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ON SPECTRAL PROPERTIES OF THE FOURTH ORDER DIFFERENTIAL
OPERATOR WITH SINGULAR COEFFICIENTS

STEPAN MAN'’KO

ABSTRACT. A formal fourth order differential operator with a singular coefficient
that is a linear combination of the Dirac delta-function and its derivatives is con-
sidered. The asymptotic behavior of spectra and eigenfunctions of a family of
differential operators with smooth coefficients approximating the singular coeffi-
cients is studied. We explore how behavior of eigenvalues and eigenfunctions is
influenced by singular coefficients. The limit operator is constructed and is shown
to depend on a type of approximation of singular coefficients.

1. INTRODUCTION

Differential operators with singular coefficients appear in atomic physics, acous-
tics, quantum mechanics, solid state physics, aerodynamics, fluid mechanics, aeroa-
coustics [1, [2], [8], [9], [15], [16]. An important task of the theory of differen-
tial equations is to find the minimal smoothness of coefficients, under which the
equation admits a solution. Although there are some models that are closely re-
lated to the differential operators with distributions in coefficients it is impossible
to construct the theory of linear differential equations with distributional coeffi-
cients, since the space of distributions D’(R") is not an algebra with respect to
the “pointwise” multiplication. This raises the basic question how to interpret the
differential operators with distributions in coefficients.

A lot of models are expected to be “selfadjoint” in the sense that appropriate
operators, describing these models must be selfadjoint in some Hilbert spaces. Let
a differential expression S correspond to such a model and let it contain distri-
butions, supported by x = 0, in coefficients. In order to interpret the operator
S we first construct a symmetric operator Sy by restricting S to the set of func-
tions vanishing at the origin along with their derivatives. Then we consider all
selfadjoint extensions of Sy and choose one of these extensions as a definition of
S. This method goes back to the work of F. Berezin and L. Faddeev [6]. In some
instances the set of all selfadjoint extensions of a symmetric operators is multi-
parametric. Therefore the harder question comes: how to choose an extension that
is best suited to our physical model. For some models the proper operator can
not be chosen within the selfadjoint extensions theory, because the models con-
tain hidden parameters. After replacing the singular coefficient with a sequence
of short-range smooth coefficients, the operator obtained in the zero-range limit,
as often happens, can depend on the type of regularization, i.e., the operator is
governed by the shape of squeezed coefficients. This shape is a hidden parameter
and plays a crucial role in the choice of a selfadjoint extension corresponding to
the physical model under consideration.
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In [10], [11] the problem how to define the one-dimensional Schrodinger opera-
tor with the ¢’-potential, where ¢’ is the first derivative of the Dirac delta-function,
was considered . A natural approach to defining such a Hamiltonian is to ap-
proximate ¢’ in D’ (RR")-topology by regular potentials and then to investigate the
corresponding family of regular Schrodinger operators. Therefore the authors con-
sidered the family of Schrodinger operators on the line of the form

d? (X
Helw¥) = g + U+ ¥ (5).
approaching a formal Hamiltonian H, = — dd—; + U(x) + ad’(x). Here ¢ is a small

positive parameter, ¥ € C3°(—1,1), U is a real valued potential going to +oo as
|x| — o0, and « is a real coupling constant. The map assigning a limit operator
H(a,'¥) to each pair («,'¥) was constructed there. The choice of H(«,¥) is de-
termined by proximity of its energy levels and pure states to those for the Hamil-
tonian with regularized potentials for small e. For almost all a the limit opera-
tor is just the direct sum of the Schrodinger operators with the potential U on
half-axes subject to the Dirichlet boundary condition at the origin (the nonresonant
case). But for a belonging to the discrete resonant set Xy, which is the spectrum
of the Sturm-Liouville problem —w” + a%¥w = 0 on the interval (—1,1) subject
to the boundary conditions w'(—1) = w'(1) = 0, the operator H(«,¥) acts via
H(a,¥)f = —f"” + Uf on an appropriate set of functions satisfying the matching
conditions f(40) = 6y (a)f(—0) and Oy (a)f'(+0) = f'(—0) (the resonant case).
Here 0y (a) = wy (1) /wa(—1), where w, is an eigenfunction corresponding to the
eigenvalue & € Y.

In [12] the results of [10], [11] were extended to the case of the fourth order
ordinary differential operators. An attempt was made to define the formal dif-

ferential oper4ator Ay = ;l—; + U(x) + ad"(x). To approximate A,, the family
Ae(a,¥) = % + U(x) + £¥(%) with domain

D(Ae(a,¥)) = {f € Wi(a,b): f(a) = f'(a) =0, f(b)=f(b)=0}

was considered. Here (a, b) is an interval of R containing the origin, U is a smooth
real valued function on [4,b] and ¥ € C§°(—1,1). Asymptotic expansions for
eigenvalues and eigenfunctions of A.(«,'¥) were constructed, and therefore the
limit operator A(«, ¥) was obtained. Upon constructing asymptotics two different
cases are distinguished: the resonant case and the nonresonant one. In the resonant
case « belongs to the discrete resonant set Ly C IR, which is the spectrum of the
eigenvalue problem

w1 {w(4)+zx‘1’w—0, ge(-1,1),

w’(-1) =w"(-1) =0, @"(1)=w"'(1)=0.
The limit operator was obtained under the additional assumptions
(1.2)  ais a simple eigenvalue of the problem (L) and w),(—1)w), (1) # 0,
where w, is an eigenfunction corresponding to the eigenvalue «. In this case
A(a,¥) acts via A(a,¥)f = f® + Uf on an appropriate set of functions obey-

ing the interface conditions f(0) = 0, f'(+0) = Oy (a)f'(—0) and Oy (a) f”'(4+0) =
f"(—0), where 0y (a) = w),(1)/w}(—1). In the nonresonant case, when & ¢ X,
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the limit operator is the direct sum of the Dirichlet operators on (4,0) and (0, b)
respectively.

We extend the results of [12] to more a general perturbation of the fourth order
differential operator, namely, we consider a formal differential expression

4

% +U(x) +ad"” (x) + B" (x) + 116" (x) + 126(x).

The investigation of the papers [10]-[12] is based on the asymptotic analysis. We
will use techniques of [10]-[12] to obtain an appropriate limit operator.

1.1. Problem statement and main results. Let L stand for the differential expres-
sion ;l—; + U(x). As before U is a smooth real valued function on the interval
[a,b] C R, containing the origin. Denote by ¥, the function

Ye(x) = ae ¥ (e71x) + Be 3@ (e 1x) + 116 2Y (e 1x) + yoe 1Yo (e ).

