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HOMOMORPHISMS OF QUANTUM GROUPS

RALF MEYER, SUTANU ROY, AND STANISELAW LECH WORONOWICZ

ABSTRACT. We introduce some equivalent notions of homomorphisms between
quantum groups that behave well with respect to duality of quantum groups.
Our equivalent definitions are based on bicharacters, coactions, and universal
quantum groups, respectively.

1. INTRODUCTION

Throughout this article, a morphism between two C*-algebras A and B is a
non-degenerate *-homomorphism from A to the multiplier algebra M(B) or, equiv-
alently, a strictly continuous unital *-homomorphism M(A) — M(B). Thus
C*-algebras with the above morphisms form a category. All tensor products in
the following are spatial tensor products.

Let (C,A¢) and (A,A4) be two locally compact quantum groups. A strong
quantum group homomorphism from (C, A¢) to (A, A4) is a morphism ¢: C — A
that intertwines the comultiplications, that is, the following diagram commutes:

f

C—A

e |2

cdC Y AR A.

It is easy to see that a group homomorphism f: G — H induces strong quantum
group homomorphisms from Co(H) to Co(G) and from C*(G) to C*(H). But the
latter does not always descend to the reduced group C*-algebras. For instance, the
constant map from G to the trivial group {1} induces a strong quantum group
homomorphism C; (G) — C;({1}) = C if and only if G is amenable.

Thus strong quantum group homomorphisms are not compatible with duality,
unless we use full duals everywhere: a strong quantum homomorphism from C' to A
need not induce a strong quantum group homomorphism from Ato C.

We will introduce a less restrictive notion of homomorphism for quantum groups
for which duality is a contravariant functor.

The definition of quantum group that we adopt here is the one by Piotr Soltan
and the third author based on modular multiplicative unitaries (see [5]). Multi-
plicative unitaries were introduced by Baaj and Skandalis in [I], and manageable
multiplicative unitaries were introduced in [8]. We follow the conventions of [5]
throughout. In particular, the reduced bicharacter of a locally compact quantum
group is a unitary multiplier of C ® C, not of C ® C as in 3.

We write UM (C) for the group of unitary multipliers of a C*-algebra C, and
U(H) for the group of unitary operators on the Hilbert space H.
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The locally compact quantum groups considered in [5] are constructed from
modular multiplicative unitaries. Hence they are concrete C*-algebras, represented
on some Hilbert space by definition. This representation is not canonical because
several non-equivalent multiplicative unitaries may give the same locally compact
quantum group, that is, isomorphic pairs (C, A¢). Therefore, we distinguish be-
tween elements of C*-algebras such as C' ® C' and the Hilbert space operators they
generate in the given representation of C®C. Fora unitary multiplier U of CocC ,
we write U for U considered as an operator on the Hilbert space Ho ® He, where
C,C C B(Hc). In particular, the reduced bicharacter W € UM (C @ C) is repre-
sented by the modular multiplicative unitary WC € U(Hc @ He) that gives rise to
the quantum group (C, A¢).

A strong quantum group homomorphism f: C' — A yields a unitary multiplier

V= (idg ® f)(WY) e UM(C @ A).
Since the elements of the form (w®ide) (W) for linear functionals w on C' are dense
in C and f((w® idc)(Wc)) = (w®1ida)(V}), the unitary V determines f uniquely.

Furthermore, if f admits a dual quantum group homomorphism f cA > C’, then
these two are related by

(1.1) (f @ida) (W) =V} = (idp © f)(WE).

The unitary operator V. = V; on Hco ® Ha satisfies two pentagon equations
involving the multiplicative unitaries W€ and W4 of C and A:

(1.2) Vos W, = WSV 13Vas.
(1.3) Wih Vi = Vo Vi3 Wik

A unitary multiplier of C' ® A satisfying these two conditions is called a linking
unitary between C and A. We propose these linking unitaries as the correct notion
of quantum group homomorphism. Linking unitaries are special types of adapted
unitaries introduced by the third author in [§].

Linking unitaries form a category, as expected. The composition of a linking
unitary VA € UM (C‘ ® A) with the linking unitary Vy of a strong quantum
group homomorphism f: A — B yields (idy ® f)(VCHA). More generally, the
composition of two linking unitaries V74 € UM(C® A) and VA7F € UM(A® B)
is the unique V7% € UM(C ® B) that satisfies

Vé43—>BV%—>A _ V102—>AV%—>BV,243—>B.

The identity linking unitary for a quantum group C' is its multiplicative uni-
tary WC. The unit element of UM(C’ ® C) is also a linking unitary, the corre-
sponding quantum group homomorphism from C' to the trivial quantum group is
the counit of C.

As expected, a linking unitary V' € UM (é ® A) induces linking unitaries

VP c UM(CP @ AP), VP c YM(CP @ A°P), T cUM(A O),

that is, taking opposite and coopposite quantum groups yields covariant functors on
our new quantum group category, and taking duals yields a contravariant functor.

With the usual identifications, A = A as quantum groups, and A = A°P = AP ag
vector spaces, we have

V=V, V=V, V=gV,
where 0: C ® A — A® C is the flip automorphism.
The pentagon equations ([L2)) and (L3) involve the modular multiplicative uni-
taries that give rise to C' and A. We may, however, rewrite (L2]) and (3] using the
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comultiplications on €' and A: they mean that V is a bicharacter of C' ® A. Thus
we interpret bicharacters of C'® A as quantum group homomorphisms from C to A.

We may also replace linking unitaries by certain coactions. A right quantum
group homomorphism from C' to A is a morphism Agr: C — C ® A such that the
following two diagrams commute:

c—=2" ~C0wA c— 2" g4
Acl lAc(@idA AR\L lidc@AA
CeC idc®ARC®C®A’ C@AmAC(X)A@A

A strong quantum group homomorphism f: C — A gives a right quantum group
homomorphism (ide ® f) o Ac.

There is a bijective correspondence between right quantum group homomor-
phisms and linking unitaries. Given a linking unitary V € UM(C @ A), we get a
right quantum group homomorphism Agr: C — C ® A by

Agp(z) =V(z®1)V* forall z € C.

Conversely, given Ap, the corresponding linking unitary is the unique unitary V €
UM(C ® A) with
(idé ® AR)(W) = WiaVis.

Left quantum group homomorphisms are defined similarly. Since left and right
quantum group homomorphisms are exchanged by taking coopposite quantum
groups, they are essentially equivalent.

Previously, it was suggested to define quantum group homomorphisms by pass-
ing to universal quantum groups [7]. The universal quantum group (C*, A") of a
quantum group (C, A) is defined by the universal property that morphisms C* — D
correspond to unitary left corepresentations of the dual quantum group C on D,
where a unitary left corepresentation of Cisa unitary U € UM (é ® D) that sat-
isfies (Ap ® idp)(U) = Uz3Uys. This universal property immediately implies that
linking unitaries between C' and A correspond bijectively to strong quantum group
homomorphisms C* — A.

