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Abstract

Forp > 1, we prove that every forest withtrees whose sizes aig, ..., a, can
be embedded in any graph containing at l€g3t ; (a; + 1) vertices and having a
minimum degree at lea$t?_; a;.

1 Introduction.

It is a folklore fact that every tree witlh > 0 edges can be embedded in any graph with
minimum vertex degre€. Indeed, a linear algorithm to find such an embedding would
sequentially embed the vertices of the tree according topghd@&st search ordering of
the tree vertices. It is likely, though, that the requireditied on the minimum degree is
excessive, as captured by the famous conjecture by ErabSas ([2]), which states that
every tree with/ edges can be embedded in any graph whose average degreesistat |
A number of results (]1,/5,] 7,/ 8) 6]) confirm the conjecture $ome classes of trees and
classes of graphs. The full conjecture is still neither poh\nor disproved.

A natural extension of the problem is to embed a forestin plgrtéf £ = {7}, ...,7,}
is a forest ofp trees whose sizes atg, . . . , a, respectively, then a necessary condition for
embeddingF’ in a graphG is that|V (G)| > > (1 + «;). The straightforward tree em-
bedding algorithm outlined above may fail, even if the minimdegree is at lea3t’}_, a;.
However, we show that this condition on the minimum degreeddition to the obvious
necessary condition) is sufficient to guarantee that thestaran be embedded in the graph;
we prove the following:

Theorem 1 Let F' = {T},....T,} be aforest, andl = >"" | a;, whereq; is the number
of edges in the tre&; (i € [1,p|). Then every grapléz with at leastd + p vertices and
minimum degree at leadtcontainsF’ as a subgraph.
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Our proof can be converted to a quadratic algorithm for enmugga forest.

We consider simple undirected graphs without parallel sdged loops. The set of
vertices adjacent to a vertex the neighborhood of, is denotedV(x). An embedding
f: H— G ofagraphH in a graphG is a one-to-one mapping: V(H) — V(G) such
that for any two distinct vertices,y € V(H), if zy € E(H) thenf(z)f(y) € E(G). For
a graphH, the order ofH is the number of its vertices (denotgd|) and the size of{ is
the number of its edges. For the terms not defined in this pgEe9]).

2 A Proof of the Theorem (1

We prove the theorem by induction pnthe number of trees in the forest. We can assume
that every tree in a forest has at least two vertices, s 1.

TheBase Case, p = 1. The forest in this case consists of a single tfgavith d edges.
We prove a slightly stronger statement, which implies tleothm forp = 1.

Lemmal Given a connected subgrapghof7; and an embedding : C' — G, there is an
embedding; : 77 — G whose restriction t@' is preciselyf.

Proof: The idea is to arbitrarily grow the embeddirigof C' to an embedding of 77. If
|IC| < d+ 1, letuv € E(T;) be an edge such thate V(C) andv € V(T \ C). Let
w = f(u). SinceC has at most/ — 1 vertices other tham and since the degree af in
G is at leastd, G has an edgez with vertexz not in g(C). Thus, f can be expanded to
g : CU{v} — G by definingg(z) = g(x) for all z € C, andg(v) = =z. Iterating this
expansion completes the proof. [ |

Corollary 1 For any vertexz of 7} and any vertexy of G, an embedding : 77 — G
exists for whichf (z) = v.

TheInduction Step, p > 1. Assuming the theorem holds for any forést ; with p — 1
trees, letF, be a forest containing treesTy, . .., 7,. Denoteq; the size off; (i € [1, p)).
Leta; > ay > ... > a, andleta = ;.

Assumption. For the purpose of deriving a contradiction, we assume Apaannot be
embedded in grap&¥ satisfying the conditions of the theorem.

Lemma2 For every embedding : 71 — G, there is a vertex outside @{77) which is
adjacent to every vertex if(7}).



Proof: If the statement were incorrect, then the removaj @f;,) from G would leave a
subgraphG’ with at leastd + p — (a + 1) = >*_,(1 + a;) vertices each of degree at least
d—a>>",a. Inductively,{T5,...,T,} can be embedded i@’ which would yield an
embedding of, in G contradicting the assumption th&g cannot be embedded (7. =

The main use of the previous lemma is to show that under oungst$on, there is a large
clique inG.

Lemma 3 G contains a clique of size at leastt 2.

Proof: Let K be the largest clique id: and let| K| < a + 2. Select any connected
subgraphC' of T} of order|C| = | K|, and embed” in K; this is possible sinc& is a
clique. By Lemmall, this embedding can be expanded to an edirlzed of 7} in GG, and
by LemmadZ2 there is a vertex outsidefdf’; ) adjacent to all vertices ifi(77). In particular,
itis adjacent to all vertices i, contradicting/’s maximality. Thus|K| > a + 2. |

It turns out that for the rest of the proof, we only need a digfisizea.

Lemma4 Any tree of order + 1 can be embedded in any connected graph of order at
leasta + 1 that contains a clique of order.

