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The local integration of Leibniz algebras

Simon Covez

Abstract

This article gives a local answer to the coquecigrue problem. Hereby we mean the problem,
formulated by J-L. Loday in |Lod93], is that of finding a generalization of the Lie’s third
theorem for Leibniz algebra. That is, we search a manifold provided with an algebraic structure
which generalizes the structure of a (local) Lie group, and such that the tangent space at a
distinguished point is a Leibniz algebra structure. Moreover, when the Leibniz algebra is a
Lie algebra, we want that the integrating manifold is a Lie group. In his article [Kin07], M.K.
Kinyon solves the particular case of split Leibniz algebras. He shows, in particular, that the
tangent space at the neutral element of a Lie rack is provided with a Leibniz algebra structure.
Hence it seemed reasonable to think that Lie racks give a solution to the coquecigrue problem,
but M.K. Kinyon also showed that a Lie algebra can be integrated into a Lie rack which is not
a Lie group. Therefore, we have to specify inside the category of Lie racks, which objects are
the coquecigrues. In this article we give a local solution to this problem. We show that every
Leibniz algebra becomes integrated into a local augmented Lie rack. The proof is inspired by E.
Cartan’s proof of Lie’s third theorem, and, viewing a Leibniz algebra as a central extension by
some center, proceeds by integrating explicitely the corresponding Leibniz 2-cocycle into a rack
2-cocycle. This proof gives us a way to construct local augmented Lie racks which integrate
Leibniz algebras, and this article ends with examples of the integration of non split Leibniz
algebras in dimension 4 and 5.

Introduction

The main result of this article is a local answer to the coquecigrue problem. By coquecigrue problem,
we mean the problem of integrating Leibniz algebras. This question was formulated by J.-L. Loday
in [Lod93] and consists in finding a generalisation of the Lie’s third theorem for Leibniz algebras.
This theorem establishes that for every Lie algebra g, there exists a Lie group G such that its
tangent space at 1 is provided with a structure of Lie algebra isomorphic to g. Leibniz algebras
are generalisations of Lie algebras, they are their non-commutative analogues. Precisely, a (left)
Leibniz algebra (over R) is an R-vector space g provided with a bilinear map [—,—] : gx g = ¢
called the bracket and satisfying the (left) Leibniz identity for all x,y and z in g

[z, [y, 2]] = [[x, 9], 2] + [y, [, 2]]

Hence, a natural question is to know if, for every Leibniz algebra, there exists a manifold provided
with an algebraic structure generalizing the group structure, and such that the tangent space in a
distinguished point, called 1, can be provided with a Leibniz algebra structure isomorphic to the
given Leibniz algebra. As we want this integration to be the generalization of the Lie algebra case,
we also require that, when the Leibniz algebra is a Lie algebra, the integrating manifold is a Lie

group.
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One result about this question was given by M.K. Kinyon in [Kin07]. In his article, he solves
the particular case of split Leibniz algebras, that is Leibniz algebras which are isomorphic to the
demisemidirect product of a Lie algebra and a module over this Lie algebra. That is, Leibniz
algebras which are isomorphic to g@®a as vector space, where the bracket is given by [(x, a), (y,b)] =
([, y], z.a). In this case, he shows that the algebraic structure which answers the problem is the
structure of a digroup. A digroup is a set with two binary operation - and -, a neutral element 1
and some compatibility conditions. More precisely, Kinyon shows that a digroup structure induces
a pointed rack structure (pointed in 1), and it is this algebraic structure which gives the tangent
space at 1 a Leibniz algebra structure. Of course, not every Leibniz algebra is isomorphic to a
demisemidirect product, so we have to find a more general structure to solve the problem. One
should think that the right structure is that of a pointed rack, but M.K. Kinyon showed in [Kin0T7]
that the second condition (Lie algebra becomes integrated into a Lie group) is not always fulfilled.
Thus we have to specify the structure inside the category of pointed racks.

In this article we don’t give a complete answer to the coquecigrue problem in the sense that
we only construct a local algebraic structure and not a global one. Indeed, to define an algebraic
structure on a tangent space at a given point on a manifold, we just need an algebraic structure
in a neighborhood of this point. We will show in chapter 3 that a local answer to the problem
is given by the pointed augmented local racks which are abelian extensions of a Lie group by an
anti-symmetric module.

Our approach to the problem is similar to the one given by E. Cartan in [Car30]. The main idea
comes from the fact that we know the Lie’s first and second theorem on a class of Lie algebras. For
example, every abelian Lie algebra or every Lie subalgebra of the Lie algebra End(V) is integrable
(using the Lie’s first theorem). More precisely, let g be a Lie algebra, Z(g) its center and gy the
quotient of g by Z(g). The Lie algebra Z(g) is abelian and g is a Lie subalgebra of End(g), thus
there exist Lie groups, respectively Z(g) and Gy, which integrate these Lie algebras. As a vector
space, g is isomorphic to the direct sum go @ Z(g), thus the tangent space at (1,0) of the manifold
Go x Z(g) is isomorphic to g. As a Lie algebra, g is isomorphic to the central extension gy @, Z(g)
where w is a Lie 2-cocycle on gy with coefficients in Z(g). That is, the bracket on go @, Z(g) is
defined by

(), (y,0)] = ([z,y], w(z,y)) (1)

where w is an anti-symmetric bilinear form on gy with value on Z(g) which satisfies the Lie algebra
cocycle identity
w([xv y]v Z) - w(:z:, [ya Z]) + w(yv [Ia Z]) =0

Hence we have to find a group structure on Gy x Z(g) which gives this Lie algebra structure on
the tangent space at (1,0). It is clear that the bracket (d) is completely determined by the bracket
on go and the cocycle w. Hence, the only thing we have to understand is w. The Lie algebra g is
a central extension of go by Z(g), thus we can hope that the Lie group which integrates g should
be a central extension of Gg by Z(g). To follow this idea, we have to find a group 2-cocycle on Gg
with coefficients in Z(g). In this case, the group structure on Go x Z(g) is given by

(gva)'(hvb): (ghaa+b+f(gvh)) (2)

where f is a map from G x G — Z(g) vanishing on (1, g) and (g, 1) and satisfying the group cocycle
identity



With such a cocycle, the conjugation in the group is given by the formula

(g.a).(h,b).(g,a) " = (ghg™",a+ f(g.h) — f(ghg™",9)) (3)

and by imposing a smoothness condition on f in a neighborhood of 1, we can differentiate this
formula twice, and obtain a bracket on go @ Z(g) defined by

[(z,a), (y,b)] = ([, 9], D*f(x,y))

where D? f(z,y) = d*f(1,1)((z,0), (0,y))—d?f(1,1)((y,0), (0,z)). Thus, if D2 f(z,y) equals w(x,y),
we recover the bracket (II). Hence, if we associate to w a group cocyle f satisfying some smoothness
conditions and such that D?f = w, then our integration problem is solved. This can be done in
two steps. The first one consists in finding a local Lie group cocycle defined around 1. Precisely, we
want a map f defined on a subset of Gy x G containing (1, 1) with values in Z(g) which satisfies the
local group cocycle identity (cf. [Est54] for a definition of local group). We can construct explicitely
such a local group cocycle. This construction is the following one (cf. Lemma 5.2 in [Nee04]) :
Let V be an open convex 0-neighborhood in gy and ¢ : V' — Gy a chart of Gy with ¢(0) =1
and d¢(0) = idg,. For all (g,h) € ¢(V) x ¢(V') such that gh € ¢(V') let us define f(g,h) € Z(g) by

the formula
f(g, h) _ / winv
Yg.h

where w™ € Q?(Gy, Z(g)) is the invariant differential form on Gy associated to w and 7, is the
smooth singular 2-chain defined by

Yo (t, s) = qS(t (qs—l (g¢(8¢_1(h)))> + s(¢‘1 (90((1- t)¢‘1(h))))>

The formula for f defines a smooth function such that D?f(z,y) = w(z,y). We now only have to
check whether f satisfies the local group cocycle identity. Let (g,h,k) € ¢(V)? such that gh, hk

and ghk are in ¢(V). We have
£ = Flgh )+ fg. 1)~ o) = [ wir [ [ [
Yh,k Ygh,k Yg,hk Yg,h

_ / winv
Ovg,h,k

where 74 1, 1 is a smooth singular 3-chain in ¢(V') such that Ovgnk = 9Vhk — Yohk + Yok — Yoo
(such a chain exists because ¢(V') is homeomorphic to the convex open subset V of gg). Thus

g

F(h, k) — f(gh k) + f(g,hk) — f(g, h) =/ i

Ovg,hn,k

— / ddein'u
7. k

g,h,
=0



because w™ is a closed 2-form. Hence, we have associated to w a local group 2-cocycle, smooth
in a neighborhood in 1, and such that D?f(x,y) = w(z,y). Thus we can define a local Lie group

structure on Gy x Z(g) by setting

(gva)(hvb) = (Qhafl-l-g.b—i-f(gah))a

and the tangent space at (1,0) of this local Lie group is isomorphic to g. If we want a global
structure, we have to extend this local cocycle to the whole group Gy. First P.A. Smith ([Smi50}
Smi51]), then W.T. Van Est (|[Est62]) have shown that it is precisely this enlargement which may
meet an obstruction coming from both 72(Go) and 71 (Gp). In finite dimension, m2(Gy) = 0, thus
there is no obstruction to integrate Lie algebras. This equality is no longer true in infinite dimension,
hence this obstruction prevents the integration of infinite dimension Lie algebras into global Lie
groups (cf. [Nee02, NeeO4]).

To integrate Leibniz algebras into pointed racks, we follow a similar approach. In this context,
we use the fact that we know how to integrate any (finite dimensional) Lie subalgebra of End(V)
for V' a vector space. In a similar way as the Lie algebra case, we associate to any Leibniz algebra
an abelian extension of a Lie algebra gg by an anti-symmetric representation Z,(g). As we have
the theorem for Lie algebras, we can integrate go and Z1(g) into the Lie groups Gy and Zp(g),
and, using the Lie’s second theorem, Z1,(g) is a Go-module. Then, the main difficulty becomes the
integration of the Leibniz cocycle into a local Lie rack cocycle. In chapter 3 we explain how to
solve this problem. We make a similar construction as in the Lie algebra case, but in this context,
there are several difficulties which appear. One of them is that our cocycle is not anti-symmetric,
so we can’t consider the equivariant form associated to it and integrate this form. To solve this
problem, we will use Proposition [Tl which, in particular, establishes an isomorphism from the 2-nd
cohomology group of a Leibniz algebra g with coefficients in an anti-symmetric representation a®
to the 1-st cohomology group of g with coefficients in the symmetric representation Hom(g,a)®.
In this way, we get a 1-form that we can now integrate. Another difficulty is to specify on which
domain this 1-form should be integrated. In the Lie algebra case, we integrate over a 2-simplex
and the cocycle identity is verified by integrating over a 3-simplex, whereas in our context we will
replace the 2-simplex by the 2-cube and the 3-simplex by a 3-cube.

Let us describe the content of the article section-wise.