Moreover, we show that any strong quantum group homomorphisms C* — A
lifts uniquely to a strong quantum group homomorphisms C* — A". Thus our
new quantum group morphisms C' — A are in bijection with strong quantum group
homomorphisms C" — A". We also show that the composition of quantum group
morphisms described above corresponds to the usual composition of strong quantum
group homomorphisms on the level of universal quantum groups. The duality on
the level of linking unitaries implies that duality is an anti-equivalence on the level
of universal quantum groups. The dual f c A" — Cv of a strong quantum group
homomorphisms f: C* — A" is characterised by a variant of (LII).

Finally, we mention two more technical results that are known to hold in the
presence of Haar measures and which we establish in the framework of [5], without
using Haar measures. First, if a € M(H,) satisfies W(a ® 1) = (1 ® a)W, then
already a € C- 1. This implies that a multiplier of A is constant if it is left or right
invariant. This single idea is used in almost all our arguments. Secondly, we lift the
reduced bicharacter in UM (C ® C) to a universal bicharacter in UM (C" @ CV).

2. INVARIANTS ARE CONSTANT

Let (C, A¢) and (A, A 4) be two quantum groups in the sense of [5]. That is, they
are obtained from modular multiplicative unitaries W¢ € U(Hc ® He) and WA €
U(Ha ® Ha) for certain Hilbert spaces He and H 4. Let wW¢ e UM (é ® C) and



4 RALF MEYER, SUTANU ROY, AND STANISLAW LECH WORONOWICZ

W4 € UM(A® A) be their reduced bicharacters. While the same quantum groups
may be obtained from different modular multiplicative unitaries, these bicharacters
are uniquely determined. Recall the following properties:

(2.1) WEWE, = WEWEWS, inU(He @ He @ He),

(2.2) Ac(x) =Wz ®1) (W) in B(He ® He) for all x € C,
(2.3) Asly) = ( N1 oy)WES  inB(He ® He) forall y € C,
(24) (idg ® Ac)(WC) = WLWE, inC®CeC,

(2.5) (Ap ®ide)(WE) = Wg‘gwg inCoCecC.

Similar equations hold for W4, of course.

Theorem 2.6. Let H be a Hilbert space and let W € B(H ® H) be a modular
multiplicative unitary. If a,b € B(H) satisfy W(a® 1) = (1®b)W, then a = b= A1
for some A € C. More generally, if a,b € M(K(H) ® D) for some C*-algebra D
satisfy Wa®1) = (1@ b)W, thena=0€ C- 14 @ M(D).

Proof. Define the operators 0, Q, and W as in [4, Definition 2.1]. First we prove
the assertion under the additional assumption *D(Q) C D(Q). Our assumption
W(a®1) = (1® b)W means

@y |Wlaz@u)=(zeby|W|z0u)
forallz,z € H,y € D(Q) and u € D(Q ™). The modularity condition for W yields

(W@Qy ‘ W ’ E@Q‘lu) = (w@y ’ W ‘ az®u)
= (z@by|W|z0u) = (ZeQby | W|TeQ tu).

In this formula, W(E ® Q') runs through a dense subset of H ® H. Therefore,
we may replace W(T ® Q~'u) by T® Q~'u and get

(@Z®Qy|TeQ u)=ZeQby|[T® Q™ ),
that is,

(z]az) - (Qy | Q  u) = (x| 2) - (Qb"y | Q).
Since this holds for all 2,2 € H, y € D(Q) and u € D(Q™!), we get a = \ - 13 for
some A € C and b = A - 1 for the same A.

To prove the statement in full generality, we first regularise a and b. For a € B(H)
and n € N, we define

+oo +oo

Ru(a) := Q "aQs,(t)dt and Ry(a):= Q "aQs,(t) dt

— 00 — 00

= e (-25)

is a d-like sequence of Gaussian functions. Since
W(QeQW=Q8Q,
our condition W(a ® 1) = (1 ® b)W implies
W(Rn(a) ®1) = (1® Ry (b))W.

where

We will show below that
(2.7) R,(0)"D(Q) € D(Q).
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The first part of the proof now yields R,,(a) = Ry (b) = A,1 foralln € N. If n — oo,
then R, (a) and R, (b) converge weakly towards a and b, respectively. Hence we get
a = b= A1 for some X € C in full generality.

It only remains to establish (Z7). Let z,y € D(Q). Then the function

Fou(2) = (QF Dz [ b7 | Q")

is well-defined, bounded, and continuous in the strip ¥ := {z € C: —1 <Imz < 0}
and holomorphic in the interior of ¥. In particular, for ¢ € R:

(28)  fou(t) = (Qu | QTVQ" |y),  faylt—1) = (x| QTVQ" [ Qy).

By Cauchy’s Theorem, the integrals of f; ,(2)d,(z) along the lines R +is for 0 <
1 < s do not depend on s. For s = 0 and s = 1, (Z8) shows that the integrals are
(Qz | Rn(b)" | y) and

€

respectively. Their equality shows that (Qx | R, (b)*y) depends continuously on z.
This yields R, (b)*y € D(Q*) = D(Q), that is, 21).

Finally, if a,b € M(K(H) ® D) satisfy W(e ® 1) = (1 ® b)W as elements of
M(K(H®H)® D), then the first part of the theorem applies to the slices (id® u)(a)
and (id® p)(b) for all p € D’. Thus (id® p)(a) = (id®@p)(b) = A, -1forall pe D'
This implies that a = b€ C- 1 ® M(D). O

+oo

Qb QM6, (t — i) dt ‘ Qy),

— 00

Corollary 2.9. Let (C,A¢) be a quantum group constructed from a manageable
(or, more generally, from a modular) multiplicative unitary W € B(H @ H). If
c € M(C), then Ac(c) € M(C ®1) or Ac(c) € M(1® C) if and only if c€ C- 1.

More generally, if D is a C*-algebra and c € M(C ® D), then (Ac ® idp)(c) €
M(C®1® D) or (Ac ®idp)(c) € M(1® C ® D) if and only if c € C-1® M(D).

Proof. Using ([22)), we rewrite the equation Ac(c) =1®¢ for ¢,/ € M(C® D) as
W e®1) = (1®)WC. Now Theorem [0 yields ¢ € C -1 ® M(D). If Ac(c) =
¢ ® 1 instead, then we apply the unitary antipodes. With a := (R¢ ® idp)(c)
and @’ = (Re ® idp)(c’), we get Ac(a) = 1 ® @’. The argument above shows
a€C-1® M(D) and hence c€ C-1® M(D). O

3. LINKING UNITARIES

Definition 3.1. A unitary V € UM(C' ® A) is called a linking unitary from C
to A if its image V € U(Hc ® Ha) satisfies the following two conditions:

(32) VQgW?Q = W%V13V23 in U(HC X HC & HA),
(33) W§3V12 = V12V13W§43 in U(HC (9 HA & HA)

Ezample 3.4. Take V to be W& € UM(C ® C). Then B2) and @3) are the
pentagon equation ZI). Thus W € UM(C ® C) is a linking unitary. We will see
that it is the identity on C.

