo),
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where K5 € Ko. Then we see that Mgu(x; Vo) < Tu(x; Vo) < MGu(x; Vo),
and Mgu(x; V) and M, u(x; V) have the following simple forms;

Aut(u,x,v; Vo) — Au=(u,x, y; Vo)
MGu(x; Vo) = (2 - a)f u / qulnﬂf[J ALY dy,
(1.1.4) ! B
5 Aut(u,x, y; Vo) — Au=(u,x, y; Vo)
Mﬁu(x/' Vo) =(2- 0)f = ! |y|n+a[J . ay,

where u* and u~ are given by
15w, x, y; Vo) = max{xu(u, x, y; Vo), 0}.

We note if u € C(x), then Tu(x; Vo) = Tu(x) and MGu(x; V) = MGu(x).
We shall use these maximal and minimal operators to obtain regularity
estimates.

Let K(x) = sup, K,(x) where K,’s are all the kernels of all operators in a
class £. For any class £, we shall assume that

(1.1.5) qum2 A1) K(y)dy < .

Using the extremal operators, we provide a general definition of ellipticity
for nonlocal equations. The following is a kind of operators of which the
regularity result shall be obtained in this paper.

Definition 1.1.1. Let £ be a class of linear integro-differential operators. Assume
that (L1.5) holds for &. Then we say that an operator J is elliptic with respect to £,
if it satisfies the following properties:

(a) Ju(x) is well-defined for any u € CHx] n B(RY).

b)If ue cHQln B(IR") for an open Q2 C R", then Ju is continuous on Q.

(©) If u,v € C*[x] N B(R"), then we have that

(1.1.6) MG —v](x) < Ju(x) — Jox) < ME[u—v]().

The concept of viscosity solutions and its comparison principle and sta-
bility properties can be found in for symmetric kernels and in for
possibly nonsymmetric kernels. Kim and Lee considered much larger
class of operators but prove the regularity of viscosity solutions only for
l1<o<?2.

1.2. Main equation. The natural Dirichlet problem for such a nonlocal
operator 7. Let Q) be an open domain in R". Given a function ¢ defined on
R™\ Q), we want to find a function u such that

Ju(x)=0  foranyx € Q),
u(x) = g(x) forxeR"\ Q.
Note that the boundary condition is given not only on JQ but also on the

whole complement of Q. This is because of the nonlocal character of the
operator 7. From the stochastic point of view, it corresponds to the fact



4 YONG-CHEOL KIM AND KI-AHM LEE

that a discontinuous Levy process can exit the domain € for the first time
jumping to any point in R" \ Q.

In this paper, we shall concentrate mainly upon the regularity properties
of viscosity solutions to an equation Zu(x) = 0. We shall briefly give a very
general comparison principle from which existence of the solutions can be
obtained in smooth domains. Since kernels of integro-differential operators
are comparable to the kernel of the fractional Laplace operator —(—A)?/2,
the theory we want to develop can be understood as a theory of viscosity
solutions for fully nonlinear operators of fractional order.

The differences between local and nonlocal operators have been dis-
cussed at [KL].

1.3. Known results and Key Observations. There are some known results
about Harnack inequalities and Holder estimates for integro-differential
operators with positive symmetric kernels (see []J] for analytical proofs and
[BBC], [BK1], [BK2],[BL], [KS], for probabilistic proofs). The esti-
mates in all these previous results blow up as the index o of the operator
approaches 2. In this respect, they do not generalize to elliptic partial differ-
ential equations. However there is some known result on regularity results
for fully nonlinear integro-differential equations associated with nonlin-
ear integro-differential operators with positive symmetric kernels which
remain uniform as the index ¢ of the operator approaches 2 (see [CS]).
Therefore these results make the theory of integro-differential operators
and elliptic differential operators become somewhat unified. For nonlinear
integro-differential operators with possibly nonsymmetric kernels, the au-
thors introduced larger classe of operators and proved Harnack inequalities
and Holder estimates when 1 < 0 < 2 (see [KL]).

In this paper, we are going to consider nonlinear integro-differential
operators with possibly nonsymmetric kernels, when 0 < o < 2.

Throughout this paper we would like to briefly present the necessary
definitions and then prove some regularity estimates. Our results in this
paper are

e A nonlocal version of the Alexandroff-Backelman-Pucci estimate for
fully nonlinear integro-differential equations.

e A Harnack inequality, Holder regularity and an interior C'*-regularity
result for certain fully nonlinear integro-differential equations.

Key observations are the following:

o For the nonsymmetric case, K(y) and K(—y) can be chosen any of A/|y|"*°

|(Vu(x) - y)xs, ()| ;
|y|n+a

or A/|y|"*?. Therefore there could be an extra term f

e The equation is not scaling invariant due to [y, (v)I.

e Somehow the equation has a drift term, not only the diffusion term.
The case 1 < 0 <2 and the case 0 < ¢ < 1 require different technique due to
the difference of the blow rate as |y| approaches to zero and the decay rate
as |y| approaches to infinity. When 1 < 0 < 2, a controllable decay rate of



FULLY NONLINEAR INTEGRO-DIFFERENTIAL OPERATORS 5

kernel allows Holder regularities in a larger class, which is invariant under
an one-sided scaling i.e. if u is a solution of the homogeneous equation, then
so is ue(x) = € u(ex) for 0 < € < 1. Critical case (0 = 1) and supercritical
case (0 < 0 < 1) have been studied in with different techniques due
to the slow decay rate of the kernel as [x| — oo.

1.4. Outline of Paper. In Section 2] we show various nonlocal versions of
the Alexandroff-Backelman-Pucci estimate to handle the difficulties caused
by the gradient effect. It has different orders at subcritical, cirtical and
supercritical cases. In Section[3] we construct a special function and apply
A-B-P estimates to obtain the decay estimates of upper level sets which is
essential in proving Holder estimates in Section 4.2l

In Sectionl] we prove a Harnack inequality which plays an important role
in analysis. And then the Holder estimates and an interior C!*-estimates
come from the arguments at [CS| [KL].

2. A NONLOCAL ALEXANDROFF-BAKELMAN-PUCCI ESTIMATE

The Alexandroff-Bakelman-Pucci (A-B-P) estimate plays an important
role in Krylov and Sofonov theory on Harnack inequality for linear
uniformly elliptic equations with measurable coefficients. The concept of
viscosity solution is given pointwise through touching test function; see
[KL]. A-B-P estimate tells us that the maximum value is controlled by an
integral quantity of the source term on the contact set, which will give us
key lemma (Lemma 2.1.T) saying that the pointwise value of nonnegative
function gives the lower bound of the measure of lower level set. We
employ measure theoretical version of A-B-P estimate introduced at [CS]
and extended to nonsymmetric case at [KL].