Section 1: Leibniz algebras

This whole section, except the Proposition [Tl is based on [Lod93| [LP93| [Lod98]. We first give
the basic definitions we need about Leibniz algebras. Unlike J.-L. Loday and T. Pirashvili, who
work with right Leibniz algebras, we study left Leibniz algebras. Hence, we have to translate
all the definitions needed into our context. As we have seen above, we translate our integration
problem into a cohomological problem, thus we need a cohomology theory for Leibniz algebras
and, a fortiori, a notion of representation. We take the definition of a representation of a Leibniz
algebra given by J.-L. Loday and T. Pirashvili in [LP93]. We end this section by a fondamental
result (Proposition [[I)). This proposition establishes an isomorphism of cochain complexes from
CL"™(g,a%) to CL" (g, Hom(g,a)*). The important fact in this result is the transfer from an anti-
symmetric representation to a symmetric one. This will be useful when we will have to associate a
local Lie rack 2-cocycle to a Leibniz 2-cocycle.



Section 2: Lie racks

The notion of rack comes from topology, in particular, the theory of invariants of knots and links (cf.
for example [FR]). It is M.K. Kinyon in [Kin07] who was the first to link racks to Leibniz algebras.
The idea of linking these two structures comes from the case of Lie groups and Lie algebras and
in particular from the construction of the bracket using the conjugation. Indeed, a way to define
a bracket on the tangent space at 1 of a Lie group is to differentiate the conjugation morphism
twice. Let G a Lie group, the conjugation is the group morphism ¢ : G — Aut(G) defined by
cg(h) = ghg™'. If we differentiate this expression with respect to the variable h at 1, we obtain a
Lie group morphism Ad : G — Aut(g). We can still derive this morphism at 1 to obtain a linear map
ad : g — End(g). Then, we are allowed to define a bracket [—, —] on g by setting [z, y] = ad(x)(y).
We can show that this bracket satisfies the left Leibniz identity, and that this identity is induced
by the equality c,(cn(k)) = cc,(n)(cg(k)). Thus, if we denote c,4(h) by gt>h, the only properties we
use to define a Lie bracket on g are

1. g> : G — G is a bijection for all g € G.
2. g>(hk) = (g>h)>(g>k) for all g, h, k€ G
3. gl =1and I>g =g for all g € G.

Hence, we call (left) rack, a set provided with a binary operation > satisfying the first and the
second condition. A rack is called pointed if there exists an element 1 which satisfies the third
condition. We begin this chapter by giving definitions and examples, for this we follow [FR]. They
work with right racks, hence, as in the Leibniz algebra case, we translate the definitions to left
racks. In particular, we give the most important example called (pointed) augmented rack. This
example presents similarities with crossed modules of groups, and in this case, the rack structure
is induced by a group action.

As in the group case, we want to construct a pointed rack associated to a Leibniz algebra using
an abelian extension. Hence, we need a cohomology theory where the second cohomology group
corresponds to the extension classes of a rack by a module. We take the definitions given by N.
Andruskiewitsch and M. Grana in [AG03].

At the end of this section, we give the definitions of local rack cohomology and (local) Lie rack
cohomology.

Section 3: Lie racks and Leibniz algebras

This section is the heart of this article. It gives the local solution for the coquecigrue problem. To
our knowledge, all the results in this chapter are new, except Proposition B.1] due to M.K. Kinyon
([KinQ7]). First, we recall the link between (local) Lie racks and Leibniz algebras explained by M.K.
Kinyon in [Kin07] (Proposition B]). Then, we study the passage from smooth As(X)-modules to
Leibniz representations (Proposition B.9) and (local) Lie rack cohomology to Leibniz cohomology.
We define a morphism from the (local) Lie rack cohomology of a rack X with coefficients in a
As(X)-module A® (resp. A%) to the Leibniz cohomology of the Leibniz algebra associated to X
with coefficients in a® = Ty A (resp. a®) (Proposition B.10).

The end of this section (section 3.4 to 3.7) is on the integration of Leibniz algebras into local Lie
racks. We use the same approach as E. Cartan for the Lie groups case. That is, for every Leibniz
algebra, we consider the abelian extension by the left center and integrate it. This extension is



caracterized by a 2-cocycle, and we construct (PropositionB.22]) a local Lie rack 2-cocycle integrating
it by an explicit construction similar to the one explained in the Lie group case. This construction
is summarized in our main theorem (Theorem B28). We remark that the constructed 2-cocycle
has more structure (Proposition B.26). That is, the rack cocycle identity is induced by another
one. This other identity permits us to provide our constructed local Lie rack with a structure of
augmented local Lie rack (Proposition B.3T]). We end this section with examples of the integration
of non split Leibniz algebras in dimension 4 and 5.

1 Leibniz algebras

As it is written in the introduction, we work with left Leibniz algebras instead of right Leibniz
algebras. The main reason comes from the fact that M.K. Kinyon works in this context in his
article [Kin07]. Indeed, this article is our starting point of the integration problem for Leibniz
algebras. Thus, we have chosen to work in this context.

A (left) Leibniz algebra (over R) is a vector space g (over R) provided with a bracket [—, —] :
g ® g — g, which satisfies the left Leibniz identity

[z, [y, 2]] = [[z, 9], 2] + [y, [, 2]]-

Remark that an equivalent way to define a left Leibniz algebra is to say that, for all z € g, [z, —] isa
derivation for the bracket [—, —]. The first example of a Leibniz algebra is a Lie algebra. Indeed, if
the bracket is anti-symmetric, then the Leibniz identity is equivalent to the Jacobi identity. Hence,
we have a functor inc : Lie — Leib. This functor has a left adjoint (=) : Leib — Lie which is
defined on the objects by grie = 8/8ann, where gann is the two-sided ideal of g generated by the
set {[z,z] € g|z € g}. We can remark that there are other ways to construct a Lie algebra from
a Leibniz algebra. One is to quotient g by the left center Z5(g) = {z € g|[z,—] = 0}, but this
construction is not functorial.

To define a cohomology theory for Leibniz algebras, we need a notion of representation of such
algebraic structure. As we work with left Leibniz algebra, we have to translate the definition given
by J.L. Loday and T. Pirashvili in their article [LP93|. In our context, a representation over a

Leibniz algebra g, becomes a vector space M provided with two linear maps [—, =] : g@ M — M
and [—,—|r : M ® g — g, satisfying the following three axioms

[, [y, m]L]e = [[z,y],mlL + [y, [z, m]L]L (LLM)

[.’II, [muy]R]L = [[xum]Luy]R—i_[m? [fE,y]]R (LML)

[m, [z, y]]r = [[m, 2]r, y]r + [z, M, y]R]L (MLL)

Recall that, for a Lie algebra g, a representation of g is a vector space M provided with a linear
map [—,—]: g® M — M satisfying [[z,y],m] = [z, [y, m]] — [y, [x,m]]. A Lie algebra is a Leibniz
algebra, hence we want that a Lie representation M of a Lie algebra g, is a Leibniz representation
of g. We have two canonical choices for putting a Leibniz representation structure on M. One
possibility is by setting [—,—], = [—,—] and [—,—]g = —[—, —], and a second one is by setting
[-,—]r =[—,—] and [—, —]g = 0. These Leibniz representations are examples of particular Leibniz
representations. The first one is an example of a symmetric representation, and the second one is
an example of an anti-symmetric representation. A symmetric representation is a Leibniz represen-
tation where [—, —];, = —[—, —]r and an anti-symmetric representation is a Leibniz representation



where [—, —]g = 0. A Leibniz representation which is symmetric and anti-symmetric is called trivial.

Now, we are ready to define a cohomology theory for Leibniz algebras. The existence of a
cohomology (and homology) theory for these algebras is one of the main motivation for studying
them because, restricted to Lie algebras, this theory gives us new invariants (cf. [Lod93]). For g
a Leibniz algebra and M a representation of g, we define a cochain complex {CL™(g, M), dL"™ },en
by setting

CL"(g,M) = Hom(g®", M)

and
n—1
dL"w(zg, ..., 2y) = Z(—l)l[xi,w(:vo,...,x},...,xn)]L+(—1)"_1[w(:60,...,xn_l),xn]R
i=0
+ Z (_1)1+1w($07"'anflv[I’L'axj]axj+17"'7'rn)
0<i<j<n

To prove that dL" ! o dL™ = 0, we use Cartan’s formulas. These formulas are described in [LP93]
in the right Leibniz algebra context, but we can adapt them easily in our context.

Like for many algebraic structures, the second cohomology group of a Leibniz algebra g with
coefficients in a representation M is in bijection with the set of equivalence classes of abelian
extensions of g by M (cf. [LP93]). An abelian extension of a Leibniz algebra g by M is a Leibniz

algebra § such that, M <y g 5 g is a short exact sequence of Leibniz algebra (where M is
considered as an abelian Leibniz algebra) and the representation structure of M is compatible with
the representation structure induced by this short exact sequence. That is, [m, x]gr = i~ *[i(m), s(z)]
and [z, m]r = i~ [s(x),i(m)] where s is a section of p and the bracket is that of § (of course, we
have to justify that this representation structure of g on M induced by the short exact sequence
doesn’t depend on s, but we deduce it easily from the fact that the difference of two sections of p
is in i(M)).

There are canonical abelian extensions associated to a Leibniz algebra. The one we will use to
integrate Leibniz algebra is the abelian extension by the left center

1 p
Zr(g) = g~ go

where go := g/Z1(g). This is an extension of a Lie algebra by an anti-symmetric representation.
In a sense, a symmetric representation is closer to a Lie representation that of an anti-symmetric
representation. Hence, it is convenient to pass from a anti-symmetric representation to a symmetric
representation. Let g be a Lie algebra and M a Lie representation of g, then we define a Lie
representation structure on Hom(g, M) by setting

(z.a)(y) := z.(a(y)) — o[z, y])

for all z,y € g and @ € Hom(g, M). The following proposition establishes an isomorphism from
HL"(g, M%) to HL" (g, Hom(g, M)*), where M? (resp. Hom(g, M)*) means that M (resp.
Hom(g, M)) is provided with a anti-symmetric (resp. symmetric) g-representation structure.

Proposition 1.1. Let g be a Lie algebra and M a Lie representation of g. We have an isomorphism
of cochain complexes

CL"(g, M) T CL™ (g, Hom(g, M)°)



given by w — 7" (w) where
TP W) (@1, ooy Tpe1)(Tn) = w(X1, ..., Tn)

Proof : This morphism is clearly an isomorphism Vn > 0. Moreover, we have

n—2
AL (W) (20, Tn-1) (@) = 3 _(=1)[zi, 7" (W) (0, -, Fiy oy Tn1)](T)
i=0
+H(=1)"Hrn—1, 7" (W)(0, - -, Tn—2)](zn)
+ Z (—1)”17'”(0.))(960,...,xj_l,[:Ci,acj],xj“,...,:vn_l)(xn)
0<i<j<n—1
n—1
= (=) ([zi,w(To, - oy Tiy oo oy Te1,En)] — W( X0y - ey Ty o vy T, [T, Tn)))
i=0
+ Z (_1)Z+1W(I0,...,.Ij,h[$i,$j],$j+1,...,In,1,$n)
0<i<j<n—1
n—1
= Z(—l)z[xi,w(:vo,...,:fi,...,xn_l,:vn)]
i=0
+ Z (_1)1+1w($07...,1‘j717[Ii,xj],IjJrl,...7$n71,xn)
0<i<j<n
= dLw(zg,...,Tn-1,Tn)
= 7" (dLw)(x0,. .. Tn_1)(Tn)

Hence {7"},>0 is a morphism of cochain complexes.