Lemma 3.5. A unitary V€ UM (C‘ ® A) is a linking unitary if and only if it is a
bicharacter, that 1is,

(3.6) (Ap ®@ida)V = VasViz  inUM(C
(3.7) (ide ® Aa)V =ViaViz  inUM(C
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Proof. The representation of C ® C'® A on Heo @ He @ H is faithful, so that (Z6)
is equivalent to an equation of unitary operators on He ® Ho @ Ha. Using (Z3)),
we rewrite ([B.6]) as

S12(W) Vas W15 = VasVis.

This is equivalent to (B2). A similar argument shows that ([B7) is equivalent
to B3). O

Example 3.8. Any strong quantum group homomorphism f: C' — A yields a linking
unitary as Vy := (idg ® f)W®. This follows from Lemma 35 and (2.4) and (Z3).

Remark 3.9. Definition B.1] has the merit of being formulated entirely in the lan-
guage of multiplicative unitaries and pentagon equations. But the same quantum
group may be generated by different multiplicative unitaries. Since w¢ only de-
pends on (C,A¢) by [5], the characterisation of linking unitaries in Lemma
shows that they only depend on (A, A4) and (C, A¢).

The following result generalises [5, Lemma 40] and is proved by the same idea.

Proposition 3.10. Let V € UM (é@ A) be a linking unitary. Let R and T denote
the unitary antipodes and scaling groups of quantum groups. Then

(3.11) (R ® Ra)(V) =V,
(3.12) C V)=V  foralteR.
Proof. Let ¢ EAC'* and ¢ € A, be entire analytic for (th ) and (7/), respectively.
Let oy == @ o1 and ¢ == o 7/ for all t € R. Analytic continuation yields
Gopr = 5078, and @,y =th 0T for all 2, 2" € C.
Polar decomposition of the antipodes x4 and k4 ([8, Theorem 1.5]) shows that
Pz 0 k@ = Payiss © R, and Yy 0k4a =140 Ra.

Let k4 be the closure of k4 with respect to the strict topology on M(A). Then
[8, Theorem 1.6(4)] yields

Falw®id)V = (w®id)(V™)

for all w € C,. Applying 1. to both sides and using that w is arbitrary, we get
(id @ ¥, yin 0 Ra)V = (id @ . (V*).

Interchanging the roles of A and C and replacing V' by XV*¥ and ¢ by ¢, we get
(02412 0 R ®1d)(V7) = (. @ id)V.

Both formulas together yield

(3.13) (@212 @ Yayipp) © (R @ RA)(V) = (2412 © R @ Uzyipp 0 Ra)(V)

= (Patig2 0 R @ 92) (V™) = Y2 (@ags 0 R @1d)(V7) = (92 @ 92) (V).
Inserting ¢ o ke and 9 o k4 into [BI3) instead of ¢ and 1) yields
(Peti @ Yei) (V) = (02tips @ Yagip) © (R @ Ra)(V) = (92 @ 92) (V).

This shows that (¢, ® ¥,)(V) is a periodic function of period i. Being bounded as
well, Liouville’s Theorem shows that it is constant, that is,

(3.14) (P @92)(V) = (p@9)(V)
for all z € C. Putting z = —i/2 in (313) and using (BI4) yields
(p@9)o(Re @ Ra)(V) = (p@¢)(V).
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This proves (Rs ® R4)(V) = V. Finally, (3.14) also yields (th @M (V) =V for
allt e R. (I

We will interpret linking unitaries as arrows in a category of quantum groups.
Before we discuss the category structure, that is, the composition of arrows, we
treat some canonical functors on this category. Given any quantum group (C, A¢),
we form closely related quantum groups (C°P, AZ), (C®°P, AZP), and (C, Ag) by
taking the opposite multiplication, the opposite comultiplication, and the dual,
respectively. These constructions should be functors in our new category, that is,
they should act on linking unitaries. To make this explicit, recall that

N

op o Frcop icop o Yop A~ A
gop = 0P, Ceop = P and =

as quantum groups. As vector spaces, C' = C° = C°P, and this extends to the
multiplier algebras.

Thus we may interpret V' & L{M(C' ® A) as a unitary multiplier of CoP ® A or
C/'Co\f’ ® AP and o(V*) for the flip map o: C®A— A®C as a unitary multiplier
of Aw C.

Proposition 3.15. A linking unitary V € UM(C’ ® A) yields linking unitaries

(3.16) Vor .=V in UM(CP @ A°P),
(3.17) Veor .= in UM(CoP @ A%P),
(3.18) Vi=o(V*) intUM(AeC).

Proof. Since CoP = (P the first two legs on the left hand side of (B8] are
exchanged for the opposites, and this has the same effect as changing the order of
multiplication on the right hand side of (). There is no change in (37) when we
pass to opposite quantum groups. Hence V°P in [BI6) is a linking unitary.

Recall that A°P = AP via the unitary antipode R4. The corresponding
isomorphism C°P = (C°P induces isomorphism (oo = Cop and (O = (<op,
These induced isomorphisms are given by the unitary antipode R because (Rp ®
ido) (W) = (idg ® Rc)(W). When we apply these isomorphisms for C' and A to
our linking unitary V°P, we get a linking unitary V<P := (R ® R4)(V°P) for the
coopposite quantum groups. Finally, Proposition [3.10 yields VP = V.

The following computation shows that V := o(V*) satisfies (36):

(Aa ®ide)(o(V7)) = 023012((ide ® Aa)V7) = 023012(V15V715)
= 023012(Vi3) 013023 (V) = 023(Viy) - 013(V75) = VasVis

if V satisfies [B.7); here 012 denotes the automorphism exchanging the first and
second tensor factors. Similarly, V satisfies (B17) if V satisfies (8.6). Thus V is a
linking unitary from A to C. O

Remark 3.19. The opposite, coopposite, and dual quantum groups are indeed quan-
tum groups in our sense, that is, they may be obtained from a modular multiplica-
tive unitary. This is well-known for the dual quantum group, which is obtained
from the multiplicative unitary XW*¥ € U(H @ H) it W € U(H ® H) gives rise
to (C,A¢) and ¥ € U(H @ H) is the flip of the tensor factors.