Proof: Start by embedding a leaf at a vertex outsiderastique, but adjacent to a node
in the clique (such a vertex must exist by connectivity). Témainder of the tree can be
embedded in the clique. |

Let K be a clique of size in G. The subgrapl’ = G \ K contains at least — a + p
vertices each of degree at ledst . Inductively,F,_; = {T5,...,T,} can be embedded
inG'. Letg : F,_; — G’ be such an embedding. Select any vertex K and a subset
X C N(z)\ K with | X| = d—a+ 1 vertices. Itis possible sind&/ (z) \ K| > d—a+1.

Lemmab Every vertex inX is used by any embeddingf £, _;.

Proof: Indeed, ifr € X \ ¢g(7,-1) is not used, then by Lemm& %, can be embedded in
the subgrapl induced byK U {xz}, which would yield an embedding @i,. |

Since alld — a + 1 vertices ofX are used in the embedding: F,_; — G, exactly
p — 2 vertices outside o U X, denotedy,, . .., y,—», are used by. The remainingn + 1
vertices of the graph, outside &f U ¢(7,,_), are denotedy, s1, . . ., S,,. We now split the
set of the trees of the fores},_, into four subset§y, 73, 75, and 7.

71 trees which are embedded entirelyXn

T,: trees whose embedding has at least two verticés and at least one vertex i;



T3: trees whose embedding has only one verteX jrand
7T, trees whose embedding is entirely}in
Letq; = |7;| (i = 1,2, 3,4). Since every tree ith,,_, belongs to one of these four subsets,

Gh+@e+@ata=p—1

Denote bya(T;) the size of7;. For the embedding: every tree in7; uses at least one
vertex inY’; and, every tred" in 73 (resp. 7;) usesa(T) (resp.1 + a(T)) vertices inY'.
Since there arg — 2 vertices inY’,

@+ > aT)+ > (aT)+1) < p-2=q+g+a+tau—1
T;€Ts T;€Ta

This immediately gives a lower bound fgr.
Lemma6 g, > 1+ Y5 (alTy) = 1) + Lgep, alTh) = 1+ s

Let s be an arbitrary vertex if. Our goal now is to evaluate the degree @i the subgraph
induced onS, based on the assumption tigtcannot be embedded. We start with

IN(s)N S| >d—|N(s)NK|—|N(s)N(XUY)|. (1)
We make the following observations about the neighborhdodm X U X U Y.

1. sis not adjacent to any vertex i, else by LemmB&l4]; could be embedded inU K.

2. sis not adjacent to at least one vertexifY') for any treel” € 7, U T5. Indeed, ifs is
adjacent to every vertex ifi, a vertexg(7;) which is in X can be swapped witk; this
gives an embedding df,_; that doesn’t use every vertex &f, contradicting Lemmil5.

3. s is not adjacent to at least two vertices@@f") for any treeT” € 7;. Indeed, lets be
adjacent to all but one vertex y{7’), and lety = g() be that exceptional vertex. Then
for every neighbor’ (in T') of z, s is adjacent tg/(z’). By settingg(x) = s, we obtain
a valid embedding of},_; which doesn’t use a vertex i, contradicting Lemm@l5.

So,N(s)N K =0andN(s)N(XUY) <|XUY| - (2¢1 + ¢ + g3). Since| X UY| =
d — a + p — 1, we have from Inequality &qg:1 that the number of neighbérsia S is at
least:

IN(s)NS| = d—(d—a+p—1)+2q + ¢+ g3
= atq—q
> a+1,

where we have usegl + ¢; + g3 + ¢« = p — 1 and Lemmd6. Thus, the degree of any
vertexs in the subgraph induced l#yis at leastz + 1. By Lemmd1,7; can be embedded
in this subgraph, contradicting the Assumption, and cotim@ehe proof of Theorer] 1m
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3 Conjecture

When the number of vertices equals the lower bopnrid d and the minimum degree is
at leastd, then the Hajnal-Szemerédi theorem on equitable coldBnd], applied to the
complement of the graph, guarantees the existengeliques each of size at lealst/p |.
Thus, an arbitrary graphs of order at mostd/p | can besimultaneouslgmbedded in the
graph. When the number of vertices increases, howeveuedigre no-longer guaranteed.
Our result shows that one can simultaneously embed trees,as/the number of vertices
grows, as long as the sum of the tree sizes is at most

Alternatively, one can ask whether a bound on the minimumeseig excessive to guar-
antee the embedability of a forest. Indeed, we propose aal&xtension to the conjecture
by Erdos and Sos:

LetFF = {T},...,T,} be aforest,and = " _, a;, whereq, is the number of
edges in the tre@] (i € [1, p]). Then every grapl’ with at least! + p vertices
and the average degreed contains a subgraph isomorphic/o

For a single star, the conjecture clearly holds; but, everextension to a collection of stars
is not clear.
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