2 Lie racks

2.1 Definitions and examples

Like in the Leibniz algebras case, we can define left racks and right racks. Because we have made
the choice to work with left Leibniz algebras, we take the definition of left racks. A (left) rack is a
set X provided with a product > : X x X — X, which satisfies the left rack identity, that is for all
x,y,z € X :

x> (y>z) = (e>y)>(z>2),

and such that x>_ : X — X is a bijection for all x € X. A rack is said to be pointed if there
exists an element 1 € X, called the neutral element, which satisfies 1>x = x and z>1 = 1 for all
x € X. A rack morphism is a map f : X — Y satisfying f(z>y) = f(z)>f(y), and a pointed rack
morphism is a rack morphism f such that f(1) = 1.

The first example of a rack is a group provided with the conjugation. Indeed, let G be a
group, we define a rack product > on G by setting gi>h = ghg~! for all g,h € G. Clearly,
g>_ is a bijection with inverse g~!>_ and, an easy computation shows that the rack identity
is satisfied. Hence, we have a functor Conj : Group — Rack. This functor has a left adjoint
As : Rack — Group defined on the objects by As(X) = F(X)/ < {zyz~(z>y ) |2,y € X} >
where F(X) is the free group generated by X, and < {zyz~(z>y~!)|z,y € X} > is the normal



subgroup generated by {zyz~'(z>y~!)|z,y € X}. We can remark that Conj(G) is a pointed
rack. Indeed, we have 1>g = g and g>1 = 1 for all ¢ € G, where 1 is the neutral element for
the group product. Hence, Conj is a functor from Group to PointedRack. This functor has a
left adjoint As), : PointedRack — Group, defined on the objects by As,(X) = As(X)/ < {[1]} >,
where < {[1]} > is the subgroup of As(X) generated by the class [1] € As(X).

A second example, and maybe the most important, is the example of augmented racks. An
augmented rack is the data of a group G, a G-set X, and a map X 5@ satisfying the augmentation
identity, that is for all g € G and x € X

p(g.x) = gp(a)g™".
Then, we define a rack structure on X by setting x>y = p(z).y. If there exists an element 1 € X
such that p(1) =1 and ¢g.1 = 1 for all g € G, then the augmented rack X % G is said pointed, and
the associated rack (X, >) is pointed. We can remark that crossed modules and precrossed modules
of groups are examples of augmented racks.

2.2 Pointed rack cohomology

To define a pointed rack cohomology theory, we need a good notion of pointed rack module. In this
article, we take the definition given by N. Andruskiewitsch and M. Grafa in [AG03|. Let X be a
pointed rack, an X-module is an abelian group A, provided with two families of homomorphisms of
the abelian group A, (¢z,y)zyex and (¥zy)e,yex, satisfying the following axioms

=

0) ¢z,y is an isomorphism.

M,y ¢x,yl>z o ¢y,z = (bzby,zbz o ¢z,z

(Mo)

(M)

(Mz) Puyz © Vy,2 = Yaopyamz © Puy

(M3) Vzysz = Pevyasz © Yoz + Yasyasz © Yuy
(My) ¢ry=1da Yye X and 9,1 =0 Ve e X

Remark 2.1. There is a more general definition of (pointed) rack module given by N. Jackson in
[Jac07], but we don’t need this degree of generality. This definition of pointed rack module coincides
with the definition of homogeneous pointed rack module given in [Jac07].

For example, there are two canonical X-module structures on an As,(X)-module. Indeed, let A be
a Asp(X)-module, that is an abelian group provided with a group morphism p : As,(X) — Aut(A),
the first X-module structure, called symmetric, that we can define on A is given for all z,y € X by

bay(a) = pa(a)
1/)x,y(a) =a- szy(a)-

The second, called anti-symmetric, is given for all z,y € X by

buy(a) = ps (a)
Yz y(a) = 0.



With this definition of module, N. Andruskiewitsch and M. Grana define a cohomology the-
ory for pointed racks. For X a pointed rack and A a X-module, they define a cochain complex
{CR™"(X, A),d}}nen by setting

CRYX,A)={f: X" = A| f(z1,...,1,...,2,) =0}

and
d’}%f(wl, ceey $n+1) =
n
Z(_l)l_l (¢11>~~~|>$i7$1|>~~~>fi>n~|>lﬂn+1 (f(xla v ,1/7\1', o 7xn+1)) - f(xlv ey TP T, IiDInJrl))

=1
+(_1)n¢z1D..-Dmn,xlbmbznflbszrl(f(xlv R In))

This complex is the same as the one defined in [Jac(O7]|, but in the left rack context. Adapting the
proof given by N. Jackson in [Jac07], one easily sees that the second cohomology group HR?(X, A)
is in bijection with the set of equivalence classes of abelian extensions of a pointed rack X by a
X-module A. An abelian extension of a pointed rack X by a X-module A is a surjective pointed

rack homomorphism F % X which satisfies the following axioms
(Eo) for all x € X, there is a simply transitively right action of A on p~!(x).
(E1) for all u € p~t(z),v € p~(y),a € A, we have (u.a)>v = (u>v).¢b, ,(a).

(Es) for all u € p~t(z),v € p~(y),a € A, we have ul>(v.a) = (u>v).¢y 4 (a).

and two extensions Fj i e , Fo %2 X are called equivalent, if there exists a pointed rack isomor-

phism FE; —0> FE5 which satisfies the following axioms

1. ppof =ps.

2. forallz € X,u € p~(z),a € A, we have 0(u.a) = 0(u).a.

2.3 Lie racks

To generalize Lie groups, we need a pointed rack provided with a differentiable structure compatible
with the algebraic structure. This is the notion of Lie racks. A Lie rack is a smooth manifold X
provided with a pointed rack structure such that the product > is smooth, and such that for all
x € X ¢, is a diffeomorphism. We will see in section 3 that the tangent space at the neutral
element of a Lie rack is provided with a Leibniz algebra structure.

Let X be a Lie rack, a X-module A is said smooth if A is a abelian Lie group, and if ¢ :
XXxXxA— Aand vy : X x X x A — A are smooth. Then we can define a cohomology theory for Lie
racks with values in a smooth module. For this we define a cochain complex {CR? (X, A), d} tnen
where CR?(X, A) is the set of functions f : X™ — A which are smooth in a neighborhood of
(1,...,1) € X" and such that f(x1,...,1,...,2,) = 0 for all z1,...,2, € X. The formula for
the differential dg is the same as the one defined previously. We will see that a Lie rack cocycle
(respectively a coboundary) derives itself in a Leibniz algebra cocycle (respectively coboundary).

10



2.4 Local racks

To define a Lie algebra structure on the tangent space at the neutral element of a Lie group, we
can remark that we only use the local Lie group structure in the neighborhood of 1. We will see
that this remark remains true for Lie racks and Leibniz algebras.

A local rack is a set X provided with a product > defined on a subset Q of X x X with values
in X, and such that the following axioms are satisfied:

LI (2,9), (2, 2), (5, 2), (2, y0>2) and (aby, 21>2) € D, then a>(y>2) = (z4)>(a>2).
2. If (z,9),(x,2) € Q and z>y = x>z, then y = 2.

A local rack is said to be pointed if there is a element 1 € X such that 1>z and zt>1 are defined
for all z € X and respectively equals to x and 1. We called this element the neutral element. Then
a local Lie rack is a pointed local rack (X, €, 1) where X is a smooth manifold, € is a open subset
of X, and > :  — X is smooth. For example, every Lie rack open subset containing the neutral
element is a local Lie rack. Given such a local Lie rack, we can define a associated cohomology
theory.

Let X be a Lie rack, U a subset of X containing the neutral element 1 and A a smooth X-module.
We define for all n € N, CR?(U, A) as the set of maps f : U,—joc — A, smooth in a neighborhood

of the neutral element, and such that f(z1,...,1,...,2,) = 0. If A is not anti-symmetric, then
Un_ioc is the subset of elements (z1,...,z,) of X x U"~! satisfying z;,>> ... >z, € U, for all
ih < --- <1;,2<j<n. IfAis anti-symmetric, U,,—joc is the subset of elements (z1,...,z,) of

X" 1x U satisfying Ty > .. >xg Doy, € U, forallip < -+ <i4; <n,1 <j <n—1. One easily checks
that the formula for the differential dg allows us to define a cochain complex {CR} (U, A), d% }nen.
Then we define U-local Lie rack cohomology of X with coefficients in A as the cohomology of the
cochain complex {CRZ(U, A),d% } nen.

3 Lie racks and Leibniz algebras

3.1 From Lie racks to Leibniz algebras

In this section we construct a functor from the category of Lie racks to the category of Leibniz
algebras. The following proposition is in [Kin07].

Proposition 3.1. Let X be a Lie rack, then T1 X is a Leibniz algebra.

Proof : Let X be a Lie rack, we denote by ¢ the tangent space of X at 1. The conjugation >
induces for all z € X an automorphism of Lie racks ¢, : X — X defined by ¢, (y) = z>y. We define
forallz € X

Ad, = Tie, € GL(y).

By definition we have cyny = ¢z 0 ¢y 0 ¢, ' and ¢; = id. Hence it gives us a morphism of Lie racks
Ad: X — GL(y).
We can differentiate Ad at 1, and we obtain a linear map

ad : ¢ — gl(x).

11



Then we define a bracket [—, —] on ¢ = 71 X by setting
[, v] = ad(u)(v).
Now, we have to verify that this bracket satisfies the Leibniz identity, that is
[u, [v; w]] = [[u, v], w] + [v, [u, w]].
To show this identity, we use the rack identity
x> (y>z) = (z>y)> (2> 2).

Let w,v,w € ¢ and v, (resp. 7, and 7,) be a smooth path in X, such that ~,(0) = 1 and

% Szo'yu(s) =1Uu (resp. '71)(0) = ’Yw(o) =1, % SZO’YU(S) = v and % Szo’yw(s) = u}) ‘We have
0 AN — P t
g tzo(%(r)b(%(s)bvw( M=% - 0((0%(” 0 Cyye)) (Y (1))
= (Ady, (r) © Ady, (5)) (w)
and
0 oy — P t
& tZO(('Yu(’I”)DFYv(S))D(Vu(T)D'Yw( ))) = & tZO((Cvu(T)DW(S) o C'yu(r))('}/w( ))

= (Ad, (r)>r.(s) © Ady, (7)) (W)
= (Adc'yu (r) ('Yv (S °© Ad'yu T))( )

Moreover, if we differentiate with respect to the variable s

55| (A 0 A ) ) = (Ad 1) o () (0)
and 5
% 70(Adcw(w)('yv(s © Ad'yu T))( ) (ad(Ad'yu(r ( )) © Ad'yu T))( )
And if we differentiate with respect to the variable r, we obtain
r|_ (A0 ad(0) ) = o)) )
and 5
al (ad(Ad% (n(v) © Ady, () (w) = ad(ad(u)(v))(w) + ad(v)(ad(u)(w))

Hence, by identiﬁcation, we have the Leibniz identity.
O

Proposition 3.2. Let f : X — Y be a morphism of Lie racks, then Thf : ' X — T1Y is a
morphism of Leibniz algebras.
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Proof : The fact that f is a morphism of Lie rack implies that f(1) = 1 and f(z>y) = f(x)>f(y)

for all z,y € X. Let u,v € ¢ and 7, (resp. 7,) be a smooth path in X pointed at 1 such that

R

+(8) = v). We have
75| . N (5) =v). W
O (FOuls)e() = T f(Ady o (0)
t=0
and 5
5 (f(ru () f (1 (1)) = Ad (4, (s)) (T1 £ (v)).
t=0

Now, if we differentiate with respect to the variable s, we have

% (T2 f (Ady, (5)(v))) = Tof([u, v])
s=0
and )
55| (oo (T 0)) = (1350, T3 50

This means that T3 f is a morphism of Leibniz algebras.
O

Example 3.3 (Group). Let G be a Lie group, then we get in this way the canonical Lie algebra
structure on T1G.

