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ON THE ZEROS OF WENG ZETA FUNCTIONS
FOR CHEVALLEY GROUPS

HASEO KI, YASUSHI KOMORI, AND MASATOSHI SUZUKI

ABsTRACT. We prove that all but finitely many zeros of Weng’s zeta function for a
Chevalley group defined over Q are simple and on the critical line.

1. INTRODUCTION

Weng zeta functions are new objects in the theory of zeta functions arose from the
theory of (periods of) Eisenstein series of reductive algebraic groups G defined over Q.
They are defined for every standard maximal parabolic subgroup P of G. Roughly Weng
zeta functions are linear combinations of products of the complete Riemann zeta-function
with rational function coefficients, but they have amazing structures that may come from
their origin. We start from the most simple example.

Let G = SL(2), P=B = P; ={(}%)} € Gand K = SO(2). (In this case, the
Borel subgroup B coincides with the maximal parabolic subgroup P.) Let H be the

upper half plane. Usual non-holomorphic Eisenstein series attached to this pair (G, P)
is defined by the series

E(s,z) = Z S (y2)°
YEP(Z)\G(Z)
for z € H, Re(s) > 1, and then it is continued meromorphically to the whole complex C.
To understand the integral

/F E(s, 2) du(z)

in a suitable sense is a fundamental problem for the theory of harmonic analysis on
SL(2,Z)\H, where F is a standard fundamental domain of the action of G(Z) = SL(2,Z)
on H. Usually the above integral is studied by using the analytic truncation

E(s, z), y<e,zeF,

E(s,z) — (y* + (@2s—1) y'=%), y>e,zeF.

AN E(s,z) = {
¢(29)

For every 7 > 0 we have
T(s—1) —78 ~ 926 — 1
/ A E(s,z)du(z) = ¢ _° C(AS )
F s—1 s ((29)

(Therefore [ E(s,z)du(z) = 0if 0 < R(s) < 1.) Multiplying by s(s — 1){(2s) on both
sides, we define

Z(s,7)=s(s—1)-((2s) - /F ATE(s, z) du(2)
=D 5((28) —e ™ (s — 1) ((25 — 1).
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for 7 > 0. The functional equation of E(z, s) derives Z(s,7) = Z(1—s,7) automatically,
but we mention that the functional equation of E(z,s) coming from the symmetry of
the Weyl group of SL(2).

A remarkable fact is that all zeros of Z(s,7) lie on the line R(s) = 1/2 and simple
for every fixed 7 > 0 (see [1IL[I4]). Weng zeta functions are of a generalization of the
specialization of Z(s,7) for 7 = 0.

Let G be a connected semisimple algebraic group defined over Q endowed with a
maximal (Q-)split torus 7. Let ® be the root system with respect to (G,T"). Fix a Borel
subgroup B of GG containing T'. Then it determines the fundamental system A of ®.

Let X*(T') be the group of characters of T defined over Q that is a free module of
rank r = dim 7. Let afj = X*(T') ®R and ap = Hom(X*(7),R). Then ap and «a;; are real
vector spaces of dimension r. The root system @ is a finite subset of X*(7T'), therefore it
is canonically embedded in af. For every simple root o € A, we have the coroot a” € ao.

Let E(\,g) = ES/B(1, ), g) be Langlands’ Eisenstein series for A € af ® C ~ C” and
g € G(A). By using J. Arthur’s truncation operators A acting on a space of automorphic
forms (see [2] and also [I]), we obtain the well-defined integral

/ ATE(X, g)dg
GQ\G(A)

for sufficiently regular 7 € ag. It is often called the period of E(),g). The integral can
be calculated explicitly by using the root system & and its Weyl group W of ®:

/ ATE(X, g)dg
G(Q\G(A)

1
o (wA—p,T)
=0 E e Il o M(w, A),
weW aEA <w)\ e >

where v is the volume of {3 - aa@” |0 < aq < 1}, pis the half sum of all positive roots
and M (w, A) are usual (unnormalized) intertwining operators M (w, A) : Ig(\) — Ig(wA)
for A € ay ® C and w € W. If G is a split semisimple group, we have

S x oV
M(’U},)\): H AC(( , >) ,
o, C(A V) +1)

where @, = @+ Nw~1®~ (see Chapter 5 of Langlands [15], Jaquet-Lapid-Rogawski [8]).

Note that we assumed that G is split. Standing on the above formula for the period

of E(A,g), Weng introduced the “period” w((@?éT) tay®C~C" — C by

6T 1 SN, aY))
an M > 11 (WA = p,aV) 1 (A aY) +1)

weW acA aced,y,

In this definition, we ignored the volume v, and took 7 = 0 in the right hand side of the
above formula of periods of Eisenstein series. We do not know 7 = 0 is regular or not in
general. Therefore we should note that wgg) may not be a period of Eisenstein series

in a rigorous meaning. However, we will find that wéGéT) itself is an interesting object

apart from its origin. For instance, a priori, there is no obvious reason for the restriction
7 = 0. But we find that 7 = 0 is a special point for the distribution of zeros of Weng
zeta functions after a study of 7-version wgg)()\; 7) (see A.4 of [24] for details).

From the point of view for the theory of periods of automorphic functions, it is natural
to consider more general “period” by replacing f by (completed) L-functions attached
to Dirichlet characters or automorphic representations. However we restrict our interest

only on the above wéGéT) for the simplicity of arguments.
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(G, T)()\)

group, but it is a r-variable function in general (r = dim7). A priori there is no

(G7T

obvious way to derive a single-variable function from Wo B )()\) preserving the symmetry
of the Weyl group. A discovery of Weng was that there is a canonical way to derive a
(conjecturally) nice single-variable function from wg]’_g)(}\) if we use a standard maximal

parabolic subgroup of GG. The key fact is the bijection

By definition, the period wo has a large symmetry with respect to the Weyl

A={oy, - ,ay} — {maximal parabolic subgroups P}
o7 — Pj

We denote by ap the simple root corresponding to the standard maximal parabolic
subgroup P. Following Weng, we define

G,
W i(s) = Res wi () (s = (A= p,a),

where R)\es means taking residues along (r — 1) many hyperplanes

(A\=p,87) =0, BeA\{ap}.
Then zeta functions for ((G,T); P/B)/Q are defined by

~ /\G7
Crls) = p () Hg (ks +h) - w s (s),

where [ [} 5, C(ks+ h) is the “minimal” finite product of ¢(ks+ h) in the sense that Cp(s)
has no ((as 4 b) or {(¢) in its denominators.

(EIGPT/E()\) (EDGPF‘;B( ), Cp( ) are written as wg()\), wg/P(s),

&S/OP(S) respectively in [24] and [13].

Here we mention several examples of (p(s). Let Py ns C SL(n) be the maximal
parabolic subgroup attached to n = n; + no. Then we find that

2SL(n 2SL(n Qh
¢ (n)ll( ):CQ,P(M)L 1 Z +h)

where P}, QQ are polynomials satisfying deg Ph < n—1, degQp < deg P, (see also
section [)). For example,

Remark The functions w

{(s+2) ((s+1)
s s+ 2

CQ,Pl 1( s) =

)

G = (8- gt ) dee - 0 - (45 - sty ) e
In the following examples, each term of (p(s) consists of the product of several {(s):
Corm ™22 () = Ba(s) C(s + 8)( (5 +4) + Ra(s) {(s + 3)°
+ R3(s) (s +1)C(s +3) + Ra(s) C(s +2)% + Rs(s) {(s + 2)C(s + 3),
P (s) = Ru(s)C(s +3)C(25 +2) + Ra(s) C(s +2)C (25 +2)
+ R3(s) C(s +2)C(25 + 1) + Ra(s) {(s + 1)(2s + 1),
CGpn (8) = Ri(5) (s +3)C(25 +2)((3s + 3) + Ra(s) {(s +2)C(2s + 1){(3s + 1)
+ R3(s) {(s + 1)C(25 + 2)¢(3s + 2) 4 Ra(s) C(s + 1)C(25 + 1)¢(3s + 2)
+ Rs(s) {(s + 1)C(2s + 1){(3s + 1) + Re(s) C(s + 1)C (25 + 2)¢(3s + 3),

where R;’s are certain rational functions. For more examples, see Appendix B of [24]
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By definition, é p(s) are meromorphic functions in C having only finitely many poles.
In addition Weng observed that f p(s) satisfy standard functional equations for several
examples of ((G,T); P/B), and conjectured that it holds for general pairs (if G is a
classical semisimple group at least):

Conjecture 1 There exists ¢ = ¢((G,T); P/B) € Q such that (p(—c — s) = Cp(s).
The conjectural functional equation derives the corresponding Riemann hypothesis:
Conjecture 2 All zeros of p(s) lie on the critical line R(s) = —¢/2.

As for Conjecture 1, initially, Weng proved it for SL(n) (n = 2,3,4,5), Sp(4), SO(8)
and Ga. Successively, H. Kim-Weng proved the case of (SL(n),P,—11) for arbitrary
n > 2 (unpublished). Finally, the second author established the conjectural functional
equations of Cp(s) for general ((G,T); P/B), and determined the value ¢((G,T); P/B)
explicitly in [I3]. As for Conjecture 2, its validity was known for ten examples of
((G,T); P/B), namely, G = SL(n) (n = 2,3,4,5), Sp(4), G2 and their arbitrary maxi-
mal parabolic subgroup P, and further, the simplicity of zeros were also known for these
pairs ([TIJI2IT4T9-21]). This is surprising, because a linear combination of zeta functions
has a lot of off-line zeros in general even if it has a functional equation (e.g. [5L6L[17]).

Roughly, the known proof of Conjecture 2 for the above special cases consists of two
parts. The first one is to show that all but finitely many zeros of 6 p(s) lie on the critical
line, and the second one is to remove the possibility of off-line zeros. Methods for these
two parts have different nature. We may say that the first part is of the problem for the
zeros of higher position, and the other part is of the problem for low-lying zeros. The
latter problem is difficult and interesting than the former one as well as in the theory of
classical zeta/L-functions. In fact, the proof of the first part for the above ten examples
were improved and unified in [I2], unfortunately we still need a numerical computation
for the latter part. In the present paper, we prove the following result for the first part
of Conjecture 2 by generalizing the method of [I2] and by using the theory of [13]:

Theorem 1.1 (Weak Riemann Hypothesis) Let G be a Chevalley group defined over Q,
in other words, G is a connected semisimple algebraic group defined over Q endowed with
a mazimal (Q-)split torus T. Let B be a Borel subgroup of G containing T. Let P be a
maximal parabolic subgroup of G defined over Q containing B.

Then all but finitely many zeros of %Gpig(s) are simple and on the critical line of its

functional equation.

Remark Similar results hold if we replace ((s) by a suitable (completed) L-function,
because we use only standard analytic properties of ((s) in the proof.

Remark It is expected that f(éf};%(s) has no zeros outside the critical line as well as

in known cases G = SL(n) (n =2,3,4,5), Sp(4), G2 that correspond to root systems of
type 4, (n =1,2,3,4), Co(~ By) and G2. However we have no idea how to prove it in
general.

We note that the known proof of Conjecture 2 about ten examples mentioned just
before Theorem [Tl depends on explicit formulas of (A(g];%(s) presented by Weng (see

[24]). On the other hand, the method of the proof of the functional equation in [I3] is
completely abstract, and hence it does not depend on an individual root system. In this
paper, we will prove the above main theorem in such a way that we refine the proof of

the Riemann hypothesis of ééGpig(s) demonstrated in [1214,[I9H2T] by using terms of
the abstract root system as well as in the proof of the functional equations in [I3].

The paper is organized as follows. In section 2, we rewrite zeta functions CA(I(DGI;F‘%;(S)

in terms of abstract root systems, and define zeta functions more rigorously. In section
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3, we sketch the outline of the proof of Theorem [[LIl In section 4, we briefly review the
story of the proof of Theorem [l restricting on the most simple cases (SL(n), P,—11).
In sections 5 to 7, we carry out the scheme of section 3 without proofs of lemmas and
propositions. The section that the proof of each lemma or proposition is accomplished
is mentioned here. In section 8, we prepare further notations and auxiliary lemmas for
the proofs of results in sections 5 to 7. Finally, in sections 9 to 15, we fill the details of
proofs of lemmas and propositions in sections 5 to 7, and complete the proof of Theorem

L1

2. DEFINITION OF WENG ZETA FUNCTIONS FOR (G, P)

2.1. Root system and the Weyl group. Let V be a r-dimensional real vector space
equipped with an inner product (-,-). Let ® C V be a (reduced) root system of rank

rand A = {ay, -+ ,q,}, its fundamental system. Let oV = 2a/{(a,a) be the coroot
associated with o € ®. Let A = {\1,- -, A\, } be the set of fundamental weights satisfying
(Ai,af) = dij. Let ®F be the corresponding positive system of ® and &~ = —&¥ so

that ® = @ U ®~. Let
1 s
DT R
j=1

be the Weyl vector. Let ht o = (p, @) be the height of V.
Let W be the Weyl group generated by simple reflections o; = 04, : V — V attached
to simple roots a; € A. We denote the identity of W by id. For w € W, we put

P, =0T Nw e

and let I(w) = |®,| be the length of w. Let wy be the longest element of W. Then we
have w} = id, wpA = —A and wy®+ = &~

We fix an integer p with 1 < p < r. Let ®, be the root system normal to the
fundamental weight X\,. A fundamental system of ®, is given by A, = A\ {«a,}. Let
@; =®T NP, (C ®') be the corresponding positive system of ®,,. Then ¢, = @; ue,
with & = —®F. Let

1
Pr=3 > o
aE@J

Let W), be the subgroup of W generated by simple reflections {o; = 04, |a; € Ay}, Let
wy be the longest element of W,. Then w? = id, w,A, = —A, and wp<I>;‘ =P,

P
Definition 2.1 Define the subset 20, of W by
W, ={weW | A, cCw ' (AUD )}

Clearly id, wg, w), belong to 20,,. The condition

A, CwH(AUD) (2.1)
plays an important role in several places of the proof of Theorem [T

To describe the functional equation, we introduce the constants
ep=2(Ap — Pp’a;;/> (2:2)

as well as [I3]. Then ¢, is a positive integer for every 1 < r < p.
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2.2. Definition of Weng zeta functions in terms of abstract root system.