New A-B-P estimates below are two main differences from the arguments
at [CS, KL].

e The operators considered at [CS|KL] are scaling invariant, but (LT.T)
doesn’t have such property due to xp,(y) in the gradient term. So
we keep the size of the domain By at the following estimates.

e The control of bad set, Lemma 2.1.1 deteriorates as R — 0 since
R72],(R) goes to oo as R — 0. A-B-P estimate will be used to prove
key Lemma B.2.T] where we have an extra term R to subdue the
blow-up rate. But we have still R X R%72];(R) ~ R%! (for 0 < 0 < 1)
and —log(R) (for 0 = 1) which blows up when 0 < ¢ < 1. So we
introduced a different version of A-B-P estimate (Lemma 2.2.T)) for
0 < 0 < 1 where we have better control of gradient term due to
the intergrability of the kernel near the origin. For the critical case
(i.e. 0 = 1), we consider the linear equation, where the coefficent
of the gradient effect, bg, has a fixed direction on each small while
we still doesn’t know how to control the direction of b for the fully
nonlinear case. Such consideration work for linear equation even
0 < 0 < 2. The corresponding A-B-P estimate is at Lemma[2.3.1]
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Let R € (0,Rq] for some Ry € (0,1) (in fact, the existence of Ry was
mentioned in ) and let u : R" — R be a function which is not positive
outside the ball Bg/; and is upper semicontinuous on Br. We consider its
concave envelope I' in Bog defined as

I(x) = inf{p(x) : p €Il, p >u* in Bor} in Bag,
B 0 in R” \ B2R,

where IT is the family of all the hyperplanes in R”. Also we denote the
contact set of u and I' in Bg by C(u,I', BR) = {y € Br : u(y) = I'(y)} and set
C*(u,T,Br;b) = C(u,I,BR) N{y € Bg : b- VI'(y) > 0} and C (1, T,Bg; b) =
Cu,I',Br)N{y € Br: =b- VI'(y) > 0} for b € R".

2.1. A-B-P estimate with blow-up rate.

Lemma2.1.1. Let0 <0 <2and 0 < R < Ry. Let u <0in R"\ Bg and let T be
its concave envelope in Bor. If u € B(IR") is a viscosity subsolution to M{u = —f
on Bg where f : R" — Ris a function with f > 0 on C(u,I’, Br), then there exists
some constant C > 0 depending only on n, A and A (but not on o) such that for
any x € C(u, T, Br) and any M > 0O there is some k € IN U {0} such that

R72(f(x) + Jo(R)IVI(x)])
M
where Ri(x) = {y € Ry(x) : p~(u,x,y; VT) > MOrI%} and Ri(x) = By, () \ Br,,,(x)

forr = gﬁ‘ﬁ‘kR, o0 = 1/(16 \/n)and J;(R) is ﬁ(l—Rl‘U)foro € (0,1H)u(,2)
and —log(R) for 0 = 1. Here, VI'(x) denotes any element of the superdifferential
Il (x) of T at x.

(2.1.1) [Re(x)| < C IR (%))

Remark. We note that VI'(x) = Vu(x) for x € Bg if I' and u are differentiable
at x € Bg. In this case, dI'(x) is a singleton set with element Vu(x).

[Proof of Lemma 21T Let 0 < 0 < 2 and 0 < R < Rp. Take any x €
C(u,T’, Br). Since u can be touched by a hyperplane from above at x, we see
that Vp(x) = VI'(x) forsome ¢ € C%R(u; x)*. Thus Mgu(x; VT) is well-defined
and we have that
A (u,%,y; V) = A (1, x, y; V)

| y|n+a dy :

We note that pi(u, x, y; VI') = u(x+y)—u(x)—(VI'(x)-y)xs, (y) < 0forany y € Bg
by the definition of concave envelope of u in Bog. Since u*(u,x,y; VI') <
[VI'(x)llylxs, (v) for any y € R" \ Bg, we have that

+ .
f Apt(u,x,y; VI) dySf AVT(0)llyl dy
" [y["+e B\Bx I

= wp A Jo(R)VI (x)]

MGu(x; VI) = (2 - 0)
IRn

(2.1.2)
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where w, denotes the surface area of S*~! and

(1 Rl“’) foro € (0,1) U (1,2),

(2.1.3) Jo(R) = { &(R) for o = 1.

Here we see that |J;(R)| is finite for 0 < ¢ < 2. Thus it follows from simple
calculation that

—f(x) < Miu(x, VI)

—Au~(u,x,y; VI Ap*(u,x,y; VI
:(2“’)(f - |(:|"fay Lay +f - (|L;|:+<fy )dy)

—Au~(u,x,y; VI)
<(2-o0) f o dy + (2 — 0)wn A J5(R) VI (x)|
By, (x) yl

for any x € C(u,I', BR), where ry = QOZ'ﬁR. Splitting the above integral in
the rings Ri(x), we have that

%,y VT
214) fx)= (2 o)/\z f N ’T;lcmyg ) 4y = @ = YonAJo(RIVT ().

Assume that the conclusion Z.1.) does not hold, i.e. for any C > 0 there
are some xg € C(u,I’, Bgr) and My > 0 such that

R72( f(x0) + Js(R)IVI (xo)])

[Re(xo)| > My

Ri(xo)l

forall k € NU({0}. Since —u < u~ and (2— o)1 5-z— remains bounded below

for o € (0,1], it thus follows from (2.1.4) that

@ - f —u(u, xo, y; VI'(x)) dy — wp A 5(R)VT (x)|
=0 v Rk(x0)

2—¢o |y|n+a
(2.1.5) - -
> CZMO X cro? fo) + JoR)VExo)l _ A (R)IVT (x0)I.
=0k Mo
Thus this implies that
2
F30) + (2 = )wn AT (RIVT o) 2 2= C(fw0) + Jo(RIVT (o)

> C(f(x0) + 2 = 0)Jo(R)IVT (x0))

for any C > 0. Taking C large enough, we obtain a contradiction. Hence we
are done. m|
Remark. Lemma 2. I.Tlwould hold for any particular choice of gy by modi-
fying C accordingly. The particular choice gy = 1/(16 v/n) is convenient for
the proofs in Section[3
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Lemma 2.1.2. Let T be a concave function on B,(x) where x € R" and let
h>0.If {y € Si(x) : T(y) < T(x) + (y — x) - VI'(x) — h}| < €|S,(x)| for any small
€ > 0 where S,(x) = B,(x) \ B;2(x), then we have I'(y) > I'(x) + (y —x) - VI'(x) — h
for any y € Byj(x).