Example 3.4 (Augmented rack). Let X % G be an augmented Lie rack, then T3 X " rGisa
Lie algebra in the category of linear maps (see [LP98|). This structure induces a Leibniz algebra
structure on 77 X which is isomorphic to the one induces by the Lie rack structure on X.

We remark that a local smooth structure around 1 is sufficient to provide 77X with a Leibniz
algebra structure.

Proposition 3.5. Let X be a local Lie rack, then T1 X is a Leibniz algebra.

3.2 From As,(X)-modules to Leibniz representations

Let X be a rack. An As,(X)-module is an abelian group A provided with a morphism of groups
¢ : Asp(X) — Aut(A). By adjointness, this is the same thing as a morphism of pointed racks
¢: X — Conj(Aut(A)).

Definition 3.6. Let X be a Lie rack, a smooth As(X)-module is an As,(X)module A such that
1. A is an abelian Lie group.

2. ¢: X x A— A is smooth.
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Recall that, given a Leibniz algebra g, a g-representation a is a vector space provided with two
linear maps
[—,—]r:g®a—a

and
[—,-]lr:a®g—aq,

satisfying the axioms (LLM), (LML) and (M LL) given in section 1.

There are two particular classes of modules. The first, that we called symmetric, are the modules
where [—, =] = —[—,—]r. The second, that we called anti-symmetric, are the modules where
[—,—]r = 0. Given a Leibniz algebra g and a a vector space equipped with a morphism of Leibniz
algebra ¢ : g — End(a), we can put two structures of g-representation on a. One is symmetric and
defined by

[,a]lr, = ¢z(a) and [a,2]gr = —¢(a), Vz € g,a € a,

and the other is anti-symmetric and defined by
[,a]r = ¢ (a) and [a,z]g =0, Vz € g,a € a.

Moreover, given a rack X and A a (smooth) As(X)-module, we can put two structures of
(smooth) X-module on A. One is called symmetric and defined by

dzy(a) = ¢z(a) and Yy 4(a) = a — Pupyla), Vo,y € X,a € A,
and the other is called anti-symmetric and defined by
Gz y(a) = ¢z(a) and 1, 4(a) =0, Vz,y € X,a € A.

These constructions are similar to each other because one is the infinitesimal version of the
other. Indeed, let (A, ¢,1) be a smooth symmetric X-module. We have by definition two smooth
maps

p: X xXxA—-Aandy: X x X xA—= A
with ¢1,1 =1id, 41,1 = 0. Thus the differentials of these maps at (1,1) give us two maps
€: X x X — Aut(a);e(z,y) = T1¢s

and
X: X xX — End(a); x(z,y) = Thq.y.

These maps are smooth, so we can differentiate them at (1,1) to obtain

Thye:r @t — End(a)

and
Tanx:r@r— End(a).
Then we put
[, —]o:g®a— a;[u,m|, = T(Ll)e(u, 0)(m)
and

[——lr:a®g— a;[m,ulr = T(1,1)X(0,u)(m).

14



Lemma 3.7. The linear map [—, —]L satisfies the axiom (LLM).
Proof : We want to show that for all u,v € r,m € a
[u, [v,m]]L = [[u,v], m]L + [v, [u, m]L]L.
By hypothesis, ¢ satisfies the following relation for all z,y,z € X
Gry>z © Py = Papy,apz © P,z

and if we take z = 1, we obtain
$2,1 0 Py1 = Paupy,1 © a1,
and so
T1¢z10T1¢y1 = T1Papy,1 0 T10z 1,

that is
e(z,1)o€(y,1) = e(ax>y,1) o e(z, 1).

Let u,v € ¢ and =, (resp. 7,) be a smooth path in X pointed at 1 such that 82
Sls=0
(resp. % S:O%(s) = v). We have
57| (€u(s) ) o elu(0). 1) = elnute). Do ] e,
= €(yuls),1) o v, —]L
and
55| _ (o) Do 00u) = (57| (e 1) o Ly
= [u7 _]L o [U7 _]L
= [uv [va _]L]L
On the other hand, we have
% H)(G(Vu(S)D%(t)a 1) o €(yu(s),1)) = [Ady, (5 (v), =]L © €(qu(s), 1)
and
0 0
55| (Ady (), e oe(nu(s), 1)) = 5| ([Ady,(5(v), =]r) 0 €(1,1)
s=0 s=0
F[Ad ), Tz o o (elruls),1)

Hence by identification
[ua [’U, _]L]L = [[ua U], _]L + [’U, [’U,, _]]L
That is, [—, =], satisfies (LLM).
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O

Lemma 3.8. If (A, ¢,v) is symmetric, then [—, —|p = —[—, —]|r and if (4, ¢,v) is anti-symmetric,
then [—, —]r = 0.

Proof : Suppose that (A, ¢,v) is anti-symmetric, then ¢» = 0, and it is clear that [—,—]g = 0.

Now, suppose that (A,$,v) is symmetric, that is ¥ 4(a) = @ — dzpy,1(a). We have x(x,y) =

Titpy,y = id — e(z>y,1). Let u € ¢ and +, be a path in X pointed at 1 such that aﬁ Yu(8) = u.
s

s=0
We have

[_7 U]R = T(l,l)X(Ou u)

Finally, we have shown the following proposition:

Proposition 3.9. Let X be a Lie rack, let ¢ be its Leibniz algebra, let A be an abelian Lie group
and let a be its Lie algebra. If (A, ¢,v) is a smooth symmetric (resp. anti-symmetric) X -module,
then (a,[—, =)L, [—, —]Rr) s a symmetric (resp. anti-symmetric) r-module.

3.3 From Lie rack cohomology to Leibniz cohomology

Proposition 3.10. Let X be a Lie rack and let A be a smooth As(X)-module. We have morphisms
of cochains complexes

T S 6” n S
CR}(X,A%)s & CL™(x,a%)

and -
CR;‘(X, A% = CL™(x,a%),

given by " (f)(a1,...,a,) = d"f(1,...,1)((a1,0,...,0),...,(0,...,0,ay)) (where d"f is the n-th
differential of f).

Proof : Let f € CR}(X, A%) and (xo,...,z,) € X""!. We have

n+1

drf(zo,... ) = Z(—l)i_l%m...mi (flxr,oo @i Tng1)) = f(@1, - 2D Tig, - T Tg)
i=1

Let (vo(t0),---,7n(tn)) be a family of paths v; :] — €;, +€;[— V such that

0
~i(0) =1 and %5:0%(5) = ;.
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We want to show that

§"H(dpf) = dL(8"(f))-
We have by definition
an+1

nt+liqn = a7 9
5 ( Rf)(a()’""an) atoatn t;=0

df(FYO(tO)a s 57n(tn)>

Lemma 3.11. Vi € {1,...,n}
an—i—l

ET Pro(to)>..ms (6) (F (Y0 (t0)s - - s Yim1 (tim1), Yit1 (1), - s W (tn))) = aindn(f) (a0, - - -, @iy -y an)
0...00ln |ti=0

Proof :
Notation:

(t07 s 7ti) = ¢’Yo(t0)>...l>’yz'(ti)
will be denoted by
(fo,...,fi) HA(to,...,lfi)
and
(toy - stiyeeostn) = flyo(to)s - vic1(tiz1), Yirr (tix1)s o Yn(tn))

will be denoted by
(to,...,ti,...,fn) Hm(to,...,ti,...,tn)

We have
gntl om 0
— | Ao, t)mlte,.. ) = ————— — Alto, ..., t:)(m(to, ...,
8t0 . (%n - ( 05 ) )(m( 0 )) ato } .6tn_1 tk:o( 6tn - ( 0 )(m( 0 O))
o o
At ti)(=— to,...,tn
+ Ot .. Otus tk:o( (to, ) )(é%n tn:om( 0 )
- & (Altor - ot (| milton. 1))
6t0...6tn_1 tk:o 05 - » Y1 atn tn:o 05 o vn
because by definition we have f(zg,...,1,...,2,) =
Thus by the same argument we have
an+1 8 8n
| Alto,. . t)(mlto, .. ) = — A0, ...,0,t)( ———— tos . tn
Do 0t |, o (to, ..., ti)(m(to ) i,y 0 0 )((f%‘o...atn tk:om( 0 )
Hence
ot A(t t t t d C
mti:o (0,...,n)(m(0,...,n))—(Ei. n(f)(l'o,...,(ﬂi,...,(ﬂn)
O

Lemma 3.12. Vi€ {1,...,n}

an—i—l

m f(VO(tO)v s 7’7i(ti)l>'7i+l(ti+l)7 s 7'7i(ti)[>’7n(tn)) = Z 6nf(a07 B [aiv ak]v s 7an)

ti=0 k=i+1
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8n+1

Proof : We have m

f(’yo(to), R 7”Yi(ti)\>7i+1(ti+1), ce ,'Yi(ti)DFYn(tn)) which is equal
t;=0

to

0

ot;

d" (1, 1)((a0,0, ., 0), - (0, Adsy, ) (@ig1)s -0, (0,0, Ady, 4 (an))
ti:0

Moreover, this is equal to

> dnf(,...,1)((ao,0,...,0),...,(0,.. ., [ai, a,...,0),....(0,...,0,a))

k=i+1
and this expression is equal to Z 0" flag, ..., |ai,ak), ... an).
k=i+1
O
Hence
) a0, an) = (1) (000" (F)aw, i an) = DD 6 fa, o aid, )
i=0 k=it1
=Y (=1)'a;.0"(f)(ag, . diy---,an) + Z (=16 F(ao, - . ., s, axl,
i=0 0<i<k<n
that is
§"H(dRf) = dE(0"(f))
This is exactly the same proof as for the case where A is anti-symmetric.
O

We remark that we only need a local cocyle identity around 1. Thus we have

Proposition 3.13. Let X be a Lie rack, let U be a 1-neighborhood in X and let A be a smooth
As(X)-module. We have morphisms of cochain complezxes

n S 6" n S
CRy (U, A?) = CL"(x,a”)

and -
C’RZ(U, A" = CL™(x,a%),

given by d"(f)(ao,-..,an) =d"f(1,...,1)((a1,0,...,0),...,(0,...,0,an)).