Let G be a connected semisimple algebraic group and let g be its Lie algebra of G. Let
T be a maximal torus of G, and let g, = {X € g|Ad(t)X = «a(t)X} for each character
a € X*(T). Then the set ® = ®(G,T) = {a € X*(T)|ga # 0} is finite, and makes
a root system (in the vector space X*(7T) ® R). Conversely, for a given root system
®, there exists a connected semisimple algebraic group G = G(®) defined over a prime
field having & as its root system with respect to a split maximal torus 7" of G by the
fundamental theorem of Chevalley. The group G(®) is called a Chevalley group of type
® (or split group, since it has a maximal torus which is split over the prime field).

Therefore we can deal with Weng zeta functions for Chevalley groups defined over Q
by using the language of abstract root systems only. Now we define Weng zeta functions
again in terms of abstract root systems.

Let ¢(s) be the Riemann zeta function, and let
C(s) = m/*T(s/2)¢(s),
£(s) = s(s — 1)((s) = s(s = Dr 2T (s)¢(s).

Note that Weng [24] and Komori [I3] use the notation £(s) to indicate our {(s) as well
as Langlands [I5] et al.

Definition 2.2 (Periods for (®,A)) Let ® be an irreducible root system and let A be a
fundamental system of ®. For A\ € V', we define

oo 1 C((A.a¥))
wa) = > 1 (wA — p, V) 11 C((hav)y+1)

weW acA acdy,

Here we understand that the second product equals 1 if &, = ®T Nw1d~ = (.

Definition 2.3 (Periods for (®, A, p)) Let ® be an irreducible root system of rank r with
a fundamental system A = {aq,--- ,a,.}. Let 1 < p < r. Take the coordinate of V as

A=) (A+s)A=p+> sih (AeV)
j=1 j=1

so that (A — p,a”) = 37" a;s; for ¥ =370 aja), and write Ay = {B1,---, Br-1}.

Then we define wy, : C — C by

P P
= = Re e Re A

= Res--- Res Res ---Res wX()),

8120 Sp_1=0 Sp+1=0 Sr=0

(2.3)

where the variable s, is written as s.

Remark The function w,(s) is well defined, since it does not depend on the ordering
of the set of simple roots A, by Proposition 2.2 of [13].

Remark Let G = G(®) be a Chevalley group, and let B a Borel subgroup containing the
maximal split torus T'. Let P (D B) be a maximal parabolic subgroup of G corresponding

to the simple root . Then functions w$ () and wi,p(s) are the periods w((@?éT)(A) and

(@.1)
“o,p/B

Definition 2.4 For w € 20, and (k,h) € Z?, we define
Nyl h) = #a € w10~ | (y,0%) = k, hta¥ = h},
Np(k’ h)=t{a € Q] <)\p’a\/> =k, ht a’ = h}

(s) respectively.
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and

My (k,h) = max (Npw(k,h — 1) = Np(k, h)).
weW,

If k>1or h>1, we have
Npw(k,h) = t{a € @y | (Np,a") =k, hta" = h},
Ny(k,h) = t{a € @7 | (\p,a¥) =k, hta" = h},
because a root a € ® is either « € T or v € O~

Definition 2.5 (Weng zeta function for (®, A, p)) Using the above notation, we define

Gp(s) = (R (s) = wp(s HH<k5+hMp(kh)

k=0 h=2
Remark Note that M,(k,h) = 0 except for finitely many pairs of integers (k, h). The

function ¢,(s) coincides with the zeta function 58/013(3) of [24] if ® is the root system

attached to (G,T) and «,, corresponds to the maximal parabolic P. Moreover, we find
that the numbers I(G/P) and J(G/P) defined in [24] section 2| are given by

I(G/P)= Y My(k.h), J(G/P)=> M,y(0,h),
(k,h)E€Z2, k#0 heZ
because the product [172, [Ty (ks+h)Mr(*:") is minimal in the sense that it eliminates
all ((as +b) and ((c) appearing in the denominators of w,(s) ([13]).

Remark We will have M (k, h) = Npwo(k,h —1) — Np o (k, k) in Corollary B.7 below.

Theorem 2.6 (Komori, Theorem 2.4 of [I3]) Let ¢, be the constant defined in ([22]).
Then fp(s) satisfies the functional equation

6p(5) = 6p(_cp —8).

Remark See Appendix 2 for table of numbers ¢,. The numbers ¢, can be interpreted
geometrically in terms of the first Chern class of tangent bundles on a homogeneous
space or an index of a homogeneous space. See Appendix 3 for details.

Now the reformulation of Theorem [l in terms of {,(s) is obvious, thus we omit
such a direct reformulation of Theorem [Tl See Theorem [7.4] and Theorem [[5] that are
reformulations of Theorem [[LT]in terms of entire functions &,(s) defined below.

3. OUTLINE OF THE PROOF
Define the entire function &,(s) = Q(s) {,(s) by multiplying a suitable polynomial.

1. At first we construct an entire function e,(s) satisfying

(%) &p(s) = ep(s) ep(—cp — ).
Here the sign 4+ depends on the degree of Q(s). The formula (x) plays a central role
on the current line of the proof. More precisely, Theorem [[.1] is reduced to a study of
the location of zeros of €,(s) by (%), and fortunately, it is less hard to investigate the

zeros of e,(s) than (y(s). A kind of the formula () was used in every (known) proof
of the Riemann hypothesis of (,(s) for G = SL(n) (n=2,3,4,5), Sp(4), G3. This step is
described more precisely in section

2. Successively we investigate the location of the zeros of €,(s). The aim of this second
step is to show that

(i) the number of zeros of €,(s) in R(s) > —¢,/2 is finitely many,
(ii) in a left half-plane, €,(s) has no zero in a region R(s) < —xlog(|(s)| + 10).
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This step is described more precisely in section

3. Finally we prove Theorem [[LI] by using the results of the second step. The main
tool of this step is the Hadamard product formula of €,(s). Essentially this part is a
modification of the method which was established in [I2] by the first author. This step
is described more precisely in section [7l

The most essential part of our proof of Theorem [[.T]is in the second step. To complete
the proof of the second step, we need a detailed study of a structure of Z-grading of
root systems @ (or Lie(G)) induced from fundamental weights Ap. We review the flow
from the first step to the second step in the next section by taking up the cases of
(SL(n), P,—1,1) as an example.

The first step is established by an algebraic way via the general theory of root systems
and Weyl groups attached to maximal parabolic subgroups P. The argument of the final
step is achieved by a purely analytic way. Frequently, basic analytic properties of ((s)
will be used in demonstrating Theorem [L1]

4. CasEs OF (SL(n),Py-11)

Let P= P, 11 = {(’6‘ g) € SL(n)|A e GL(n—1), D € GL(l)} be the standard

maximal parabolic subgroup of G = SL(n) attached to the partition n = (n—1)+1. For
these special cases, Theorem [[LT] was established by Weng (unpublished) after the work
of the first author [12]. As a review of the proof of general cases, we sketch the proof of
Theorem [[.1] for these special cases restricting it on the first and the second step.

Let B be the standard Borel subgroup consisting of upper triangular matrices, and let
T be the standard split torus in B, that is, the torus consisting of diagonal matrices. The
root system @ associated with T is of type A,_1, and is realized as &+ = {e; — ;|1 <
i < j < n}, where {e;|1 < ¢ < n} is the standard orthonormal basis of R™. The set of

simple roots A associated with B is A = {a; :=e1 —ea, -+ ,ap_1 := €51 — €y}, and
the half sum of positive roots is
1
p= 5((n —1)er+ (n—3)ea+ - — (n—3)en—1 — (n— L)ey).

The Weyl group W is identified with the symmetric group on n letters S, by the con-
vention w(e; —e;) = Cuw(i) — Cuw(j) (W € Sp). The longest element wy of W is given by the

12 -
nn—1--
corresponds to the simple root a,_1 = e,_1 — e, and has the Levi decomposition
P = MN with M ~ GL(n —1). We have

permutation 7], and —wop = p. The maximal parabolic subgroup P = P, _1 1

CI)j;_.:q)j;_l :{ei—ej\l §i<j§n—1}, APZAn_l Z{Oél,--- ,Oén_g},
1
pp = pPn—1 = 5((n— 2)er + (n—4)eg + - — (n—4)ep_z — (n — 2)en_1),

and the fundamental weight corresponding to P is

1
Ap =M1 = 5(61 +-tep1— (n—1ey).

The Weyl group Wp = W,,_1 is the subgroup of W which corresponds to the symmetric
group on (n — 1) letters {1,2,--- ,n — 1}. The longest element wp = w,_1 of Wp is
given by the permutation <nl1 n32 - "Il>, and —wppp = pp.
Comparing with general cases, structures of (& \ ®}) Nw™1®* and &} N w1+
(w € W) in the present case are rather simple, therefore it is not hard to find that
";1 h) - ((s + n) is the minimal product of zeta functions and zeta values which
h=2
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() (s).

eliminates all zeta functions and zeta values in the denominator of each term of Wo.p/B
Hence we have

Cp(s) = wiy pp(s H ) - {(s +n).

More precisely, we obtain

with rational functions

1
Bn(s) = Z Cu H (Ap,a¥)s +htaV — 1’

weWp ae(wilA)\ép
l(@F\&h)nw=let|=n-1

where Wp = {w € W |wAp C AUP ™} and

1 . At -1 ((hta¥ +1)

_ [ALNw= et S\ A
Cu H htaV — 1 C(2)77 H C(htaY)
ac(w=TA)N(Pp\Ap) oge(<I>;\Ap)ﬁw*1<I>7L

The constant ¢, appearing in the functional equation (22) is calculated as follows:
cp =2(\p — pp,ap) =n.

We have Rp(—n — s) = Rp(s) for every 1 < h < n by considering the involution
w — wowwp of Wp according to [I3]. Hence we obtain the functional equation

Cp(s) = Cp(—n —s).
by using the functional equation of ¢ (s). Define

n

ép(s) = [ (s + k) - Cols).

k=0
Then we find that £p(s) is an entire function, and each

n

1
P = k 1<h<
6= e T e L+ k) a<nsn
is a polynomial. Set
Z Pu(s)é(s+ h), n is even,
h=n
r(s) =" 1 nt1
Z Py(s)é(s+ h) + §PnT+l (s)¢ <s + >, n is odd

h=(n+3)/2

with £(s) = s(s — 1){(s). Then we have
ép(s) = ep(s) + (=1)"lep(—n — )

by the functional equation of (p(s). This is the formula () of section Bl
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By definition, we have

Py(s)é(s + 2), n=2,
1

Pa(s)€(s+n) | 1+

h=n/2 Pn(s) § n) ’
gp(s) = n > 2 is even,
-1
S R st 1Pm)e(s+ )
Pa(s)é(s +n) | 1 +h:(n2+3)/2 P9t T2 B G |

n is odd.

It is well known that £(s) has no zeros in the right half plane R(s) > 1. Thus £(s + n)
has no zeros in the right half plane R(s) > —n/2. Furthermore |{(s + h)/&(s +n)| < 1
for ®(s) > —(h+mn —1)/2 (see Lemma [0.1] below). Therefore, if

deg P, (s) > deg Py(s) +1 for every 1 < h < n,

we can conclude that the number of zeros of ep(s) in the right half plane R(s) > —n/2.
This is 2 (i) of section[3 It is not hard to find that deg P, (s) < n—3 forevery 1 <h <n
(n = 3) (see Lemma [[0.1]). Therefore assuming deg P,,(s) = n — 2, we have the above
inequality, but it is not trivial to know the degree of P, (s) for general n > 2 even if it
may be the actual situation. By definition of P,(s), it is equivalent to the nonvanishing
of the Q-linear combination of products of special values of 6 (s):

1
Z Cw H <)\P704v> 7é 0’

+w€ﬂﬂp ac(w—lanep
[(@T\e )nw—let|=n-1 [(w=laNep|=1

and it is highly nontrivial. Fortunately, this problem can be solved by using the volume
formula of [23] section 4.7] (see the proof of Lemma [[0.3]in section [I0]). In contrast with
2 (i), 2 (ii) is provided easily by using the Stirling formula for the gamma function.

5. THE FIRST STEP OF THE PROOF OF THEOREM [L.]]

5.1. A modification to entire functions. The zeta function ¢® ,(8) is meromorphic
on C and has finitely many poles. In order to prove Theorem [[LT] we consider the entire
function 5319(8) which is a polynomial multiple of Cg,p(s).

At first, we recall formula (2.8) of [13]:

1
o —
wWapls) = Z H (ApaV)s+htaV —1

weWy, ac(w—TAN\A,

< I dpa)s+hta’) J] <((Ap.aY)s+hta?) !

acdy\Ap ac(—dy)

Here we understand that each product equals 1 if its index set is empty.

