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Abstract

This work introduces the conceptapper-critical graphsin a complementary way of the conventional (lower)critica
graphs: an elementof a graphG is calledcritical if (G — X) < x(G). Itis said thaiG is acritical graphif every
element (vertex or edge) & is critical. Analogously, a grap8 is calledupper-criticalif there is no edge that can
be added t& such thatG preserves its chromatic number, ife € E(G) | x(G + €) = x(G) } = 0. A characterization

in terms of hereditary properties under some transformatie.g. subgraphs and minors and in terms of construction
and counting is given.
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1. Preliminary definitions and basic terminology

Unless we state it otherwise, all graphs in this work are ected and simple (finite, and have no loops or parallel
edges).

Partitioning the set of vertice$(G) of a graphG into separate classes, in such a way that no two adjaceitegert
are grouped into the same class, is called the vertex grdphrog problem. In order to distinguish such classes, a
set of colors C is used, and the division into thésa@or) classess given by a proper-coloring (we will use here just
the single term coloringp : V(G) — C, wherep(u) # ¢(v) for all uvbelonging to the set of edg&fG) of G. Given
a graph vertex coloring problem over a gra®twith a set of color<, if C has cardinalityk, theny is ak-coloring
of G. The Chromatic numbeof a graphy(G) is the minimum number of colors necessary to color the eestof a
graphG in such a way that no two adjacent vertices get colored wighstime color, thus, if(G) < k then one says
that G isk-colorable(i.e. can be colored witk different colors) and if(G) = k then one says that G kschromatic

The set @ all adjacent vertices to a vertexe V(G) is called itsneighborhoodand is denoted b\s(x). The
closed neighborhoodf a vertexx includes also the vertex i.e. Ng(X) U x.

The degree of a vertex (deqx)) is equal to the cardinality of its neighborhoddgx) = |[Ns(X)|. A complete
vertexis anyx € V(G) such thalNg(x) U x = V(X) and a graph is called@mplete graplif every vertex is a complete
vertex.

An independent sd€also calledstable sétl is a set of vertices db such that there are no edges between any two
vertices inl.

An edge contractiordenoted byG/xy or G/e is the process of replacing two adjacent vertigeg of G, i.e
xy € E(G), by a new vertex such thaiNg(2) = Ng(X) U Na(Yy).

A graphH is called aminor of the graphG (H < G) if H is isomorphic to a graph that can be obtained from a
subgraph of5 by zero or more edge deletions, edge contractions or vedietidns on a subgraph & In particular,

G is minor of itself.

A vertex identificatiomdenoted byG/x, y is the process of replacing two non-adjacent verticgf G, i.exy ¢

E(G), by a new vertex such thaiNg(2) = Ng(X) U Na(y).
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A graphH = G/S is called acontractionof the graphG if H is isomorphic to a graph that can be obtained by
zero or more vertex identifications @) whereS is the set of vertex identifications to obtai In particularG is a
contraction of itself.

WhenS induces a contractioH of G such thatH = Ky thenH is called acollapseof G. Thus, since a collapse
H = K is also a patrtition of all the vertices &f in k independent sets theifG) is the size of the minimum collapse
of G and ifk = y(G) thenH = Ky induces &-coloring ofG.

Critical graphswhere first studied by Diracl[1, 2, 3]. An elemewtfa graph G is calledritical if y(G—X) < x(G).

If all the vertices of a grapl® are critical we say thds is vertex-criticaland if every element (vertex or edge)®fs
critical we say thaG is acritical graphand also ify(G) = k we say thaG is k-critical.

Examples of critical graphs in general are ttmmplete graphs Kof size|V(G)| = k, odd Cycles are the only
3-critical and odd-Wheels are just one case of 4-criticapps. Ifx is a critical vertex of a graph G thenis a color
class itself, that is, there is at least daeoloring of G wherex is the only vertex with the(x) color.

Also k-critical graphs posses the next well known properties:

¢ G has only one component.

G is finite

Every vertex is adjacent to at ledst. others.

If G is (k-1)-regular, meaning every vertex is adjacent to exdetlyothers, then G is eithéf or an odd cycle.

IV(G) # k+ 1

If G is different fromK then|V(G)| > k + 2.