Corollary 2.1.3. Foranye > 0, thereis a constant C > 0 such that for any function

u with the same hypothesis as Lemma[21.1) there is some r € (0, QOZ‘ﬁR) such
that

y € Sy(x) : u(y) < u() + (y = x) - VI(x) = CRO(f(x) + Jo(R)IVI (%))} e
1S, ()| -

fagwr(y)) det[D’T(y)]” dy < CR™? sup(J,(R)" + 17" f(y)I") IQ)
yeQ

for any n > 0 and any cube Q C B,4(x) with diameter d such that x € Q and
r/4 < d <r/2, where gy = 1/(16 Vn) and g,(z) = (|zI"/ =D + y/(=1)yl=n,

Proof. The first part can be obtained by taking M = CR2(f(x)+],(R)IVI'(x)|)/e
in Lemma[R.1.1] Also the second part follows as a consequence of Lemma
2.1.2land concavity;

det[D°T(x)]” < C(RO2f(x) + R7™2J,(R)IVT(x)|)"
Rn(a—2)]a(R)n + T]_an(U_z)lf(x)ln
gn(VI'(x))

Thus we have g;(VI'(x)) det[D?T'(x)]~ < 4"C(R™=2 ] (R)"+n"R™ 2| f(x)[").

Take any y € C(u,I', Br) N Q where Q C B,/4(x) is a cube with diameter
d such that x € Q and r/4 < d < r/2. Similarly to the above, we can obtain
that g,(VI'()) det[D’T(-)]” < 4"C(R"=D],(R)" + n"R"=2|f(-)|") a.e. on Q
because det[D?T'(-)]” = 0a.e. on Q\C(, T, Bg) as in [CC]|. Hence this implies
the second part. ]

We obtain a nonlocal version of Alexandroff-Bakelman-Pucci estimate in
the following theorem.

<4"C

Theorem 2.1.4. Let u and T be functions as in Lemma 211 Then there exist a
finite family {Q]-}T:1 of open cubes Q; with diameters d; such that

(a) Any two cubes Q; and Q; do not intersect, (b) C(u,T’, Br) C U;”:l é]-,
(c)C(u,T',Br) N éj # ¢ forany Qj, (d) d; < QOZ‘ﬁR where gy = 1/(16y/n),
©) J5, &1(VI () detD*[(y)” dy < CR™™2(supg (Jo(R)" + " 1f1IQ}l
(F) Hy € 4V Q; s u(y) = T(y) = CREA(supg (F + Jo(RIVTDE) = nolQl,
where the constants C > 0 and g > 0 depend on n, A and A ( but not on o).

Proof. In order to obtain such a family, we start by covering Br with a tiling

of cubes of diameter QOZ_ﬁR. Then discard all those that do not intersect
C(u, T, Br). Whenever a cube does not satisfy (e) and (f), we split it into 2"
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cubes of half diameter and discard those whose closure does not intersect
C(u, T, Br). Now our goal is to prove that eventually all cubes satisfy (e)
and (f) and this process ends after a finite number of steps.

Assume that the process does not finish in a finite number of steps.
Then we can have an infinite nested sequence of cubes. The intersection
of their closures will be a point £. So we may choose a sequence {x;} C
C(u, T, Br) with limy_, xx = £. Since u(xy) = I'(xx) for all k € IN, by the upper
semicontinuity of u on Br we have that T'(£) = lim SUP;_,o U(XK) < u(X).
Also we have that u(£) < I'(X) because u < I" on Byr by the definition of the
concave envelopeI in Bor. Thus we obtain that u(£) = I'(£). We will now get
a contradiction by showing that eventually one of these cubes containing #
will not split.

Take any e > 0. Then by Corollary 2Z.1.3]there is a radius r € (0, g2~ 77 R)
such that

Iy € S,(2) : u(y) <u(® + (y = £) - VI(®) = CR7Z(f(2) + [o(R)IVIE))r}| e
|S-(®)I -

fé 81 (VT (1) detlDT(y)]” dy < CR™ sup(J, (R)" + ™" [f(y)I") Q]
J yer

for any 7 > 0 and a cube Q; C B,/4(x) with diameter d; such that x € Qj and

r/4 < dj <r/2. So we easily see that é]- C B;j2(%) and B,(%) C 4\/ﬁQj. We
recall that I'(y) < u(%) + (y — £) - VI'(X) for any y € Byg because I' is concave
on Bog and I'(X) = u(%). Since d; is comparable to 7, it thus follows that

|ty € 4V Q; : u(y) > T(y) — CROsup(f + J,(R)IVI|)d?}|
_ ]
Qj

> |fy € 4Vn Q; s uy) 2 u(®) + (y - £) - VI(®) — CR7(f(2) + J,(R)IVI (®))r*}]
> (1-¢)[SH(@)] = nolQjl-

Thus we proved (f). Moreover, (e) holds for Q; because é]- C B, j2(%) and

B.(%) C 4+/n Qj. Hence the cube Q; would not split and the process must
stop there. ]

2.2. A-B-P estimate forO <o < 1.

Lemma22.1. Let0 <o <1and0 <R <Rgy. Let u <0inIR"\ Bg and let T be
its concave envelope in Bor. If u € B(IR") is a viscosity subsolution to Mzu =—f
on Bg where f : R" — R is a function with f > 0 on C(u,I’, Br), then there exist
constants C > 0 depending only on n, A and A (but not on o) , and a vector b
depending on n, A, A and o such that for any x € C*(u,T’, Bg; b) and any M > 0
there is some k € IN U {0} such that

(R7?f(x) + RT'IVI(x)))
M

(2.2.1) [Re(x)| < C IR (x)|
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where ﬁk(x) ={y € Re(x) : p=(u,x,y; VI') > Mor,%} and Ri(x) = B, (x) \ B, (x)
for rp = gﬁ‘ﬁ‘kR, o0 = 1/(16\/n). Here, VI(x) denotes any element of the
superdifferential JI'(x) of T at x.
Proof. Let0 <0 < 1and 0 < R < Rg. We define the vector-valued function
b:Br — R" by

Y(Axuso0 + Axu<o)
B, |y|n+a
Then this function b is well defined for 0 < ¢ < 1 and there exists some
X1 € Bg so that |C*(u, T, Bg; b)| > |C(u, T, Br)|/2 where b = b(x7).