Definition 5.1 We define the product of zeta functions
Fp(s) = H Qt(()‘paav>5 +hta),
acd—

and the meromorphic function



ON THE ZEROS OF WENG ZETA FUNCTIONS FOR CHEVALLEY GROUPS 11

Then we have

Zp(s) = Z fpw(8) Gpw(s),

weW,

with rational functions f, ., and products of zeta functions g, .:

1
fow(s) = H v v )
acw-TANA, (Ap,aV)s+htaV —1

puls)= I pa?)s+hta),

ac(w™leT)\A,
since @~ \ @, = @~ Nw 1P~ and (@, \ Ap) U (D7 \ @) = (w107) \ A,

We modify the above formula of g, ,, so that all coefficients (\,,a") of s in g, will
be nonnegative integers. We see that g, .,(s) is

[T <paY)s+nta) I1 S, a¥)s + ht o)

ag(w=le=)Ne- ac((w=1e~)NE+TN\A,

= 11 C(1—(N\p,aY)s —htaV) 11 C((Ap,aV)s +htaY)
ac(w=1o-)Nd- ac((w=1e—)Nd+)\A)p

= H §(<Apa—av>5+ht(—av) +1) H f(()\p,a\/)s—l—h‘cav)
ac(w=1e-)Nd- ac((w=1e—)Nd+)\A),

= I dpavsthta’ +1) I1 E((pra¥)s + hta)
ac(w—1ot+)Nd+ ac((w=td—)Nd+H)\A,

for each w € 20, by using the functional equation ¢ (s) = ¢ (1 — s). Then all coefficients
(Ap, @) in the last line are nonnegative integers:

Ipw(s) = H CA(O‘pa a’)s +hta) H Qt(()‘p,aws +hta' +1) (5.1)
a€DLH\A, acd+H\ by,

for each w € 20,. Note that @\ ®,, = &T Nw 1dT. Define
1 ifaew ot
5a,w = . Y (52)
0 facw .
Then formula (5.)) is written as

Gpa(s) = CIPM T (s 0”)s + bt Y + Ga).
acdt\A,

We define entire functions Xp,w(s) by replacing f(s) of gpw by &(s):

Xpaw(s) = €@)AM T T €((Ap,a¥)s +htaY + daw). (5.3)
a€dPT\A,

Obviously, we have

—1q+
an(s) = olApnuT® lgpw(s)

)

X H <<)\p, a’)s+hta" + 5a7w) (()\p,av>s +ht o + 6p 0w — 1>.
acdPT\A,
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Define the polynomial @Q,(s) by

Qu(s) = H olApnw Tl et H (<>\p’av>8 Lhta¥ — 1)

weW, ac(w=1ANA,

< ] <()\p, a”)s+htaV + 5a7w) (()\p, a¥)s +hta’ + 6a0 — 1)
acdPT\A,
Definition 5.2 Under the above notation, we define
Xp(s) = Qp(s)Zp(s).
By definitions X,(s) is an entire function having the form

Xp(s) = Z Qp,w(s) Xp,w(s)a

weWp

where Qp,w(s) are polynomials given by

Qpu(s) = H 9lApnvT o] H (()\p,av>s +htaV — 1)

w#veEW, ac(v=TAN\A,

X H <<)\p, a’)s+hta" + 60{71,) (()\p, a’ys +hta + a0 — 1)
acdt\A,
Remark Note that the polynomial @, (s) is not minimal in a sense that the polynomial
of the lowest degree such that Q(s)Z,(s) has no poles. In fact Q,.,(s) (w € ) has a
lot of common divisors as well as X, ,,(s).

Now we modify X, ,(s) and Qp.(s) a little. Define

Cp,w — 5(2)‘Apﬂw*1<1>+\ H §(ht aV + 504,10)7 (54)
ac®f\Ap
Xp,w(s) = H £(<>‘pa av>8 + ht a\/ + 5a,w)
a€dT\@;f

and

Qp,w(s) = Cp,w@p,w(s)-

Then we have

Xp,w(s) = Cp,pr,w(S)
and

Xp(s) = Z Qp,w(8) Xpw(s).

weWp
Lemma 5.3 Let ¢, be the number defined in [22). Let wo (resp. wp) be the longest
element of W (resp. W)). Then the functional equations
Xp,w(_cp —5) = vawowwp(s%
Qp,w(_cp —5) = €p Qp,wowwp(s),
Qp(—cp —5) = €, Qp(s),

hold for every w € 20, for a suitable choice of sign €, € {£1} depending only on p. In
particular we have the functional equation

Xp(—cp = 5) = ¢ Xp(s).
Proof. This is a consequence of Lemma 5.3 of [13]. O
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5.2. Decomposition of X, (s). The aim of this part is a construction of an entire
function E,(s) satisfying
Xp(s) = Ep(s) + epEip(—cp — ),
where ¢, is the sign of Lemma [5.3]
Definition 5.4 For w € 20,,, we define the number l,(w) by
pw) =Y (1= =@\ &) nw e,
a€d+H\ o
Remark Compare ,(w) with the length [(w) = [®T Nw™1®~| of w € W.
Lemma 5.5 Let w), be the longest element of Wy,. Then we have
lp(w) + I (wowwy,) = [T\ (I);ﬂ
for every w € 20),.
Proof. We have
(@4 @) 1 (wowy) 07| = [uy (@ \ &) A w @F| = [(@F\ ) Nw o,
Hence we obtain
Lp(w) + L (wowwy) = [(@F\ &) Nw™ @7+ (2T \ &) N (wowwy) ™' 7|
P\ BT ~1g- 1\ Pt “1H+| — |+ \ T
= @7\ @) Nw @[+ [(@T\ ) Nw 07| = [T\ @
for every w € 20,. O
Definition 5.6 We divide the subset 20, of W into three parts:
_ ot - 0
W, =W, 0, I 0,
where 11 means the disjoint union, and
Wy = {w €W, | p(w) < |27\ 27]/2},
W, ={w e W, | l(w) > |(I)+\‘1);—|/2}a
QU?, = {w e W, | l,(w) =|dT\ <1>;f|/2}.

Note that Qﬁg = () is possible, and
wo QU]? Wy = QU+

0,, _ o0
i wo Wy, wy, =W,

by Lemma
Definition 5.7 Define
Ep(s) = Z Qp,w(8) Xpw(s) + % Z Qp,w(8) Xpw(s).
weW, weWY
Here we understand that the second sum equals zero if the subset Qﬂg 15 empty.
Proposition 5.8 We have
Xp(s) = Ep(s) + epEp(—cp — 5),
where €, is the sign of Lemma[Z3
Proof. This is obvious by the above definitions and lemmas. O

The decomposition of Proposition is useful for our proof of Theorem [[LT] (the weak
Riemann hypothesis). However we do not know whether this choice of Ey(s) is best

possible for the Riemann hypothesis for ¢ p(s).
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5.3. Reduction of X,(s). By definition of @ ,(s) and X, ,(s), component terms
Qp,uw(8)Xpw(s) of Xp(s) have a lot of “common factors”. Now we define “the greatest
common divisor” of these terms.

Definition 5.9 Define

Dy(s) = [ ] &(ks + h)Neth-D-Malieh),
k=1h=2

Rp(s) = g.c.d {Qpu(s) | w €Wy},

where “g.c.d” means the monic polynomaial of the mazrimal degree which divides all poly-
nomials Qp,(s) in the polynomial ring Cls].

Remark The above definition of D, (s) is different from the one of [13], since we use
the notation £(s) = s(s — 1)7—*/2I'(s/2)¢(s) in this article.

Definition 5.10 Define

We have
&p(s) = ep(s) £ ep(—cp — 9).
The entire function &,(s) equals the zeta function fp(s) times a polynomial. Hence

Theorem [Tl is equivalent to the statement that all but finitely many zeros of &,(s) lie
on the line N(s) = —¢,/2.

6. THE SECOND STEP OF THE PROOF THEOREM [[1]

Roughly the second step is a consequence of the result that X, ;q(s) is dominant in
R(s) = —cp/2 and X,,54(s)/Dp(s) has no zeros in R(s) > —cp/2, since

Xp,w(s)

B = [ X @] o) 15 % Ru Sl

b
; " p,id (5)
weﬂﬂp weWp \Qﬂp
20p (w)<| S\ @) |

where QU%, is a subset of 20, defined below and R, (s) are some rational functions. The
analytic behavior of E,(s) in the right half-plane R(s) > —¢,/2 is less difficult than that
of the left.

6.1. Behavior of E,(s) in a right half-plane. In this part we construct the dominant
term of €,(s) in a right half-pane via E,(s) of Definition 5.1

Lemma 6.1 Let {v; =id,ve,--- ,v;} be the left minimal coset representative of Wy:
l
W= | W,
j=1
Then ly(w) depends only on the coset v;W,,.
Proof. For w € vjW,, we have l,(w) = [(®T\ &) Nw 1@~ | = [w(@t \ &) Nnd~| =
[0, (@T\ &) N 7| = [(@F\ &) Ny @] = Iy(vy). 0

Lemma 6.2 Let wy be the longest element of W. We have
,(id) =0,  Ip(wy) = [T\ ®].

In other words the minimum value and the mazimum value of l,(w) are attained by the
identity element id and the longest element wq respectively.
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Proof. We have I,,(id) = [(®T\ @ )N®~| = 0 and ly(wp) = [(F\ &) NOT| = [T\ D F|
by definition of I,(w). O

Lemma 6.3 Define
QU;;; ={w €W, | l,(w) =0}

Then id € QUII, and
Wi ={weW, | (2T\d))Nw'e" = (&7 \ )}

In particular Xp . (s) = Xpid(s) for every w € QU%,.

Proof. This lemma immediately follows from Definition 5.4 and (53)). O
By Lemmas [G.1], and [6.3]
W =W, Toa W, 1T+ - - 0, W,

for some 1 <m <1 (= |[W/W,|).
Definition 6.4 (the dominant term in a right half-plane) We define
Xp(s) = Xpials),  Qh(s) = Qpuls)
weﬂﬂf,
By definition
[ee] oo
Xi(s) = Xpia(s) =[] €(@pa?)s+hta? +1) = [T [] ks + m)Neten=b.
aeqﬁ\q;; k=1h=2
The following two propositions assert that
Q) X55) = (X @) [ €rpa)s+hra’ +1)
weﬂﬁi a€dT\d;F
is the dominant term of E,(s) in a right half-plane.
Proposition 6.5 We have
deg Q}(s) = deg Qpu(s) +1
Jor every w € (2} U W) \ 205
Proposition 6.6 We have

vaw(s) 1 §R _c_p

X;(s) <1 for R(s)> 5
and

Xpw(s) c

)%5(5) <1 for R(s)= _Ep

for every w € 20, \ QU%,,
The dominant term Xzi,(s) has the following property.

Proposition 6.7 Let D,(s) be the function defined in Definition [ Then

X4 (s)

Dy(s)

Furthermore, there exists a positive function §(t) defined on the real line satisfying
d(t)log [t| — oo (|t| = o0) such that X};(s)/Dp( ) has no zero in R(s) > —cp/2 — 0(t).

£0 for R(s)> %p
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Remark By a known result [22] p.135] obtained by Vinogradov’s method, we could

take d(t) such that
1

ot
) < (log t)2/3(log log t)1/3

as t — oo.

We prove Proposition in section [0, and Propositions and in section
These three propositions derive the following result.

Proposition 6.8 The number of zeros of €,(s) lying in right half-plane R(s) > —c,/2
is finitely many at most. Furthermore, there exists a positive function §(t) on the real
line satisfying 6(t)log|t|] — oo (|t| — o0) such that the number of zeros of €,(s) in
R(s) = —cp/2 —0(t) is finitely many at most.

Proof. We have

Ep(s) = Qi (s)X3(s)[L + 7p(s)] (6.1)
. Q) Xpuls) , 1 = Quuls) Xpuls)
s s s s
po= X Gl Bl ) 5 Gl Ko
wew\auk (s) Xp(s) weNY p(s) Xp(s)
Define
1
o,=fec| ¥ [Feldi ]y |Gl
Qi(s) | 2 Qi (s)
wew\h | <P wewy | =P
Then ©,, is a bounded region in C by Proposition Therefore we have
Irp(s)] <1 for R(s)=> —%p with s € D), (6.2)
by Proposition Hence Proposition and (6.2) implies Proposition O

The final proposition of the second step is about the zero-free region of E,(s) on a left
half-plane.

Proposition 6.9 There exists a positive real number r such that Ey(s) has no zeros in
the region R(s) < —rlog(|(s)| + 10).

This will be proved in section [[Iby using the Stirling formula. Combining Propositions
and [69] we find that all but finitely many zeros of e,(s) lie in the region

{s:a—i—iteC —ﬁlog(\t\+10)<a<—c2—p}.

7. THE THIRD STEP OF THE PROOF THEOREM [T

The final step of the proof of (the front half of) Theorem [[LT] consists of three parts.
The first one is about the number of zeros of €, (s) in a given region. The second one is
the Hadamard factorization formula of €,(s). The third one is an application of a result
of de Bruijn [3, p.215] (see also Lemma 3.1 of [I2]) which was established by the first
author in [12].

Proposition 7.1 Let T' > 1, and 0 > ¢,/2. Denote by N(T';0) the number of zeros of
ep(s) in the region

—o <R(s) < —¢p/2-0(t), 0<(s) <T.
Then there exist a positive number oy, > 0 such that
N(T;o1) =C1TlogT + CoT + O(log T')
for some positive real number C1 > 0 and real number Co, and
N(T;400) = Cy TlogT + C3T + O(log? T)

for some real number Cs.
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Thus we have N(T;4+00) — N(T;01,) = O(T). Also, we can justify this by applying
and modifying the method in [22] p.230|. This will be proved in section

Proposition 7.2 Define
Wp(2) = ep(—cp/2 + 12).
Then it has the product formula
Wy(z) = we™*V (2)W1i(2)Wa(z),

where w is a nonzero real number, « is a real number, V(2) is a polynomial having no
zeros in I(z) > 0 except for purely imaginary zeros,

o f1[0-2) ()

n=1

W) = [ [(1 - 77_> <1 * F)]

n=1
with R(pn) >0, R(np) >0 and 0 < §(t) < S(pp) < or, +1 < S(nn) < klog(R(ny,) + 10)
for every n > 1. Here §(t) is the function of Proposition[6.8, K is the positive number of
Proposition[6.9, and oy, is the positive number of Proposition[Z1. The products W1 and
Wy converge uniformly on every compact subset in C.

This will be proved in section [[3] by using Proposition [Z.1l

Proposition 7.3 (Proposition 3.1 of [12]) Let W(z) be a function in C. Suppose that
W (z) has the product factorization

o= f1[(-2) (03]

n=1
where h(z) is a nonzero polynomial having N many zeros counted with multiplicity in the
lower half-plane, « € R, S(pp) >0 (n =1,2,---), and the product converges uniformly
in any compact subset of C. Then, W(z)+ W (z) and W (z) — W(Z) has at most N pair

of conjugate complex zeros counted with multiplicity.

Now we achieve the following goal which is an immediate consequence of Propositions
and [[.3l Note that the realness of the exponent « of Proposition is crucial.

Theorem 7.4 (Weak Riemann Hypothesis for &,) There exists a bounded region B,, such
that all zeros of &,(s) outside B, lie on the line R(s) = —c,/2.

By studying of the behavior of the argument of £,(—c,/2 +it) (¢t > 0), we obtain the
following additional result.

Theorem 7.5 (Simple zeros of &,) There exists a bounded region B,(D B,) such that
all zeros of &y(s) outside By, lie on the line R(s) = —c,/2 and simple.

This will be proved in section[I4l Theorems [(4] and [[.5limply the main result Theorem

[LT because of Chevalley’s fundamental theorem.