2. Upper-critical graphs

This work introduces the conceptubper-critical graphsin a complementary way of the conventional (lower)critica
graphs: In conventional (lower)critical graphs, an eletmeof a graphG is calledcritical if y(G — x) < x(G). If all
the vertices of a grap® are critical we say thdsb is vertex-critical

If every element (vertex or edge) Gfis critical we say tha® is acritical graphand if y(G) = k we say that is
k-critical.

Of analogous form:

Definition 1. A graph G is calledupper-criticalif there is no edge (e) that can be added to G such that G preserv
its chromatic number, i.e. .
{ecEG) [x(G+e) =x(G)} = 0
or alternatively,
x(G+e) > x(G) Ve¢ E(G), or G =K

2.1. Hereditary properties of transformations, subgraphd minors

Theorem 1. If G is a k-chromatic upper-critical graph then every k-cahg of G induce the same patrtition of vertices
of G, in k djferent color classes, i.e. G is uniquely colorable (uniguebplorable, to be more precise).

Proof. Given ak-chromatic upper-critical grap®, i.e. y(G+¢€) > x(G). Let us suppose that there is at least a vextex
that can be assigned to either a color classr a color class; then it is possible to add a new edgie xyto G (G+¢€)
from vertexx towards an element @b. But, in this casei + e has at least onle-coloring and thug/(G + €) = (G)
which is a contradiction. O

Theorem 2. If G is an upper-critical graph and x a vertex of G then:
Ne(X) = T(x),

wheret(x) is the subset of vertices of G that are the complement (in @)eofolor class of x.
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Proof. SupposéNs(X) # C(X). Then there is a vertexsuch thay ¢ c(x) andy ¢ Ng(x). Hencey(G + €) = x(G) for a
new edgee = xywhich is a contradiction. O

Theorem 3. If G is a k-chromatic upper-critical graph then: G containg &s a subgraph.

Proof. SinceG hask color classes, lets, %o, X, ..., Xk bek vertices such that eachbelongs to a dferent color class
¢i. Now, the induced subgraphi, Xz, X, ..., X is a complete grapKy since, by theoreil 2x x; € E(G) Vi # j:

k
% =Ka xx €E@G)Vi#]
i=1

o
Theorem 4. If G is an upper-critical graph and,y are two vertices of G such that ¥yE(G) then:
Ne(X) = Ng(y) : x =Y, i.e.vertexyis a “copy” of vertex x
Proof. Let us suppose there is a verteix Ng(y) not in Ng(x) then:
1. (G + x2 > x(G) hencec(x) = ¢c(2).
2. x(G + xy) > x(G) hencec(x) = c(y).
3. Thenc(2) = c(y), which is a contradiction.
O

Theorem 5. If G is an upper-critical graph and x a vertex of G then:

G +y:y= X isalso upper-critical

Proof. Let G be an upper-critical graphftérent from a complete graph. L&t+ y be the graph obtained by adding a
copy () of vertexx of G to itself.

Sincec(y) = ¢(X) thenG + y is k-chromatic and sincg(G + y + €) > x(G)Ve ¢ E(G +Y) (G is upper-critical) then
G + yis upper-critical. O

Theorem 6. If G is an upper-critical graph and x a vertex of G then:

G - x is also upper-critical

Proof. Let us suppose th& is ak-chromatic upper-critical graph, such ti@&t- x is not an upper-critical graph.
There are two cases for a vertex

1. ¥(G-x) =k-1. Then G - X) + ehas no k-1)-coloring, otherwise there iskacoloring ofG + e henceG — x
is also upper-critical.

2. ¥(G - x) = k. Then, sinces — x is not upper-critical, there is kcoloring of G — x) + e. But there is no
k-coloring of G + e, sinceG is upper-critical. Hencg(G — X) < x(G — x + €) and thug(G — X) < kwhichis a
contradiction of the casg(G — x) = k.

O

Theorem 7. If G is an upper-critical graph and,y are two vertices of G such that ¥yE(G) then:
G/x,y is also upper-critical

Proof. SinceG is upper-critical ancy ¢ E(G) then, by theorerl4, vertgxis a copy ofx and henc&/x,y = G — x.
Now, sinceG — x is upper-critical thel®/x, y is upper-critical. O
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Theorem 8. If G is an upper-critical graph and xg E(G) then:
G/xy is also upper-critical

Proof. by induction on the number= V(G) of vertices ofG. Base B-2: TheK; graph is upper-critical by definition
andKj,/e = K; andK; is upper-critical by definition.

