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ABSTRACT. Let p > 3 be a prime. We show that

p—1 +1 p—1 -1
—1/(p+ 1)\? 1/(p— 1\P
Z ( /(k )) =0 (mod p°) and Z < /( : )) = 0 (mod p*).
k=0 k=0
For any positive integer m Z 0 (mod p), we prove that
p—1 p/m -1 m
Sk ( ) =0 (mod p*),
k
k=0
and
Pl pim— 1 1541
2 < 5 ) = - N (mod p®) if p > 5.
k=1 P =

The paper also contains some open conjectures.

1. INTRODUCTION

A p-adic congruence (with p a prime) is called a super-congruence if it
happens to hold modulo higher powers of p. Here is a classical example
due to J. Wolstenholme (cf. [W] or [HT)):

p—1

2p—1
=0 (mod p?) and (;)_1) =1 (mod p?)
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for any prime p > 3. The reader may consult [Sul] for some super-
congruences modulo squares of primes.

In this paper we obtain some new super congruences modulo prime
powers motivated by the well-known formula

1 n
lim (1 + —) =e.
n—o00 n

Now we state our main results.

Theorem 1.1. Let p > 3 be a prime. Then

p—1 , p+1
Z ( 1+ 1>) =0 (mod p°). (1.1)

k
k=0

Theorem 1.2. Let p > 3 be a prime and let m be a positive integer not
divisible by p. Then we have

p—1 m
Z(_l)km (p/m B 1) =0 (mod p*). (1.2)

k
k=0

In particular,

pi (1/(pk_ 1))p_1 =0 (mod p%). (1.3)

k=0

Remark 1.1. We conjecture that there are no composite numbers p satis-
fying (1.1) or (1.3). We also note that (1.1) and (1.3) can be refined as
follows:

p—1 p+1 5
-1 1
() 2 Bp s (mod ) for any primep =5, (1.0

k=0

and

p—1 p—1
1 —1 2
g ( /(pk >) = §p4Bp_3 (mod p®) for any prime p >3, (1.5)

where By, By, Ba, ... are Bernoulli numbers (see [IR, pp. 228-241] for an
introduction to Bernoulli numbers). However, the proofs of (1.4) and (1.5)
are too complicated.
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Theorem 1.3. Let p > 5 be a prime and let m be a positive integer not
divisible by p. Then

—1 -1
— (=D (p/m—1\" _ 11
( ) =03 (mod i), (16)

and

D p/m- N 2
=—-———B,_1_n (mod p*) (1.7)
. ( ) n 1 p

I
—

foralln=1,... ,p—3.

Remark 1.2. We observe that if n is a positive integer and p > 2n+1 is a
prime then

p—1
1 -1 2
( )) = _ Lpr 1—2n (modp )

— k2n 2n +

and

By_1_2, (mod p?).

« (1/<p+1>) _ _vn

klk 2n+1

For a prime p and a p-adic number z, as usual we let v,(z) denote the
p-adic valuation (i.e., p-adic order) of x.

Conjecture 1.1. Let p be a prime and let n be a positive integer. Then

()T e

k=0
where
1 ifp=2,
cp =14 3 ifp=3,
5 ifp=>5.
If p > 3 then

(S (7)) a2

k=0

Now we raise one more conjecture.
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Conjecture 1.2. Let m > 2 and r be integers. And let p > r be an odd
prime not dividing m.
(i) If m > 2, m # r (mod 2), and p =r (mod m) with r > —m/2, then

S(—l)km (T/km)m =0 (mod p*). (1.8)

k=0

(ii) If p=r (mod 2m) with r > —m, then

p—1 r/m 2n+1
(—1)’“( f ) =0 (mod p?) foralln=1,..., m—1. (1.9)
k=0

Remark 1.3. The congruences in (1.8) and (1.9) modulo p are easy.
Theorems 1.1-1.2 and Theorem 1.3 will be proved in Sections 2 and 3

respectively.

2. PrROOFS OF THEOREMS 1.1 AND 1.2

Form=1,2,3,... and n=0,1,2,..., we define

H™ .= Z kim

0<k<n

and call it a harmonic number of order m. Those H, = H,gl) (n =
0,1,2,...) are usually called harmonic numbers.

Lemma 2.1. Let p > 3 be a prime. Then

2
p 2 2
H, = —EBp_g (mod p?), I—I][()_)1 = ngp_g (mod p?), (2.1)
and
1 C_1>k—1
= B,_1_ 2.2
2 iig-- g k1 LopTih (22)

1<61 <t <+ <ip<p—1

forallk=1,2,... ,p—1.