8. PRELIMINARIES FOR PROOF OF PROPOSITIONS AND

In this section, we prepare several lemmas for the proof of Propositions and
Indeed, Lemmas [B1] and T8l will play an important role for it. The condition (2.1))
in Definition 2] is essential for Lemma

For integers k and [, we define
Sp(k) = {a € @[ (N, ") =k},
Y,(k,h) = {a € ®| (N, ") =k, hta' = h}.
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They are not empty for finitely many (k, ). The set of positive roots @ is decomposed
into the disjoint union

oF \ (I);r = |i| Ep(k), Tp(k) = Ij Ep(k, h).
k=1 h=1

By definition, Ny(k, h) is the cardinality of 3,(k, h).

Lemma 8.1 Let w € 20,,. Let a be a positive root. Suppose that a € (B \ &) Nw™1d~
and o+ oy € @\ DF for some aj € Ay, Then o+ oy € (PF\ &) N w e,

Note. Besides o € (&7 \ ®5)N wl®~ and a+a, € 1\ @} does not imply o+ ay €
(T \ @) Nw '@~ in general.

Proof. It suffices to show that w(a+«;) € @~ under the assumption. By the assumption
and the definition of 20, we have wa € ®~ and wa; € AU ®™. If wa; € &7, we have
w(a + ;) € 7, since o + a; is a root. If wa; € A, we also have wa + wa; € 7. In

fact, it is impossible that wa; € A and wa + wa; € T, since wa € 7. In each case,
we have w(a + ;) € O™ O

Lemma 8.2 Let a be a positive oot in &\ <I>;,r. Suppose that (p,, ") < 0. Then there

exists o € Ay such that o +a € (T \ @)Y, In particular, there evists aj € Ay such
that o 4+ o € (T \ &) Nw™'®7)Y, if (pp,a”) <0 for a € (T \ &f) Nw '~

Proof. By {(pp,a") <0, there exists oj € A, such that (a;,a") <0, since

T
2pp = Z 6= anaj (TL]' S Z>0).
e
Thus (af,a”) < 0 by of = 2a;/{aj,a;). Hence o + of is a positive root in @Y,
9]). Moreover a¥ + Y is a positive root in (& \ &)V, since oV € (dT\ &)V and
(m § 7 p p
az € <I>1;L . The second statement follows from the first statement and Lemma O
Lemma 8.3 Let k > 1. Then
(1) Np(k,h) = Np(k, ke, — h) for every h > 1, and
(2) Np(k,h) < Np(k,h+1) if 2h + 1 < ke,
Proof. See Proposition 1 of [16]. See also Lemma 4.3 (1) of [13] for (1). O

Lemma 8.4 Let k and h be positive integers. Write

Ep(k7 h) - {/817 T HBN} (N = Np(kv h))
if ¥p(k, h) is not empty. Suppose that k > 1 and 2h +1 < kep. Then there exists simple
roots o, - -+, (not necessary distinct) such that
e o, €A, (1<n<N),
o By +aj €@\ &)Y (1<n<N), and
o By t+oj # By +aj (m#n).

m

Proof. See the proof of Lemma O

Lemma 8.5 Let k > 1 and w € 2,. Then Ny ,(k,h) < Np(k,h+1) if 2h + 1 < ke,
In particular, M,(k,h) =0 if 2h — 1 < ke

Proof. This is a consequence of Lemmas and 841 O

Lemma 8.6 Let k > 1. Then we have

M (ko h) — 0 if 2h — 1 < ke,
PR Np(kyh — 1) — Ny(k b)) if 2h — 1> kep.
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Proof. We put

D}()l) (S) _ H H f(k‘s + h)Np(k,hfl)fMp(k,h)
k=1h=2

(cf. Definition [5.9). Then we have

(e e]

DMy =T J]  &ks+n)Nekh-b
k=1 h<(kcp+1)/2
« H €(ks + h)NoUrh=1) =My (k1)
h>(kep+1)/2
by Lemma On the other hand, we have

DI()l)(—Cp _ S) — H H g(ks + h)Np(k‘,h)—Mp(k‘,k;Cp—h-f—l)
k=1 h<(kcp+1)/2

< ] &lks+n)Nrkh)
h(kept1)/2

by using Lemma 4.3 (1) of [I3]. Because of DI(,l)(—cp —s) = D,(;l)(s) by Lemma 5.5
of [13], we have M, (k,h) = Ny(k,h —1) — Np(k,h) for h > (kc, +1)/2. O

Corollary 8.7 In the definition of My(k, h), the longest element wy attains the mazimum
max (Np(k,h —1) — Ny (k, b)) .

weWp

Proof. This is a consequence of Lemmas and B0 since Np(k,h) = Npuo(k,h). O
Let & be the highest root of ®*. Define integers ki, --- , k. by

a= ikiai (/{?z > O). (8.1)
i=1

For a positive integer k with ¥,(k) # 0, a lowest root a, (k) for ¥,(k) is the root such
that 8 —a,, (k) is a (possibly empty) sum of simple roots for every 3 € X,(k). A highest
root a;,r(k) for 3,,(k) is defined by a similarly way. Lowest roots and highest roots always
exist and are unique if ¥,(k) is not empty ([4, Proposition 1.4.2]).

Lemma 8.8 (Lemma 1.4.5 of []) Let k be a positive integer. Then X,(k) is not empty
if and only if 1 < k < ky,, where k, is the number defined in ([81]).

Lemma 8.9 (Lemma 1.4.6 of [4]) Suppose that 1 < k < ky,. Let w,, be the longest element
of Wy, i.e., wpAp = =A,. Then we have o, (1) = oy and wpa, (k) = a,f (k).

For a positive integer k with X,(k) # (), we write
ay ()Y = kay +79, (k)" (7, (k)Y € QT (4))),
where QT (A)) = >77_; Z=oc. Then the heights ht~, (k)" and ht~, (k)" are non-

negative, since they must be written as a combination of simple roots a]V € Ag with
nonnegative integer coefficients. We define

hy =hty, (k)Y = (5, (k)) (8:2)
for 1 < k < ky. For an element o € X,,(h), the height ht (v — k)" is called the (p-)level
).

of a. In this terminology, A (resp. %) is the highest (resp. lowest) level of ¥, (k). Note
that v, (1) = 0, since a,, (1) = ay.

Lemma 8.10 For every 1 < ki < ky < kp, we have h,‘; < h,i;.



20 H. KI, Y. KOMORI, AND M. SUZUKI
Proof. We have of (k2)¥ — a5 (k1)¥ € ®" by Corollary 1.2 of [T0] and
orf (k)Y — o (k1)Y= (k2 — k1) + (v, (k2)Y — 7 (k1)Y).

Therefore v, (ka) — 7,5 (k1) € QT (Ap), since ky — ky > 0 and 7,5 (k) € Q*(A,). This
implies the result by definition of h;r. O

Lemma 8.11 Let w), be the longest element of Wy,. Then we have
Wy (k) = wyyy (k) = kyy (1),

In particular, wyy,y (1) = =y, (1) and vf (k) —wpy, (k) =k, (1).

Proof. We have wpa, (k)Y = oif (k)Y = kay + ;1 (k)¥. Therefore

oy (k)Y = wy(wpay, (k)Y) = kwpoy, + wyy, (k)Y

P P
= kaf (1) 4wy, (k)Y = koy + ky,f (1)Y + wpt (k)Y
Hence kay + 7, (k)Y = kay + kv,f (1)Y +wyy, (k)¥. This implies the assertion. O

Lemma 8.12 Let ¢, be the number of [22). Then we have
¢p=2+h{ =1+hta)(1)" =1+ ht (wyey),
where wy, 1s the longest element of W
Proof. We have
cp = 2(Ap — Ppaa;;/> =2- <2Pp704;;/> =2—(p— wpp, 04;;/>
=1+ (wpp,0p) = 1+ (p,wpayy) = L+ (p, 0+, (1))
=2+ (p,'y;r(l)v> =2+h.

Then the second (resp. the third) equality of Lemma follows from definition of iy
(resp. Lemma [B9]). O

Lemma 8.13 Let k > 1. We have 2h = ke, +m if 2(pp, @) =m € Z for a € L,(k, h).
In particular if o € 3p(k, h) for h < ke, /2 (resp. h > kep/2), (pp, ) <0 (resp. >0).

Proof. Because of ¢,\, = 2p — 2p,, from the proof of Lemma 4.1 of [I3], we have
2ht ¥ — (A\p, ") ¢, = 2ht ¥ — (2p — 2p,, @) = 2 (pp, V).
This implies the assertion by definition of ¥,(k, h). O
Lemma 8.14 Let 1 <k < k), and let hf be numbers in (82). We have
hE+ by = kA

Therefore we have

k—i—lgh‘cavgkcp—k:—l (k>2) and 1§htavgcp—1 (k=1)
for a € Sy(k) if ¢p =3, and hf <k < (k+1)hf — 1.

Remark If ¢, = 2, a,f (1) = a, (1) = a;, by Lemma BT2l Hence ® is of type A;, and

the case k > 2 does not appear.

Proof. We note that
ht (wpyY) = —ht Y
for every 4V € QT (4,)). In fact, we have

ity = (pp,7") = (wppp, wpy") = —(pp, wpy”) = —ht (wyy")
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for vV € Q@ (4)), since (pp, ;) = 1 for i # p from the proof of Lemma 4.1 in [I3].
Therefore we have

k4, =ht (o, (k)" = ht (wpa,; (k)") = ht (wy(kay, + 7, (k)Y))
= kht (wpeyy ) + ht (wpy, (k)Y) = kht (wpery) — ht (v (k)Y
=k(1+h)—nt.
Here we used Lemmas and This implies Lemma O
Lemma 8.15 Let 1 < k < k. Then X,(k) is divided into the disjoint union

Ep(k) = |_| Lm(k)

m=1
satisfying the following conditions:
(1) a:f(k) € Ly(k) and |Ly(k)| = ht ogf (k)Y — ht oy (k) + 1,

(2) |L1(k)[ > [La(K)|, [Ls(k)l, - -, [ Lag, (K)| 2 1,
(3) we have
Lin (k)" = {Bm (k)" } U {Bm(k Zamj <J <L (F)] =1}

for some By (k) € Zp(k) (1 < m < M) with Bi(k) = «a, (k), and for some
amj(k) € Ap (1 <m < My, 1 <j<|Ln(k)|—1),
(4) k4 hy, =ht B1(k)Y <ht Ba(k)" < htB3(k)Y <--- <ht By (k)Y < kep/2,
(5) ht B (k)Y = ke, — ht BY, (1 < m < My,), where
B | L (k)| —1
Bn(k) =B+ Y am(k)Y.
j=1
Proof. At first we note that the problem is reduced to the cases of irreducible root
systems with 3,(1) by using results of section 1.4 of [4]. Then we see that the assertions
of Lemmas 84 and B0l for ¥, (1) hold by constructing explicitly the required disjoint
union dlrectly See Appendix 1. O

9. PROOF OF PROPOSITIONS AND
9.1. Proof of Proposition

Lemma 9.1 Let a, b be real numbers satisfying a < b. Then

{(s+a) a+b
fsrvrn| b for >
and
§(s+a a+b
m"l for Wls) =5~

Proof. This is equivalent to |{(s+(a—b—1)/2)| < |{(s—(a—b—1)/2)| for R(s) > 1/2 by
shifting s+ (a+b+1)/2 to s, and it holds by applying Theorem 4 of [14] to F(s) = &(s)
and ¢ = (a — b —1)/2. The second statement immediately follows from the functional
equation for £(s). O

Now we prove Proposition We recall

X)) =Xpia(s) = [] &y a?)s+hta’ +1). (9.1)
aEd \ O
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by Lemma From (53) and (@), we have

Kpw(s) _ (A a¥)s + hta¥)
X 11 E((Ap,aVys+htaV +1) (9.2)

a€(PT\ &) ) Nw—1d-
Using the notation of Lemma BI5] we define
Ln(k)w = Ly (k) Nw ™' ®~
and put Ay (k) = {m|1 <m < My, Ly, (k)w # 0}. In addition, we define
him(k) = max{ht o | @ € Liy(k)}, hmaw(k) = min{ht " | @ € Ly (k)w}-
for m € Ay, (k). Note that hy, (k) is attained by one of « € Ly, (k),, by Lemma[R.2 Then
the right—hand side of (@.2)) equals
P (ks 4 by €(ks + humo (k)
kHlmElAT( A b oy = H elAT(k ks & h(B) £ 1)
by Lemma B2 and Lemma B3l (3). Now, by Lemma [0.1] we have
E(ks + humuw(k)) P (B) 4 B (K)

fkrs—i-h (k)+1) 2k )

for every m € Ay (k). We have

‘<1 for R(s) > —

honw (K) 4+ hon (K) L%
2k ~ 27
for every m € Ay (k), since hy (k) = ht B (k)Y = kep — by (k) by Lemma (5).

Also, we obtain

E(ks + humw(k))
E(ks+ hp(k)+1)
unless fp, (k) + b (k) = kep. I oy (k) + hin (k) = kep,

<1 for %(S):—%p.

E(ks + hp (k) o
: =1 for R(s)=-——.
E(ks + (k) + 1) )=
Now we complete the proof of Proposition [6.0l O

Thus, we see that Proposition follows from Lemma B.I5] whose the essential part
is due to Lemmas and explicit descriptions of root systems.

9.2. Proof of Proposition We have

= ﬁ H §(ks + h)Np(k,h—l) H §(k8 + h)Np(k,h).

k=1h<(kcp+1)/2 h>(kep+1)/2
by Lemma Hence we have
CTT T ks + myotsn-v-naten, (9.3)

k=1h>(kep+1)/2
Note that Ny(k,h—1)—N,(k,h) > 0 by Lemmal83] (This non-negativity should be hold
by the construction of M, (k,h).) It is well-known that £(s) # 0 for #(s) > 1. Therefore,
&(ks+ h) # 0 for R(s) = (1 — h)/k. On the other hand, we have (1 — h)/k < —cp/2,
since kc, and h are both integers. If kc, is odd, h > (ke¢, +1)/2 implies (1 — h)/k <
—cp/2 —1/(2k) < —c¢p/2. Hence Xzi,(s)/Dp(s) # 0 for R(s) > —¢p/2. If kcp is even,
h > (kcp + 1)/2 implies (1 — h)/k < —¢p/2. It also derives Xzi,(s)/Dp(s) # 0 for
R(s) > —cp/2. We complete the proof of Proposition O

Thus, Proposition is a simple consequence of Lemma As well as Proposition
[6.0] the essential part of Lemma is due to Lemmas and [B4]
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10. PROOF OF PROPOSITION

The most essential part of the proof of Proposition is the volume formula (Theo-
rem) of [23] section 4.7] which will be used in the proof of Lemma [[0.3] below.