Here ¥, ®,Y1,Y; € C5°(—1,1),supp¥ = [—1,1], and «, B, 71, 72 € R are arbitrary
constants. Let us consider the eigenvalue problem

(13) Lye+¥e(x)ye = AYe, x€(ab),  ye(a) = ye(a) = ye(b) = ye(b) = 0.
Note that the further analysis of the problem (1.3) does not depend on the type
of boundary conditions. Hence Dirichlet boundary conditions may be replaced by
one of the possible combinations at the endpoints x = a and x = b of the following
boundary conditions

y(xo) =y'(x0) =0,  y(xo) =y"(x0) =0,  y"(x0) =y" (x0) =0.
We associate with the problem (1.3) an operator

4

d
SF_(“/ ‘B/ Y1, ’)/Z;T/ (D,Y], YZ) - @ + u(x) +T€(x)’

D(Se(, B,71,72F, @, Y1, Y2)) = {f € Wi(a,b):
fla)=f'(a) =0, f(b) = f'(b) =0}
We denote it briefly by S;.
Note that for some ¥, ®,Y1,Y, € C°(—1,1) the function ¥, converges in the
sense of distributions as ¢ — 0 to the linear combination of the derivatives of the
Dirac delta-function, which serves as a motivation for the choice of the singular

perturbation Y. If therefore the operator S¢ converges (in some sense) as ¢ — 0 to
the limit operator, then it is natural to regard this limit as the interpretation of the

fourth order differential operator ;l—; + U+ ad" 4 8" + 716" + 720.

Our purpose is to investigate the asymptotic behavior of eigenvalues A* and
eigenfunctions y, as ¢ — 0. The perturbation ¥, consists of four terms each of
which has different influence on A® and y,. It is of interest to know when each term
starts to have effect in asymptotic expansions. Intuitively, we expect that the term
approximating the third derivative of the Dirac delta-function has to be dominat-
ing. We also wish to assign an operator to each collection (&, 8, 71, 72, ¥, ®, Y1, Y2).
We base the choice of the limit operator on the proximity of its eigenvalues and
eigenfunctions to those of the operators S for sufficiently small e.

The rest of the paper is organized as follows. Sec. 2 includes the description
of the spectrum of the perturbed operators S;. We show that all eigenvalues are
continuous functions of € and are bounded from above. Generally speaking, the



4 STEPAN MAN'KO

spectrum of this family is not bounded from below as ¢ — 0: for some ¥ and «
there exists a finite number of eigenvalues converging to —co as e — 0.

Then Sec. 3 presents the formal asymptotic expansions for the eigenvalues and
eigenfunctions of S;. The leading terms of asymptotic expansions and the limit
operators are constructed in the section. We introduce a spectral characteristic of
the shape ¥, namely, the resonant set Xy, which is the spectrum of the eigenvalue
problem (LI). In the case when a does not belong to the resonant set, the limit
operator is just the direct sum of the Dirichlet operators on (a,0) and (0, b) respec-
tively. In the resonant case, when « € Ly, the limit operator S,X,ﬁ (¥, @) acts via
Sap(Y,@)f = Lf on a set of functions obeying appropriate coupling conditions
at the origin.

The remainders of asymptotics for eigenvalues and eigenfunctions of S are
constructed in Sec. 4, because we are in need of more precise asymptotics in order
to prove the approximation theorems. In this section we also analyze the effect of
each singular term. The justification and estimation of the range of validity for the
approximations are presented in Sec. 5.

2. SPECTRUM OF S; AND AUXILIARY RESULTS
An element f of CP(—1,1) is called the 6(")-like shape if
e~ e 1x) 5 6 (x) as £—0
in D'(R)-topology. Set (f), = (k!)~! [ &k f(¢&) d¢. It is easy to prove that a func-
tion f € C5°(—1,1) is the 6\"-like shape if and only if (f); =0forj=0,...,n—1

(n
and (f), = (—1)" (see [11] for details). In what follows, we denote by M, the set
of all §(")-like shapes, i.e.

My ={feC(-1,1): (f)j=0, j=0,....n=1, (f)n=(-1)"}.
For all & > 0 the spectrum of S is real and discrete. Let {1} };° ; be the eigenval-

ues of S; enumerated in increasing order taking multiplicity into account. Suppose
that {y; }72, is the Ly (a, b)-orthonormal system of eigenfunctions.

Theorem 2.1. The eigenvalues A} of the operator S are continuous functions of
e € (0,1). Moreover, all eigenvalues are bounded from above as ¢ — 0. Let ¥
change sign and |a| be large enough; then the spectrum of S; is unbounded from
below as ¢ — 0, in particular, A < —ce™* for some positive constant c. There is at
most a finite number N~ of eigenvalues converging to —o as e — 0.

Proof. Let us consider the quadratic form
b
elu] = [ (WP 4 (U +¥e) ) dx,
ueH={f €Wi(ab): f(a)=f(a)=0, f(b)=f'(b)=0},

that is equicontinuous on the set of functions u € D(g:) N {||v|| = 1} with respect
to e. The minimax principle [5] p. 343]

Ap=inf sup ge[v],
B veE, fjol=1
yields continuity of eigenvalues with respect to &. Here Ej runs over all k-dimensional
linear subspaces of H, and || - || denotes the Ly (a, b)-norm.
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Choose a subspace E; containing only elements vanishing in a neighborhood
of the origin. Then we obtain

A< sup gelo].
vEEL, [Jv||=1

For sufficiently small ¢ the restriction of g¢ to E; does not depend on e. This yields
boundedness of the eigenvalues from above.

Suppose ¥ changes sign. Let u € C§°(a, b) be a normalized function supported
on an interval [c1,c;], where ¥ takes negative values. Consider the sequence
ue(x) = e Y2u(e"'x), ||ug| = 1, and assume that « > 0. From the minimax
principle one can conclude that

€

'S < egelue] = 84/

C1€

(\u;’\z + Ulue|? +‘Yg|u£\2) dx =
= [ (P~ wl¥uf?) e+
JC1

Co Co
+e/ (B +meny +7282Y2)\u\2d§+84/ U (e2) ul? de.
P Cl .

‘1

The first integral gives a negative number for & > r, where

r= [Pwr@pas ([ re@lkac) -

while the other terms go to zero. Thus for ¢ sufficiently small the estimate A <
—ce~* holds with some positive c. The case # < 0 may be handled in much the
same way.