Assume true for every upper-critical graphriwertices.

Proof forn + 1: LetG be an upper-critical graph an+ 1 vertices such th&/eis not upper-critical.

If G = K¢ thenG/eis also a complete graph henGg¢e is upper-critical which is a contradiction.

If G # K then there are two cases:

1. xis a complete vertex (this case includes all three casesoxpgth). It is easy to see th&/xy = G — x, but
G — xis upper-critical, thus there is a contradiction.

2. SinceG # K, andx is not a complete vertex: we can delete a capyof x from G, obtaining a new graph
H = G-z SinceG is upper-critical themd is upper-critical and thusy — 2)/eis upper-critical by the inductive
hypothesis. But now sinceis a copy ofx then:

(G-2/e+z=G/e

is upper-critical by theorefd 5 which is a contradiction.

Theorem 9. If G is an upper-critical graph, xy are two vertices of G ande xy ¢ E(G) then:
G + e is also upper-critical

Proof. Let zbe any arbitrary vertex adjacent to botlndy. There are two cases:

1. Everyzis a complete vertex: Fi to bek-chromatic. Thers + e hasKy,1 as a subgraph ar@d + e + e, will
haveKy,» as a subgraph, for a new edge sox(G + e + &) > x(G + €). HenceG + eis upper-critical.
2. There is at least orewhich is not a complete vertex: Lete a copy ofz. ThenG + zis upper-critical and so
(G + 2)/xz. Now:
GC+2/xz2=G+xy=G+e

ThereforeG + e is upper-critical. O

2.2. Construction, characterization and counting

An easy procedure to obtain an upper-critical grédh to find ak-coloring of somé&-chromatic grapid and add
the edgex;x; to H whenever the color class of vertgxis different from the color class o, i.e. xix; € E(G) Vi, j :
c(xi) # c(x;). Furthermore, we will see that there is a quite easy anddivay to obtain any arbitrary upper-critical
graph.

Upper-critical graphs, contrary to (lower)critical-gregy has a very easy general characterization and desariptio
the n-vertex list notatiols = {n;, ny, N3, ..., Ny} is the k-chromatic upper-critical graph where the positive intsge
{n1, M2, ng, ..., n} indicate de number of vertices in each color clagsréspectively, e.gkz = {1,1,1}, K; = {1,1,2}.

A sample of the upper-critical graphs in n-vertex list nimatup to|V| = 5 andk = 5, is shown in tablg]1.

It is immediate to see that the n-vertex list is unique in thiese that two upper-critical graphs share the same
n-vertex listiif they are isomorphic.

From this it follows that it is possible to specify directly arbitrary upper-critical graph using the n-vertex list
notation subject to just one constraint:

k
V@)= ) n (1)
i=1

whereG is ak-chromatic upper-critical graph amglis the number of vertices belonging to tki color class.
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Table 1: Upper-critical graphs dW (G)| vertices vs. Chromatic numbkr= y(G)

[VMI\k[1 |2 [3 4 (5 [ . ]
1 K1
2 Kz
3 {1,2} K3
4 {1,3,{2,2} | {1,1,2} Ky
5 {1,4},{2,3) | {1,1,3},{1,2,2} | {1,1,1,2} | Kg

Also, itis possible to determine directly the number of upgritical graphs given the numbeX (= |V|) of vertices
and the chromatic numbek)( The numbelJ (N, k) of k-chromatic upper-critical graphs of sikeis:

U =] 3. @

since we are assigning vertices tok color classes.

Other interesting fact of the distribution of upper-ciigraphs arranged in vertices vs. chromatic number (as
in table[1) is that there is no regular upper-critical grafiferent fromKy) when|V| is prime, since each regular
k-chromatic graph will appear at every factor §f|f, e.g. for|V| = 9 we havek = 3 : {3, 3,3} and for|V| = 15 we
havek =5:(3,3,3,3,3}andk = 3 : {5, 5, 5}.

Furthermore, following the columia= 2 of table, it will be very interesting to prove (or disprdtee following
conjecture:

Conjecture 1. If [V| > 2and|V| is even then there is at least one bipartite upper-critiaalgh G = {n1, np} such that
there is no regular upper-critical graph on vertices nor in i vertices.
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