Lemma 10.1 Let w € W,. If [w A\ | = 1, the set T\ &F equals to either
(@T\ o) Nw et or (PT\ &) Nw 1o,

Proof. We show that & Nw(®T\ &) = w(®T\ &) or &~ Nw(®T\ &) = w(®\ &)
if |A\ w®,| = 1. Suppose |A\ w®,| = 1, and denote by «,, the only one simple root
in A\ w®,. Then oy, belongs to & Nw(®*\ &) or @+ Nw(®~ \ @), and hence oy,
belongs to ®F Nw(®* \ ) or —a,, belongs to @~ Nw (P \ ).

Put A = ANw®) and A, = ANw®, so that

A=ATUA, U{ay}

(disjoint). Then we claim Af = AN wA,. In fact A D AN wA, is obvious. An
arbitrary o € A} has the form

o= anwaj (nj = 0,wa; € - UA),
J#p
since wA, C ® U A. The right-hand side decomposes into two parts according to

waj € 7 or way € A:
o= E njwao; + E n;wa;.
J#p J#p
wajed)_ wajeA

We note that the left-hand side is a simple root. Therefore, o should be one of ANwA,,
and hence A, = ANwA,.

Now we prove the assertion of the lemma by using a different way according to two
cases way, € D1 or way, € P

First we deal with the case wa, € ®*. Assume a,, € T Nw(®T\ ). Then we will
have a contradiction unless ®~ Nw(®*\ @F) = 0. If &~ Nw(PT\ 1) # (), there exists
at least one simple root «y such that

—op €D Nw(®T\ OF). (10.1)

Actually we have

Zaiufl(—ai) = w (- Z a;0g) = bpoy, + Z bjaj (bp >0, a;,b; > 0)
i i J#p
for =3 aja; € @~ Nw(®* \ ®F). Hence we have

w(—ay) = b + Zbgaj (b, >0, ,b; > 0)
i#p
for at least one ay, since w™!(—q;) € ®.

The simple root oy belongs to one of Af, Ay, or {aw}. If a € A}, we have oy, €
ANwA, C & Nwd*. This contradicts [IAI). If oy € A, we have o € T Nw®,, .
This contradicts (IQT). If ay = av, we have ap = oy € DT Nw(PT\P,7) by assumption.
This also contradicts (I0.T]). Hence @~ Nw(®*\ @) = ) which implies @+ Nw(®H\ @) =
w(®T\ o).

On the other hand, we have @~ Nw(®F \ @) = w(®+ \ &) if we assume that —a,
belongs to ®~ Nw(®* \ @) by a way similar to the above.

Finally we deal with the case way, € ®~. We show that (<1>+\<1>;)ﬂw_1<1>_ = (PT\ D)
by induction on k for ¥,(k) if way, € @~ (ie. o € (@T\ @) Nw '®7). By Lemma
B, we have %,(1) C (@ \ @) Nw '@~ if wey, € ®~. Suppose that Y- (k —1) C
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(@t \ @) Nw e~ for 1 < k < ky. Let a, (k) be the lowest element of ¥,(k). Then
there exists § € ¥,(k — 1) such that

oy (k)Y = BY + oy,
since (a,, (k)" — /)" is not a root for any j # p by the lowest property of a,, (k)". We

P J
have way, € @~ by the first assumption and w3 € ®~ by the assumption of induction.

_ o _ . _ 1A
Therefore way, (k) = (wBY +way)” € @, e a, (k) € (2T \ @F) Nw '®~. Hence

Sp(k) € (@7 \ @) Nw '@~ by Lemma BTl O
Lemma 10.2 We have
{fwew! | [(w'A)\ @y =1} ={weW, | A, Cw (AU}
Proof. At first we prove the the left-hand side is contained in the right-hand side. We
have
{we W || (wA)\ Q) =1} ={weW, | l,(w) =0, A, Cw (AUD)}.

by definition of QI];F; in Lemma Recall that [,(w) depends only on the coset wWW,
(Lemma 6.1). Let W? be the set of minimal coset representatives of W/W,,. If vP € WP,
it implies vP®,f C ®*. Thus I,(w) = 0 is equivalent to v?®* = &%, and also v* = id.
Hence QI];F; C Wp. On the other hand, if w € W, AyNnw™H(AUS™) = Aynw™H(A,UD,),
and | (w™'A) \ ®,] = 1 is equivalent to (w'A)\ ®, = {w 'a,}. Hence we obtain
the desired consequence. The opposite inclusion is obtained by tracing back the above
argument. U

Lemma 10.3 Let Cy,,, be real numbers defined in (5.4). Define real numbers Dy, by

1 —1p+
_ olApnwTieT| vV _
Dpw — 912p H (hta 1)
’ ag(w=1A)N(Pp\Ap) (10.2)
< J] (hta +6aw)(hta + 60w — 1),
ac®f\Ap
where bq, is defined in (52). Then
1
CpwDpw # 0, 10.3
> Dy ag CreDee ? e
wGQU%,

[(w=lanep|=1
where v, is the only one element of (w™1A)\ ®,.
Proof. We first prove

ReswX ()
A=p

- R 1 ey
= > @ 11 htaV — 1 11 g C(htaY +1)

cw —1 +
ACwivl(AUq)_) ac(w™TAN\A ac(dT\A)Nw

(10.4)
holds for an arbitrary reduced root system ® (which is not necessary irreducible) and
its fundamental system A. If ® is not irreducible and its irreducible decomposition
is ® = ¢ II--- II &,,, we find that E{eswi()\) = 11", )F{eswif()\), A, = AN,

=p =pi "

pi =% > aco+ne, @ and (I04) holds for each component, since the Weyl group W (®) of
® decomposes into

W(®) =W (D) x - x W(Dy,).
We apply (I04) to ¢, A, and p, later.
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We have

Res w2 (\) = Res wip(s)
=p s=0 ’

by (23)). Therefore, it is enough to show that Reg w® »(8) equals to the right-hand side
s= ?
in (I04). By (2.8) in [13] we have

- 1 é(ht aV)
—[ApNw™ 1o _((htaY)
wA,p Z C H — H _
weWy ac(wtA)N(Pp\Ap) hta 1 aE(@;L\Ap)mw—lcp— C(ht oV + 1)
< 1 1 I (O, aY)s +htaY)
(Ap, @¥)s +hta? —1 C((Ap,aV)s +htaV +1)

ac(w=1AN\D, a€(dH\&F ) Nw—1o-

Here we note that

{ap}, ifa, e w A,

(1) AN ((w 'A)\®y) = {ap} N (w1A) = { 0 otherwise

and

{ap}, ifa,ew™ 1o,
0, otherwise.

2) An(@T\eH)Nnw o) = {

In addition, (1) and (2) do not occur simultaneously. Using these facts together with
the fact that (\,, /) = 1, we obtain that Reg wip(s) is
s= )

P ~p
S Gyt I ! I {(hta)
wew San@pay) T e g Chta¥ +1)
wpew—1a a€(w=tA)N(Pp\Ap) ae(PF\Ap) w1
1 1 ¢(hta¥)
. y H htaV —1 H ;
K0 95) et mn@utoh T T ac@nate e SBtaY +1)
I Z 6(2)_|A1)ﬂ’w*1¢‘7‘ H 1 H i(ht aV)
; v htaV —1 F v
16416271]1%7 C( )<)\p7ap> ac(w=tA)N(Pp\Ap) “ a€(®;\Ap)Nw—1d- C(hta T 1)
(lp w
1 {(htaV)
. H htoV —1 H ((htaY + 1)
a(w=tAND, ag(®H\&F U{ap HNw =10
U 1 C(ht o)
Yo et I 11 A
wey ac(w-TANA htar =1 a€(®H\A) w10 ((ht ¥ +1)
apcew™
2 () ANw 1o 1 {(htaV)
I C D | G | G
weﬁﬂlpq) ac(w-IANA htaY —1 a€(®+H\A)Nw— 18- C(ht aV + 1)
apEew™ -

Hence we obtain (I0.4)).
We recall Cp,,, in (5.4). We claim

3 ﬁcp,wpp,w: [T Gl +1)- Res 2 (). (10.5)
P “w

wemlf, oz6<I>+

l(w= LA\ Dp|=1
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We justify this as follows. We have

_; ‘A ﬂw*ICIWL\ 1 2 Vi
CpwDpw = ((2)'77 11 o I C(tte’ +da.).
ag(w=tA)N(Pp\Ap) acdi\A,

by definitions of C), ,, and D, ,,. Therefore

1
S G
V p,w=p,w
1 <>‘p’aw>
weW,
[(w=lanep|=1

6—(2)\Apﬁw_1A\

<)‘p, a\u/)>

1
H htaV —1

ag(w=tA)N(Pp\Ap)

- ¥

wGQﬂZ{
[(w=lanep|=1

X 11 ((hta¥ +1) 11 ((ht V),
a€(PF\Ap)Nw= 1o+ a€(PF\Ap)Nw—1d-
since |A, Nw™ 1T = |A, Nw tA| if w € 2W,,. If w € W), we have
(wTA) N (D, \ Ay) = (w A\ Ay A,Nnw A=A, Nnw A,
Moreover, if w € W,,, we have
(@S \ Ay Nw et = (@) \ Ay Nw o)
(@S \ A Nw™ e = (@) \ Ay Nnuw ',
since
(@F\ Ay Nw &F = ((@;j \Ap) N w—lcpg) U ((@;j \Ap) Nw (@ cp;f))
(@F\A) Nw 1 = ((cp; \A,) N w*1q>;) U ((cp; VA Nw L@\ @;)) ,
and
@S\ A Nw H(@T\®) =0, (@ \A)Nw H(d\D,) =0

for w € W). Hence, by Lemma and the fact that <)\p,w_1a;f> = (whp, o) =1 for
w € W, we obtain

1
L TpagOele

wEQﬂZ{
[(w=lanep|=1

weWp
ApCuw—l(Apudy)

x 11 {(hta +1) 11 {(ht )

6(2)|Az)mw_1Az)‘

<)\p,w_1a1\0/>

1
H htaV —1

ag(w=1Ap)\Ap

a€(P\Ap) w13, a€(P\Ap)Nw—1d,
. _ 1
— 2 |[ApNw 1AP‘ R
>, L II v
weWp ac(w=1ApN\A,

ApCw=l(Apudy)

X 11 C(hta" + 1) 11 (ht aV).
a€ (@ \Ap)Nw—1o;F a€(®F \Ap)Nw=1;
With this formula, we obtain (I(LT)) by applying (I0.4) to ®,, A, and p,.
By the theorem of [23] section 4.7|, the right-hand side of (I0.0) is positive, in particu-
lar, it is not equal to zero. In fact, it should be a product of special values of the Riemann

zeta function and volumes of several (truncated) domains corresponding to irreducible
components of ®,. Hence ([I0.3)) follows. We complete the proof of Lemma [[0.3] O
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Proof of Proposition Using real numbers C),, and D, ,, defined in (54]) and
([I02), respectively, we have

Qpw(s) =Cpu H 2lApnu™ 87| H <()\p,av>s +hta" — 1)

vEWp ac(v=TAN\A,
vFEW

X H (()\p, a’)s +htaV + 50“,) <()\p, a’ys+hta + 640 — 1)

acdT\A,
=Cphuw H D;’ql) H (()\p, a’)ys+hta' — 1)
“Ginp ac(v=1A)\P)p

X H <<)\p, a”)s +hta" + 60{71,) (()\p, a’ys+hta” + 8,0 — 1)
a€dT\d;F

% 1
=Qi(s) |CrwDp ]

v vV _
ac(w AN, (Ap,aV)s+htaV —1

1
X b
aeq!:[\q ((Ap,aV)s+htaV + 6q.uw)((Ap,@¥)s +htaV + a0 — 1)

where QQ;(s) is the polynomial

Qp(s) = H D;ﬂl) H (()\p,a\/)s +hta — 1)

veW, ac(v=1A)\®),

X H (()\p, a’)s+hta" + 5oz,v> <()\p, a’ys+hta 4+ 6ny — 1)
acdH\ o
In particular, we have

Qi(s) = Z Qpo(s)

ergi)

) 1
= Qp(s) Z Cp,vaﬂ’ H <)\ ,Oz\/>5 +htaV —1
vear) ac(iang,

1
X
aeq}:[\cp; ((Apsa¥ys+ht ¥ + d00)((Ap, aV)s +htaV + 0g,p — 1)

Hence we have

1
D

Qpuw(s) _ ac(w—1A)\D,
@5 (s) 1
Z Crw D H (Ap,a¥)s +htaV — 1<1 +0(1)>
UEQHII, ac(vTTAND,

as |s| — oo. Therefore |Qp,w(s)/Qli,(s)| = o(1) as |s| — oo for every w € (20} UQUg)\QU;i,
by Lemmas [[0.1] and We complete the proof of Proposition O
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11. PROOF OF PROPOSITION
Write s = o + it (0,t € R). By Lemma [6.3] we have
Ep(s) = X;(S)[Qi(é’) + V()]

G = Y Q) e s g e el

wem+\wi wewo p(s)

with

Thus, it suffices to prove Qp(s) + V,(s) # 0 in a left half plane, since Xg(s) is a finite
product of zeta functions.
From the proof of Proposition IEI, we have

Xpw(s) E(ks + hmw(k))
H H fk‘s—{—h (k) +1)

) k=1meA,

Using the functional equation £(s) = (1 — s), we have
§ks+a)  &((1—ks)—a)
E(ks+b4+1) &1 —ks)—b—1)
_ pobet (ks+a)(ks+a—1) T((1—ks)/2—a/2) C((1—ks)—a)
(ks+b)(ks+b+1)T((1—ks)/2—(b+1)/2) (1 —ks) —b—1)

Because of ((s)71 =Y | u(n)n™* as o — oo, we have

C((A = ks) — n(kia,b)
(((1—ks)—b—1 _HZ

Using the Stirling formula

1 1 1 1
I'(z) =V2r 2z 2 — ..
() e < * + 28822 ot CnZ

n

2+ 0 )
for |arg z| < m — €, we have
Iz+2) )\< a1 (A) an(A) —n—1
A (149N 8 G )
F(Z)z+z++zn+(\zy)
as |z| — oo with |arg z| < m—e¢, where a;(z) € R[z] are polynomials of 2 and the implied
constant depends on A and e. Using the above facts, we obtain
c1(a,b) cn(a,b)