Let N~ denote the number of negative eigenvalues of the operator S. Clearly,
N~ < limsup,_,,N; . It is well known [4] that the estimate for the number of
negative eigenvalues

b b
Ne Scoter [ [xP UG dx e [P [¥e(x)] dx,
a a

holds, where ¢y, c; and ¢, are positive constants. The function ¥, is supported on
[—¢, €], thus

[ P dx = [ 1P (et )+ ot 1+
1
e Y ( )|+ e Yo )] dx = ol [ 1P 1¥(2) | de+

vef SR (1B + el Y1(8)] +2Ya(@)]) dé < |afe(¥) +1
for small € > 0. From what has already been proved it follows that
N~ < co+er(U) + o () laf
for some positive constants ¢g, ¢1(U), c2('F). O

Therefore the spectrum of S; consists of two parts: the set of eigenvalues tend-
ing to —oco as ¢ — 0, and the set of all bounded eigenvalues as ¢ — 0.
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3. ASYMPTOTICS OF EIGENVALUES AND EIGENFUNCTIONS OF S; AND THE LIMIT
OPERATOR

Fix an eigenvalue A of the problem (L.3) with k > N~. We write it A® for short.
Let y. be the corresponding eigenfunction. The asymptotic expansions of A? are
represented by

(3.1) AE A+ ed +2A 4. ..,

and we postulate two-scale expansions for the eigenfunction

(B2)  ye(x) ~ov(x) +evy(x) +e*vp(x) +... for x € (a,—e)U(eb),
(B3)  ye(x) ~ew(elx) +Ewi(e ) +... for x € (—ge).

Here all functions v, vy are defined for x € (4,0) U (0,b), and w, wy are defined
for ¢ € (—1,1). Assume that v is different from zero. Series (3.2), (3.3) satisfy the
coupling conditions

(3.4) [yé”}x}g =0, [yﬁf)L:g =0, j=0,...3

where by [f]x=, we denote the jump of f at a point a.
We substitute series (3.1), (3.2) into the equation and the boundary conditions
(L3) and derive

(35) Lv=Av, v(a) =7'(a) =0, o(b)=7'(b) =0,
(3.6)  Lvi = Avg + Ao, v1(a) = vi(a) =0, wvy(b) =2}(b) =0,
(3.7)  Luop=Avg+ Mo +Aw,  vy(a) =v5(a) =0, ovy(b) =0v5h(b) =0,

where all equations hold on (a,0) U (0,b). We set ¢ = ¢ !x. After substituting
(3.1), 33) into the equation (L.3), one obtains the following equations on (—1,1)

(3.8) w® 4+ a¥w =0,

(3.9) w0l + a¥w; = —pow,

(3.10) wgl) + a¥wy = —Bdw; — 1 Y1w,

(3.11) w§4) + a¥ws = —BDPwy — y1Y1w1 — ¥ Yow.

Substituting (3.2), (3.3) into the coupling conditions (3.4), we can assert that

v(j)(:lzs) + evgj)(:l:s) + ¢ vgj)(:lzs) + slfjw(]‘)(:lzl) + &> ng)(:lzl) + .-
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(7)

forj =0,...,3. We can now expand vy’ into the formal Taylor series about x =
+0. Then we conclude that

(3.12) v(=0)=0, v(+0)=0,
(3.13) w"(£1) =0, w"(+1)=0,
(3.14) o'(-0) =w'(-1), o'(+0)=uw'(1),
(3.15) 01(=0) =o' (=0) =w(-1),  v1(+0) + 7' (+0) = w(1),
(3.16) v} (=0) = 0"(=0) =wy(=1),  03(+0) +2"(+0) = w(1),
(3.17)
02(—0) =04 (=0) + 30"(=0) = wi(=1),  v2(+0) + v} (+0) + 30" (+0) = wi(1),
(3.18)
v3(=0) = 07 (=0) + 30" (=0) = wy(~1),  v5(+0) +v{(+0) + 30" (+0) = wy(1),
(3.19) wf(£1) =0"(£0), @/ (£1) =0,
(3.20) wy(£1) = o) (£0) £ (£0),  wh'(£1) = ""(0),
(3.21)

Wl (£1) = v(£0) £ 07" (20) + Lo®(0),  wf'(£1) = v}’ (+0) + 0¥ (+0).

It follows that v satisfies the equation and the boundary conditions (3.5), and fur-
thermore v(0) = 0. The function w is a solution to the problem

(3.22) w® 4+ a¥w=0, ¢e(-1,1), w"(£1)=0, @ (x1)=0.

Moreover these functions are related by the coupling conditions (3.14). The prob-
lem (@.22) is decisive in our next consideration, because it contains information
about the singular perturbation. The first and primary question is whether there
exists its nontrivial solution.

3.1. Resonant set. The problem (3.22) can be regarded as a spectral problem with
the spectral parameter . We note that in the generic case, the function ¥ is sign-
changing. It is of interest to investigate spectral properties of this problem. We
will also introduce the spectral characteristic of the shape Y.

1 4

£ with the domain

We introduce the operator Ty = £16) ;54

D(Ty) = {f € Ly (=1, 1) | ¥ fW € L3y (-1,1), f"(&1) = f"(£1) = 0},
The problem (3.27) is equivalent to the spectral equation Tyw = —aw.

Theorem 3.1. Given ¥ € C°(R), with supp¥ = [—1,1], the spectrum of the
operator Ty is real and discrete. Suppose ¥ changes sign; then the spectrum of Ty
has two accumulation points —oo and +oo.

Proof. Since the case where ¥ keeps sign is much simpler and can be handled
within the standard Hilbert space theory, we assume that ¥ changes sign and
apply the Krein space theory to investigate the spectrum of 7y. Let £ be the

weighted Lj-space with the scalar product (f,g) = fil [¥|fgdE, and let us de-
fine by [f,g] = f}l Y fgd¢ the indefinite metric in £. Then the pair (£, [, -]) is
called a Krein space [3} ch. 1].
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In this Krein space there exists the fundamental symmetry Jf = sgn¥f such
that [f, g = (Jf,g) forall f,g € L. An operator T is J-selfadjoint if | T is selfadjoint
in L‘Z‘Y‘ (—1,1). An operator T is said to be J-nonnegative if [Tf, f| > 0 for all f €
D(T).

ForeachY € C§°(—1,1) the operator ] Ty is selfadjoint, and so 7y is J-selfadjoint.
Next, for all f € D(Ty) one obtains

1 _ 1
Tef fl= [ fOFde= [ 1] dg = 0.

Thus Ty is J-nonnegative. Any J-selfadjoint and J-nonnegative operator with a
nonempty resolvent set has real spectrum [3} p. 138]. Let us show that the resol-
vent set of Ty is nonempty. The homogenous problem

(3.23) gWivg=0, ce(-1,1), g"(#1)=0, g¢"(£1)=0

has a trivial solution only. Indeed, each solution satisfies the equality

T (1 2
[ 18" ae+i [ ¥igPdz=o.

Since Y is real-valued, it follows that g is a linear function. Obviously, only zero
function can be a solution of (3.23). Hence the nonhomogeneous problem g(%) +
iYg = h, g""(+£1) = 0, ¢”"(£1) = 0 admits a unique solution for arbitrary h €
Ly(—1,1) [13, p. 39]. Note that ¥f belongs to Ly(—1,1) for each f € L, since
¥ fllry(—11) < maxgr [¥|Y/2-||f|| ;- Then the equation Tyg + ig = f is equivalent

to the nonhomogeneous problem g*) 4 i¥g = ¥f, ¢"(+1) = 0, "’ (1) = 0 and
admits a unique solution for each f € L. Therefore —i belongs to the resolvent set.
Since the resolvent set of Ty is nonempty, the spectrum of 7y is real.