The multiplicative unitary for the opposite quantum group acts on H® H for the
complex-conjugate Hilbert . An operator w on H induces a transpose operator w"
on H by w(f) = w*¢ for all £ € H. The operator (W*)T®T is a multiplicative
unitary on H ® H that gives rise to the opposite quantum group.
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Finally, the coopposite quantum group is isomorphic to the opposite quantum
group, so that it is generated by the same modular multiplicative unitary.

Proposition BI85 shows that the linking unitaries V°P and VP constructed out
of a given linking unitary V are the same when viewed as elements of UM(C @ A).
However, since our identifications do not preserve the quantum group structure,
these operators become different when we realise them concretely as unitary oper-
ators on a tensor product of two Hilbert spaces.

Now we define the composition for linking unitaries. Let (B, Ap) be another
quantum group.

Definition 3.20. A unitary V77 € UM(C @ B) is called a composition of two
linking unitaries VE74 e UM(C® A) and VAP € UM(A® B) if its image VC—B
in U(He @ Hp) satisfies
VA—)BV16’2—>A _ V%—)AvC—)BvA%B in U(HC ® HA ® HB)
We also briefly write VE78 = VA7 , y&=4,
Since we may rewrite the condition in Definition B.2{] as

(321) VC%B (VC%A) VA*}BVC*}A(V1243*>B)*,

it is clear that there is at most one composition for two given linking unitaries.
Existence, however, is less clear. This is established in the following lemma:

Lemma 3.22. For any two linking unitaries VO and VA%B, there is a unique
composition VOB and it is a linking unitary from C' to B.

Proof. Define V := (V{7 4)* Ve » BVEZA(VEB)* ¢ uM(C @ K(Hp) ® B). We
are going to use Theorem 26 to show that V € UM(C @ 1 ® B).

W23V124 (W23)

:W (VC—>A) VA—>BVC—>A(VA—>B) (W,QLXB)*

_( CﬂA) (VC%A W VA%BVCﬂA(VAﬂB)*(WA )*
( C%A)*( C%A) A%BW (VAﬂB) VC%AVAﬂB(WQ ) (VA%B)
( C—>A)( C—>A A—>BW VC%A(W )(VA—>B)
( C%A) ( C%A) VA%BVC%AVC%A(VA%B)

(VC—>A) VA—>BVC—>A(VA—>B) ‘/134;

the first step uses (B3); the second step uses (32) for VA7Z; the third step uses
that V4,78 and V{574 commute; the fourth step again uses (3.3)); and the last
step uses again that V4,78 and V{;74 commute. Now Theorem shows that
V e UM(C ®1® B), so that (321) has a solution.

The following computation yields (32) for V:

Y19(WE)* V7 BWE 2,

= 212(W1 )* (VC%A) V?4%BvC%A(VA~>B)*WC Yo

= Sua (VA (VT A) (WE) VAP PVE A (VAP P ) WS,
= (VG ) (VG ) VAT P (W) Vi AW S (Ve P)*
(VCﬂA) (V%HA)*VAﬂBVC%AVC%A(VA%B)
(VC—>A) VC—>BVA—>BVC—>A(VA—>B)
VC%B(VC%A) V§44ﬂBVCHA(VA%B)

VC—)BvC%B
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The first step uses ([EZ); the second step uses properties of ¥ and that W,
and V47P commute; the third step again uses (3:2); the fourth step uses ([B21));
the ﬁfth step uses that V{4 and V§?4 commute; and the last step uses (B2
again.

Similarly, one shows ([B.3]). Hence VOB s indeed a linking unitary. O

Proposition 3.23. The composition of linking unitaries is associative, and the
multiplicative unitary of C is an identity on C. Thus the linking unitaries with
the above composition form the arrows of a category, with locally compact quantum
groups as objects.

Proof. The defining properties of a linking unitary amount to

WA % VC—>A _ VC—>A VC—>A * WC _ VC—>A

) 3

that is, W is a unit object on C for the composition of linking unitaries.
Associativity means
VB—>D % (VA—>B % VC—>A) _ (VB—>D % VA—>B> % VC—>A

Define
VC%B VA%B VC%A VC%D — VB%D * VC%B

VA—>D e VB—>D * VA—>B, and

f/C%D - VA—>D % VC—>A

Equation (321]) yields

(VC%B) (VC%A) VB%DVA%BVCﬂA(VAﬂB) (VB%D)

A similar computation yields
VC—)D (VC—>A) VA—>DVc—>A(V14—>D)

We may rewrite these two computations as

(VA—>B) VC—>D (VC—>A) (VA—>B) VB—>DV1243—>BVC—>A(VA—>B) (V:)]ii_}D)*

—_ VC%D (VA%B) )

Since V{ 7P and V578 commute, we get V§;7P = V(7P that is, the composition
of linking unitaries is associative. (|

It is routine to check that the passage to opposite and coopposite quantum groups
is a covariant functor, that is, the constructions in Proposition .15 are compatible
with composition. Similarly, taking duals is a contravariant functor. This follows
from the following computation:

Of course, the composition of quantum group homomorphisms generates the
more obvious composition in the case of strong quantum group homomorphisms.
We can generalise this as follows.

Ezample 3.24. Let VO ¢ UM(C @ A) and VA7F ¢ UM(A ® B) be linking
unitaries.

If VAP comes from a strong quantum group homomorphism f: A — B, that
s, VA7B = (id @ £)(W*), then the composition VE7F is (id @ f)(VE™4).
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Dually, assume that VE24 s constructed from a strong quantum group homo-
morphism f: A — C, that is, V€74 = (f®id)(W*). Then the composition VE2
is (f @id)(VA75).

It is more convenient to prove these statements at the end of the next section (Ex-
amples and [1.23)), using an equivalent description of linking unitaries involving
right coactions.

4. RIGHT AND LEFT COACTIONS

Now we develop an alternative definition of quantum group homomorphisms
using left or right coactions instead of linking unitaries.

Definition 4.1. A right quantum group homomorphism from (C, Ac) to (A, Ay) is
a homomorphism Agr: C' = C ® A such that the following two diagrams commute:

AR

C C®A
(4.2) Acl lAc®idA
ceC idcmﬂC®C®A,
C = C®A

(4.3) ARl lidc(@AA

C®AmC®A®A

The second condition (3] means that Ag is an A-comodule structure on C.

Ezample 4.4. A strong quantum group homomorphism ¢: C' — M(A) yields a
right quantum group homomorphism by Ag := (ide ® ¢)A¢. The right quantum
group homomorphism induced by the identity on C' is Ac.

Recall that W € UM (C @ C) denotes the reduced bicharacter. The following
proposition shows that right quantum group homomorphisms are equivalent to
linking unitaries.

Theorem 4.5. For any right quantum group homomorphism Agr: C — C ® A,
there is a unique unitary V€ UM(C ® A) with

(46) (ldcﬁ ® AR)(W) = W12V13.