Take any x € C*(u, T, Bg; b). We now have that
Aut(u,x, y; VT) = Au=(u, x, y; VI)

|y|n+a dy :

Set ur(u, x, y; VI') = u(x + y) —u(x) — (VI'(x) - y) xB;(y) and then define yli{ and
(x; VT) by replacing p by g in the definition MGu(x; VI'). We set

b(x)=—-(2-0)

Mu(x; VI') = (2 - 0)
Rﬂ

+
o rY

Y(Axuso0 + Axu<o)
br(x) = 2—of
R(x) = ( ) BB TG

Then we easily obtain that
br(x) — b| < |br(x) — b(x)| + [b(x) = b] < (2 — 0)CR'™°.
Then we have that

Alut = ut) = Au - us
Mu(x; VT) = MG pu(x; VI) + 2 — 0) f ("~ o) - (W™~ ix)
’ B1\Br Iyl

< MG gu(x; VT) = br(x) - VI(x)
< M qu(x; VT) = b - VI(x) + (2 = 0)CR'7|VT (x)]
< M gu(x; VD) + (2 = 0)CR'~|VI(x)|

—Auy(u,x,y; VI
=(2-0) f ”Rl(ylwy ) dy + (2 - 0)CR'™|VI(x)|

because b - VI'(x) > 0 from the assumption and ur(u, x, -;T') <0 on Bg. The
conclusion comes from similar arguments as Lemma 2.1.1] O
Now we have the following Corollary as Section 2.J).

Corollary 2.2.2. Let uand T be functions as in LemmaR.2.Tland 0 < o < 1. Then
there exist a finite family {Q]‘}’]ﬁ:1 of open cubes Q; with diameters d; such that
(a) Any two cubes Q; and Q; do not intersect, (b) C*(u,T, Br; b) C U]’il Gj/
() C*(u,T,Bg;b) N éj # ¢ forany Qj, (d) d; < QOZ‘ﬁRfor o0 = 1/(16y/n),

© frarmamng 81(VT(H) det(DXT ()" dy < CsupR ™"+ "R"2IfMIQj,
Q)

dy
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(N lfy € C*(w, T, Br;b)N4Vn Q; : u(y) = T(y)~Clsup(R? f+ R~V ]d3)|
Qj
= UO|C+(1’[/ 1--'/ BRI b) N Q]l/
where the constants C > 0 and 1o > 0 depend on n, A and A ( but not on o) and
and b is some vector depending on n, A, A and o.

2.3. A-B-P estimate for Linear Equation: 0 < o < 2.

Lemma23.1. Let0 <o <1and0 <R <Rgy. Let u <0inR"\ Bg and let T be
its concave envelope in Bor. If u € B(IR") is a viscosity subsolution to Lu = —f
on Bg where f : R" — R is a function with f > 0 on C(u,I’, Br), then there exist
constants C > 0 depending only on n, A and A (but not on o) , and a vector b
depending on n, A, A and o such that for any x € C*(u, I, Bg; br) and M > 0 there
is some k € IN U {0} such that

R72f(x)
M
where bg = (2 — 0) fBl\BR yK(y)dy, Ri(x) = ly € Re(x) - p=(u, x,y;, VI') > Mofi}
and Ry(x) = B, (x)\ B, (x) for rj. = QOZ‘ﬁ‘kR and gy = 1/(16 \/n). Here, VI'(x)

denotes any element of the superdifferential JI'(x) of T at x.

Proof. Take any x € C*(u,T, Bg;bg). By Lemma 211 and Lemma 22T we
have that

(2.3.1) [Re(x)| < C IR ()|

Lu(x; VI') = Lru(x; VI') — br - VI'(x)
where Ly is the operator replaced u by pr in the definition of £ and
br = (2-0) yK(y)dy.
B1\Br

If bg = 0, then we doesn’t have the error term R'=°|VT(x)|. If bg # 0, then
Lu(x; VI') < Lru(x; VT'). Hence we conclude that

Lu(x; VT') < Lru(x; VT)

forany x € C*(u, T, Bg; br). The same argument as LemmaR.2.T]gives us the
conclusion. O
Now we have the following Corollary as Section 2.7} 221

Corollary 2.3.2. Let u and T be functions as in Lemma[Z3.1] Then there exist a
finite family {Q]-}]’ﬁ=1 of open cubes Q; with diameters d; such that

(a) Any two cubes Q; and Q; do not intersect, (b) C*(u, T, Br; br) € U7, @j/
() C*(u, T, Br;br) N Q; # ¢ forany Qj, (d) dj < 002" = R for go = 1/(16 V),
©) f5 &n(VI(y) detiD*I(y)]” dy < CR"2 supg |f'Q)l,

() ly € 4vnQ; : u(y) 2 T(y) - CRO(supg AN = nolQjl,
where the constants C > 0 and ng > 0 depend on n, A and A ( but not on o).
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2.4. Discussion of A-B-P estimates. At this subsection, we are going to
discuss motivations and differences of the A-B-P estimates at previous sub-
sections.

Remark 2.4.1.

(1)

(2)

(3)

4)

(5)

Key setp in the A-B-P estimate is the control of the volume of the gradient
image, |VI'(BR)|, in terms of % for My = supy u. From the concavity

I'(x), we have Bv, C VI'(Br) = VI(C(u,I, Br)) and then w, (%)n <
R

[VI'(C(u, T, Br; br))| (see Lemma 9.2, [GTY). Similarly for a fixed vector
br # 0, we have {z € Bumy : z-bgr > 0} € VI(C*(u,T,Bg;br)) and
R

then %wn (%)n < |VI(C*(u,T, Br; br))| This estimate depends only on

the existence of a fixed nonzero vector q for a given ball Br and it is
independent of the size or direction of br. If br = 0, it recover the result at
.
The different A-B-P estimates have been considered to control the effect of
the gradient term VI '(x) caused by the fact that the Kernel is not symmetric.
And they will be used at Lemma [3.2.1] to prove the decay estimate of the
upper level set of super-solutions. When we apply A-B-P estimate with
blow-up rate, we have an extra term (R°2],)"Bg| =~ 1 (for1 <o <2),
—log(R) (for 0 = 1), and R (for 0 < o < 1) caused by VI'(x). It is
bounded only at 1 < 0 < 2. This is the main reason that we consider the
other two A-B-P estimates.
For 0 < o < 1, the extra term R™YVT(x)| looks optimal since the extra
term at LemmaB.2.1lat this case will become (R™1],)"|Br| < C < oo even
for0<o<1.
For o =1, we can not find a suitable A-B-P estimate for the fully nonlinear
equation since we doesn’t know how to control —log(R)|VI'(x)|, which
shows up even after a direction b is chosen in Bg.
For the linear case, the linearity of the equation creates only bg = (2 —
0) fBl\BR y K(y) dy which depends only on R, not the position x. Therefore

br - VI'(x) is the only error caused by the fact that the Kernel is not
symmetric. But if bg - VI'(x) > 0 (or, x € C*(u, T, Bg; br)), then bg - VI'(x)
goes away during the computation. And if the kernel is homogeneous of
degree —(n + 0), br = (2 — 0)]5(R) faBl 0 K(0)dog for 0 = Ii_l which has a
fixed direction for 0 < R < 1. As we observed at (1), the lower bound of the
volume of the gradient image [VI'(C*(u, T, Br; br))| is independent of the
choice of br. The main question is the control of the error term, R° ~2|VI'(x)]
or RYVT(x)| after the choice of br, which will be possible for 1 < ¢ < 2 or
0 < 0 < 1 respectively, Lemma[3.2.1]