3.4 From Leibniz cohomology to local Lie rack cohomology

In this section, we study two cases of Leibniz cocyles integration. This section will be used in the
following section to integrate a Leibniz algebra into a local augmented Lie rack.

First, we study the integration of a 1-cocycle in Z L' (g, a®) into a Lie rack 1-cocycle in ZR;(G, a®)s,
where G is a simply connected Lie group with Lie algebra g and a a representation of G.

Secondly, we use the result of the first part to study the integration of a 2-cocycle in ZL?(g, a®)
into a local Lie rack 2-cocycle in Z RZ(U ,a%)s, where U is a 1-neighborhood in a simply connected
Lie group G with Lie algebra g, and a a representation of G. It is this second part that we will use
to integrate Leibniz algebras.
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3.4.1 From Leibniz 1-cocycles to Lie rack 1-cocycles

Let G be a simply connected Lie group and a a representation of G. We want to define a morphism
I' from ZL'(g,a®) to ZR}(G, a*)s which sends BL'(g, a®) into BR,(G,a®),. For this, we put

I'(w)(g) = / o,

where w € ZL'(g,a%), v : G x [0,1] = G is a smooth map such that -, is a path from 1 to g, 11
is the constant path equal to 1, and w® is the closed left equivariant differential form in Q! (G, a)
defined by

w(g)(m) = g.(w(TyLy—1(m))).

By definition, it is clear that I'(w)(1) = 0.
For the moment, I'(w) depends on «y, but because w is a cocycle and G is simply connected,
the dependence with respect to v disappears.

Proposition 3.14. I' does not depend on 7.
Proof : Let 7,7 : G x [0,1] — G such that v,4(0) = ~;(0) = 1 and 7,(1) = 7, (1) = g. We are

going to show that
/ w = / w®,
Y Y4

, w. As Hi(G) = 0 and 9(yy—7,) = 0, there exists o, : [0,1]* —

e have wé— |, w =
Wi fw fv; f%—vg
G such that v, — v, = do,. So
/ weq_/ weq:/ wel
v Vg Yo—Vg
= / weq
doy

/ ddeeq
0.

g9

Hence I' does not depend on 7.

Proposition 3.15. I' sends cocycles to cocycles and coboundaries to coboundaries.
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Proof : First, let w € ZL!(g,a*), we have

drI(w)(g,h) = g.I(w)(h) — I(w)(g>h) — (g>h).1(w)(g) + I(w)(g
o[ g, [ e [ o

g
:/ g.weq—/ w — / (gt>h) weq—i—/ w®
Yh Yg>h

g Y9

97n Vg>h Dh)'yg v

g

)

|
S

= / w®.
9Yh—Ygh—(9>h)vg+7g

As HY(G) = 0 and 9(9vn — Vg — (g>h)vg +74) = 0, there exists v, : [0,1]> — G such that
OYg,h = 9Vh — Yo — (9>h)vg + 4. Hence, we have

drl(@)o.h) = [

= / dgpw®
7,

g,h

=0.

Hence ZL'(g,a®) is sent to ZR,(G, a%),.

Secondly, let w € BL'(g, a®). There exists 8 € a such that w(m) = m.3. We have

Hence BL'(g,a%) is sent to BR)(G, a%)s.

Proposition 3.16. I' is a left inverse for 6'.

Proof : Let w € ZL'(g,a%). Let ¢ : U — g be a local chart around 1 such that p(1) = 0 and
de~1(0) = id.

We define for x € g the smooth map «, :] — €, +¢[— U by setting

ag(s) = ¢~ (s2),
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and we define for all s €] — ¢, +¢[, the smooth map v,, (s : [0,1] = U by setting

Vo (s) () = 97 (tsz).

We have
S @) = | Iw)lan(s)
0s|._,
_9 / e
aS =0 Y Yagu(s)
0 / . e
= . Yo (s)W ?
85 s=0 [071] t( )
0 / ; 0
= a2 w* ('70@ s (t))(_ Ve (s (t))dt'
95|y Jo.1) © 2 )
0 0 1 B
Moreover, g t:OFy%(S) (t) = En t:O<p (stx) = sx, thus
0
S = 5| [ w0 O) )t
s=0+[0,1]
0
= — W (Ya, (s) (1)) (sz)dt
/w a9 e ) o)
0
= — W (@ (tsx))(sx)dt
/M | 1)) o0
a —1\*, \eq
= — ® w(tsx)(sz)dt
/w 5|t en)
8 —1\*, eq
= — s(p w(tsx)(x)dt
/w 5| sl W)
:/ “H*we(0)(x)dt
[0,1]

I
&
—
8
~—
=
=
Sy
~

Hence 6 o 1 = id.
O

Remark 3.17. In fact, I'(w) is also a Lie group 1-cocyle. Indeed, the formula to define I'(w) is
the same as the one defined by K.H. Neeb in Section 3 of [Nee04], and in this article he shows that
I*(w) is a group cocycle. The following calculation shows that this group cocycle identity satisfied
by I'(w) implies the rack cocycle identity satisfied by I'(w). Indeed, I'(w) is a group cocycle, thus
we have

dapI (w)(g,h) — dgpI (w)(g>h, g) = 0.
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Moreover, we have
dapl'(w)(g,h) — depl' (w)(g>h, g) = g.I" (W) (h) — I'(w)(gh) + I (w)(9) — g>h.T"(w)(9)

+ I'(w)(gh) — I'(w)(g>>h)
= dplI'(w)(g,h).

Thus drI*(w)(g,h) = 0, and we see clearly that the rack cocycle identity is implied by the group
cocycle identity. We will use this remark in Proposition [3.20

3.4.2 From Leibniz 2-cocycles to Lie local rack 2-cocycles

Let G be a simply connected Lie group, let U be a 1-neigbourhood in G such that log is defined on
U and let a be a representation of G. In Proposition [3.13] we have defined for all n € N the maps

HR*(U,a) Y4 gL (g, 0%).

In the next section, we will see that a Leibniz algebra can be integrated into a local Lie rack since
the morphism [§2] is surjective. More precisely, if we can construct a left inverse for [§2], then it
gives us an explicit method to construct the local Lie rack which integrates the Leibniz algebra.

In this section, we define a morphism [I?] from HL?(g,a) to HR2(U, a®), and we show that it
is a left inverse for [§2]. To construct the map [I?], we adapt an integration method of Lie algebra
cocycles into Lie group cocycles by integration over simplex. This method is due to W.T. Van Est
([Est54]) and used by K.H. Neeb (|[Nee02l, Nee(4]) for the infinite dimensional case.

Definition of I?

We want to define a map from ZL*(g,a®) to ZR2(U,a%)s such that BL?*(g,a%) is sent to
BRZQ,(U ,a%)s. In the previous section, we have integrated a Leibniz 1-cocycle on a Lie algebra g with
coefficients in a symmetric module a®. In Proposition [[LT] we have shown that there is an isomor-
phism between C'L?(g, a®) and C'L!(g, Hom(g, a)®), which sends ZL?(g,a%) to ZL'(g, Hom(g,a)®)
and BL?(g,a%) to BL'(g, Hom(g,a)*). Hence, we can define a map

I:ZL*(g,a%) — ZR (G, Hom(g,a)®)s,

which sends BL?(g, a®) into BR,(G, Hom(g, a)*),. This is the composition
2 1
Z1%(g.a*) & ZL (g, Hom(g,a)*) = ZR, (G, Hom(g,a)°)..

Now, we want to define a map from ZR)(G, Hom(g, a)*)s to ZR2(U,a%). Let 3 € CR,(G, Hom(g,a)*)s,
B has values in the representation Hom(g, a), so for all g € G, we can consider the equivariant dif-
ferential form 3(g)°? € Q(G, a) defined by

Blg)*(h)(m) := h.(B(g)(ThLp-1(m))).

Then we define an element in CRZ(U,a%) by setting

f(gh) = / (B(9))“,
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where v : G x [0,1] — G is a smooth map such that for all g € G, v, is a path from 1 to g in G
and y; = 1.
For the moment, an element of ZR)(G, Hom(g,a)®)s is not necessarily sent to an element of
2 a . . .
ZR,(U,a%);. To reach our goal, we have to specify the map 7, and we define it by setting
Vg(s) = exp(slog(g)).

Then, we define I? : ZL?*(g,a%) — CR2(U,a%)s by setting for all (g,h) € Us_ioc (cf. notation in
Section 2.4)

I(w)(g,h) = / (I(w)(9))°".

By definition, it is clear that I*(w)(g,1) = I*(w)(1,9) = 0.
Properties of I2

Proposition 3.18. I? sends ZL*(g,a") into ZR2(U,a")s.

To prove this proposition we need some lemmas.

Lemma 3.19. For all (g,h) € Ua_joc, we have Ygsp = g>h.

Proof : Let (g,h) € Ua_joc, by definition we have

Vo-h(s) = exp(s(log(g>h))).

By naturality of the exponential, and a fortiori of the logarithm, we have

exp(s(log(g>h))) = exp(sAdy(log(h)))
= exp(Ady(slog(h)))
= cq(exp(slog(h)))
= ¢g(n(s))-
Hence vy = g>7h-
O

Lemma 3.20. Let G be a Lie group, let a be a representation of G and w € Hom(g,a). We have
forallge G

0.) = ¢)((90)°).
Proof : Let g,h € G and x € T;,G, we have:

(¢g((gw) ) (h)(z) = (9-w)**(g>h)(dncy())
= (g>h) g Lge =1 (dncg(2)))
= (g>h) dn(cg 0 Lp-1)(x))
= (g>h).(g-(w(Ad(g™")(dn(cg © Lp-1)(2)))))
= gh.(w(dn(cg-1 0 ¢ 0 Lp-1)(x)))
= g-(h-(w(dnLp-1(x))))
= g-(W(h)(x))-

(gw)(
(gw)(

Hence c;((g.w)°?) = g.(w)*?.
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Proof of proposition : Let w € ZL?(g,a®) and (g, h, k) € Us—oc. We have
dr(I*(w))(g, b, k) = g.I*(w)(h, k) — I*(w)(g>h, g>k) — (g>h).I*(w)(g, k) + I*(w)(g, hi>k)

=g. I(w)(h))¢? — I(w h))¢d — h). I(w €q
p /< (@)(h)) /< (@) (g>h))“ — (gi=h) /< (@)(9))

+ I(w €4
/7 )

= ((I(w)(h))e?) — I(w h))¢? — h).((I(w €q
/g ((T(w) (n))“) /( () (g>h) /W(w )(I(@)(9))*)

[ e

Ygr>(h1>k)

Because of Lemma [3.20, we have

AP @)ohk) = [ cyllaT@m) - [

Ygr> (h>k)
RO
Ygr> (hi> k)

L /WM = [ (@en )

/

and because of Lemma [3.19] we have

dnl(P*@)(g.h. ) = [

Ygr> (hi>k)

+ / R
- / (9 1(@)(R)* — I(w)(gh)*® — ((g>h).T(w)(9)) + I(w)(g)""
Ygr> (h> k)

1@ = [ (= h)1) @)

+

g>(h>k)

(g.I(@)(h) — /

Ygr> (hi>k)

1@ = [ (k) I

Ygr> (hi>k

/ ~ w((geh) — (g2h)-16)(9) + 1) )
'Ygl>(h>k)
/ )

g>(h>k)

Il
o

Hence ZL?(g,a%) is sent to ZR2(U,a%),.