{(ks+a) azb=1 R ) ., Gla, —n—
s 1 by = 27D o (L 0T b R4 0 )

as 0 — —oo for any fixed n > 0, where ¢;(a,b) are real numbers depending on real
numbers a, b. Applying the result to each term of Xp,w(s)/Xg(s), we obtain

Xpw(s) _ 14w Lw) Cn( ) n— — €, (w)
m_vaw(—s)A ® (14 E e e+ O(lsl 1)<1+VZ2 V_S>

for some real numbers ci(w), -+ , ¢, (w), where
Ep
pr - Z Z (hm(k) - hm,w(k) + 1)7 (11'1)
k=1 meAy (k)
Kpw = (277)_%’4"’“’ exp Zlogkz Z — hmw(k) +1) ] (>0)

meAy (k)
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Note that A, ,, are positive integers, since hp, (k) — hm (k) = 0 for every 1 < k < k)
and m € Ay (k) by definition. Therefore, for sufficiently large n, we have

1
Vo)=Y, Epu(=9)T"Qpu(s)
we (W uWY)\20}
n o ¢,
(il o) (1 S )
v=2

as 0 — —oo, where K, = K, for w € 2} \QHII; and K, = Kp.,/2 for w € 209,
We write in;(s) + V,(s) as

[e.9]

Qi(s) + Vp(s) = Z -

p=1

12 (n+1)/2
/ <1+Z iz HO(sl +)/)>,

where Q,(s) (m =1,2,3,---) are polynomials with M =  max deg Q,, < 00. Let pg be
ﬂ/
the smallest positive integer such that deg Q,,, = M. Then

Ck MO n
<1+ E /2 +O‘ ‘ (+1/2)>
po—1

n Z 1 Q,(s'?) +Z +O (s~ (n+1)/2)
= (1/110) ™% Qo (s 1/2 k/2

1/2

Qh(s) + Vp(s) =

Q 1/2 (n+1)/2
! ZH M/Mo =5 Q 1/2 1+Z k:/2 +0 (Isl~ )
p=po
Ve can take og > 0 such that
ZOO 1 Q,,(s2) e 1
p=po+1 (1/10) ™7 | Qpo 1/2 +Z k/Q +O ’8 )| < 5

holds for R(s) < —op and |I(s)| > 1. On the other hand

p=1 (
as [S(s)] — oo in R(s) < —og by the choice of py. Hence we have

Qﬂo (

to

Qu(s'%)
Q 1/2

1+Z s L4 057+ 12)| = 07 }s|2)

/o)~

Q)+ Vylo) = 22D 1 1 0(1/2) + 07112

for R(s) < —op and [J(s)| > R, where R is a large positive number and ©(1/2) means
a function whose absolute value is bounded by 1/2. Therefore

g ts) O (s s1/2
en(s) = );;Es; Rp1(8) <Q’i’(5) + Vp(S)) - );:ESi %;Es; Qg£(s) )MS 1+g)],

and |g(s)] <1 as |s| — oo with o < klog(|t|+ 10). This formula implies Proposition [6.9]
by making x > 0 large if necessary. O

12. PROOF OF PROPOSITION [T 1]

We need the following lemma.
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Lemma 12.1 Let og > 0, T > 10. Let 0 < a < B < 0, where a and 3 can be depending
onT. Let f(s) be an analytic function, real for real, reqular for o > «, except at finitely
many poles on the real line; let
|Rf(o+it)] =m >0
and
|flo' +it')| < Mgy (o) >0, 1<t <)
Then, if T is not the ordinate of a zero of f(s)

s

larg f(o +iT)| < log(cg — a) /(00 — B)

1 3
<10g Ma, 42 + log —> + o7
m 2
for o > p.
Proof. We readily prove this by the similar method as in |22 p. 213]. U

Proof of Proposition 7.1. 1t suffices to show the proposition for large 7', since we shall
make T large if necessary. From the proof of Proposition 6.9, we have

Qh(s) + Vp(s) = Q(s'2) i (1 + 9(s))
for some positive integer py and a polynomial Q(s) = Q,,(s) such that
lg(—or, +it)| <1 as [t| = o0 (12.1)
for some fixed o1, > 0, and
lg(s)] <1 as [s| > 00 with R(s) < —rlog(|S(s)|+ 10). (12.2)
Thus, from this, we have

= X Q) QM) At r(s
p(s) = Dp(s) Ry(s)  Qi(s) o (L+g(s)) = D,(5) Ry (5) (1+7p(s))

where 7,(s) is of (61]). Recall the bound ([6.2) for r,(s). Note that Qli;(s)/Rp(s) is a
polynomial by Definition of Rp(s).

For N(T'; 01,), we consider the rectangle Ry with vertices at —or, +ci, og +ci, og +i7T,
—or1,+4¢T, where oR is a positive real number and ¢ > 0 is a positive constant. We take og
and c large positive real numbers such that e,(s) has no zeros on the line from —ory, + ci
to or + ci and |g(—oy, + it)|, |rp(or + it)| < 1 for |t| > ¢. Also, we can assume that
ep(s) has no zeros on the rectangle.

We apply the standard method of the counting of zeros to the above rectangle with

(62) and ([I2T)) (see |22, p. 212]). We have
N(T;o1,) :%/ dlogep(s)

e Rrp

:%Al argep(s) + %AQ arge,(s) + %Ag arge,(s) + %Azl argep(s),
where A1, Ag, Ag, Ay denote the variations from or + ¢i to or + ¢1', from o + iT to
—or, + 4T, from —or, + i1 to —oy, + ic, from —oy, + ic to o + ci, respectively. Clearly,
Agargep(s) = O(1). Using ([6.2) and (I21]), we can readily compute Ajargep(s) and
Agzargep(s). For Agarge,(s), referring to (@.3]), we define

P*(S) — H H ’y(ks + h)Np(k‘,h—l)—Np(k,h);
k=1h>(kcp+1)/2

H H C(k‘s + h)Np(k,hfl)pr(k,h);

k=1 h>(kcp+1)/2
L*(s) = L(s)(l + ’I“p(S));

i S
1= T
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where y(s) = s(s — 1)7~*/2I'(s/2). Then
ep(s) =T7(s)L7(s)
by definition, and
Agargey(s) = Agarg*(s) + Agarg L*(s).
The valuation AgargI™(s) is computed easily by the Stirling formula. On the other
hand, we have

L(s)rp(s) = > Cpu(s) 11 Y((Ap,a¥)s +htaV)

Ry(s Ap,aV)s+htav +1
weas Lo\ »(5) Y((Ap ) )

X H C((Ap,a¥)s +hta),

a€(dH\&F ) Nw—1o-

Q€ (®H\@F ) Nw—1o- (12.3)

where Qp.(5)/Rp(s) are polynomials by definition of R,(s). Therefore we see that
L*(s) < TM (—or, < R(s) < oRr)
for some positive M if T is sufficiently large ( [22, Chap.V]). Hence we have
Agarg L*(s) = O(logT).

by Lemma [IZIl Thus, we get the formula for N(T';01,).

For N(T;+0o0), it suffices to consider N(T;—klogT) by Proposition We form
the rectangle —rklogT + cii, or + c1i, or + i1, —klogT + i1, where c¢; > 0 is taken
such that £,(s) has no zeros on the boundary of this rectangle. We follow the method
as above. We similarly have

N(T;00) = Al argep(s) + Ajarge,(s) + Azarge,(s) + Ajargep(s)
and Ajarge,(s) = Abargl™(s) + Abarg L*(s), where where A}, A%, A%, A} denote the
variations from or + c17 to or + 7T, from o + i1 to —klogT + T, from —klogT + T
to —klogT + icy, from —oy, + icy to oRr + icy, respectively. Using (6.2) and (I22]), we
can readily compute Ajarge,(s), Ajarge,(s) and Ajarg™(s). We see that
L*(s) < T e T (0 = —krlogT < R(s) < or),

by (IZ3) (and [22, Chap.V]), where * > k is a constant depending on x. Thus we
obtain

Abarg L*(s) = O(log® T)
by applying Lemma 021 to o = —2klogT, = —klogT and oy = or. It is not hard
to see that Ajarg L*(s) = O(logT') by Lemma [2I]1 Thus we obtain the formula for
N(T;400). O

13. PROOF OF PROPOSITION

The function €,(s) is a linear combination of products of several zeta functions §(ks+h)
with coefficients of rational functions. Therefore W), (s) is an entire function of the order
at most one, since (s) is an entire function of order one (and maximal type). Note that
if p is a zero of W),(2), —p is so, since €,(s) is real for real s. Thus, Propositions 6.8 and
imply the product factorization of Wp(s) of the form

Wy(2) = we* V(2) wy (2)wa(2)

o= fi[5) ()i 5)
o= 1[5) () )

with
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where w is a nonzero real number, /3 is a complex number, V' (z) is a nonzero polynomial
having no zeros in (z) > 0 except for purely imaginary zeros, R(p,) > 0, R(n,) > 0,
S(nn) 20, and 0 < 6(t) < S(pn) < o, +1 < () < klog(R(ny) + 10) for every n > 1.
Here §(t) is the function of Proposition [6.8] and & is the positive number of Proposition
69 and oy, is the positive number of Proposition [[.Il The products of the right-hand
sides converge uniformly on every compact subset in C. Write p,, = a,, + ib, (b, > 0),
and 1, = ¢, +idy, (d, > 0). Then

<1 1 b <1
— - =<2y =< 204+1) Y —,
nzl Pn Pn nzl |on? nzl |on?
and
|1 log(c,, + 10) Z
Z e, Zm 7 < Z =E

Because the sum on the right-hand side is finite, we can take factors anl exp <pin - ﬁin)

z

and Y7 | exp <— — n_n) out of the infinite product. Hence we obtain the desired prod-
uct formula except for the requirement for the exponent
1 = 11
a—ﬂ—l—ZeXp(———)—i- exp(——_—)
Pn Pn
of the new exponential factor.
Now we prove J(a)) = 0 to complete the proof of Proposition - We have

(—1y) ‘ V(—iy) - 1y + ,On 1y + 77n
log‘pi =2y - a) + log - + log + log
W (iy) (@) V(iy) nzl Wy = pn nzl iy —
=2y () + O(logy) (y — +o0).
In fact log |V (—iy)/V (iy)| = o(1),
3 lo M<i4y— Zylogp — O(log y)
— ga%+(y—bn)2\ — ap +(y < p? +y? &y
as y — +oo by 0 < b, < o, + 1 and Proposition [(.I] and
c + (y+dn)? _ & yd, —  ylogp
log 22— " K —t" =0 —————— | =0(logy
Z (y —dn)? = nzl cp+ (y—dn)? ;(p“rzﬂ)l‘e (logy)

as y — +oo by 0 < d,, < klog(e, + 10) and Proposition [[Jl Hence, in order to prove

S(ar) = 0, it suffices to show

ep(—cp/2+y) —A
(=2~ )
for some A # 0 and m > 0. Because of Dy(—c, — s) = D,(s) and R,(—c, — s) = Ry(s),
ep(—%/2+y) _ Ep(—cp/2+y) Rp(—cp —y)Dp(—cp/2 —y) _ Ep(—cp/2+ y)
ep(=cp/2=y)  E(=cp/2—y) Rp(—cp +y)Dp(=cp/2+y)  BE(-cp/2 )
We need to show
Ep(—=c/2 —y) _ > w Q;,w(_cp/Q —Y)Xpw(—cp/2 —y)
Ep(=cp/2+y) D, Q;’w(—cp/Q + ) Xpw(—cp/2 +y)
as y — oo for some A # 0 and m > 0, where the summation ), taken over all
we WU, Qr, () = Qpu(s) for we WS and Q) ,(s) = Qpuw(s)/2 for w e WY,
By Proposmons and 6.6l we have

Ep(—cp/2+y) = Qp(—cp/2+ 9) X} (—cp/2+ y) (1 + 0(1))  (y — +00).

"1 40o(1)) (y = +00)

= A7y (1 +o(1))
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Therefore it suffices to show that
Ep(— Cp/2 - Z w —p/2—y) Xp7w(_cp/2 )
Qp( Cp/2+y)Xi( Cp/2+y Cp/2+y) ijj(—cp/2+y) (13.1)
= A Y (1 +o(1))

as y — 4oo for some A # 0 and m > 0. We have

cp/2 —y
pw( p/ ):520+M++%:})+0(y_"_1) (y—>+00)a
p(_cp/2 +y) 4 Y
for some real numbers a1 (w), - - - , cp(w), where 8, = 1 if w € QUII, and [wlA\ o, =1,

and d,, = 0 otherwise. We write

Xpw(=cp/2 —y) _ Xpw(=¢p/2 +y) Xpw(—cp/2 —y)

ij;(_cp/Q +y) Xﬁ(—cp/Q +v) Xpnu(_cp/Q +y)
Here we find that

Xpwl(s Ap.w b1 (w b (w
__Bgf_l = Bpaws~ 5 <14“l£—2‘+“‘+‘—2%72‘+(7(F|_n_1))(1‘+(7(2_0ﬁ
X5 (s) s s
as 0 — +oo for some real numbers B, ,, > 0, bi(w), - ,b,(w), and positive integers

A, of (ITI)) by a way similar to the proof of Proposition On the other hand,

§(k(—cp —s)+h+6) Eks+ke,—h—6+1)
E(ks + h+9) B E(ks + h+9)

kep—2h—28+1 kcp—2h—28+1 ci(k. h
72 p—2" <1+ 1( ) )

= (2n/k)” 2 s

cn(kyh)
ok TR

O(ls/ ")) (1 4+ 0(2™)
as 0 — +00. Therefore we obtain

Xp,w(_cp B 5) _ H £(<)‘p, av>(_cp B 5) + +ht aV + 6a,w)

Xpﬂﬂ(s) a6<1>+\<1>; §(<)‘P7 av>8 + ht a\/ + 504,10)
c +
0 (=9 h))NM’W L= 1>> PN )
Pteiibaiet &(ks + h) E(ks+h+1)
Apw v b,
=DBpus E <1 + # +o % + o(ysy—"—l))(l +0(277)

as 0 — +oo for some real numbers Bll,,w > 0 and integers A;;,w given by

kp kth

S ( Ny (ks ) (ke — 2+ 1) + ( p(k,h)—Np7w(kz,h))(kcp—2h—1)).

k=1 h=k+n;

Now we calculate A7, . We have

kp kthy
AL =3 ( (k, h)(kc, — 2h) + 2N, M(k:,h)—Np(k:,h))
k=1 h=k+n;,
Ep k+hk kp kcp+hk+

=3 > Nk m) ey —20) = >0 DT (Nl h) = 2N (ks h).

k=1 h=k+h;, k=1 h=k-+h;
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The first sum on the right-hand side is zero, since N(k, h) = Ny (k, kc,—h) and by +h) =
k(cp — 2) by Lemmas B3] and Therefore, we get

kp kept+hi
=3 > (Mo h) — 2Nk, 1)
k=1 h=k+h;
kp keptiif kp keptiif
=3 > 2Nk ) = Npulk ) =3 SN,
k=1 h=k+h; k=1 h=k+h;

=2 (2T \ 0] = [p(w)) = [@F\ | = [@F\ 7] — 20, (w).