We shall prove that the resolvent R, (7y) of the operator Ty is compact. The
operator R, (Ty) acts from the space £ into D(7Ty), and for each f € L solves the
equation

¢W—u¥g=Yf, geD(Ty).

As far as the right-hand side ¥ f belongs to Ly(—1,1), it follows that the solu-
tion g is an element of Wy(—1,1). The space D(Ty) is a Banach space with the
graph norm. The sequence of continuous embeddings D(Ty) C W3(—1,1) C
Ly(—1,1) C L yields the compactness of the resolvent, since Wy (—1,1) C Lp(—1,1)
is the compact embedding. As a consequence we have ¢(7y) = 0(Ty).

Since ¥ changes sign, the spectrum ¢ (7y) is unbounded in both directions [7].
O

We introduce the set Xy = {a € R: —a € 0(7y)}, which is the spectrum of the
problem (3.22). We call Ly the resonant set of the shape ¥. When a € Ly, suppose
that (1.2) holds (the case of nondegenerate resonance). In this paper we assume that
only the nondegenerate resonance is possible, namely, if « belongs to the resonant
set, then both conditions (I.2) hold.

3.2. The limit operator. Let us continue to construct the asymptotics. We distin-
guish two different cases and start with the assumption a ¢ Xy. Then the problem



SPECTRAL PROPERTIES OF THE FOURTH ORDER DIFFERENTIAL OPERATOR 9

(B22) admits a trivial solution w = 0 only. That v/(0) = 0 follows from the cou-
pling conditions (3.14). We conclude from (3.5) that v is a solution to the problem

{Lv = Av, x € (a,0)U(0,b),

(3.24) U(ﬂ) _ Z)’(ﬂ) =0, U(O) — U’(O) =0, v(b) = v’(b) =0.

Let us introduce the operators
S f=Lf, D(S-)={f €W;(a,0): f(a)=f'(a)=0, f(0)=f(0)=0}
Sif =Lf, D(S4)={f e W;(0,b): f(0)=f(0)=0, f(b)=f'(b)=0}
The operator S_ & S is associated with the problem (3.24). Therefore in the non-
resonant case, when « ¢ Xy, we can define the limit operatoras S_ @ 5.
Let us now suppose that a belongs to the resonant set Ly. Recalling (L.2), we

deduce that the quotient

oe(e) = e

is well defined and does not depend on the choice of an eigenfunction. Clearly,
w = cwy (&), where ¢ is a constant. We conclude from (3.14) that v’ (—0) = cw) (—1),
v'(+0) = cw), (1), hence that

(3.25) v'(40) — O ()0'(—0) =0,

and also that c = (( )) According to (3.9), (3.19) the next term wy of series (3.3)
can be found by solving the problem

396 wg )—l—tx‘f’wl —ﬁ , @w,x, ce(-1,1),
(326) " R /// . " o " .
wyi (—1) =v"(-0), wy ( 1)=0, wi(1)=97"(+0), wi'(1)=0.

Because « is an eigenvalue of (3.22), the problem admits a solution if and only if

(327) G\IJ(DC)U"(‘FO) o Z)”(—O) — ﬁv'(—O) /l @(é) (Z;Z,;E(El)))z dé

-1
To derive this solvability condition, we multiply the equation by w, and integrate
by parts. Let us define a functional on C§°(—1,1) by d[f] = f}l ®f2d¢. Col-
lecting 3.5), 3:25) and (3.27) we deduce that v must be an eigenfunction of the
problem

Lv = Ao, x € (a,0)U(0,b),

v(a) =7'(a) =0, o(b)=09'(b) =0,

v(0) =0, o' (4+0)—0¢(a)?'(—0) =0,

Oy (2)0" (+0) — 0" (=0) — po [wa/wy (—1)] 0" (—0) = 0.

Consequently, the operator S(«, B; ¥, P) = ;l—; + U(x) with the domain

(3.28)

(3.29) D(S(a, B; ¥, ®)) = {fe W4 ((a,0)U(0,b)): f(a) = f'(a) =
fb)=f(b)=0, f(0)=0, f'(+0)—6y(a)f'(-0)
Oy (a )f"(+0)—f (=0) — B [wa/wy (~1)] f'

0,
0,
(— 0)=0}
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is associated with the problem (3.28). Combining resonant case and nonresonant
one, gives us the limit operator

37@34», lxéz‘l’/

S, 5(¥,P) =
wp(1,) {S(zx,ﬁ;‘i’,cb), a € Ty,

Recall that we consider only those « from the resonant set, which satisfy assump-

tions (1.2).

4. ASYMPTOTIC EXPANSIONS OF EIGENVALUES AND EIGENFUNCTIONS OF S; :
CORRECTORS

In order to justify the closeness of eigenvalues and eigenfunctions of operators
Se and S, (¥, @) we must derive next terms of series G.I)-(B.3). Clearly, the
construction of correctors depends on the multiplicity of A. Let A be a simple
eigenvalue of S, 4('¥, ®) with the eigenfunction v being normalized in Ly(a, b).

4.1. Asymptotics in the nonresonant case. In this subsection we assume that a
does not belong to the resonant set Zy. Then w = 0 and ¢/(S, (¥, P)) = ¢(5-) U
0(S+). If A is a simple eigenvalue of S, 5(¥,®), then A is a simple eigenvalue
of S_ or S;. Without loss of generality we may assume A € (S5 ), and thus v
vanishes on (4,0). Employing (3.9), (3.19) gives us the problem

P 4 a¥w =0, e (-1,1),
wi (1) =w"(-1) =0, w{(1) =2"(+0), wi'(1) =0,

which admits a unique solution, since & does not belong to the spectrum of (3.22).
In light of (3.6), (3.15) the function v; can be found by solving problems

Lvy = Avy, x € (4,0),

01(a) = 0} (a) =,

01(=0) =0, 03(=0) =wy(-1),

Lvy = Avy + Ao, x € (0,b),

v1(4+0) = —0'(+0), v}(4+0) = w}(1) —v"(+40),
v1(b) = v} (b) =0.

(4.1)

on (a,0) and (0, b) respectively. Of course, the first of these problems has a unique
solution, since A ¢ o(S_). Note that in the generic case the second problem has
no solution. But we can ensure the existence of a solution by choosing the free
parameter A1. Indeed, applying the Fredholm alternative we conclude that the
second problem f.I) admits a solution if and only if

M = 0"(40) (0" (+0) — wi (1)) — o' (+0)v"'(40).