3. Decay EstimaTE oF UprPER LEVEL SETS

In this section, we are going to show the geometric decay rate of the
upper level set of nonnegative solution u. The key Lemma says that if
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a nonnegative function u has a value smaller than one in Qg then the lower
level set {x : u < M} has uniformly positive amount of measure v|Qr| which
will be proven through ABP estimate. But the assumption of ABP estimate
on a subsolution requires its special shape: it should be negative out side
of Qr and positive at some interior point. So we are going to construct a
special function W so that W — u meets the requirement of ABP estimate.

3.1. Special functions. The construction of the special function is based on
the idea in [CS, [KL]. Nontrivial finer computation has been done to take
care of the influence of the gradient term and the lack of scaling.

Lemma 3.1.1. There exist some ¢* € (0,2) and p > 0 such that the function
f(x) = min{2’R77, |x| 7}
is a subsolution to M f(x) 2 0 for any o € (0", 2) and x € By
Proof. 1t is enough to show that there is some 0" € (1,2) so that
(3.1.1) MG ()20
for x = Rye, = (0,0,---,0,Ry) € R”; for every other x with |x| = R; > R, the

above inequality follows by rotation. In order to prove 3.1.0)), we use the
following elementary inequality that holds for anya > b > 0 and p > 0;

a

werrza(i-p - P - EEEER )

Using this inequality and u(f, Rie,, y) = Rl_p u(f,en, y)fory = y/Rq, wehave
that

w(fen ) =len + 917 = 1+py, =1+ [y +27,)7*-1+p7y,
_ +2)_ _ [y
z—(g+1ym2+p@ 7[R + Y

(3.1.2) 2 (1 + [yP)yp/2+
PO Y pp+2derd) T,
2 (1 + |y|2)p/2+2 6 (1 + |y|2)p/2+3

forany y € B 1g- We choose some sufficiently large p > 0 so that

plp +2)

(3.1.3) 20+ 2

2 ___Wn (P _
L‘n_l Qn dO(Q) + (1 n rz)P/2+1 (2 + 1)a)n = 60(7") > 0
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for any sufficiently small > 0. Since f5ﬂ-1 0, do(0) = f5ﬂ-1 03 do(0) = 0, it
follows from (1.1.3), (1.1.4), 3.1.2) and (3.1.3) that

Mgof(en)
- Au*(f, en, y/R1) Au=(f,en, y/Ry)
> (2—0)R1”( f R it f T dy)
2 2_ R—p—d(/\f [’l(f/en/y)d _Af [J_(f/en/y)d )
( 0) 1 B, |y|n+a Yy R™\B, |y|n+a Yy
—p—0 A(So(?’) f 1
> (2 -0)R” (——2P+1+ A —d)
( G) 1 2_¢o ( P) Ri\B, |y|n+a Yy

e 2—0 _
=R U(Aéo(r)—(2p+1+p)Aa)n 7, )

for r € (0, %R), where w,, denotes the surface measure of S"~!. Thus we
may take some sufficiently small r € (0,1/2) and take some ¢* € (1,2) close
enough to 2 in the above so that

Mg, flen) 2 0

for any ¢ € (0%,2). Hence we complete the proof. m|

Now we have the following Corollary as Corollary 4.1.2, [KL]. The only
difference is that the influence of non-symmetry of the kernel is ply|xs, (v),
not ply| in the proof since authors considered a larger class of operators for
1< o0 <2at[KL].

Corollary 3.1.2. Given any oo € (0,2), there exist some 6 > 0 and p > 0 such
that the function

f(x) = min{6 PR, |x| "}
is a subsolution to M;Of(x) > 0 for any o € (00, 2) and x € B,

Lemma 3.1.3. Given any o¢ € (0,2), there exists a function V € B(R") such that

(a) W is continuous on R", (b)) W = 0 on BC\/ER ,
()W >2o0n Qg, (d) MEO‘I’ is continuous on B g,

(e) MEO‘P > —1 /R on R" where 1 is a positive bounded function on R" which
is supported in Br,y , for any o € (09, 2).

Proof. We consider the function W given by

W=cl?~ (V)P inB g\ Brpa,
P in BR/Z/

where P is a quadratic paraboloid chosen so that W is C!! across dBg».
We now choose the constant ¢ so that W(x) > 2 for x € Qr (recall that
Qr C Qr C B\/ZR c B2\/ZR)' Since WV € Cl’l(B \/ZR)' M;O‘I’ is continuous
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on B . Also by Lemma we see that Mg W > 0 on B ,. Hence this
completes the proof. ]

3.2. Estimates in measure. The main tool that shall be useful in proving
Holder estimates is a lemma that connects a pointwise estimate with an
estimate in measure. The corresponding lemma in our context is the fol-
lowing.

Lemma 3.2.1. Let o9 € (0,2). If 0 € (00,2) and R € (0, Rol, then there exist
some constants g > 0, v € (0,1) and M > 1 (depending only on oo, A, A and the
dimension n) for which if u € B(R") is a viscosity supersolution to M [ S €o/R?
witho # 1 or Lu < e9/R° with o € (0¢,2) on B, ViR such that u > O on R" and
info, u <1, then |{u <M} N Qg| > V|QR|

Remark. We denote by Q,(x) an open cube {y € R" : |y — x| < r/2} and
Qr = Q4(0). If we set Q = Q,(x), then we denote by sQ = Q(x) fors > 0.
[Proof of LemmaB.2.1]

(Case 1: 1 < ¢ < 2). We consider the function v := W — u where WV is
the special function constructed in Lemma Then we easily see that

v is upper semicontinuous on Ez yir and v is not positive on R" \ B z.
Moreover, v is a viscosity subsolution to M+ 02 MW - Mguz—-@+
€0)/R? on B, \;r. So we want to apply Theoremm (rescaled) tov. LetI' be
the concave envelope of vin B 5. Since infg, u < 1, infg, W >2and Qr C
B, g, We easily see that Mo := supp, - U= v(xp) > 1 for some xg € B, fg-
We consider the function ¢ whose graph is the cone in R” X R with vertex
(xo0, Mo) and base dB zx(x0) X {0}. For any & € R" with |£] < Mp/6 V1R, the
hyperplane