Proposition 3.21. I? sends BL*(g,a") into BRZ(U,a%)s.
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Proof : Let w € BL?(g,a%), there exists an element 3 € CL!(g,a®) such that w = d;, 3. We have

The fact that {7"},en is a morphism of cochain complexes implies that
1@)e) = [ @ (@)
Y9
— [ dant(r 3
Y9

~ [ e
a’Yy
=g.6—-p.

Hence for (g, h) € Us_jo we have using Lemma [3.200

BWgh) = [ (@)

Yg>h

=Awf@m—ﬁw

<—Awf9mm— e
:AW@JMWW‘AMW
/c 19 8% = /ng o

g w/cglo'7gl>h e Yoo h -

o [ e
I Th ‘/ngh
dr(I'(8)) (g, h)-

Hence BL?(g,a") is sent to BR>(U, a)s.

Proposition 3.22. I? is a left inverse for 6°.

Proof : Let z,y € g, and I, (resp I,) be an interval in R such that e,(s) = exp(sz) (resp
€y(s) = exp(sy)) be defined for all s € I, (resp for all s € I)). The map e;>ey, : I; X I, — G is
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continuous, thus there exists W an open subset of I, x I,, such that (e,>€¢,)(W) C U. Hence, there
exists an interval J C I, N I, such that e,(s)>e¢,(¢) € U for all (s,t) € J x J.

We have to show
620 1% = id.

Let w € ZL?(g,a%). By definition, we have

PR = 2| Pe)al)ha®)
’ dsot 5.=0 Y
02 »
= gl [ )
0 0 . y
s s:O(& t=0 /veym Ceato T

First, we compute

0

ot

[ )
t=0 Y Yey ()

For the sake of clarity, we put a = ¢} ) (I(w)(€x(5)))*? and B¢ = 7, (). We have

2 a2 [
ot t=0p8 ot t=0 J1[0,1]
T
= — fe(r)dr
Ot|,_o o] ()

0
B /[0)1] g o ft(T)dT,
where f;(r) = a(B:(r))(Bi(r)).
We have 5 a
B, 10 = (Gr|_, GO + (Bl | B
Moreover, we have
a(Bo(r)) = (D),
o(r) =0,
and )
atl,_, Bi(r) =y
So we have ,
ot t=0 /B ‘= /[0,1] a(1)(z)dr = a(1)(y)
and
0




Furthermore we have

Ceo(s) L (W)(€x () ()(y) = (I(w)(€x(8))) (e, () (1)) (Ade, (5)(9))

1) (ea(s)) (Ade ) (4)
—( / 7 (@)0) (Ad,, (o) ().

ex (s)

If we put f%z(s) 7% (w)® = o(s) and Ad., (5)(y) = A(s), we have
5 e wmm) = 5 eie)
s= Yex (s) s=
=0’ (0)(M0)) + a(0)(N'(0))
We have
o(0) =0,
A0) =y,
and
0'(0) = 7*(w)(x)
Thus
9 eq _
5ol (] Per@dmm) = oo

Hence §2(12(w))(x,y) = w(z,y).
O

Remark 3.23. Suppose that we have a Leibniz 2-cocycle w which is also a Lie 2-cocycle. In this
case, we can integrate w into a local Lie rack cocycle, but also into a local Lie group cocycle (cf.
Introduction). Then it is natural to ask if the two constructions are related to each other.

Proposition 3.24. Let G be a Lie group, let g be its Lie algebra, let a be a representation of G,
w € A2%(g,a) and 1,72 smooth paths in G pointed in 1. Then

[ ([ eeynr= [

where Y172 1 [0,1]2 — G; (s,t) = v1(t)72(s).

Proof : On the one hand, we have

/ w = / (Y172) *w®
Y172 [0,1]2

= /[011]2 weq(%%)(%% (t)r2(s), %”yl (t)v2(s))dsdt,
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and this expression is equal to

o0 o0
/[O 12 Y1 (t)v2(s).w (dvz(S)L'yz(S)*l (&72(5)% Ad’m(S)*1 (d'u (75)L’>'1(t)*1 (8_71 (t))))det- (4)

t

On the other hand, we have

[ ([ = [ e
0

= /[0)1](/w(T2(W))eq)eq(%(t))(gﬁ(t))dt

2 eq 0
_ /w (D). / )y L g O

eq 9 )
:/[0)1] '71(15).(/[071](7'2(0-))) (12()) (55720 () Ly =2 (511 (D) )t

This expression is equal to

9 B)
/[ o 1 (t).( /[ o V2(8)- (7% (W)) (doyy (5) Ly ()1 (&72(5)))ds)(d% & Lo (1)1 (EM“))W’

which is equal to
0 0
71 (t)-( Y2(8)-w(dyy () Lo (s) 1 (6—72(5))7 Ady, (s)-1(+))ds)(dy, (1) Ly, (1) (a—”h (t)))dt.
[0,1] [0,1] S t

Using the Fubini theorem, we show that this expression is equal to (@).
O

If we apply this result to the case where v1(s) = vg1n(s) = exp(slog(g>h)) and v2(s) = v,4(s) =
exp(slog(g)) for (g, h) € Ua_jpe, then we obtain

Corollary 3.25. Ifw € ZL*(g,a%) N Z2(g,a), then for all g,h € Us_ioc such that gh € Us_joc we
have

@) (9. h) = 2(@)(g, k) — 2w)(gh.g), (5)
with
2(w)(g, h) = / e,

and where vq 1, 15 a smooth singular 2-chain in G such that 0vgn =Yg — Ygh + 9Vn-

We can remark that I? is more than a local Lie rack cocycle. Precisely, if w is in ZL?(g, a®) then
the local rack cocycle identity satisfied by I?(w), comes from another identity satisfied by I?(w).
Indeed, I? is defined using I, and to verify that I? sends Leibniz cocycles into local rack cocycles,
we have used Proposition This proposition establishes that I' sends Lie cocycles into rack
cocycle. But, we have remarked (Remark B.I7) that the rack cocycle identity satisfied by I'(w),
comes from the group cocycle identity. Hence, we can think that we forgot structure on I?(w).
The following proposition points out the identity satisfied by I?(w) which induced the local rack
identity.
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Proposition 3.26. If w € ZL?(g,a%), then I?(w) satisfies the identity
g.Iz(w)(h, k) - IQ(w)(gh, k) + 12(w)(ga hl>k) = Oa v(gv h’a k) € U37loc-
Moreover, this identity induces the local rack cocycle identity.

Proof : Let w € ZL?(g,a%) and (g, h, k) € Us_joc we have:

9.L2(@)(h )~ P@)(gh, k) + P)(g k) =g [ @@= [ (@@)gh)

Yh>k Y(gh)>k
+ / (I(w)(g))
Ygr> (h>k)
- / g.(I(w)(h))°9) — / (I(w)(gh))“
Yh>k Ygr> (h>k)

[ e

Ygr>(hr>k)

- / i ((g-I(w)(R))°?) — / (I(w)(gh))*
Yhi>k Ygr>(hi>k)

/’ng(} > k)

+

0 2 (@)(h. k) — (@) (gh k) + I*(w) (g, hiok) = / (g.1(w)(h) — / (I(w)(gh))*
CgOVh>k Ygr> (hi>k)

/

+

gl>(h>k)

Il
—

(9.1(w)(h) — / (I(w)(gh))*"

g (hi>k) Ygr> (hi>k)

+ / MM(I( )(9)

- / — (I(@)(gh) + I(w)(g)*"
'YgD(th)

:/ — I(w)(gh) + I(w)(g))*"
’Yg>(h>k)

_/ng(hwc)

= 0.

Hence I?(w) satisfies the wanted identity.
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Moreover, let (g, h, k) € Us_joc, we have
dr(I*(w))(g, h k) = g.(I*(w)(h, k)) = I*(w)(gi>h, g>k) — (g>h).T* () (g, k) + I*(w)(g, h>k)

g-(I(w)(h, k)) = I*(w)(g>h, g>k) — (9>h).I* (w)(g, k) + I*(w)(g, h>k)
— I2(w) gh, k) + I*(w)(gh, k)

= (9-(I*(w)(h, k) = I*(w)(gh, k) + I*(w)(g, hi>F))

= ((gh).1(w)(g, k) = I*(w)(gh, k) + I*(w)(g>>h, g>-k))
=0-0
=0.

Hence I%(w) is a local Lie rack cocycle.
O

We will see in the next section that this identity makes it possible to integrate a Leibniz algebra
into a local augmented Lie rack.

3.5 From Leibniz algebras to local Lie racks

In this section, we present the main theorem of this article. In Proposition [B.I] we have seen that
the tangent space at 1 of a (local) Lie rack is provided with a Leibniz algebra structure. Conversely,
we now show that every Leibniz algebra can be integrated into an augmented local Lie rack. Our
construction is explicit, and by this construction, a Lie algebra is integrated into a Lie group. Con-
versely, we show that an augmented local Lie rack whose tangent space at 1 is a Lie algebra is
necessarily a (local) Lie group. That is, there is a structure of Lie group on this augmented local
Lie rack, and the conjugation on the augmented local Lie rack is the conjugation in the group.

The idea of the proof is simple and uses the knowledge of the Lie’s first theorem and Lie’s
second theorem. Let g be a Leibniz algebra. First, we decompose the vector space g into a direct
sum of Leibniz algebras gp and a that we know how to integrate. As we know the theorem for Lie
subalgebras of endomorphisms of a finite dimensional vector space V', the factors are integrable if
g is isomorphic (as a vector space) to an abelian extension of a Lie subalgebra gog of End(V) by a
go-representation a. Hence g is isomorphic to a &, go, the Leibniz algebra a is abelian so becomes
integrated into a, and go is a Lie subalgebra of End(V) so becomes integrated into a simply con-
nected Lie subgroup Gy of Aut(V'). Now, we have to understand how to patch a and Gy. That is,
we have to understand how the gluing data w becomes integrated into a gluing data f between a
and Gg. It is the local Lie rack cocycle I?(w), constructed in the preceding section, which answers
this question. Hence, we showed that a Leibniz algebra g becomes integrated into a local Lie rack
of the form a x ; Gj.

