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Abstract

Connected holonomy groups of conformally flat Lorentzian manifolds are classified.
It is shown that among conformally flat Lorentzian manifolds there are two classes of
spaces with special holonomy: pp-waves with a certain potential and some spaces with

the holonomy group Sim(n), the local structure of these spaces is found.

1 Introduction and the main result

It is known [10] that a conformally flat Riemannian manifold is either a product of two spaces
of constant sectional curvature, or it is a product of a space of constant sectional curvature
with an interval, or its restricted holonomy group is the identity component of the orthogonal
group. The last condition represents the general case and among various manifolds satisfying

the last condition one can emphasize only the spaces of constant sectional curvature.

In the case of pseudo-Riemannian manifolds can appear an additional possibility for the holon-
omy group. Namely, the holonomy group can be weakly irreducible (this means that it does not
preserve any non-degenerate proper vector subspace of the tangent space) and not irreducible

in the same time, i.e. it may preserve a degenerate vector subspace of the tangent space.

The main result of the present paper is the complete local description of conformally flat
Lorentzian manifolds (M, g) with weakly irreducible not irreducible holonomy groups. Let
dim M = n + 2. The holonomy algebra (i.e. the Lie algebra of the holonomy group) g C
s50(1,n + 1) of such manifold preserves an isotropic line of the tangent space (identified with
the Minkowski space R 1), Hence g is contained in the maximal subalgebra of so(1,n + 1)

preserving an isotropic line. This algebra is denoted by sim(n) and it admits the decomposition
sim(n) = (R @ so(n)) x R™.
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Manifold (M, g) with such holonomy algebra admits (locally) a distribution of isotropic lines
and they are called the Walker manifolds. On such manifold there exist the so called Walker

coordinates v, ', ..., ", v and the metric ¢ has the form

g = 2dvdu+ h + 2Adu + H (du)?, (1)
where h = h(z!, ..., 2", u)dz'dz? is an u-dependent family of Riemannian metrics, A =
Ai(xt, ... 2" u)dz’ is an u-dependent family of one-forms, and H is a local function on M

[11]. The vector field 9, defines the parallel distribution of isotropic lines.

Theorem 1 Let (M,g) be a conformally flat Lorentzian manifold of dimension n + 2 > 4.
Then the holonomy algebra g of (M, g) is weakly irreducible and not irreducible if and only if
one of the following holds:

n

1) g =R" C sim(n), i.e. (M, g) is a pp-wave, and locally there exist coordinatesv, ", ..., 2", u

and a function a(u) such that

n

g = 2dvdu + Z(dmi)2 + a(u) Z(mi)2(du)2,

i=1 i=1
and a(u) # 0 for some system of coordinates;

2) g = sim(n) and locally there exist coordinates v, x!

Ci(u), D(u) such that

s ™ u and functions a(u), B;i(u),

g =2dvdu+ Y (da')? + 2Adu + (vH, + Ho)(du)?,

i=1

where
A= Ayde’,
A; = i 2B;(u)z’z" — B;(u) i(xjf) )
j=1
H, = Bj(u)2’,
Hy = 1_16 kil B3 (u) Miﬂ(xixj)z + a(u) g(xl)z + Ci(u)z' + D(u),

and Y, B (u) # 0 for some system of coordinates.

The Ricci operator of the first metric has the form

Ric = %a(u)&, ® du,



in particular, Ric? = 0.

In [3] complete conformally flat Lorentzian manifolds (M, g) satisfying the condition
[R(X,Y),Ric] = 0. (2)

are studied. It is shown that these manifolds are exhausted by the spaces of constant sectional
curvature, by the products of two spaces of constant sectional curvature, and by products of

spaces of constant sectional curvature with intervals.

The Ricci operator of the first metric obtained in this paper satisfies (2), but the metric is not

complete [6], i.e. the assumption of completeness in [3] is essential.
For the second metric it holds Ric? # 0 and Ric® = 0. Condition (@) is not satisfied.

In [4] pseudo-Riemannian conformally flat manifolds (M, g) satisfying (2) are studied. It is
shown that in addition to the obvious cases, (M, g) may be a complex sphere or a space satisfying

Ric® = 0. Various examples of conformally flat manifolds with Ric® = 0 are constructed in [5].