To derive this we multiply the equation by the eigenfunction and integrate by
parts. The last equality is simultaneously a formula for the corrector A; in the
asymptotic expansions of the eigenvalue. Clearly, the solution v; is defined up to

the term cv. To fix it we subordinate the solution to the condition foh vvydx = 0.
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Combining (3.10) with (3.20) and recalling « ¢ Xy, we deduce the problem

w§4) +a¥w, = —pdw,, ¢e(-1,1),
wj(~1) = o/(-0), w§(~1)=0,
wy (1) = o (+0) + 0" (+0), wy' (1) =2"(+0),
which gives us the corrector w,. We employ (3.7), 3.17), 318) to find
Loy = Avp + Aoy, x € (a,0),
vy(a) =0, v5(a) =0,
02(=0) = wy (1) + ¥4 (-0),
v(=0) = wy(=1) + 9/ (-0),
Lv, = Avg + Mo1 + Ao, x € (0,D),
02(+0) = wy(1) — v} (+0) — 32" (+0),
0h(+0) = wh(1) — v (+0) — 30" (+0),
va(b) = vh(b) = 0.

(4.2)

As before we deduce that the first of these problems has a unique solution, and
the second one admits a solution if and only if

Az = 0" (+0) (w1 (1) — 0} (+0) — 10" (+0)) — 0"/ (+0) (wh (1) — o} (+0) — 20" (+0))

For the sake of definiteness, the solution is subject to the additional condition

fob v, dx = 0. By using (3.11), 3.21) one obtains
w§4) +a¥Yw; = —ﬁCDWQ — 'Y]Y]wl, g c (—1,1),
w5 (~1) = v3(-0) = {"(-0), w5'(~1) =707"(-0),
w5 (1) = 05 (+0) + 07" (+0) + 30 (+0),  w5'(1) = o"(+0) + 0™ (+0).

Reasoning as before, from this problem we get ws.
Let us introduce the notations

Ae = A+ €Ay + €20,

(4.3) Ya(x) = v(x) + evy(x) + 2va(x), x € (a,—¢) U (g b),
) @wr (e M) + Swo (e ) + efws(e7lx), x € (—g€)
for the constructed approximations of eigenvalues and eigenfunctions.

4.2. Asymptotics under resonance. Now we assume that a belongs to the reso-
nant set Xy and that A is an eigenvalue of the operator S(a, 8,'¥, ®). Let w, be an
eigenfunction of (3.22) such that w),(—1) = 1. Clearly, 0y (a) = w),(1).

Since (3.27) holds, the problem (3.26) admits a solution. This solution can be
represented as w1 = w] + c1w,, the function w] being a partial solution of the

problem fixed by the condition dd_ug‘ (—=1) = 0, and the constant c; is to be chosen

later.
We next construct the corrector v1. The function v satisfies the equation (3.6)
outside the origin and (3.19) yields

(4.4) o (+0) — By ()0} (~0) = G,
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where G; = w}(1) — Oy (a)wj(—1) — 9" (+0) — ¢ (a)v”(—0). Although w, is not
uniquely chosen, the constant G; is well defined. In fact,

W} (1) — By (@) (1) = (‘Z‘? 1) bs(0) 2 <—1>)+
+ (w1 - oxwya (-1) = S ).

From (3.10) and (3:20) it follows that the corrector w, must solve the problem
Wl +a¥w, = —powy —1iYiw,  Ee(-1,1),
(45 wy (1) =0/ (=0) =" (=0), wy'(—-1) =2"(-0),
wy (1) = 07(+0) + 0" (40), wy'(1) = 0" (40).
From the first condition in (3.16) we deduce ¢; = v} (—0) — v"(—0). Set dy,[f] =
fil Y;fd¢ for f € C°(—1,1) and i = 1,2. Thus the solvability condition of the
above problem can be written as
(4.6) Oy (2)v] (+0) — 01 (—0) — B¢ [wa]v} (—0) = Hy
which is due to the Fredholm alternative. Here

Hy = (wa(1) — 0 (a)) 0" (+0) — (wa(—1) +1)0" (—0)+

+ B[\ wiwa] = Bx[wa]o” (=0)) + mrdy, [wi]o'(<0).
From (B15) we have v (£0) = ¢/(—0)wq(£1) F ¢'(£0). Combining these identi-
ties along with (3.6), (.4) and (4.6) we conclude that v; solves the problem
(4.7)

L1:)L1—|—/\10 XE((Z,O
vi(a) =01(a) =0, vy(b) = o
01(=0) = ¥/ (=0)wa(=1) +2'(=0), 01(+0) = ' (=0)wa(1) —v'(+0),

0 (+0) — by ()01 (=0) = Gy, Oy (a)vy(+0) — 07(=0) — Bdy[wa]oy (—0) = Hi.
The free parameter A4 in the right-hand side of equation (Z.I1) enables us to solve
the problem. In view of Fredholm’s alternative, (£.11) admits a solution if and only
if

A1 = Hi9'(—0) — G10"(+0) — (v (—0)wa(—1) + 2 (=0)) 0" (—0)+

+ (0'(=0)wa(1) = ©'(+0))0" (+0).
For the sake of definiteness, the solution is subject to the additional condition
/ ab voydx = 0.

Given v1, we may compute the constant cj. A trivial verification shows that the

second condition in (3.16) holds.

The condition (&.6) enables one to solve the problem (4.5). A solution of this
problem has the form w, = wj + cow,, where wj solves (4.5) and satisfies d[% (-1) =

0. The constant ¢, will be chosen later.
Following as before we shall similarly find correctors w3, v and Ap. The func-
tion v, satisfies the equation and boundary conditions (3.7), and

(4.8) v5(+0) — ¢ ()v3(-0) = G
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by BI8). Here G = 2 (1) — 0y (a) (v} (~0) — }0"(~0)) — o}/(+0) — Jo""(+0).
Next we employ (3.11) and (3:2])) to obtain the problem
4.9)
Wl +a¥wy = —pow, — MYiwy — 1 Yow, € (-1,1),
wy(~1) = 05(=0) — 0"(=0) + 30 (=0), wy'(~1) = v{"(~0) —v)(-0),
wy(1) = 05 (+0) + v’ (+0) + 0@ (+0), wf’'(1) = v{"(+0) + v (+0).

On applying (BI8), one obtains c; = v5(—0) — v/ (—0) + 0"”’(—0). Therefore we
may write the solvability condition of this problem in the form

(4.10) Oy (a)07 (+0) — 03 (—0) — POy [wa]vy(—-0) = Hy
with
Hy = o}/ (+0){wa(1) — Oy (a) } —va" —0){twa(—1) +1}+
+U(4)<+0){ZUQ — 10y ()} + 0@ (=0) {wa(~1) + 1 }+
+ B ([ M {of(—0) — 30""(—0) } 8y wa]) + 118y, [w1wa] + Y20y, [wws].