Remark 2.1. The results in Lemma 2.1 are known, see Theorem 5.1, Corol-
lary 5.1 and the proof of Theorem 6.1 of Z. H. Sun [S].
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Lemma 2.2. Let p > 3 be a prime. Then

p—1 3

ZHk = —%Bp_g —p+1 (mod p?), (2.3)
k=1
and
p—1 p—1
ZH(Q) 0 (mod p?) and ZH,EF’) =0 (mod p) (2.4)
k=1 k=1

1 k —1 -1 —1
(m) _ < 1 X Zz:y 1 N p—
k=1j=1 J j=1 J j=1 J
Thus
p—1 —1
ST Hy = pH, 1—p+, Z 2 =pH? ~H, 1, Y B =pH®, ~H?
k=1 k=1 k=1

Combining these with (2.1), we immediately get (2.3) and (2.4). O

Lemma 2.3. Let p > 3 be a prime. Then

p—1

1
—=-— —pog-l-p—l(modp) (2.5)
k=11<i<j<k ‘7
p—1 1
> =-IBys-p+1(modp?),  (26)
= 111213 3
k=11<i1<is<iz<k
and
p—1 1
Z ——— = —1 (mod p). (2.7)
hm1 1<in <in<in<ig<hk 112034
We also have
i, 11
— + 5= | =0 (mod p). (2.8)
‘ 2 025
E=11<i<j<k
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Proof. For s =2,... ,p—11it is clear that

=

—1
> :
k=1 1<iy <inp<--<ig<k 12 s
p—1 .
o Z Zk:is 1 _ Z D —1s
ittg i

o . 1192+ lg o .
1< <ig < <ig <p—1 1< <ig < <ig <p—1

—p 3 1 3 2y s <ia<p )

1172+ 1g 1172+ 15—1

1<ii<in< - <ts<p—1 1<i1<in< - <ts—1<p—1
1 p—- 1- 7:5—1
b Z i i Z P
1<y <ig<-<is<p—1 12 5 i <in<-<is_1<p—1 172 s—1

Thus, with the help of Lemmas 2.1, we have

p—1 .
1 p—1—1
— =P g — E I —
. o 1] - 1
k=11<i<j<k 1<i<yj<p—1 i=1

2

b
=~ LBy~ (- VHya+p- 1

P
—gﬁBws+p—1@mdﬁ)

Also,

i
I}

Z :
k=1 1<i1 <iz<ig<k 1 23

1 D — 1 —ig
RO DN sl Dl
1<in<ig<is<p—1 1+ 23 1<) <ig<p—1 1%2
p—1
1 D i <ig<p !
_ 1<12<p
=—(p—-1) E — + E —
1

.= 12
1<i1<ig<p—1 11=1

p—1 .
_ P §:p—1—2_ P 2
:(p—].)ng_g'i‘ : f = —g p_3_p+1 (mOdp )

=1
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and

—1

bS]

)3 :
k=1 1<i1 <io<ig<is<k 1 23°%

-» Ly ok

Q109031 Q1098
1<ii<ip<ig<ia<p—1 1 273%  i<ii<ig<is<p—1 1273
_ Z 1+ Z.3 _ Z 212<13<p 1
o 11003 1117
1<iy <ig<ig<p—1 1 23 1<is <ia<p—1 172
. p—1
. p—l—j_ Zl<j<p p—l—l_
= —_— = = = —1 (mod p).
i
1<i<j<p—1 J i—1

Finally, we note that

1 S
2 ( i E) = 2 (piﬂj * pi?jj)
1<i<j<p—1

k=11<i<j<k

11 ik S |
== ¥ (5ra)=-rEse

i=1

p—1

—1—-i
:_Zp =H, 1—(p —1)H£2)1:0(modp)

with the help of (2.1).
So far we have proved (2.5)-(2.8). O

Proof of Theorem 1.1. For each k =1,... ,p— 1, clearly

(—1/<Z+1>)p+1:(p/<p+k1>—1)p+1:ﬁ(1_ ﬁ )p+1

_ _(+Yp  +Lp  p*  (p+Dlplp-1) P’
_jl:ll <1 i) 2 (p+1)252 3! (p+ 1)33'3)
_ P p? p'lp—1)

_Jl:[l ( i 212 6p+ 1)292)

EH (1_§+p (213519) + 6p3) (mod p®)
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and hence
~1/(p+ 1)\ _ Pl-p) 02 PG o 1
1<i<j<k
Y gt Y
1<iy <ig<ig<k (10213 1<iy<ip<iz<is<k 1127314
4
b 1 1 5

-3 Z (U—Q—l—g) (mod p°).