Let g be a Leibniz algebra, there are several ways to see g as an abelian extension of a Lie
subalgebra go of End(V') by a go-representation a. Here, we take the abelian extension associated

to the (left) center of g. By definition the left center is

Zr(g) ={zr €gllr,y] =0 Vy € g}.
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The left center Z1(g) is an ideal in g and we can consider the quotient of g by Z1(g). By definition,
Z1,(g) is the kernel of the adjoint representation ady, : ¢ — End(g),x — [z, —]. Thus this quotient
is isomorphic to a Lie subalgebra of End(g). We denote this quotient by go. Hence, to a Leibniz
algebra g there is a canonical abelian extension given by

1 p
Zr(g) = g~ go-

This extension gives a structure of go-representation to Zr(g), and by definition of Zy(g), this
representation is anti-symmetric. The equivalence class of this extension is caracterised by a coho-
mology class in HL?(go, Z1(g)). Hence there is w € ZL?(go, Z1(g)) such that the abelian extension

Zi(g) > g = go is equivalent to

Zr(9) < go B Z1(8) = o-

Here g is a Lie subalgebra of End(g), so becomes integrated into a simply connected Lie subgroup
Gy of Aut(g), and Z1(g) is an abelian Lie algebra, so becomes integrated into itself. Zr(g) is a
go-representation (in the sense of Lie algebra) and G is simply connected, thus by the Lie’s second
theorem, Zr,(g) is a smooth Gy-module (in the Lie group sense) and we can provide Zr(g) with an
anti-symmetric smooth Go-module structure. The cocycle w € ZL?(g, Z1,(g)) becomes integrated
into the local Lie rack cocycle I?(w) € ZR2(Go, ZL(g))s, and we can put on the cartesian product
Go x Z1(g) a structure of local Lie rack by setting

(g: a)>(h, b) = (gD, g n(b) + Yg.n(a) + I*(w)(g, b)),
where ¢4 1,(b) = ¢g.b and g »(a) = 0. That is we have
(9,a)>(h,b) = (g>h, g.b + I*(w)(g, h)))-

It is clear by construction that this local Lie rack has its tangent space at 1 provided with a Leibniz
algebra structure isomorphic to g. Finally, we showed the following theorem
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Theorem 3.27. Every Leibniz algebra g can be integrated into a local Lie rack of the form
Go X2 0,
with conjugation

(gva)b(hvlﬂ:(gbhag'b+l2(w)(gvh))a (6)

and neutral element (1,0), where Go is a Lie group, a a Go-module and w € ZL?*(gg,a®). Con-
versely, every local Lie rack of this form has its tangent space at 1 provides with a Leibniz algebra
structure.

We ask more in our original problem. Indeed, we ask that, using the same procedure, a Lie
algebra becomes integrated into a Lie group. That is, we have to show that when g is a Lie algebra,
then Gy x Z1,(g) is provided with a Lie group structure, and the conjugation on Go X r2(,,y Z.(g) is
induced by the rack product in Conj(Go x ZL(g)).

Let g be a Lie algebra, the left center Zr,(g) is equal to the center Z(g). The abelian extension

Z1(g) <> g 5 go provides Zp,(g) with an anti-symmetric structure but also a symmetric structure,
so a trivial structure. This extension becomes a central extension and the cocycle w € ZL?(go, Z(g))
is also in Z%(go, Z(g)). On the hand, with w we can construct a local Lie rack cocycle I*(w), and on
the other hand, we can construct a Lie group cocycle (?(w). Hence, using the formula (5] relating
I?(w) and (*(w), the conjugation in Gy X r2(,y Z(g) can be written

(9,a)>(h,b) = (g>h, I*(w)(g, h)) = (g>h, *(w)(g, h) = *(w)(g>h, 9)),

and a easy calculation shows that this is the formula for the conjugation in the group Go %2y Z(g),
where the product is defined by

(g,a)(h,b) = (gh,*(g, ).

Conversely, suppose that a local Lie rack of the form Gp x2(,) a® has its tangent space at 1,
go Do a®, provided with a Lie algebra structure. Necessarily, a is a trivial go-representation and
w € Z%(go,a). Hence, as before we have the formula (F) relating I?(w) and ¢?(w) and the conjugation
defined by the formula (@) is induced by the conjugation coming from the group structure on
Go X,2(y) a. Finally, we have the following refinement of Theorem [3.271

Theorem 3.28. Every Leibniz algebra g becomes integrated into a local Lie rack of the form
Go X 2(w) a“,
with conjugation

(gaa)b(hab) = (g‘>hvg'b+12(w)(gah))v (7)

and neutral element (1,0), where Gy is a Lie group, a a representation of Go and w € ZL*(go, a%).
Conversely, every local Lie rack of this form has its tangent space at 1 provided with a Leibniz
algebra structure.

Moreover, in the special case where g is a Lie algebra, the above construction provides Go X r2()a®
with a rack product coming from the conjugation in a Lie group. Conversely, if the tangent space
at 1 of Go Xp2(y,) a® is a Lie algebra, then Go X2,y a® can be provided with a Lie group structure,
and the conjugation induced by the Lie group structure is the one defined by ().
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3.6 From Leibniz algebras to local augmented Lie racks

Let go be a Lie algebra, a a g-representation and w € ZL?(go, a%). In Proposition B.I8 we showed
that I?(w) is a local Lie rack cocycle. We showed also that it satisfies the identity

g.I* (W) (h, k) — I*(w)(gh, k) + I*(w)(g, hi>k) = 0 (8)

for all (g,h, k) € Us—joc.
Hence the natural question is

What is the algebraic structure on G X 2(,,) a® encoded by this identity?
We will see that the answer is the structure of a local augmented Lie rack.

Definition 3.29. Let G be a group. A local G-set is a set X provides with a map p defined on a
subset Q of G x X with values in X such that the followings axioms are satisfied

L Af (b, ), (gh, x), (g, p(h, x)) € Q, then p(g, p(h, x)) = p(gh, z).
2. For all z € X, we have (1,z) € Q and p(1,z) = z.

A local topological (resp.(smooth)) G-set is a topological set (resp. smooth manifold) X with a
structure of a local G-set such that

1. Q is an open subset of X.
2. p:Q — X is continuous (resp. smooth).
A fized point is an element xg € X such that for all g € G, (g,20) € Q and p(g,xo) = wo.

In the following proposition, we show that the identity (&) provides G X 12(y a® with a structure
of a local Gg-set.

® 4s a local smooth Go-set, and (1,0) is a fized point.

Proposition 3.30. Go X2, a
Proof : We define an open subset {2 and a smooth map p by
L Q={(g,(h,b)) € Go x (Go Xr2(s) a*)|(9,h) € Ua_10c}-

2. p(g, (h,b)) = (g>h, g.b+ I*(w)(g, h)).

Let (h, (k, 2)), (gh, (k, 2)), (g, p(h, (k, 2))) € Q. This is equivalent to the condition (h, k), (gh, k), (g, h>k) €
Us_1oc, that is (g, h, k) € Us_jc. We have

p(g: p(h, (k, 2))) = p(g, (h>k, h.z + I (w)(h, k)))
= (9> (hi>k), g.(h.z) + g.I*(w)(h, k) + I*(w)(g, h>k)).
Using the identities (2) and (gh)>k = g>(h>k), we have
p(g, p(h, (k,2))) = ((gh)>k, (gh).z + I*(w)(gh, k)
= p(gh, p(k, 2)).

Thus p(g, p(h, (K, 2))) = p(gh, p(k, 2)).

Moreover, we have p(1,(k,2)) = (1>k, 1.2 + I*(w)(1,k)) = (k,z) and p(g,(1,0)) = (¢>1,9.0 +
I?(w)(g,1)) = (1,0). Hence Gg X 2(,,) a® is a local smooth Gy-set and (1,0) is a fixed point for this
local action.
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O

We remark that we can reconstruct the rack product in G X2,y a® from the formula of the
Go-action. Indeed, we have

(9,a)>(h,b) = g.(h,b) = p(g,a).(h,b),

where p is the projection on the first factor G X 2(,,) a® 5 Go. Furthermore, p(1,0) = 1 and p is
equivariant. Indeed, let (g, (h,y)) € Q, we have p(p(g.(h,y))) = p(g>h, g.y + I*(w)(g,h)) = g>h =
g.p(h,y). Hence we showed the following proposition

Proposition 3.31. Go X2, a® 5 Gy is a local augmented Lie rack.
Hence we can rewrite our main theorem
Theorem 3.32. Every Leibniz algebra g becomes integrated into a local augmented Lie rack of the
form
Go X12(w) a f» Go,
with local action
g-(h,0) = (g>h, g.b + I* () (g, b)),

and neutral element (1,0), where Gy is a Lie group, a a representation of Go and w € ZL*(go, a%).
Conversely, every local augmented Lie rack of this form has its tangent space at 1 provided with a
Leibniz algebra structure.

Moreover, in the special case where g is a Lie algebra, the above construction provides Go X () a®
with a rack product coming from the conjugation in a Lie group. Conversely, if the tangent space
at 1 of Go X2,y a® is a Lie algebra, then Go X2,y a® can be provided with a Lie group structure,
and the conjugation induced by the Lie group structure is the one defined by ().

3.7 Examples of non split Leibniz algebra integrations
3.7.1 In dimension 4

Example 3.33. Let g = R*. We define a bilinear map on g by

le1,e1] =e4
le1,e2] = e4
le2,e1] = —eq
[e2, €2] = e4
3, e3] = e4

€2,€2| =
€3, e3] =
We have
(21, 2,3, 24), (Y1, 92, ¥3,y4)] = (0,0,0, 2191 + 2192 — T2y1 + T2y2 + T3Y3)
Proposition 3.34. (g,[—, —]) is a Leibniz algebra.
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Proof : We have

[($1,$2,.’I]3,J]4), [(yl7y27 y37y4)7 (217 22,23, 24)]] = (07 07 07 0)7

and

(1, Y2, y3,ya), [(21, 32, 23, 74), (21, 22, 23, 24)]] = (0,0,0,0),
and

([(z1, z2, 23, 24), (Y1, Y2, Y3, Ya)], (21, 22, 23, 24)] = (0,0,0,0).
Hence the bracket [—, —] satisfies the Leibniz identity.

O

To follow the method explained above, we have to determine the left center Z1(g), the quotient
go of g by Z1(g) denoted go, the action of gy on Z1(g) and the Leibniz 2-cocycle describing the
abelian extension Z1,(g) < g — go-

Let € Z1(g), for y = (1,0,0,0),y = (0,1,0,0) or y = (0,0,1,0) in g, we have [z,y] = 0. This
implies that z; = o = z3 = 0. Conversely, every element in g with the first three coordinates
equal to 0 is in Z,(g). Hence Z1,(g) =< e4 > and gg ~< ej, e2,e3 >. The bracket on g is equal to
zero, hence go is an abelian Lie algebra. The action of go on ZL(g) is given by

pa(y) = [(z1, 32, 23,0),(0,0,0,54)] = (0,0,0,0),
and the Leibniz 2-cocycle is given by
w(z,y) = [(z1,22,23,0), (41,92, 93,0)] = (0,0,0, 2191 + T1y2 — Tay1 + T2y + T3Y3).
Now, we have to determine the Lie group Gg associated to go, the action of Gy on Z,(g) inte-

grating p : go — End(Z1(g)) (the action of gg on Z1,(g)), and the Lie rack cocycle integrating w.

The Lie algebra gg is abelian, thus a Lie group integrating go is Gg = go. Moreover, p is zero,
hence the Lie group action of Gy on Zp,(g) which integrates p is the trivial action. The facts that
p is zero and go abelian, imply that d} : CL(go, Z1.(g)) — CL*(go, Z1(g)) is zero. Hence, because
Gann = Z1,(g), ¢ is non split. That is, g is not isomorphic to the direct sum of a Lie algebra b
and a Lie representation V' over h provided with the bracket [(z,v), (y,w)] = ([z,y], z.w) (see the
introduction). What remains to be done is the integration of the cocycle w. A formula for f, a Lie

rack cocycle integrating w, is
fav = [ ([ rerne
b

a

where v,(s) = sa and () = tb. Let a € Gy and z,y € go. We have

2 eq __ 7_2 w eq s g
[ = [ oo,
_ / B, (o) (72 (w)(a))ds

[0,1]

= / 7%(w)(a)ds
0,1]
= *(w)(a).