This unitary is a linking unitary.
Conversely, let V be a linking unitary from C to A, and let Ve U(Hec @ Ha) be
the corresponding unitary operator on Hilbert space. Then

(4.7) Agp(z) =V(z®1)V* forallz e C

defines a right quantum group homomorphism from C to A.
These two maps between linking unitaries and right quantum group homomor-
phisms are bijective and inverse to each other.

Proof. First we check that V := Wi, - (ids ® Ag)(W) belongs to UM(C @ 1 ® A),
that is, V = Vi3 for some V € UM(C ® A). This is the unique V that verifies [Z6).
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We compute

W3 Vi2a(WE)* = W (W) " (W)™ - W (ide ® Ag)(W)124(We3)*
= (W) (WH)* - (ids ® Ac ®ida)(idg @ Ag)(W)

*

(Wiz)"™ - (
= (Wi5)"(Wip)" - (idg @ (ido @ Ar)Ac)W

= (W ) (WEH)* - (idp ®idec ® Ag)(W12Wi3)

(W%) (( 5 @ AR)W) 134°

the first equality is the definition of V, the second one uses (2.I)) and (22, the third
one ([£2), the fourth one uses ([24]), and the last one is trivial. Now Theorem
yields V. € UM(C ® 1 ® A). Hence there is a unique V€ UM(C ® A) that
verifies (.G).

Next we verify that V' is a linking unitary. We check (B.6):

(A ®ida)V) )y, = (Ap ®ide @ ida) (Wi - (ide ® Ar)(W))
= ((Aé ® idc)W*)123 . (idé X idé X AR)(AC ® idc)(W)
= (W23W13)*(idé ® idé ® AR)(WasWis)
= Wi Wi Waz Vs WizVig = VayVia.
The first two equalities use (£8) and that Ay is a *-homomorphism; the third
equality uses (2.H); the fourth one uses (£6]) again; and the final step uses that Wi3
and V54 commute.
The following computation yields (B.1)):
((ide @ AA)V) 4, = Wip(ide @ ide ® Ay)(ide ® Ap)W
= WTQ(ldé R AR ® idA)(idé ® AR)W
= WTQ(idé QAR ® idA)(WuVM) = Vi3Vi4.
The first equality follows from (&6]); the second one from (3)); the third and fourth
equalities from (6]). Thus we have constructed a linking unitary V from a right
quantum group homomorphism.

Conversely, let V€ UM(C ® A) be a linking unitary. We claim that (£71)
defines a morphism from C to C' ® A. Recall that slices of W by linear functionals
w € B(H). generate a dense subspace of C. On z := (w ® idy)(W), we compute

AR(:C) = (w ®idy ® id’}-[)(VQngQV;B) = (w ®idy ® idH)(W12V13)7

and this belongs to M(C ® A). Thus Ar(C) C M(C ® A). It is clear from the
definition that Ag is non-degenerate.

We may also rewrite the above computation as (w ® idega) o (idy ® Ag)(W) =
(w®idega)(Wi2Vas) for all w € B(H).. Since w is arbitrary, ([@6]) holds for Ag
and our original linking unitary V.

Now we use (6] to check that Ag is a right quantum group homomorphism.
Diagram (£.2) amounts to

(idé R Ac ® idA)(idé (9 AR)(W) = (ldé ®ide ® AR)(ldé ® Ac)(W)
because slices of W generate C. This follows from (48] and (Z4): both sides are
equal to W1oW13V14. Similarly, (£3]) amounts to

(idg ® ide ® Aa)(idg ® Ar)(W) = (idg ® Ag ®ida)(ids ® Ar)(W),

which follows from (48] and (B1) because both sides are equal to Wi2V13Vi4.
Thus we have associated a right quantum group homomorphism Ag to a linking
unitary V. Since these are related by (&6]), we get back the original linking unitary
from this right quantum group homomorphism. It only remains to check that, if
we start with a right quantum group homomorphism Ag, define a linking unitary
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by ([@4) and then a right quantum group homomorphism by (1), we get back the
original Ap. We may rewrite (3:2)) as

VosWiaVis = WipVis = (idp ® Ag)(W),

using ([@6]). This implies that the original Ap satisfies (£7)) because the slices of W
by linear functionals on C' span a dense subspace of C. O

Definition 4.8. A left quantum group homomorphism from (C, A¢) to (4, A4) is
a morphism Ay : C — A ® C such that the following two diagrams commute:

c—— 2 AwcC

(4.9) Acl \LidA®Ac

C®CA—idc>A®C®C’

L®

c—— 2 AwcC
(4.10) ALl lAA@idc

A C m AR AxC.

Let 0: C®A—>ARCand 0: A® C — C ® A denote the flip maps. If Agr is a
right quantum group homomorphism from C to A, then o o Ay is a left quantum
group homomorphism from C®P to A®P. And if Ay is a left quantum group
homomorphism from C to A, then oo Ay is a right quantum group homomorphism
from C°°P to A°°P. We have seen in Proposition B.I5] that linking unitaries from C'
to A and from C°°P to AP are essentially the same thing. Since right quantum
group homomorphisms correspond bijectively to linking unitaries by Theorem E.5|
we conclude that left quantum group homomorphisms also correspond bijectively to
linking unitaries from C to A and hence to right quantum group homomorphisms.
We now make these bijections more explicit:

Theorem 4.11. For any left quantum group homomorphism Ap: C — C ® A,
there is a unique unitary V€ UM(C ® A) with

(4.12) (idg ® AL)(W) = ViaWs.

This unitary is a linking unitary.
Conversely, let V be a linking unitary from C to A, and let Ve U(Hc @ Ha) be
the corresponding unitary operator on Hilbert space. Then

(4.13) Ap(z) == o((VP)(z ® 1)(VP)™) forallz e C

defines a left quantum group homomorphism from C to A.
These two maps between linking unitaries and left quantum group homomor-
phisms are bijective and inverse to each other.

Despite Proposition B8] V # VP because the quantum groups C' and C°P are
represented differently on H¢.

Lemma 4.14. Let Ap,: C - A® C and Ar: C — C ® B be a left and a right
quantum group homomorphism. Then the following diagram commutes:

c——2  _AwcC

AR\L \LidA@AR

C@BmA@C@B
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Proof. Since slices of W span a dense subspace of C, (#I4) commutes if and only
if

(4.15)  (idgp ®ida ® Ag)(idg ® AL)(W) = (idg ® AL ®idg)(idg @ Ag)(W).