H = {(x,xz41) € R" X R: x41 = L(x) := Mo + & - (x — x0)}

is a supporting hyperplane for g at xo in By ;z(x0). Then H has a parallel
hyperplane H” which is a supporting hyperplane for v in B, 5 at some
point x; € B, sz By the definition of concave envelope, we see that H' is
also the hyperplane tangent to the graph of I at x1, so that & = VI'(x1). This
implies that By /5 \r(0) € VI'(B, ;). Thus we have that

(3.2.1) C(n)log (M) < f g1(VI(y)) det[D*T(y)]” dy,
n C(u,I',Br)

where g, is the function given in Corollary 2.1.3l We also observe as shown

in [CC] that

(322) [VI(B, g \ C@. T, By ()| = 0
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Let {Q;} be the finite family of cubes given by Theorem 2.1.4] (rescaled on
B, ir)- Then it follows from (3.2.1), (8.22) and Theorem 214l that

[(supg, , ©)/R]"
ln( p
= C(Z sup((R72(R)" + 7" (RO(y + eo>/R")"|le)
joQ

(w2, m)y ; Q)1+ ; sup((¥ 4 c0)/RY"IQ)

+1)=C f 30(VI(y) et DT ()] dy
C(u,I',BR)

(3.2.3)

IA

< C(RU R + 7 Y sup((w + o) RAIQ] )
i
Here we note that Kg := Exp((R°"!],(R))") < C < ocoforl <o <2andR < 1.
If wesetn = (Z]- supg (¢ + eo)/R2)”|Qj|)1/n in (32.3), then we have that
]

1/n
sup v < CR(Z sup((y + So)/R2)n|Qj|)

B, yir i Q

< Cep+ CR(Z((sEp ) /RZ)”|Qj|)1/n.
j Q;

(3.2.4)

Since infg, # < 1 and infg, W' > 2, we see that supy_ w?> 1. If we choose
¢ small enough, the above inequality (3.2.4) implies that

" 1/n
211/HR < C(;(sg]p Ilf) |Qj|) .

We recall from the proof of Lemma that 1 is supported on B4 and
bounded on R". Thus the above inequality becomes

Sied=c( Y 1)

Q]‘ﬂBR/4¢(P

which provides a lower bound for the sum of the volumes of the cubes Q;
intersecting Bg/4 as follows;

(3.2.5) Z 1Qjl = ¢clQrl-

QjﬂBRM:ﬁQZ)

Since diam(Q);) < p02‘21_aR < poR for any o € (09,2), the cube 4\/EQ]- is
contained in Bg/> for any Q; with Q; N Bg/s # ¢. Set My = supBR/z(‘If -1).
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Then by Theorem[2.1.4 we have that
(3.2.6)

|ly € 4VnQ; : v(x) > T(y) = CR™?sup((¥) + e0)/R* + Jo(RIVIDA)| > nolQ)
Q
and djz < p%Rz. Then the family § = {4VnQ; : Qj N Brys # ¢} is an open
covering of the union
D := U é]

QjﬂBR/4¢¢)

Now we may take a subcovering of & with finite overlapping number
(depending only on the dimension n) which covers the set D. Thus it

follows from (B.2.5) and (3.2.6) that

|tx € Bryz : 0(x) = T(x) = Cp3}| = cnolQxl,
because R9~2 supéj((gb+eo)/R“+]G(R)|Vl"|)d? < p% supéj((gb+eo)+|Vl“|) < Cp%
for any R € (0, Ro]. So we have that

|tx € Bz : u(x) < My + Cp2}| = cnolQxl-

Taking M = M; + Cp% > 1, we conclude that [{u < M} N Qg| > v|Qr| where
v = cno, because Br/z C Qr.

(Case 2: 0 < 0 < 1) Now we are going to apply A-B-P estimate (Corollary
2.2.2). We can observe

f g(VI(y)) det{ DT ()] dy > f
C*(u,I',Bg;b)

By N{b-x=0}

[(supg,  0)/R]"
Zlf gzlnco( NT +1)
2 Jp, n

for M = Supg, . v)/R. Then we have

[ )/RT'
( Suszﬁ )= c(®y T Y sup( + eo)/RYIQ))
i joQ

<1+ Y sup(@ + o) /RY'IQ) )
i Q
If we follow the same argument as in (Casel), we have the conclusion.
(Case 3: Linear equations with 0 < ¢ < 2) If apply A-B-P estimate
(Corollary 2.32) and follow the exactly same argument as (Case 2) with
br instead b, we have the conclusion. |
We split Qg into 2" cubes of half side. We do the same splitting step
with each one of these 2" cubes and we continue this process. The cubes
obtained in this way are called dyadic cubes. 1f Q is a dyadic cube different
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from Qg, then we say that é is the predecessor of Q if Q is one of 2" cubes
obtained from splitting Q.

Lemma 3.2.2. [CC] Let A, B be measurable sets with A ¢ B € Qg. If 6 € (0,1)

is some number such that (a) |A| < 6 and () é C B for any dyadic cube Q with
|A N Q| >06|Q)| then |A| < 6|B.

The following lemma is a consequence of Lemma[3.2.Tland Lemma[B.2.2]

Lemma 3.2.3. Given g9 € (0,2), let ¢ € (0¢,2) and R € (0,Rp]. Let ¢g > 0
be the constant in Lemma 3211 If u € B(R") is a viscosity supersolution to
Mgou < &/R% with o # 1 or Lu < &o/R° with o € (09,2) on By i such that
u > 0on R" and infg, u <1, then there are universal constants C > 0 and ¢, > 0
such that

|t >t} N Qg| < Ct*|Qxl, ¥t > 0.

Remark 3.2.4. We note that Brj» C Qr € Q3r C B, vir2 € Ba yir-
Proof. First, we shall prove that
(3.2.7) |fu > M*} 0 Qg| < (1 - v)IQgrl, Yk €N,

where v > 0 is the constant as in Lemma and M > 1 is the constant
chosen in Lemma

If k = 1, then it has been done in Lemma Assume that the result
(B.27) holds for k — 1 (k > 2) and let

A={u>M})NQg and B={u>M"1)nQk.