From (3.17) we find vz(:I:O) = F;*, where

B = wi (1) + (6} (=0) — 0"(~0) Jwa (£1) F v} (£0) — L0 (0).
In view of (3.7), (4.8) and (&.10) it follows that v; is a solution to the problem
Lvy, = Avp + Ao + Ago, x € (a,0)U(0,b),
va(a) = 0h(a) =0, vp(b) = vh(b) = O,
02(=0) =F,, 0a(+0) =E", 05(4+0) — 0y (a)vh(—0) = Gy,
O ()07 (+0) — 05 (=0) — by [wa]vy(—0) = Ha.
The problem admits a solution if and only if

Ay = Hpv'(—0) — Gov" (4+0) — E, "' (—0) + E 0" (+0).

This solution is defined up to the term cv. To eliminate this ambiguity we addi-

tionally demand that the condition | ah vvy dx = 0 holds.

Summing up, one obtains the following approximations for the eigenvalue and
eigenfunction of the perturbed problem in the resonant case:
(4.12)

(4.11)

Ae = A +er + €20,
_ Jolx) +ev1(x) + €2va(x), x € (a,—¢)U (g b),
Ye(x) = ew(e 1x) + 2wy (e x) + Swa(e 1x) + etwz(e7lx), x € (—¢¢)
1 2 3 7 7€)
Here w3 is an arbitrary solution of (£9). The choice of c; in the representation

w3 = W5 + c3wW, is not important since we do not look for the corrector vs.

5. JUSTIFICATION OF ASYMPTOTIC EXPANSIONS

As shown in Theorem[2.]} for every regularization ¥¢(x) there is at most a finite
number N~ > 0 of eigenvalues A}, converging to —co as ¢ — 0. Other eigenvalues
remain bounded as ¢ — 0. We shall show that these eigenvalues converge to the
eigenvalues of S, g('¥, ®).
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5.1. Convergence theorem. Let {A°}..7 be a sequence of eigenvalues of S, and
assume that {y }.7 is a sequence of the corresponding L, (a, b)-normalized eigen-
functions. Here Z is an infinite subset of (0,1) for which 0 is an accumulation
point.

Theorem 5.1. If A* — A and ye — v in Ly(a,b) weakly asZ > ¢ — 0, then A is an
eigenvalue of S, ('Y, @) with the corresponding eigenfunction v. Furthermore, y.
converges tov in Ly(a, b).

We have divided the proof into a sequence of lemmas. To start with, let us
describe the behavior of y, outside the e-neighborhood of the origin.

Lemma 5.2. Under the assumptions of Theorem[5.]} for every positive <y the se-
quence y, tends to v weakly in the topology of W3((a,b) \ (—7,7)) and strongly
in the topology of C3([a,b] \ (—7,7)). Furthermore, v solves the equation

(5.1) Lv = Av, x € (a,0)U(0,b).

Proof. Throughout the proof G, denotes the set of test functions ¢ € C§°(a, b) such
that ¢(x) = 0 for x € (=, ). From the equation (L.3) for all ¢ € G, and e < 7 we
deduce

b b
(5.2) / Lye pdx = A* / Yeqdx,
Ja Ja

since supp ¥¢ C (—7,7). The right hand side of (5.2) has a limitasZ > ¢ — 0
by assumption, thus the integral on the left hand side converges for all ¢ € G,. It
follows that ye — vin Wy ((a,b) \ (—v,7)) weakly and thus

b b
/ Lv(pdx:A/ v dx, ¢ € G,y.
a a

From this identity it may be concluded that v solves (5.1 on (a,b) \ (—7,7), and
so on (a,0) and (0,b), since v is an arbitrary constant. Applying the imbed-
ding theorem yields convergence of vy, in C3((a,b) \ (—7,7)), which completes
the proof. O

We proceed to investigate the behavior of y, along with its derivatives at the
points x = —eand x = «.

Lemma 5.3. Let Ay — A and y. — v in Ly(a,b) weakly asZ > ¢ — 0. Then for

k=0,...,3 the sequences ygk)(:lzs) converge to v(¥) (+0) as T 5 ¢ — 0.

Proof. Let { be C°((a,b) \ 0)-functions such that {;(x) = 0 for x < 0 and (x(x) =

’f(—’!{ for x € (0, %) Denote by X (¢ c0) thek characteristic function of (g, c0) and set
+

Ci(x) = X(e00) (x)0k(x). We note that ;X—,Hﬂg;(x) = 0 for x € (g 4). Multiplying
both equalities (L3), (5.1) by {§ and integrating by parts yield

b b
W& == [, G+ [V - A a,
2

b b
0" (e) = — /b "'z}, dx+/ vlo(V — A) dx.
J5 e
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The right hand sides of the equalities have the same limit as Z > ¢ — 0 in view of
Lemma[5.2] and so i’ (g) — v"”(+0). Applying the function {§(—x) similar to the

above implies y!'(—¢) — v"/(—0). We have proved the Lemma for k = 3.

The case k = 2 can be handled in much the same way, the only difference being
in applying the function 5. Multiplying (1.3), (5.I) by {} and integrating by parts,
we derive

b b
vl =y (e~ [, vt dx+ [ yn (- V),
v 5 JE

b b
v’ (e) = v’”(s)s—ﬁ o i’dx—i—/£ 0l1(A —V)dx.
2

Again employing Lemma 5.2) we deduce u(¢) — v/(4+0) asZ > ¢ — 0. Using
5 (—x) instead of {}(x) yields y/(—e) — ©v”(—0). The rest of the proof runs as
before. O

We denote by g1, g2 solutions of the following problems
s +a¥ Qe =0, e (-1,
gi(=1) =d1k, g1 =dy  g(-1)=0, g'(-1)=0,
where 9; ; is the Kronecker symbol. Let g¢ solve the Cauchy problem on [-1,1]
g+ (¥ (0) +EnY1(8)g = —BP(0) (¢ ye(—e)g1(0) +yi(—e)82(0)),
g=1)=0  g(-1)=0, "(-1)=2"(-0), g"(-1)=0,
and let gi be the solutions of the problems

g+ @@ (@) =0, e (1),

si(=1) =d1k, g1 =dy  g(-1) =0, g'(-1)=0

The task is now to describe the behavior of the eigenfunction . in the e-neighborhood
of the origin.