Let V and V be the linking unitaries associated to Ay, and Ag, respectively. Equa-
tions ([£6) and [@I2) imply that both sides of ([@IH) are equal to VioWi3Viy. O

We may also characterise when a left and a right quantum group homomorphism
correspond to the same linking unitary:

Lemma 4.16. Let Ap: C — AQC and Ar: C — C® B be a left and a right quan-
tum group homomorphism. Then they are associated to the same linking unitary
V eUM(C ® A) if and only if the following diagram commutes:

c—— 29 _cecC

AC\L \Lidc'@AL

Ol aus COABC

Proof. The above diagram commutes if and only if
(417)  (idg ®@ide ® Ar)(idg @ Ac)(W) = (idg ® Ap @ ide)(idg ® Ac)(W)
because slices of W span a dense subspace of C. Let Ay and Apr be associated to

the linking unitaries V € UM(C ® A) and V € UM(C ® A), respectively.
Using (24), @I2) and (@8], we may rewrite [LI7) as

WiaVisWiy = WiaVigWig.
Thus (@IT) is equivalent to V = V. O

Lemma 4.18. Right or left quantum group homomorphisms are continuous as
coactions.

Proof. Tt suffices to prove the assertion for right quantum group homomorphisms,
the left case follows by passing to coopposites. Let Agr: C — M(C ® A) be a right
quantum group homomorphism with associated linking unitary V € UM (é ® A).
We must show that the linear span of Ar(C)(1 ® A) is dense in C ® A. We may
replace C' by the dense subspace of slices (éu@idc)WC forpyeCandée C, where
¢p e C' is defined by éu(z) := p(xe) for € C, pe €', and = € C. We have

(tp®@ide ®ida)(ids ® ARWO)(1®a) = (@ ide ®ida)(WHViz(E® 1 ® a)).

Here V15(¢ ® 1 ® a) ranges over a linearly dense subset of C ®1® A. Hence we do
not change the closed linear span if we replace this expression by ¢ ® 1 ® a. This
leads to

(p®@ide ®ida)(Wh - (¢®1®a)) = ((tp @ ide)WE) @ a,
and these elements span a dense subspace of C ® A as asserted. O

By passing to the corresponding linking unitaries, we also get a notion of compo-
sition for right and left quantum group homomorphisms. We only make this explicit
for right quantum group homomorphisms. Let a: C - C®A and f: A - A®R B be
two right quantum group homomorphisms associated to the linking unitaries yo—a
and VA5, Let 8 * « be the right quantum group homomorphism associated to
the linking unitary VAZB L vO=A We may describe (8 *« directly in terms of right
and left quantum group homomorphisms:
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Proposition 4.19. There is a unique right quantum group homomorphism v: C' —
C ® B that makes the following diagram commute:

c C®A

(4.20) vl lidcw

COB——(C®A®B.
a®idp

This is exactly the composition [ * a.

Proof. Since slices of W by continuous linear functionals on C generate a dense
subspace of C, the diagram (£20) commutes if and only if

(idg ®ide ® B)(idg ® a)(WY) = (idp ® a @ idg)(idg @ 7)(WE).
Equation (£.6) implies ids ® (W) = W5V and idy ®ida ® B maps this to
the element represented by the unitary operator

W%vA—)Bv%ﬁA(vA%B) WC VC—>AVc—>B
by (&7) and 321)). Thus
(idg @ ide ® B)(idg ® a)(WY) = WLVETAVETE,
where VOB .= vA2B 4 VO24 Let V be the linking unitary associated to ~.
Equation (£.6]) implies
(ide ® a®idp)(ide ® 1) (W) = (ide ® a ® idp)(WihVis) = WLV 4 Vg
Hence (E20) commutes if and only if V = V75, O

Remark 4.21. The composition of linking unitaries at first sight depends on the
choice of concrete representations of the quantum groups involved, which depend
on the choice of generating modular multiplicative unitaries. Proposition [4.19 is
phrased purely in terms of comultiplications. This shows that the composition
of linking unitaries does not depend on the choice of a generating multiplicative
unitary.

Ezample 4.22. Let VE74 ¢ UM(C @ A) and VA7B € UM(A @ B) be linking
unitaries.

Assume first that VA5 comes from a strong quantum group homomorphism
f: A — B, that is, VAP = (id @ f)(W?). Let o be the right quantum group
homomorphism from C' to A associated to VE7A, The right quantum group ho-
momorphism from A to B associated to VAP is g := (ida ® f)A 4. The following
computation shows that v = (ide ® f)« satisfies ([@20):

(idg ®ide @ B)(idg ® )W = (idp ® ide @ ida @ f)(idg ® ide ® Ax)WHVE 4
= (idp ®ide ®@ida @ fY)WSLVGTAVE A
= (idg ® ide ®ida ® f)(idp ® a ® 1dB)W VA
= (idp ® a ®idp)(idg ® (ide ® f)a)W

the first step uses ([H6]); the second step uses [B.7); the third and the last step
use (£E). Proposition 19 yields 8 x o = (ide ® f)a. Hence the composition

Ezample 4.23. Now assume that VE4 i constructed from a strong quantum group

homomorphism f: A — O, that is, VE7* = (f ®id4)(W*). Then the composition
VOB s (f ®id)(VA75). This follows easily from Example because C' — C
is a contravariant functor on linking unitaries.
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5. PASSAGE TO UNIVERSAL QUANTUM GROUPS

In this section we show that our quantum group homomorphisms are equivalent
to strong quantum group homomorphisms between the associated universal quan-
tum groups, which were previously suggested as a suitable notion of quantum group
homomorphism.

Let (C,Ac¢) be a quantum group in the sense of [5]. The associated universal
quantum group (C",Acu), also introduced in [5], is a C*-bialgebra, that is, a
C*-algebra equipped with a coassociative comultiplication. While it carries much
the same additional structure that locally compact quantum groups carry, it is
usually not a quantum group in the sense of [5], that is, it is not generated by a
modular multiplicative unitary. Thus the theory developed above does not apply
to it.

A left corepresentation of (C’,AC) on a C*-algebra D is a unitary multiplier
V e UM(C ® D) that satisfies (Ap ®ida)(V) = VagVis. That is, V is a character
with respect to the first variable. The universal dual carries a left corepresenta-
tion V € UM(C ® C") of C that is universal in the following sense: for any left
corepresentation U € L{M(C' ® D) there is a unique morphism ¢: C" — D with
U = (idg ® ¢)(V). This universal property characterises the pair (C", V) uniquely
up to isomorphism.

The comultiplication on C" is defined so that ids ® Acw maps V to the left
corepresentation Vi2Vi3. Thus V is a bicharacter and we may interpret it as a
quantum group homomorphism from C' to C". This is, however, not literally true
because C" is not a quantum group in our sense.

Proposition 5.1. Let (A,A,) be a C*bialgebra. Bicharacters in UM(C' @ A)
correspond bijectively to strong quantum group homomorphisms from (C",Acw)
to (A, AA)

In particular, if (A,A4) is also a locally compact quantum group, then strong
quantum group homomorphisms from (C", Acu) to (A, A4) correspond to quantum
group homomorphisms from (C,A¢) to (A, A4).