If we can show that |A| < (1—v)|B|, then (B.2.7) can be obtained for k. To show
this, we apply Lemma By Lemma it is clear that A € B C Qg
and |A] < [fu > M} N Qrl < (1 = v)IQr|. So it remain only to prove (b) of
Lemma [B3.2.2} that is, we need to show that if Q = Q,-iz(xp) is a dyadic cube
satisfying

(3.2.8) lANQI> (1 -)IQl
then Q C B. Indeed, we suppose that Q ¢ B and take x, € Q such that
(3.2.9) u(x,) < M1

We now consider the transformationx = xo+y, y € Q,-ig, x € Q = Qr-ig(x0)
and the function v(y) = u(x)/M*1. If we can show that v satisfies the
hypothesis of Lemma[B.2.1] then we have that v|Q| < |{u(x) < M*} N Q|, and
thus |Q \ Al > v|Q| which contradicts (3.2.8).
To complete the proof, we consider once again the transformation
X=xp+2z2 Z€B¥R, xeBZ%R(xO)CBZ\/HR
and the function v(z) = u(x)/M*!. It now remains to show that v satisfies

the hypothesis of Lemma[B.2.1] We now take any ¢ € C; \/Ez-fR(U; z)”. If we
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sety = Mk‘l(p( - — Xxp), then we observe that
2 - 2 _
eC ;2" © YPeC u;xp+2)".
® 32 \/ﬁz—iR( ’ ) l][} 32 \/ﬁz—iR(xo)( ;X0 )

Since B, \p-ig(%0) C B, g, We have that

M;OU(Z; Vo) < Lo(z; Vo)

1

= v f]l;n u(u, xo + z,y; Vip)K(y) dy
1

= = Lu(xo +z; V1))

for any £ € £. Taking the infimum of the right-hand side in the above
inequality, we obtain that

M v(z; Vo) < M;Ou(xo +z; Vi)).

1
=
Thus we have that

€0
(27R)"”’
because M, u < z¢ On By g . Also it is obvious that v > 0 on R” and we
see from (3.2.9) that info v < 1. Finally the result follows immediately from
(B27) by taking C = (1 —v)™! and &. > 0 so that 1 — v = M. Hence we
complete the proof. |

By a standard covering argument we obtain the following theorem.

M,}Ov(z; Vo) <

Theorem 3.2.5. For any oo € (0,2), let 0 € (0¢,2) be given. If u € B(R") is a
viscosity supersolution to Mgou < % with o # 1 or Lu < €9/R° with ¢ € (09, 2)
on Bor such that u > 0 on R" and u(0) < 1 where ¢ is the constant given in
Lemma[3.2.1) then there are universal constants C > 0 and ¢, > 0 such that

|tu >t} N Bg| < C+*|Bgl, V't > 0.

In contrast to symmetric cases, we note that we can not obtain the fol-
lowing theorem by rescaling the above theorem because our cases are not
scaling invariant. We note that Theorem[3.2.6lon r € (0, 1) shall be applied
to obtain a Harnack inequality, and also Theorem [3.2.6lon r € [R,2R] will

be used to prove Holder estimates and an interior C'*-regularity.

Theorem 3.2.6. For any og € (0,2), let 0 € (00, 2) be given, and let x € R" and
r € (0,2]. If u € B(IR") is a viscosity supersolution to Mgou <cwitho #1
or Lu < e9/R° with ¢ € (0¢,2) on Byy(x) such that u > 0 on R", then there are
universal constants e, > 0 and C > 0 such that

|{u >t N Br(x)l < Cr”(u(x) + coR’ ra)&t'f*, Vt>D0.
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Proof. Let x € R" and set v(z) = u(z +x)/q for z € By, where q = u(x) +cor’/ €.
Take any ¢ € Céb(v; z)~. If we set ¥ = g¢(- — x), then we see that i) €
C§2,(x)(” ;z + x). Thus by the change of variables we have that

MG, 0(z; V) < Lo(z; Vo)
1
= _f u(z +x,y; Vi) K(y) dy
q Jrr

= %Lu(z +x; V1))

for any L € £y. Taking the infimum of the right-hand side in the above
inequality, we get that

_ 1, _ e
MQOU(Z; Vo) < aMﬁo”(”Z +x; V) < r_g'

Thus we have that Mg v < 2 on By. Applying Theorem to the
function v, we complete the proof. |

4. ReguLARITY THEORY
4.1. Harnack inequality.

Theorem 4.1.1. For a given o¢ € (0,2), let 0g < 0 < 2. If u € B(R") is a positive
function such that

_ C C .
MG u < R—S and M;Ou > —R—g with o # 1 on Bog
or

Lus% and Luz—% with og < 0 <2 o0n Byr

in the viscosity sense, then there is some constant C > 0 depending only on A, A,n
and og such that

supu < C(infu + CO).

Bg2 Br)2
Proof. Let £ € Bgj> be a point so that infg, , u = u(%). Then it is enough to
show that

supu < C (u(a?) + Co).

Bry2
Without loss of generality, we may assume that u(f) < 1 and Cp = 1 by
dividing u by u(£)+Co. Let . > 0 be the number given in Theorem[3.2.6land
let p = n/e.. We now set sp = inf{s > 0 : u(x) < s(1-|x|/R)#, ¥ x € Bg}. Then
we see that sy > 0 because u is positive on R”. Also there is some xp € Br
such that u(x) = so(1 - ol/R) P = 50 (%) where do = d(xo, 9Bx) < R.

To finish the proof, we have only to show that sy can not be too large

because u(x) < C1(1—|x|/R)™# < C for any x € Bry if C; > 0is some constant
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with sy < Cq. Assume that sy is very large. Then by Theorem[3.2.5l we have
that

2 Ex )
> < | < Cs&dm.
> o2 Bl < |- 2| el < 57

Since |B,| = Cd6Z for r = dp/2 < R, we easily obtain that

Ex

< Cs3“[B,l.

4.1.1) |1 > u(x0)/2} N By(x0)}| < )

In order to get a contradiction, we estimate |{u < u(xg)/2} N Bs,(xo)| for some
very small 6 > 0 (to be determined later). For any x € Bys:(xp), we have that
u(x) < so(do — 6do/R)P < u(xp)(1 — 6)F for 6 > 0 so that (1 — 6)7# is close to
1. We consider the function

o(x) = (1 - 0)Pu(xg) — u(x).

Then we see that v > 0 on Bys,(xp), and also Mgov < % on Bg,(xg) because

M;Ou > — 2 on B (x0). We now want to apply Theorem[3.2.6to v. However
v is not positive on R” but only on Bg,(xg). To apply Theorem we
consider w = v* instead of v. Since w = v+v~, we have that Mgow < Mgov+

M;OU_ < % + MI,OU_ on Bg,(xg). Since v~ = 0 on By, (xp), if x € Bg,(xg) then
we have that u(v7,x, y; Vo) = v (x + v), y € Bs,(x0) and ¢ € Clzgm(x[))(v‘;x)J“.