1<i<j<k

Thus, in view of Lemmas 2.1-2.3, we obtain

Z (—1/(1}: + 1>)p“

k=1

_ 1 p° 2 b
=p—1l-r(—% p—3—pP+1)+p —ng_s—erl

—p’ (—ng—s -p+ 1) —p
= —1 (mod p°)
and hence (1.1) follows.
The proof of Theorem 1.1 is now complete. []

Proof of Theorem 1.2. For each k € {1,...,p— 1}, we have

() 1)

e j 2m 52 6m? 43
m — o) (m—=1)(m—2) 5 (3
=1—pH 2! H
PHk 2m k 6m? k
1 1
2 R
LD D D D v
1<i<jgk 1<ii<ig<ig<k
m—1 , 11 A
—— = d pb).
o 2 (ij2+i2j> (mod p7)
1<i<j<k

Therefore, applying Lemmas 2.2 and 2.3 we get

S (P

. ) =p—1-p(—p+1)+p*(p—1)—p* = =1 (mod p*).

k=1
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This proves (1.2). Clearly (1.2) in the case m = p — 1 yields (1.3). This
concludes the proof. [
3. PROOF OF THEOREM 1.3

Lemma 3.1. Let p > 3 be a prime and letn € {1,... ,p— 3}.

Z Ik:[— = B,_1_p (mod p). (3.1)

Proof. This is easy as mentioned in [Su2, Remark 1.1]. In fact, since
Zi;i ™ = 0 (mod p) for any integer m # 0 (mod p — 1) (see, e.g., [IR,
p. 235]), we have

— ]p_2 — (k.p—Q—n + - ( )szp—l—z)
k=1 k =0 k=1 kn(p—1) i=0 v
p—1 1 p—2 p—1 p—1
_ kp—Q—n + Z < _ )Bz Z kp—l—n—i
k=1 p—lim\ ¢ k=1
p—1 n
= p—l—’rL Bp—l—n—<_1) Bp 1 n—Bp 1 n(modp)

and hence (3.1) follows. O
Lemma 3.2. Let p > 5 be a prime. Then

= (mod p?). (3.2)
k=1 p g

Proof. In view of Theorem 5.1(a) and Remark 5.1 of [S],

2
Hz()—)l _ (sz—4 QBp—S) _ Hp

(mod p°)

2 2p—4_ p—3 p

and H?, =0 (mod p?). Also,

p—1 —

gy o 1
Zklz o
k=

1<y<k<p—1

H,_
-3 ;21 (mod p?)

by [T, Theorem 2.3]. So we have

p—1

l—ka Hk
St =HP - pH?), pZ = ot nd ).
k=1
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This concludes the proof. [

Proof of Theorem 1.3. Let k € {1, ...
1.2,

SUN

,p — 1}. By the proof of Theorem

-1 1
(1) <p/¢r;€ ) = l—ka-l- 2H(2)+ Z — (mod p%).
1<i<i<k "
Thus, for any given n € {1,... ,p — 3} we have
(D (p/m - 1)’“
= k" k
_p_ll—ka H(z) pzp lng_HIE;Q) d 3
S N SE L)
k=1 k=1
If n is even, then
—-1 -1 2
e
o B SR
p—1 77(2) (2) p—1 ,(2) p-1
H?, Hk_ it 1
—Z =) ) s (modp)
k=1 =
and hence ) 7 _ (2)/k:” =0 (mod p) since n+ 2 < p — 1. Thus
p—1 km m  pl
(=)™ (p/m—1\" _ x~1—pHk
P " = Z % (mod p?); (3.3)
k=1 k=1
and
§CO (fm =1\ S L pHe S HE ey (5
= — ) —% (mo .
kn k g2 L P
k=1 k=1 k=1
if n is even.
Fixne{l,...,p— 3}. It is known that
2
an :n-l-l B,_1_p (mod p~)
(see, e.g., [S, Corollary 5.1]). Combining this with (3.1) and (3.3) we get
(1.7).
(3.4) in the case n = 2, together with (3.2) and the congruence
p—1 -9
H
k:—§ =0 (mod p)
k=1

(cf. [Su2, (1.5)]), yields (1.6).

The proof of Theorem 1.3 is now complete.

O
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