Hence Al , > 0 for w € 20} and A/, ,, = 0 for w € 20).
Comblnlng the above facts we obtaln

Epy(— Cp/2 Y)
Qp(—cp/2+ 9) Xp(—cp/2 + )

Ap,w /,w * *
= Z B*’w y—% <51’U + %w) R M + O(y‘"‘l)) (1+0(27Y)

n
wEW,UWY 4
as y — +oo for some positive integers B}, and real numbers bj(w), - -+, by, (w). Now we
obtain (I3J]), and complete the proof of Proposition O

14. PROOF OF THEOREM

In order to prove that all but finitely many zeros of £,(s) are simple, it suffices to show
that 6(t) = arge,(—cp/2 + it) is strictly increasing as t — +o00, since we already know
that all but finitely many zeros of &,(s) lie on the line R(s) = —¢,/2, and

Ep(—cp/2+it) = |ep(—cp/2 + it)] (ez‘e(t) 4 e_w(t)>
holds for a suitable choice of sign. We have

Ep(s) = Qh(5)X5(s)(1 + o(1))
as |s| = oo on R(s) = —¢,/2 by Propositions [6.5] and [6.6] and hence
. Qp(s) p(s) o
EP(S) - Rp(s) Dp(s) (1 + (1))
as |s| — oo on R(s) = —¢p/2. Note that Qli;(s)/Rp(s) and X;(s)/Dp(s) are entire by

Definitions 5.9 and (10l Using the above asymptotic formula and ([@.3]) of Xg(s) /Dp(s),
we can see that

darge,(—cp/2 +it)
dt
for some positive constant k. Here the factor logt comes from the gamma factors of
X;(s)/Dp(s) (see ([@3), and we need to use the fact that

CI
¢

(see Theorem 5.7 of [22], for example), if k¢, is even and Np(k,h —1) — Ny(k, h) > 0 for
some 1 < k < k, with h = 1+ kc,/2. In any case 0(t) = arge,(—c,/2 + it) is strictly
increasing as t — oo. Hence we obtain the desired result. (]

=krlogt(1+o0(1)) (t— +o0)

logt
(1 +it) = O(logoigt>:o(logt) (t = +00)

The worst case of the proof could occur. In fact the zeta function of Ay is

iy = S (541
! s s+2
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In this case, we have the factor (1 +it) in e1(s) = &(s +2) on R(s) = —1 (¢, = 2).

15. APPENDIX 1: DECOMPOSITION OF ¥,(1)

We use the same numbering as in [9, p.53]. In the following, we abbreviate LY(1) of
Lemma BTl as LY, and o = 7/, a;a} as the sequence aj - - - a, with a, = 1. We will
give explicit forms of the sets L;-/ according to the type of the root system ®V.

15.1. A, case. Due to the symmetry of the root system, it is sufficient to consider the
case 1 <p < [n/2+1]. Let of; = 7_.ay. Then for 1 < j <p,

Vo % v %
L {aj n’ jn—l?"'7aj7p+j—17aj+17p+j—17"'7ap7p+j—1}'
For example, in the Ag case, we have

e p =1 case:
Ly: 111111 111110 111100 111000 110000 100000
e p =2 case:
Ly: 111111 111110 111100 111000 110000 010000
Ly: 011111 011110 011100 011000
e p =3 case:
Ly: 111111 111110 111100 111000 011000 001000
Ly: 011111 011110 011100 001100
Ly: 001111 001110
e p =4 case:
Ly: 111111 111110 111100 011100 001100 000100
Ly: 011111 011110 001110 000110
Ly: 001111 000111
e p =5 case:
LY: 111111 111110 011110 001110 000110 000010
LY: 011111 001111 000111 000011
e p =06 case:
LY: 111111 011111 001111 000111 000011 000001

Voo J _ v
15.2. By, case. Let o/, = 37 ;o) and B, = >3_ zO‘l +25F 419/ Then for
1<j<min{p,n—p—|—1},
Vv Vv V V Vv Vv
= B pins Bipaims s Bim—tims Qins Q1+ s Oy i 15 Q51 pai 15y Op i 1)

Further1fn—p+1<p<n, then for n —p+ 1 < j < min{p, 2n — 2p + 1},

v v v v
L = B pm Bprimo - Biznp—jrin Bilvrzn—p—jrim -+ Bpan—p-jrint-
For example, in the Bg case, we have

e p =1 case:
LY: 122222 112222 111222 111122 111112 111111 111110 111100 111000 110000
100000
e p =2 case:
Ly: 112222 111222 111122 111112 111111 111110 111100 111000 110000 010000
Ly: 012222 011222 011122 011112 011111 011110 011100 011000
e p =3 case:
Ly: 111222 111122 111112 111111 111110 111100 111000 011000 001000
Ly: 011222 011122 011112 011111 011110 011100 001100
Ly: 001222 001122 001112 001111 001110
e p =4 case:
Ly: 111122 111112 111111 111110 111100 011100 001100 000100
Ly: 011122 011112 011111 011110 001110 000110
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Ly: 001122 001112 001111 000111
LY: 000122 000112
e p =5 case:
LY: 111112 111111 111110 011110 001110 000110 000010
Ly: 011112 011111 001111 000111 000011
LY: 001112 000112 000012
e p =06 case:
Ly: 111111 011111 001111 000111 000011 000001

15.3. C, case. Let o); = g ;o and BY, = l' ca) 230 “i1 @ + . Then for
1< j<min{p,n—p+1},

v v VRSN v v v
L = {B)p Bipr1s- - Bln—20 0ns Gt Qpj 15 Ot a1+ Opprrj1 )
Further if n —p+1 <p <n—1, then for n — p+ 1 < j < min{p, 2n — 2p},

v v v v
L _{ Jp? erl""7 j,2nfjfp7ﬂj+1,2nfjfp7”" p,2nfjfp}'

Inthecasep:n,forlgjgnT“’

vV __ V V V \Y \Y V
L =48]0 8]3: B 415+ Bjngs Bfvin—jo -+ B jirn—j -
For example, in the Cg case, we have

e p =1 case:
Ly: 122221 112221 111221 111121 111111 111110 111100 111000 110000 100000
e p =2 case:
Ly: 112221 111221 111121 111111 111110 111100 111000 110000 010000
Ly: 012221 011221 011121 011111 011110 011100 011000
e p =3 case:
Ly: 111221 111121 111111 111110 111100 111000 011000 001000
Ly: 011221 011121 011111 011110 011100 001100
Ly: 001221 001121 001111 001110
e p =4 case:
LY: 111121 111111 111110 111100 011100 001100 000100
LY: 011121 011111 011110 001110 000110
Ly: 001121 001111 000111
Ly: 000121
e p =15 case:
LY: 111111 111110 011110 001110 000110 000010
Ly: 011111 001111 000111 000011
e p =06 case:
LY: 222221 122221 112221 111221 111121 111111 011111 001111 000111 000011
000001
Ly: 022221 012221 011221 011121 001121 000121 000021
LY: 002221 001221 000221

154. Dy, case. Let o, = >3 o, B = Do) +237C ]%rla}/+ozx 1+ ) and

v, = l"izozi/—i—oz Thenlnthecasesl <p<n—2 for 1 <j<min{p,n—p+1},

v v v
L =B Bipris- - Bin-2s Qhnts - O i 1505 11 pj 15+ Oy 1}
Further 1fn—p+1 <p<n—2 then forn —p+1 < j < min{p,2n — 2p — 1},

_ v v v v }
= {Bp: Bips1s-- - Bon—jp-1: 81125 p-10- - Bpan—jp-1}-
In additlon, for j = min{p,2n — 2p — 1} + 1,

LY ={v/, %%}
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In the case p=n —1, for j =1,

and for 2 < j <

\ \Y V \Y \Y \ 2
Ly = {ﬁmaﬁma o aﬁ1,n—2a Al n—102 15+ ?an—Ln—l}’

n
2

VvV Vv Vv Vv Vv Vv
Li =B 84155 Bin—js Bfsin—jo s Bnjn—i}s

In the case p = n, for 1 < j < 3, L]V» is the same as in the case p = n — 1 with the
roles of a,,_1 and «,, exchanged.
For example, in the Dg case, we have

15.5.

e p =1 case:
LY: 122211 112211 111211 111111 111110 111100 111000 110000 100000
Ly: 111101
e p =2 case:
LY: 112211 111211 111111 111110 111100 111000 110000 010000
Ly: 012211 011211 011111 011110 011100 011000
LY: 111101 011101
e p = 3 case:
LY: 111211 111111 111110 111100 111000 011000 001000
Ly: 011211 011111 011110 011100 001100
Ly: 001211 001111 001110
Ly: 111101 011101 001101
e p =4 case:
Ly: 111111 111110 111100 011100 001100 000100
Ly: 011111 011110 001110 000110
Ly: 001111 000111
Ly: 111101 011101 001101 000101
e p =) case:
Ly: 122211 112211 111211 111111 111110 011110 001110 000110 000010
Ly: 012211 011211 011111 001111 000111
Ly: 001211
e p =6 case:
Ly: 122211 112211 111211 111111 111101 011101 001101 000101 000001
Ly: 012211 011211 011111 001111 000111
Ly: 001211

FEg case.
e p =1 case:
LY: 123212 123211 122211 122111 122101 112101 111101 111001 111000 110000
100000
Ly: 112211 112111 111111 111110 111100
e p = 2 case:
Ly: 112211 112111 111111 111110 111100 111000 110000 010000
Ly: 012211 012111 012101 011101 011100 011000
Ly: 112101 111101 111001 011001
Ly: 011111 011110
e p =3 case:
Ly: 111111 111110 111100 111000 011000 001000
Ly: 111101 111001 011001 001001
Ly: 011111 011110 011100 001100
Ly: 011101 001101
LY: 001111 001110
e p =4 case:
Ly: 122111 122101 112101 111101 111100 011100 001100 000100
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LY: 112111 111111 111110 011110 001110 000110
L?Y: 012111 012101 011101 001101
LY: 011111 001111
e p =5 case:
LY: 123212 123211 122211 122111 112111 111111 111110 011110 001110 000110
000010
Ly: 112211 012211 012111 011111 001111
e p =06 case:
LY: 123211 122211 122111 122101 112101 111101 111001 011001 001001 000001
Ly: 112211 112111 111111 011111 001111 001101
LY: 012211 012111 012101 011101

FE; case.

e p =1 case:
LY: 1343212 1243212 1233212 1233211 1232211 1222211 1122211 1122111 1121111
1111111 1111110 1111100 1111000 1110000 1100000 1000000
Ly: 1232212 1232112 1232102 1232101 1222101 1122101 1121101 1111101 1111001
1110001
Ly: 1232111 1222111 1221111 1221101 1221001 1121001
e p =2 case:
Ly:11222111122111 1121111 1111111 1111110 1111100 1111000 1110000 1100000
0100000
Ly: 0122211 0122111 0121111 0111111 0111110 0111100 0111000 0110000
Ly: 1122101 0122101 0121101 0111101 0111001 0110001
Ly: 1121101 1111101 1111001 1110001
LY: 1121001 0121001
e p = J case:
Ly: 1111111 1111110 1111100 1111000 1110000 0110000 0010000
LY: 1111101 1111001 1110001 0110001 0010001
LY: 0111111 0111110 0111100 0111000 0011000
LY: 0111101 0111001 0011001
LY: 0011111 0011110 0011100
Ly: 0011101
e p =4 case:
LY: 1221111 1221101 1221001 1121001 1111001 1111000 0111000 0011000 0001000
Ly: 1121111 1121101 1111101 0111101 0111100 0011100 0001100
LY: 1111111 1111110 0111110 0011110 0001110
Ly: 0121111 0121101 0121001 0111001 0011001
LY: 0111111 0011111 0011101
Ly: 1111100
e p =5 case:
LY: 1232112 1232102 1232101 1222101 1221101 1121101 1111101 1111100 0111100
0011100 0001100 0000100
Ly: 1232111 1222111 1221111 1121111 1111111 1111110 0111110 0011110 0001110
0000110
Ly: 1122111 1122101 0122101 0121101 0111101 0011101
Ly: 0122111 0121111 0111111 0011111
e p =6 case:
Ly: 2343212 1343212 1243212 1233212 1232212 1232112 1232111 1222111 1221111
1121111 1111111 1111110 0111110 0011110 0001110 0000110 0000010
Ly: 1233211 1232211 1222211 1122211 1122111 0122111 0121111 0111111 0011111
Ly: 0122211
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e p =7 case:
LY: 1233211 1232211 1232111 1232101 1222101 1122101 1121101 1111101 1111001
1110001 0110001 0010001 0000001
LY: 1222211 1222111 1221111 1221101 1221001 1121001 0121001 0111001 0011001
LY: 1122211 1122111 1121111 1111111 0111111 0011111 0011101
Ly: 0122211 0122111 0122101 0121101 0111101
LY: 0121111