Take any ¢ € Cém(xo)(v‘; x)* and any x € Bg,(xp). Since x + Bs, C Bogs,(x0), we
thus have that

Mg w(x; Vo)
1 At (0=, x, 1, Vo) = Au~ (07, x, 1, Vo)
< 7 +(2-0) - 7 dy

1 -Av(x +v)
< Ro +(2- 0)f S —
{yeR™:v(x+y)<0} |y|

1 (uCx +y) = 1= 0)Pu(xo)),
< R +(2-0)A fﬂ;n\Bm T dy.

We consider the function h.(x) = c(1 — |x[*/R?), for ¢ > 0 and we set

(4.1.2)

c1 =supf{c > 0:u(x) > h(x), Vx e R"}.
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Then there is some x; € Bg such that u(x;) = ¢;(1 — |x1|?/R?) and we see that

c1 < 4/3 because u(x) < 1. Since Vh, (x) = —213—123“, we have that

“(u,x1,y; Vh
(2—a)f u(u,x1,y cl)dy

|y|n+a
< (2 _ O)f (hc1 (x1 + y) - hcl (xll)l;_i/ . thl (xl))(Bl (y))_ dy
(4.1.3) " | |2/R2 Yy R
Y f y
<C2-o¢ dy+CR2-o¢ d
( ) Br |y|”+‘7 Y ( ) B;\Bg |y|n+a Yy
< C(2 - 00)
RU

for some constant C > 0 which is independent of ¢, and so we have that

[’l_(u/xl/y;th)d < C

A2 - —.
L T e <%

Since Mgou(xl) < 3 on Bog, by 1.3) we have that

1
ﬁ > M;Ou(xl;thl)
* 7 7 ;th
2 /\(2 - G)f . (u |3;1|n-1:-Va 1) dy
“(u,x1,y;Vh
_A(2—o)f LG ALEY
; |y|n+a
ur(u, x1,y; Vhe,)

dy < = f
. i+ Yy < Ro or a constant

C > 0 which is independent of . We may assume that (1 — &) Pu(xy) =
(1—-06)"Pso(1 —|xol/R)~P > 4 because sy was very large and (1 - 5)7P was close
to 1/R. Since 6r < R, by the change of variables we have that

Thus we obtain that (2 — o)

—(1-08)P
oo fB (ux + ) = (1= 0)Pu(xo)), 0

|y|n+a

<C2-0)A f (1t + )~ 4/R), dx

c
or

|y[r+o

+

(u, x1, y; Vhe,) C
<@-o [ BRIy <

for any x € Bg,(xg). Thus by (@.1.2) we obtain that

_ C
Mg w(x) < R < on By, (xp) .

C
(0r)?
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Since u(xp) = so(do/R)# = 27Ps¢(r/R) and Be. = n, applying Theorem[B.2.6]
we have that

[l < u(x0)/2) N By j2(x0)| = [f0 > u(xo)(1 = 8)F = 1/2)} 1 Byy2(x0)|
< CON"[((1 = 8)F = Duxo) + CEN ™ (0r)° ] [ulxo)(@ - 0)F = 1/2)]

< CEN[((1 - ) F = 1) +5757].

—&x

We now choose 6 > 0 so small enough that C(6r)*((1 — 6)F — 1)* <
|Bsr/2(x0)1/4. Since 6 was chosen independently of sy, if sy is large enough
for such fixed 6 then we get that C(or)"67" s, “ < |Bsyja(x0)l/4. Therefore we

obtain that |{u < u(xg)/2} N B(Sr/2(.x0)| < |Bsr/2(x0)l/2. Thus we conclude that
{1 > u(x0)/2} 0 Br(x0)| 2 [{u = 1(x0)/2} 0 Borya(x0)|
> [{u > u(x0)/2} N Byya(xo0)|
> |Bsy/2(x0)| = [Borj2(x0)| /2
= |Borj2(x0)|/2 = CIBy|,

which contradicts @.1T) if 5o is large enough. Thus we complete the proof.
O

4.2. Holder estimates. In this subsection, we obtain Holder regularity re-
sult. The following technical lemma is very useful in proving it. As in
[CS, [KT], its proof can be derived from Theorem B.2.6]

Lemma 4.2.1. For og € (1,2), let 0 € (00,2) be given. If u is a bounded function
with |u] < 1/2 on R" such that

Co Co .
ot < RO and MG u > “Ro with o # 1 on Byr
or c c
0 0 .
Lu< Ro and Luz—ﬁ with og < 0 <2 on Bor
in the viscosity sense where eo > 0 is some sufficiently small constant, then there
is some universal constant a > 0 (depending only on A, A,n and og) such that
u € C* at the origin. More precisely,
|x
lu(x) — u(0)| < C R
for some universal constant C > 0 depending only on a.

Lemma.2.Jland a simple rescaling argument give the following theorem

as in [CS| KL].

Theorem 4.2.2. For any og € (0,2), let 0 € (00,2) be given. If u is a bounded
function on R" such that
Co

C .
M u < RO and M;OM > —R—g with o # 1 on Bog
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or
C C
LuSR—g and LuZ—R—g with oy < 0 <2 o0n Byr

in the viscosity sense, then there is some constant o > 0 (depending only on A, A, n
and o) such that

C
il (sys) < oz (Il ey + Co)

where C > 0 is some universal constant depending only on a.

4.3. C'“-estimates. If we apply Theorem F2.2] on the Holder difference
quotients which satifies the same class of operators as the solution, we will
have the following interior Cl®_estimate as in ICC].. For R € (0, Rg], we
set ”””*chR) = |[ull(gg) + RlIDullr(ggy + RM(Dullcapy)-

Theorem 4.3.1. For oo € (0,2), let 0 € (00,2) be given. Then there is some
01 > 0 (depending on A, A, 00 and the dimension n) so that if I is a nonlocal
elliptic operator with respect to 8(1) in the sense of Definition 3.1 and u € B(R") is
a viscosity solution to Tu = 0 with o # 1 or Lu = 0 with 0 < 0 < 2 on By, then
there is a universal constant a > 0 (depending only on A, A, oo and the dimension
n) such that

* o
e, S ClML ey + ROLTO1)

for some constant C > 0 depending on A, A, oo, n and the constant given in (10.1)
(where we denote by JO the value we obtain when we apply I with o # 1 or L
with 0 < ¢ < 2 to the constant function that is equal to zero).
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