Proof. A strong quantum group homomorphism ¢: C" — A is also a morphism
from C" to A and thus corresponds to a left corepresentation V' &€ UM(C’ ® A),
which is determined by the condition (ids ®¢)(V) = V. The strong quantum group
homomorphisms Ajop: C" =5 A® A and (p®@p)oAgu: C" = A® A correspond
to the left corepresentations (ids ®A4) (V) and ViaVi3, that is, ids ® (A0 @) (V) =
(ideg ® Aa)(V) and (idg ® (¢ @ @) 0 Acu)(V) = Vi2Viz because V is a bicharacter.
Thus a morphism ¢: C" — A is a strong quantum group homomorphism if and
only if the corepresentation V' also satisfies (ids ® A4)(V) = ViVi3. That is, V is
a bicharacter. O

Corollary 5.2. Any strong quantum group homomorphism ¢: C* — A induces a
dual strong quantum group homomorphism ¢: A" — C.

Proof. By Proposition (.1l a strong quantum group homomorphism ¢: C* — A
corresponds to a bicharacter in UM (C' ® A). Proposition BI5 identifies these with
bicharacters in U M(A ® C’), which correspond to strong quantum group homomor-
phisms ¢: Ar = C by another application of Proposition .11 O

We are going to show that strong quantum group homomorphisms from (C"; Agu)
to (A, A4) lift uniquely to strong quantum group homomorphisms from (C", Acu)
to (A", A zu). This together with Proposition 5] will establish a bijection between
homomorphisms of quantum groups in our sense and strong strong quantum group
homomorphisms between the associated universal quantum groups.
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This requires the universal bicharacter # € UM(C" @ C*). In the setting of
quantum groups with Haar measure, it is constructed in [2, Proposition 6.4]. First
we carry this construction over to the setting of [5].

The bicharacter W of C' is also a left corepresentation. Hence the universal
property yields a reducing *-homomorphism A: C* — C with

(5.3) (ide @ A)(V) = W.

The constructions above applied to the dual of C' yield a maximal left corepresen-
tation V € UM(C" ® C) of C and a reducing *-homomorphism A: C* — C, such
that

(5.4) (A ®ide)(V) = W.

We want to find U € UM(C" @ C*) with (A®ide)(U) = V and (idg. @A) (U) = V.
Using (Z2)), we may rewrite the fact that V is a character in the second variable
as a pentagon equation

(5.5) WasVia = ViaVisWoas in UM(C" @ K(He) ® O).

Similarly, using (23) and that V is a character in the first variable, we get the
pentagon equation

(5.6) VasWig = WigVizVos  in UM(C @ K(He) @ CY).

In both cases, we should represent the second tensor factors C' and C (faithfully)
on Hc to make sense of the pentagon equation. We may now characterise U by a
variant of the pentagon equation as in [2, Proposition 6.4].

Proposition 5.7. There is a unique U € UM(C" @ CV) such that
VasVia = Vislh13Vas.

Moreover, this U is a bicharacter, and it satisfies

(5.8) (idge @ AU =V,
(5.9) (A®@idea ) =V,
(5.10) (Ao MU =W.

Proof. Let U' := ViyVasV1oVis. First, we will show that U/ € M(C" © 1 ®@ C),
that is, U’ = U3 for some U € UM (é“ ®C"). Obviously, this unitary is the unique
solution of our problem. Then we will establish that I/ is a bicharacter.

The first step follows once again from Theorem We compute

Wasllins Wiy = WoaVisVaaVia Vs W

= Vi3V, Was Vo V1o V5 Wi

= Vi3ViaVaaWas Vi V12 VaaWas Vi,

= VisViaVaaWas Vi W33 Vi,

= Vi3V Va2 VisViy

= ﬁf3V34f213V§4 = Uysy;
the first step is the definition of U’; the second step uses (B.H); the third step
uses (6] twice; the fourth step uses that V3, and Wis commute; the fifth step

again uses (B5.0); and the sixth step follows because Vs34 and Vi3 commute. Now
Theorem 8 yields U’ € UM(C" @ 1 @ C"), so that U exists.
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The following computation shows that U is a character in the second variable:
(idéu ®ide ® ACU>D{K2V23]>12V§3 = 91*2]/23))24]}12))2*4\)53
= Ur3Vas Vi VouV12V3, Vig = UssVasll1aVis = Urslys.

A similar computation works in the first variable. Thus U is a bicharacter.
The following computation yields (5.8):

(idc:u ®ide ® A)U13 = (idéu ®ide ® A)ﬁfQVQ?,?lQV;B
= VoWasViaWig = Vi ViaVis = Vis.
A similar computation yields (&9). Then (GI0) follows from (B3] or from (&4). O

Definition 5.11. The unitary multiplier ¢/ in Proposition[5.7is called the universal
bicharacter of (C,Ac¢).

Lemma 5.12. Let XY € UM(C ® A"™) be characters in the second variable. Let
m: A* — A be the reducing *-homomorphism. If (ide ® m)X = (id¢ @ 7)Y, then
X=Y.

Proof. Copy the proof of [2, Result 6.1]. O

Proposition 5.13. Every strong quantum group homomorphism C" — A admits
a unique lifting C* — A".

Proof. Let U* € UM(A" @ A") be the universal bicharacter of (4,A4) and let
Veorep® € UM(A*® A) and VE € UM(C @ C") be the maximal corepresentations
of A and C. Let a be a strong quantum group homomorphism from C" to A. It
corresponds to a unique linking unitary

(5.14) VO = (idp @ )VC  inUM(C @ A).

By Corollary 5.2 there is a strong quantum group homomorphism ¢: A* — C such
that VO74 = (¢ @ id4)(VA). Let

V=(¢®ida)U*  inUM(C ® AY).
This is a bicharacter because U4 is and ¢ is a strong quantum group homomorphism.
Proposition[5.Ilnow yields a unique strong quantum group homomorphism @: C* —
A" such that

V=(ids® @)V’  inUM(C® AY).
Clearly, ¢ = A4 0 @ is a strong quantum group homomorphism from C" to A. The
associated linking unitary is

(ide ® )V = (idp ® A 0 @)VE = (idp @ AV = (idy ® AY) (¢ @ idan)UA
= (p®@ida)(id 4. @ AU = (p @ id )V = VOTA,
This shows that ¢ and « are two strong quantum group morphisms associated to the
same linking unitary V74 € UM(C' ® A). The uniqueness part of Proposition 5.1]
shows that ¢ lifts .