15.7. Eg case.

e p =1 case:
LY: 13456423 12456423 12356423 12346423 12345423 12345422 12345322 12344322
12334322 12334312 12234312 12234212 12233212 12223212 12223211 12222211
12222111 12222101 11222101 11122101 11112101 11111101 11111001 11111000
11110000 11100000 11000000 10000000
Ly: 12345323 12345313 12345312 12344312 12344212 12334212 12333212 12333211
12233211 11233211 11223211 11222211 11222111 11122111 11112111 11111111
11111110 11111100
Ly: 12234322 11234322 11234312 11234212 11233212 11223212 11123212 11123211
11122211 11112211

e p =2 case:
LY: 11234322 11234312 11234212 11233212 11223212 11223211 11222211 11222111
11222101 11122101 11112101 11111101 11111001 11111000 11110000 11100000
11000000 01000000
Ly: 01234322 01234312 01234212 01233212 01223212 01123212 01123211 01122211
01112211 01112111 01111111 01111110 01111100 01111000 01110000 01100000
Ly: 11233211 01233211 01223211 01222211 01222111 01222101 01122101 01112101
01111101 01111001
Ly: 11123212 11123211 11122211 11112211 11112111 11111111 11111110 11111100
LY: 11122111 01122111

e p = 3 case:
LY: 11123212 11123211 11122211 11122111 11122101 11112101 11111101 11111001
11111000 11110000 11100000 01100000 00100000
LY: 01123212 00123212 00123211 00122211 00112211 00112111 00111111 00111101
00111001 00111000 00110000
LY: 01123211 01122211 01122111 01122101 01112101 01111101 01111001 01111000
01110000
Ly: 11112211 11112111 11111111 11111110 11111100 01111100 00111100
LY: 01112211 01112111 01111111 01111110 00111110
Ly: 00122111 00122101 00112101

e p =4 case:
LYy: 11112211 11112111 11112101 11111101 11111001 11111000 11110000 01110000
00110000 00010000
Ly: 01112211 00112211 00012211 00012111 00012101 00011101 00011001 00011000
Ly: 11111111 11111110 11111100 01111100 01111000 00111000
Ly: 01112111 01111111 01111110 00111110 00111100 00011100
LY: 01112101 00112101 00111101 00111001
Ly: 00112111 00111111 00011111 00011110
LY: 01111101 01111001

e p =5 case:
Ly: 11111111 11111110 11111100 11111000 01111000 00111000 00011000 00001000
Ly: 11111101 11111001 01111001 00111001 00011001 00001001
Ly: 01111111 01111110 01111100 00111100 00011100 00001100
Ly: 00111111 00111110 00011110 00001110
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LY: 01111101 00111101 00011101 00001101
Ly: 00011111 00001111

e p =6 case:

LY: 12222111 12222101 11222101 11122101 11112101 11111101 11111100 01111100
00111100 00011100 00001100 00000100

Ly: 11222111 11122111 11112111 11111111 11111110 01111110 00111110 00011110
00001110 00000110

LY: 01222111 01222101 01122101 00122101 00112101 00012101 00011101 00001101
Ly: 01122111 00122111 00112111 00012111 00011111 00001111

LY: 01112111 01112101 01111101 00111101

Ly: 01111111 00111111

e p =7 case:

LY: 12345313 12345312 12344312 12344212 12334212 12333212 12333211 12233211
12223211 12222211 12222111 11222111 11122111 11112111 11111111 11111110
01111110 00111110 00011110 00001110 00000110 OOOO0010

Ly: 12334312 12234312 12234212 12233212 12223212 11223212 11123212 11123211
11122211 11112211 01112211 01112111 01111111 00111111 00011111 00001111
Ly: 11234312 11234212 11233212 11233211 11223211 11222211 01222211 01222111
01122111 00122111 00112111 00012111

Ly: 01234312 01234212 01233212 01233211 01223211 01123211 01122211 00122211
00112211 00012211

LY: 01223212 01123212 00123212 00123211

e p = 8§ case:

LY: 12333211 12233211 12223211 12222211 12222111 12222101 11222101 11122101
11112101 11111101 11111001 01111001 00111001 00011001 00001001 00000001
Ly: 11233211 01233211 01223211 01123211 00123211 00122211 00112211 00012211
00012111 00011111 00001111 00001101

Ly: 11223211 11222211 11222111 11122111 11112111 11111111 01111111 00111111
00111101 00011101

LY: 11123211 11122211 11112211 01112211 01112111 00112111 00112101 00012101
LY: 01222211 01222111 01222101 01122101 01112101 01111101

Ly: 01122211 01122111 00122111 00122101

Fy case.

e p =1 case:

LY: 1342 1242 1232 1231 1221 1220 1120 1110 1100 1000
Ly: 1222 1122 1121 1111

e p =2 case:

LY: 1122 1121 1120 1110 1100 0100
Ly: 0122 0121 0120 0110
Ly: 1111 0111

e p =3 case:

LY: 1111 1110 0110 0010
Ly: 0111 0011

e p =4 case:

LY: 1231 1221 1121 1111 0111 0011 0001
LY: 0121

G5 case.

e p =1 case:

Ly: 13121110

e p =2 case:

LY: 1101
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16. APPENDD(Q:TABLE(M?NUMBERSCP

We use the numbering of simple roots as in Appendix 1.

A, case (r > 1): ¢, =r + 1 (independent of p).

By case (r=2): ¢y =2r—p(p#r), ¢ =2r.
(r=3):c¢=2r—p+1.
Dy case (r=4): c,=2r—p—1(p#r—1,7),¢,c1 =¢ =2r — 2.

cp | 1711118110 |13 |18 | 14

pl1]2[3[4][5]6]7]38
¢, |2019 1411|913 ] 2317

(8) Fycase: ¢y =11, c0="7,¢c3="5,¢c4 = 8.
(9) Go case: ¢1 =5, cp = 3.

17. APPENDIX 3: HOMOGENEOUS VECTOR BUNDLES

We present basic facts on homogeneous vector bundles according to [I8]. Let G be
a semisimple complex Lie group of type ® with a maximal torus 7. Let B be a Borel
subgroup containing 7', and let P be a maximal parabolic subgroup of G corresponding
a simple root ay, in the fundamental system A attached to B.

Then X, = G/P is a connected compact complex manifold with the Picard number
one, and the homogeneous line bundles on X, are in one-to-one correspondence with
the set of weights A, = Z\, and Pic(X,) ~ A,, where ), is the fundamental weight
corresponding to ov,.

Let L be a holomorphic line bundle on X, and let ¢;(L) € H?(X,,R) be the first
Chern class of L. The first Chern class of a line bundle L is identified with its associated
weight A € A, ~ Pic(X)) as follows:

all)=5= Y (\a")ds, Adza,
a€d+\ o)

and hence we shall just write ¢1(L) = A. Let T, be the tangent bundle of X,,. Then we
find that

c(Tx,) = Z = CpAp,
acdH\of

where ¢, is the number of (2.2)).

The index i, of X, is defined by the identity —Kx, =1i,L,, for the canonical bundle
Kx, and the (ample) line bundle L, associated with the fundamental weight. For the
first Chern class of Ky, , we have

cl(KXp) = — Z a = —cl(TXp) = —CpAp.
a€d+\ o)
This derives the identity

—Kx, =c¢,Ly, (i, = ¢p).
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Now the functional equation of the zeta function ,(s) associated with (®, A, p) can be
written as

(1]
2]
3]
4]

[5]
(6]
7]

18]
19]

[10]

[11]

[12]
[13]
[14]

[15]

[16]

[17]

[18]

[19]

[20]
[21]

22]

23]

24]

{1 (Kx, ), ) — 5) = Gpl).

REFERENCES

James Arthur, A trace formula for reductive groups. i. terms associated to classes in g(q)g(q), Duke
Math. J. 45 (1978), no. 4, 911-952. MR MR0518111 (80d:10043)

, A trace formula for reductive groups. ii. applications of a truncation operator, Compositio
Math. 40 (1980), no. 1, 87-121. MR MR0558260 (81b:22018)

N. G. de Bruijn, The roots of trigonometric integrals, Duke Math. J. 17 (1950), 197-226.
MR MR0037351 (12,250a)

Robert Friedman and John W. Morgan, Holomorphic principal bundles over elliptic curves. II.
The parabolic construction, J. Differential Geom. 56 (2000), no. 2, 301-379. MR MR1863019
(2003i:14008)

Dennis A. Hejhal, On a result of Selberg concerning zeros of linear combinations of L-functions,
Internat. Math. Res. Notices (2000), no. 11, 551-577. MR 1763856 (2001m:11149)

, On the horizontal distribution of zeros of linear combinations of Euler products, C. R.
Math. Acad. Sci. Paris 338 (2004), no. 10, 755-758. MR 2059482 (2005b:11140)

James E. Humphreys, Introduction to Lie algebras and representation theory, Graduate Texts in
Mathematics, vol. 9, Springer-Verlag, New York, 1978, Second printing, revised. MR MR499562
(81b:17007)

Hervé Jacquet, Erez Lapid, and Jonathan Rogawski, Periods of automorphic forms, J. Amer. Math.
Soc. 12 (1999), no. 1, 173-240. MR 1625060 (99¢:11056)

Victor G. Kac, Infinite-dimensional Lie algebras, third ed., Cambridge University Press, Cambridge,
1990. MR 1104219 (92k:17038)

V. G. Kazakevich and A. K. Stavrova, Subgroups normalized by the commutator group of the Levi
subgroup, Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 319 (2004), no. Vopr.
Teor. Predst. Algebr. i Grupp. 11, 199-215, 301-302. MR MR2117857 (2006b:20069)

Haseo Ki, All but finitely many non-trivial zeros of the approzimations of the Epstein zeta func-
tion are simple and on the critical line, Proc. London Math. Soc. (3) 90 (2005), no. 2, 321-344.
MR MR2142130 (2006e:11127)

, On the zeros of Weng’s zeta functions, Int. Math. Res. Not. IMRN (2010), no. 13, 2367—

2393.

Yasushi Komori, Functional equations for Weng’s zeta functions for (G, P)/Q, (2010), prepublica-
tion.

Jeffrey C. Lagarias and Masatoshi Suzuki, The Riemann hypothesis for certain integrals of Fisen-
stein series, J. Number Theory 118 (2006), no. 1, 98-122. MR MR2220265 (2007c:11099)

Robert P. Langlands, Fuler products, Yale University Press, New Haven, Conn., 1971, A James
K. Whittemore Lecture in Mathematics given at Yale University, 1967, Yale Mathematical Mono-
graphs, 1. MR MR0419366 (54 #7387)

Laurent Manivel, The canonical strip phenomenon for complete intersections in homogeneous spaces,
(2009), prepublication, available at http://arxiv.org/abs/0904.2470.

Atle Selberg, Old and new conjectures and results about a class of Dirichlet series, Proceedings of
the Amalfi Conference on Analytic Number Theory (Maiori, 1989) (Salerno), Univ. Salerno, 1992,
pp. 367-385. MR MR1220477 (94f:11085)

Dennis M. Snow, Homogeneous vector bundles, prepublication,

available at http://www.nd.edu/ snow/Papers/HomogVB.pdf.

Masatoshi Suzuki, A proof of the Riemann hypothesis for the Weng zeta function of rank 8 for the
rationals, The Conference on L-Functions, World Sci. Publ., Hackensack, NJ, 2007, pp. 175-199.
MR MR2310295 (2008e:11102)

, The Riemann hypothesis for Weng’s zeta function of Sp(4) over Q, J. Number Theory 129
(2009), no. 3, 551-579, With an appendix by Lin Weng. MR MR 2488589

Masatoshi Suzuki and Lin Weng, Zeta functions for G2 and their zeros, Int. Math. Res. Not. IMRN
(2009), no. 2, 241-290. MR MR2482116

Edward C. Titchmarsh, The theory of the Riemann zeta-function, second ed., The Clarendon Press
Oxford University Press, New York, 1986, Edited and with a preface by D. R. Heath-Brown.
MR MR&882550 (88¢c:11049)

Lin Weng, A geometric approach to L-functions, The Conference on L-Functions, World Sci. Publ.,
Hackensack, NJ, 2007, pp. 219-370. MR MR2310297

, Symmetries and the Riemann hypothesis, Algebraic and Arithmetic Structures of Moduli
Spaces, Adv. Stud. Pure Math., vol. 58, Math. Soc. Japan, Tokyo, 2010, pp. 173-224.




ON THE ZEROS OF WENG ZETA FUNCTIONS FOR CHEVALLEY GROUPS 43

DEPARTMENT OF MATHEMATICS, YONSEI UNIVERSITY, SEOUL, 120-749, KOREA
E-mail address: ki.haseo97Qgmail.com, haseo@yonsei.ac.kr

DEPARTMENT OF MATHEMATICS, RIKKYO UNIVERSITY, NISHI-IKEBUKURO, TOSHIMA-KU, TOKYO
171-8501, JAapPAN
E-mail address: komori@rikkyo.ac. jp

GRADUATE SCHOOL OF MATHEMATICAL SCIENCES, THE UNIVERSITY OF TOKYO, 3-8-1 KOMABA,
MEGURO-KU, TOKYO 153-8914, JAPAN
E-mail address: msuzuki@ms.u-tokyo.ac.jp



	1. Introduction
	2. Definition of Weng zeta functions for (G,P)
	2.1. Root system and the Weyl group
	2.2. Definition of Weng zeta functions in terms of abstract root system

	3. Outline of the proof
	4. Cases of (SL(n),Pn-1,1)
	5. The first step of the proof of Theorem 1.1
	5.1. A modification to entire functions
	5.2. Decomposition of Xp(s)
	5.3. Reduction of Xp(s)

	6. The second step of the proof Theorem 1.1
	6.1. Behavior of Ep(s) in a right half-plane

	7. The third step of the proof Theorem 1.1
	8. Preliminaries for proof of Propositions 6.6 and 6.7
	9. Proof of Propositions 6.6 and 6.7
	9.1. Proof of Proposition 6.6
	9.2. Proof of Proposition 6.7

	10. Proof of Proposition 6.5
	11. Proof of Proposition 6.9
	12.  Proof of Proposition 7.1
	13.  Proof of Proposition 7.2
	14.  Proof of Theorem 7.5
	15. Appendix 1: Decomposition of p(1)
	15.1. An case
	15.2. Bn case
	15.3. Cn case
	15.4. Dn case
	15.5. E6 case
	15.6. E7 case
	15.7. E8 case
	15.8. F4 case
	15.9. G2 case

	16. Appendix 2: Table of numbers cp
	17. Appendix 3: Homogeneous vector bundles
	References