Ya(s))ds
s=0
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Thus

= 7%(w)(a)(b)
b).

= w(a,
Hence, the conjugation in Gy x ¢ Z,(g) = R?* is given by
(a1, az,as3,a4)> (b1, ba, b3, bs) = (b1, b2, b3, a1by + azbz + azbs + a1by — azby + by).

We have
0? 0?
5501 ‘Sytzo(sal’ sas, sas, Sa4)[>(tb1, tha, tbs, tb4) = @\5715:0 (tbl, tbo, tbs, st(albl + asbs + azbs + arbs — azbl), tb4)

= (0,0,0,a1b1 + azbs + azbs + arbs — asby)
= [(a1, a2, as,a4), (b1, ba, bs, bs)].

Thus (R%, >) integrates (R%, [—, —]).

Example 3.35. Let g = R*. We define a bilinear map on g by

We have
(1,22, %3, 24), (Y1, Y2, Y3, Ya)] = (0, 21y1, T1Y2, Z1Y3)

Proposition 3.36. (g,[—, —]) is a Leibniz algebra.
Proof : We have

[(5101,!102,!103,564)7 [(yl,yg,yg,y4), (21722,23724)]] = [(5617562,&63,!104)7 (0,y1217y122,y123)]
= (0,0, 19122, T19123),
and
(1, y2,y3,y4), [(21, 22, 73, 24), (21, 22, 23, 24)]] = (0,0, 1y122, T1Y123),
and
([(z1, 2, 23, 24), (Y1, Y2, Y3, ¥a)], (21, 22, 23, 24)] = 0.

Hence the bracket [—, —] satisfies the Leibniz identity.
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O

To follow the method explained above, we have to determine the left center Z1(g), the quotient
go of g by Z1(g) denoted go, the action of gy on Z1(g) and the Leibniz 2-cocycle describing the
abelian extension Z1,(g) < g — go-

Let € Z1(g), for y = (1,0,0,0),y = (0,1,0,0) or y = (0,0,1,0) in g, we have [z,y] = 0. This
implies that 1 = 0. Conversely, every element in g with the first coordinate equals to 0 is in Zp,(g).
Hence Z1,(g) =< ea,e3,e4 > and go ~< e; >. The bracket on gg is equal to zero, hence go is an
abelian Lie algebra. The action of go on ZL(g) is given by

pm(y) = [(:61707070)7 (07y27y37y4)] = (0,0,$1y2,x1y3),

and the Leibniz 2-cocycle is given by
W(I, y) = [(Ila 07 Oa 0)7 (ylv Oa 07 O)] = (Oa T1Y1, 07 O)

Moreover, we have [z, ] = (0, 2%, 2122, ¥123), hence gann = Z1(g). This Leibniz algebra is not split
because for a« € Hom(go,R) and x,y € go, we have dra(z,y) = ps(a(y)) = (0,0, z10(y)2, z10(y)3).

Now, we have to determine the Lie group Gy associated to go, the action of Gy on Z,(g) inte-
grating p : go — End(Z1(g)) (the action of gg on Z1(g)), and the Lie rack cocycle integrating w.

The Lie algebra gg is abelian, thus a Lie group integrating go is Go = go. Moreover, a simple
calculation shows that the Lie group action of Gy on Z,(gg) defined by

b:(y) =y + pe(y),

integrates p. What remains to be done is the integration of the cocycle w. A formula for f, a Lie

rack cocycle integrating w, is
fav = [ ([ rerne
b

a

where 7, (s) = sa and v, (t) = tb. Let a € Gy and z,y € go. We have

2 eq __ 7_2 w eq S 2
[ 7= [ oo,
- / D, (o) (T2(w)(a))ds

[0,1]

Ya(s))ds
s=0

= ¢Va(5) e} 7'2 (w)(a)ds
[0,1]

0

a
= [0)1] Saz ds
0

N | =

0
0
+ o2
0

o o8 O
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Thus

0
a

[ 1% e
/[0,1] b %QQ
0

Yo (t))dt
t=0

san=[ || oo

O Q 2 O

0
a

[ o[ 12 | o)
[0,1] 20

1 1
/ abey + (tab® + ~a?b)es + ~ta*b’eqdt
[0,1] 2 2
1 1
= abey + §(ab2 + a’b)es + Za2b2e4.
Hence, the conjugation in Gy x ¢ Z1,(g) = R?* is given by

1 1
(a1, az,as,as)>(b1, b2, b3, bs) = (b1, arby,arby + 5(011?% + afby),arbs + Za%b%)-

We have
o? o Lo 1o 2,2
m‘&tzo(sal, Sag, sas, sa4)t>(thy, the, ths, thy) = m\&t:o(tbl’ staiby, sta1by + E(st a1b] + s“taiby),

1
stai1bs + S2t21a%b§)
= (0,a1b1, a1b2, a1b3)

= [(a1, a2, a3, as), (b1, b2, bs, bs)].

Thus (R*, >) integrates (R*, [—, —]).
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3.7.2 In dimension 5

Example 3.37. Let g = R®. We define a bilinear map on g by

le1,e1] = [e1,e2] = e3
le2, e1] = [e2,e2] = [e1,e3] = ey
[61764] = [62,63] = €5

We have

(21,72, 23,74), (Y1, Y2, ¥3,Ya)] = (0,0, 21(y1 + y2), 22(y1 + y2) + T1y3, T1Ya + 22Y3).
Proposition 3.38. (g,[—, —]) is a Leibniz algebra.
Proof : We have

(1, x2, 3, 24), (Y1, Y2, Y3, Ya), (21, 22, 23, 24)]] = (0,0,0, 2191 (21+22), 1 (y2(21+22)+y123) +22u1 (21+22)),

and

(Y1, Y2, Y3, Ya), [(z1, 22, T3, T4), (21, 22, 23, 24)]] = (0, 0,0, 21y1(21+22), T1(y2(21+22)+y123) +T2y1 (21+22)),
and

[[(xlv €2,I3, I4)7 (ylv Y2,Y3, y4)]a (Zla 22, 23, 34)] = (Oa 07 Oa O)
Hence the bracket [—, —] satisfies the Leibniz identity.

O

To follow the method explained above, we have to determine the left center Zy,(g), the quotient of
g by Z1(g) denoted go, the action of gy on Z1,(g) and the Leibniz 2-cocycle describing the abelian
extension Z1,(g) < g — go.

Let © € Z1(g), for y = (0,0,1,0,0) in g, we have [z,y] = 0. This implies that z; = zo =
0. Conversely, every element in g with the first two coordinates equal to 0 is in Zy(g). Hence
Z1(g) =< es,eq,e5 > and go ~< ey,ez >. The bracket on gg is equal to zero, hence gy is an
abelian Lie algebra. The action of go on ZL(g) is given by

pm(y) = [('rlv T2, 07 Oa 0)7 (Oa 07 Y3, Y4, y5)] = (Oa 07 Oa T1Y3, T1Ya + I2y3)7
and the Leibniz 2-cocycle is given by
CU(CE, y) = [(xlu x2, 07 07 0)7 (y17 Y2, 07 07 0)] = (07 07 551(3/1 + 92), x?(yl + y2)7 O)

Moreover, we have [z,z] = (0,0,21(z1 + z2),2x2(x1 + 22) + x123, 124 + x223), hence taking
x = (1,0,0,0,0),(0,1,0,0,0) and (0,1,1,0,0), we see easily that gunn, = Z5(g). This Leibniz al-
gebra is not split because for o € Hom(g, Z1(g)) and x,y € go, we have dpa(z,y) = pz(a(y)) =
(0,0,0z10(y)3, x10(y)a + z200(y)3)-
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Now, we have to determine the Lie group Gy associated to go, the action of Gy on Z,(g) inte-
grating p : go = End(Z1(g)) (the action of go on Z1,(g)), and the Lie rack cocycle integrating w.

The Lie algebra go is abelian, thus a Lie group integrating go is Go = go. To integrate the action
p, we use the exponential exp : End(Z1(g)) — Aut(Z1(g)). Indeed, for all z € gg, we have

0 0 0
Pz = T 0 0
T2 X1 0

Hence, we define a Lie group morphism ¢ : Go — Aut(Z1(g)) by setting

1 0 0

¢o =eap(ps) = [ o1 10
To + %x% T 0

It is easy to see that di¢ = p. What remains to be done is the integration of the cocycle w. A
formula for f, a Lie rack cocycle integrating w, is

fa,b) = / ( [ o,

a

where v,(s) = sa and () = tb. Let a € Gy and z,y € go. We have

€ € 6
[ = [ rerene) g )
a [0,1] Sls=0
— [ @@
[0,1]
= Bryy(s) © 73(w)(a)ds
0,1
1 0 0 ay ap
= / saq 1 0 as ao | ds
0.1 \ saz + £ (sa1)* sa; 0 0 0
a1 a1
= / sa% + as sa% + as ds.
0.1 \ 2sa1as + %SQCL? 2sa1as + %s2a?
Thus
al a1
/ W)= 3a}+a 1a}+az
Ya

aiaz + %a? aias + %a:{’
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Hence

f(a,b) = g/#www

/,
| .

€q
= a1 —|— ag %a% + a9
b \aijas + al aias + %a?
(&1
a1 ay !
1.2 1.2
= / % | zai+az2 507 + a2
(0,1] araz + gai  aiax + gai
eq
aq aq 9
_ 1,2 1,2
= / 701+02 507+ a2 (w(®) (5| w(t))dt
01 \araz + ga}  araz + ai t=0

ai ai
[ (| dtra dara | o
0.1) a1az + 34} ajag + a}

We have

a1 aj 1 0 0 aj ai b
S (| 30t +as  zai+a | (b)) = th 1 0] | fa?+a  iad+a (b1>

aiaz + %a? aiaz + %a? thy + %(tb1)2 thy O aiaz + %a? aias + éa? 2
al(bl + bz)
= (tb1a1 + as + %a%)(bl =+ bg)
(a1a2 + %CL% + %tbla% + tbgal + tblag —|— %(tb1)2a1)(b1 —|— b2)
Thus
a1 (b1 + b2)
f(a,b) = (3bra1 + az + $a?)(by + ba)

(a1a2 + %CL:% + %bla% + %bQCLl + %b1a2 + %(b1)2a1)(b1 + b2)
and the conjugation in Gy x s Zr(g) = R® is given by

a by by

as b ba

as | > | b3 = bg + al(bl + bg)

a4 by arbs + by + ( b1a1 + as + al)(bl + bg)

as b5 (CLQ + al)bg + a1b4 + b5 + (CL16L2 + al 1b1a1 1bQCL1 + 5 b1a2 + = (bl) al)(bl + bg)

With a simple computation we verify that

32
Os0t | 4

(sal, saz, sasz, Sa4, sa5)l>(tb1, tbg, tbg, tb4, tb5) = [(al, as, as, aq, a5), (bl, b2, bg, b4, b5)]

Thus (R5,>) integrates (R, [—, —]).
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