Now let ¢': C* — A" be another lift of @. Then the associated corepresentations
(ide ® ¢')VC and (ids ® @)VC become equal after applying ids ® A“4. Hence
Lemma yvields (idp ® @)VY = (idg ® @)V°. Hence the strong quantum
group homomorphisms associated to these bicharacters are equal as well, that is,
o= O

Recall that linking unitaries form a category and that duality is a functor on this

category. Strong quantum group homomorphisms A" — C" also form the arrows
of a category.
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Theorem 5.15. There is an isomorphism of categories between the category of
locally compact quantum groups with linking unitaries and with strong quantum
group homomorphisms C* — A" as morphisms, respectively. If ¢: C* — A"
is a strong quantum group homomorphism, then the associated linking unitary is
(Ag @ Aap)(UC) € UM(C ® A). Furthermore, the duality on the level of linking
unitaries corresponds to the duality ¢ — @ on strong quantum group homomor-
phisms, where p: A = C s the unique strong quantum group homomorphism
with (¢ ® idan)(UA) = (Idge ® ) UC).

Proof. Propositions 5.1 and yield that the map described above is a bijection
from strong quantum group homomorphisms C — Ato linking unitaries from C
to A. It remains to check that this bijection preserves the compositions and the
duality on both sides. We first turn to the duality because we need this to establish
the compatibility with compositions.

Let ¢: C* — A" be a strong quantum group homomorphism. Let V := (Ax ®
Aap)(UC) € UM(C @ A) be the associated linking unitary. The duality on the
level of linking unitaries yields the linking unitary o(V*) € UM(A ® C) from A
to C. By transport of structure, this corresponds to a unique strong quantum
group homomorphism ¢: A" — C" with (A4 ® Ae@)(UA) = o(V)*. Now we use
Ut = o(UA)* to rewrite this as

(A ® Aap)UT) = (Aep © A)U?).
Both (id ® )(U°) and (¢ ® id)(U*) are bicharacters. Applying Lemma to
both tensor factors, we get first (idgu ® Aap)(UC) = (¢ ® Aa)(U*) and then
(idgw ® 9)UC) = (¢ @ idaw)(U?). This yields the asserted description of duality.

Now let ¢: C" — A" and ¢: A" — B" be strong quantum group homomor-
phisms and let VE74 ¢ UM(C® A) and VA5 € UM(A® B) be the corresponding
linking unitaries. Then

VAPE = (A; © AU = (id 4, @ Apyh)V?,
VO = (Aep @ AU = (Ap @ idan) V2.

where we use the dual quantum group homomorphism ¢: A* — Cv. Now we
compute

(VAP VO = (Vi) Vg PV (Vag ™)
= (MA@ ® idp(,) ® Ap)(Vi5) VasVis(Vss)")
= (Aa @ idp(a ) @ Ap)(Uih)
by Proposition (.71 Thus
VAZB VO = (Mg @ Apt)(UA) = (Aa ® Apt)) o (¢ @idan)(UA)
= (A4 ® App) o (idew @ 9)UY) = (A4 @ Ap (¢ 0 ) U).

Hence is the linking unitary associated to ¥ o ¢. Thus our bijection
is compatible with compositions. (Il

VA—>B * VC—>A

6. COMPARISON WITH GROUP HOMOMORPHISM

To illustrate our theory, we consider the special case of groups and their duals.
Let G be a locally compact group with left Haar measure \. We define a unitary
operator Wg on L2(G, \)®L?(G, \) = L2(GxG,Ax\) by (Wgé)(x,y) = &(z, 27 Ly)
for all ¢ € L2(G x G,Ax \) and z,y € G. This is a multiplicative unitary that gives
rise to C;(G) (see [6] for details). The corresponding reduced bicharacter W¢ €
UM(Co(G)®C;(G)) is described by the strictly continuous function G 3 g — Ay €
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UM(C;(G)). The dual quantum group is Co(G) with its usual comultiplication.
The universal quantum group attached to Co(G) is again Co(G).

Let H be another locally compact group. It is easy to see that strong quantum
group homomorphisms from Co(H) to Co(G) are equivalent to continuous group ho-
momorphisms G — H. By Theorem[B.1H it follows that linking unitaries must also
correspond to classical group homomorphisms. And the same holds for right and
left quantum group homomorphisms. We are now going to establish this directly.

Let ¢: G — H be a continuous group homomorphism. Then V,(g) = A,
defines a bicharacter in UM (Co(G) ® C;(H)), that is, a quantum group homomor-
phism from C;(G) to C;(H).

Lemma 6.1. Let G and H be locally compact groups. Then every linking unitary
from C:(G) to C:(H) is induced by a unique continuous group homomorphism
w: G — H as above.

Proof. Tt is clear that the linking unitary V,, determines ¢. Thus it remains to
observe that every bicharacter V' in UM (Co(G) @ C;(H)) is of this form for a con-
tinuous group homomorphism ¢: G — H. We may view V as a strictly continuous
function from G to UM(C;(H)). Equation (B7) means that its values are group-
like elements of UM(C; (H)) for each g € G, that is, Acx ) (V(g)) = V(g) ® V(g).
This implies V(g) = Ay () for some p(g) € H. The map ¢: G — H must be con-
tinuous in order for g — A, (4) to be strictly continuous. Finally, (3.6) means that
the map ¢ is a group homomorphism. O

Ezample 6.2. Let C = Co(G) and A = Cy(Gp) for locally compact groups G
and Gp. A right quantum group homomorphism from C to C ® A corresponds
to a continuous map a: G x Gop — G, which we denote as a(g,h) := g - h. The
commutativity of ([@2)) means that (g1-g2)-h = g1-(g2-h) for all 1,92 € G, h € Go,
so that g-h = g-@(h) for all g € G, h € Gy for a continuous map ¢: Gy — G defined
by ¢(h) := 1-h. The commutativity of (£3)) is equivalent to ¢(h1-ha) = @(h1)-@(h2)
for all hy, ho € Go. Thus right quantum group homomorphisms Cy(G) — Co(Go)
correspond to continuous group homomorphisms Gy — G.

Ezample 6.3. Let C = C;(G) and A = C;(Gy) for second countable locally compact
groups G and Gy. We claim that right quantum group homomorphisms from C; (G)
to C(Go) correspond bijectively to continuous group homomorphisms G — Gy.

Since C ® A = C;(G x Gy), a morphism from C to C' ® A must come from a
continuous representation g — ug of G by unitary multipliers of C; (G x Gy). To be
a right quantum group homomorphism, it suffices to check that the diagrams (Z2])
and ([@3) commute on the unitary multipliers d, for ¢ € G. The commutativity
of ([#2) becomes (A(;@ifi/})(ug) = 04Quyg, forcing ugl = 6g-3;; fOII‘ unita.ry m}lltipliers
ug of A. The commutativity of (£3]) becomes A4 (uy) = uy, @uy, forcing ug = 0,y
for some ¢(g) € Go. The map g — ©(g) is a measurable group homomorphism.
In the separable case, measurability implies continuity, so that ¢ is a continuous
group homomorphism G — Gp.
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