(5.3)

(5.4)

Lemma5.4. IfA* - A andy, — y in Ly(a,b) weakly asT > ¢ — 0, then
(5.5) Ye(=e)| +ye(e)| < ce,

and moreover,

(5:6) e 2yeled) — e 2ye(—e)gi(8) — ¢ MWh(—)g5(8) — 8e(0)

G([-1,1])
Proof. First let us prove that the sequence u:(¢) = e 1y, (e¢) — e 1y (—¢)g1(&) —
yi(—e)ga(€) tends to 0 in Lo(—1,1) as Z > & — 0. Set Ue(&) = e lye(ef) —
e lye(—e)hs (&) — yi(—e)h () with hS, h§ being solutions to problems

B 4 (0¥ (E) + D)) =0, e (~1,1),

h(=1) =61k,  M(=1) =b, K (-1)=0, K'(-1)=0.
By construction U, solves the problem

{u“>+<w¥@)+Sﬁ¢Gﬂﬁt=hJ§L ¢e(-1,1),
u(-1)=0, u'(-1)=0, u’(~1)=eyl(~¢), u”"(~1) =y (~e),
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where he(&) = —eye(e€) (711Y1(8) + e72Y2 (&) + 2U(eg) — €2A%). For every func-
tion e € Lp(—1,1) the solution U, of the above problem is unique, belongs to
W (—1,1), and satisfies the estimate

[Uellya( 11y < € llellLy-1,0)
with constant ¢ being independent of e. Employing the inequality
1 €
e [ )= [ vEdx < el =1

one concludes that 81/2Hy£(e§)||L2(,1,1) < ¢, hence that |||, (—1,1) < cel/?, and
finally that ||U; ||W§(7l,l) — 0asZ > e — 0. From this it follows that

5.7) 8’1ys()—8 ye(—)hi (1) = ye(—e)h5(1) — 0,
(5.8) ye(e) — & ye(—e) (h1)'(1) = ye(—e) (hy)'(1) —
(5.9) eye (e) — e lye(—e) (h5)"(1) — yi(—e )(hi)"(l)
(5.10) ey (e ) e lye(—e) ()" (1) — ye(—e) (hy)"' (1 )

By (5.8)-(.10) we deduce
ye(—e)(K)WP (1) =0(e) as IT3e—0 for k=1,2,3.

If at least one of the values (h{)"”(1) or (hi)"’(1) is nonzero, then y.(—¢) = O(¢)
as Z 3 ¢ — 0. Suppose, to the contrary, that (h5)” (1) = (h§)"’(1) = 0. From (5.3)
it follows that g; is an eigenfunction of the problem (3.22) corresponding to the
eigenvalue &« € Ly. By construction g} (—1) = 0, contrary to (I2). The proof of

(5.5) is complete by using (5.7).
Finally, since ||gx — hj|1,(—1,1) convergesto0as Z > e — 0 for k = 1,2, then u,
converges to 0in Ly(—1,1) asZ 3 ¢ — 0. In fact,

el Ly (—1,1) < 1 UellLy—1,1) +e ye(—e)||hg = 81lly—10)+

ye(—e)|lh5 — 82HL2(71,1) —0

ase — 0.

We introduce the function Wk (&) = e 2y(e€) — e 2ye(—¢)g5 (&) — e 1yL(—e)g5(8) —
Q¢(€). Analysis similar to the above implies that )V, solves the problem

{u<4> +(@Y(©) +EnYa(@)u=£(8), Ee(-1,1),
u(—l) =0, u’(—l) =0, u'= ]/é/(—ﬁ) _ 0//(_0)’ u///( ) Eyé//( ),

with f¢(&) = —BOu (&) — eye () (72Y2 + el (ed) — eA?) and satisfies the estimate
IWellwg 1) < € (Ifella-11) + v () = 0" (<0)])

with constant ¢ being independent of €. According to Lemma 5.3 the right hand
side of this estimate converges to zero. Thus W tends to 0in W3 (—1,1)asZ > ¢ —
0. The embedding W3(—1,1) C C?([—1,1]) establishes the convergence (.6). O
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Letting 7 > ¢ — 0 we conclude that

GI1) e (yele) —ye(—e)gi(1) —eyi(—€)g5(1)) — ge(1) = 0,

(5.12) e (vele) —e lye(—e) (85)'(1 ) ( £)(g5)'(1)) —ge(1) =0,
(5.13) v (e) — e Pye(—e) (85)" (1) — ( e)(82)"(1) — /(1) =0,
(5.14) ey (e) — 8_2ye(—€)(g1)'"(1) —e ye(—e)(g2)" (1) — g'(1) = 0,

in light of Lemma.4lfor { = 1.

Lemma 5.5. Assume that A\ — A and ye — y in Ly(a,b) weakly asZ > ¢ — 0.
Theny, — y in Ly(a,b) asZ 5 ¢ — 0.

Proof. First we show that y, is bounded on [a, b] uniformly with respect to €. Ap-
plying (5.6) and Lemma we see at once that the sequence vy, is uniformly
bounded on [—¢, €]

(3.15)  ye(ed)] < ce® + ye(—e)85 ()] + elye(—€)g5(8)| + &[ge(£)] < cre.

Set Q¢ = (a,b) \ (—¢,€). Multiplying the equation (L.3) by the function x_ y. and
integrating by parts give

[vPax = [ - Uy2dx -y (~ehye(—o)+

v (e)ye(e) + v2 (—e)ye(—¢) — yi (€)y.(e).

All terms on the right-hand side are uniformly bounded with respect to e. Thus

the sequence v, is bounded in W2 (Q)), and so in C!(Q)). On account of the above

conclusion combining with (5.15), we deduce that m(a>}<]) lye(x)| < ¢ with constant
xe(a,

¢ being independent of e.
Fix v > 0. According to Lemma 5.2 the difference y. — y has the L, (), )-norm
less than v, provided ¢ is small enough. Then

1ve = Yllyap) < Ve — iy, + 1ve = YllLy(—qq) <
< (1+2 max |ye(x) —y(x)]) < Cy
x€(a,b)

with constant C being independent of e. Recall that y may be made arbitrary small,
and the proof is complete. O

Proof of Theorem 5.1l We conclude from Lemmas that v is a solution of the
equation

Lv = Av, x € (a,0)U(0,b),

satisfies the boundary conditions v(a) = v'(a) = 0, v(b) = ¢/(b) = 0, and
9l Ly(apy = 1. Furthermore, v(0) = 0 according to (55), and we are left with
the task of showing that v satisfies appropriate coupling conditions at the origin.
Again applying (B5), we deduce that ¢!y (—¢) has a limitas Z 3 ¢ — 0, which
will be denoted by s, and y;(—¢) — v'(—0) as shown in Lemma Therefore

qe = € 'ye(—e)gt +yL(—e)g5 converges to g = sg1 + v'(—0)gz in C3([—1,1]) as
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Z 3 ¢ — 0. From (GI3)-(5.14) it may be concluded that sequences ¢ !4/ (1) and
e~ 14/ (1) are bounded as Z > ¢ — 0, hence that

(5.16) g'(1)=0, ¢"(1)=0.
Combining (5.3) with (5.12) yields
(5.17) q(-1)=7'(-0),  4'(1) =2'(+0).

We see at once that g is a solution of the Cauchy problem

(4) _ _

g% +a¥g =0, &e(-1,1),

5.18

(5:18) {q(—n:s, J(-1) =v(-0), g(-1)=0, ¢"(~1)=0.

Coupling conditions of the limit problem depend on whether the problem (5.18)
admits a nontrivial solution. Let us suppose for the moment that the problem
(5.18) has a trivial solution 4 = 0 only. Then (5.17) implies the coupling condition
?'(0) = 0.

Next assume that (5.18) has a nontrivial solution. By (5.16) g is an eigenfunction
of the problem (3.22) and « belongs to the resonant set Ly. In view of (5.17) we
have

q'(1)v'(=0) —q'(-1)v'(+0) = 0,

which is equivalent to v’ (+0) — 6y (a)v'(—0) = 0.
For every € > 0 the Lagrange identity holds

g¢' (1)q(1) — ¢ (1)q'(1) = 0.
Dividing the above identity by e and letting Z > ¢ — 0, we derive
(5.19) 2" (1)g(1) + (0" (+0) = 2"(1))q' (1) = 0.
in light of (5.13), (5.14), where z solves the problem
{z<4> +a¥(Q)z=—pR()g(@), e (1),
z(-1)=0, Z'(-1)=0, Z'(-1)=7"(-0), Z"(-1)=0.

Taking into account (5.19), the Lagrange identity for z may be written as

2"(1)q(1) = 2" (1)’ (1) +0"(=0)q'(=1) = (2" (1)q(1) + (v"'(+0) = 2"(1))q'(1)) -

—0"(+0)q' (1) +0"(=0)q'(=1) = =0"(+0)4'(1) + 0" (=0)q'(=1) = —pd¥[q].
Dividing the last equality by q'(—1) and recalling (5.17) gives

Oy (2)0" (+0) — 0" (—0) — By [wa /W) (—1)]v'(—0) = 0.

Thus v is an eigenfunction of S, g('¥, @) corresponding to the eigenvalue A. [

Theorem [5.Tlallows one to justify the choice of S 5('¥, ).

Theorem 5.6. Suppose that the eigenvalue A* of S is bounded from below. Then
Af has a finite limit as Z > ¢ — 0 and this limit is a point of the spectrum of
Sup(¥,®). For each simple eigenvalue A of S, 4(¥, P) there exist exactly one
eigenvalue A® of S; converging to A ase — 0.
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Proof. Suppose to start with that

*

o = lim,_0AS < limg A% = u*.
The constants ., u* are finite since A} is a bounded function. Recall that A is
a continuous function of ¢ € (0,1). Then for each A € [p, u*] there exists a
subsequence of eigenvalues A%, ¢ € Z, converging to A.The sequence {y;}.c7 of
the corresponding normalized eigenfunctions contains a weakly convergent sub-
sequence. By Theorem5.1} A is an eigenvalue of S, 4(¥, @). Therefore the interval
14+, 4*] belongs to the spectrum ¢(S, (Y, ®)), a contradiction.

We now turn to the second part of the theorem. Let us assume that A} — A
and Aj_; — A for some k. Then there exist two sequences {y} }ec7 and {y; 41)eeT
of eigenfunctions, which converge in Ly(a,b) to vectors of the form e'?v. This
contradicts the fact that yj and yi , ; are orthogonal in Ly(a,b) for alle € 7. O

5.2. Approximation theorem. We proceed to show that each point of 0'(S, (¥, ®))
is a limit of the eigenvalues of S;.

Let B be a self-adjoint operator in a Hilbert space H with domain D(B). A pair
(n,u) € R x D(B) with |ju||g = 1is called a quasimode of the operator B with an
accuracy p > 0if ||Bu — pul|g < p.

Lemma 5.7. Suppose that the spectrum of B is discrete and simple. If (y,u) is a
quasimode of B with accuracy p > 0, then the interval [u — p, j + p| contains an
eigenvalue A of B. Furthermore, if the segment [ — T, 4 + T| contains only this
eigenvalue of B, then ||u — v||y < 2t~ 'p, where v is a normalized eigenfunction
of B for the eigenvalue A. [14]

Let us construct the quasimodes of S;. Suppose A is a simple eigenvalue of the
operator S, 5(*f, @) with the eigenfunction v such that |[v|| = 1. Here and subse-
quently, ||-|| stands for the norm in L(a,b). For each A and v we have obtained
the formal asymptotic approximations A¢, Y defined by either (4.3) or (£12) de-
pending on « and Y. In further computation we do not distinguish the resonant
and non-resonant cases. By construction we have

(5.20)
LY: — AeYe = ssRl(s,x), x € (a,—€) U (g D),
(L+ae ¥ (e 'x) + Be 3P (ex) + 71672Y1(e %) + v2e Yo (e X)) Yo
— AeYe = €Ry(g,x), x € (—¢e).

The function Y, does not belong to the domain of S, since it has jump disconti-
nuities at the points +e. Indeed,

[Yelx=rte = 53”(;_L(S)r Yelimte = 53”i(€)r
[Ye Jxme = SBTzi(S)/ Y xmae = €215 (¢).

Here all the functions R;, rji are uniformly bounded with respect to their argu-
ments. We can construct a function (. with the following properties
o (¢ is a smooth function outside the points x = =+ and differs from zero
only fore < |x| < 1;
O [Celx=te = —srat(s), [Celx=te = _€T1i<5)r[ ¢ lx=te = _5”; (e)and [¢}]x=4e =

—r3 (¢);
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° sg\jﬁl(\éa(@l () 4 188 () [+ 187 () + 18" (%)) < ¢ with constant

c being independent of ¢,

which eliminates discontinuity. In fact, Y + €27, is a function from C3(a, b) and
belongs to D(S;). We set Ve = ||Ye + €2Z¢|| 1 (Ye + €2C¢) and substitute ), into
(5.20) instead of Y;. Then the orders of smallness of right-hand sides in (5.20)
do not change since ||Y: + €2Z¢|| — 1as e — 0. Therefore the pair (A¢, V) is a
quasimode of S¢ with accuracy e.

Theorem 5.8. Given («,B,v1,v2¥, P, Y1,Y2) € R* x (C (-1, 1)), suppose that
A is a simple eigenvalue of S, ('Y, @) with the normalized eigenfunction v. Then
there exists a simple eigenvalue A;? of S¢ with a corresponding normalized eigen-

function y]g- such that

(5.21) ‘/\]8 — /\’ <1, Hyf — || < e
with constants c1, c; being independent of €.

Proof. Let (A¢, Ve) be a quasimode of S; corresponding to the limit eigenvalue A
and the eigenfunction v. According to Lemma [5.7] there exists an eigenvalue )\]?

such that \/\]€ — A¢| < c1¢, from which the first inequality in (5.21) follows. In view
of Theorem 5.6 the index j is independent of ¢. If T is less than the distance from A
to the rest of the spectrum of S, 4(¥, ®), then the interval [A — 7, A + 7] contains
the eigenvalue /\]8- only, provided ¢ is small enough. Applying again Lemma 5.7

< 277 'cq¢, from which the second inequality in (5.2I) immedi-

yields H y]g- — Ve
ately follows. O
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