Remark that an important fact is that a simply connected conformally flat spin Lorentzian

manifold admits the spaces of conformal Killing spinors of maximal dimension [1].

2 Decomposability of conformally flat pseudo-Riemannian

manifolds
In [10] Kurita proved the following theorem for the case of Riemannian manifolds.

Theorem 2 Let (M, g) be an n-dimensional conformally flat Riemannian manifold. Then its
local restricted holonomy group H, (x € M) is in general SO(n). If H, # SO(n), then for some
coordinate neighborhood U of x one of the following holds:

1) H, is identity and the metric is flat in U;

2) H, = SO(k)xSO(n—k) and U is a direct product of a k-dimensional manifold of constant
sectional curvature K and an (n—k)-dimensional manifold of constant sectional curvature

3) H, = SO(n — 1) and U is a direct product of a straight line (or a segment) and an

(n — 1)-dimensional manifold of constant sectional curvature.

We generalize this theorem for the case of pseudo-Riemannian manifolds. We also make it more

precise.



Theorem 3 Let (M, g) be a conformally flat pseudo-Riemannian manifold of signature (r, s)
with the restricted holonomy group Hol’(M, g). If (M, g) is not flat, then one of the following
holds:

1) Hol®(M, g) = SO(r, 5);

2) Hol’(M, g) is weakly irreducible and not irreducible (in particular, it preserves a degener-

ate subspace of the tangent space);

8) Hol’(M, g) = SO(ry,s1) x SO(r — 71,5 — s1) and each point x € M has a neighborhood
that is either flat or it is a product of a pseudo-Riemannian manifold of constant sec-
tional curvature K and signature (11, s1) and a pseudo-Riemannian manifold of constant

sectional curvature —K (K # 0) and signature (r —ry,s — $1);

4) Hol’(M,g) = SO(r — 1,s) (resp., H, = SO(r,s — 1)) and each point x € M has a
neighborhood that is either flat or it is a product of a pseudo-Riemannian manifold of
constant sectional curvature and signature (r — 1,s) (resp., (r,s — 1)) and the space
(L, —dt?) (resp., (L,dt?)), L is the straight line or a segment.

Proof. Let (M, g) be a pseudo-Riemannian manifold of signature (r, s) and dimension d = r+s.
The vector bundle so(T'M) of skew-symmetric endomorphisms of the tangent bundle 7'M can
be identified with the space of bivectors A2T'M in such a way that

(XAY)Z = g(X,2)Y — g(Y, 2)X

for all vector fields X,Y,Z on M. The Weyl tensor W of the pseudo-Riemannian manifold
(M, g) is defined by the equality
W =R+ Ry, (3)

where the tensor Ry is defined by

Ry(X,Y)=LXAY + X ALY, (4)

1 S
L=——(Ric———id
d—2( ° md—nl)
is the Schouten tensor and s is the scalar curvature.

Suppose that the restricted holonomy group Hol”(M, g) is not weakly irreducible. The Wu
decomposition Theorem [I2] states that each point of M has a neighborhood U such that
(U,g|y) is a product

(U,glv) = (M1 x M3, g1 + g2)



of two pseudo-Riemannian manifolds (M, g1) and (Ms, go). Let dy and dy be the dimensions of

these manifolds. For the curvature tensors, Ricci operators and the scalar curvatures it holds
R = Ry + Ry, Ric=Ric;+Ricy, s=51+ s9.
First suppose that d > 4. In this case W = 0 and we get
Ry + Ry = —Ry. (5)

Assume that d; > dy and dy > 2. The curvature tensor R; can be written in the form
Ry =W — Ry,. Considering ([B]) restricted to T'M;, we get that W7 = 0 and
1 ) ) 1 . 1+ S2 .,
Rici ————id | = —— | Ric; — d]. 6
dl—z(ml 2(d1—1)1) d—2(1c1 2(d—1)1) (6)

If dy > 2, then taking the trace in (@), we get

S1 52

di(dy — 1) do(dy — 1)
Substituting this back to (), we obtain

s
Ric; = = id. (7)

dy
Since s; is a function on M; and s, is a function on M,, the both functions must be constant.

Next,

S1
Ri(X)Y)=——"—7=XAY. 8
1(X,Y) 1) (8)
The same holds for the second manifold. For the sectional curvatures we get
S1 So
ky = = — = —ks.
"Tdi(d = 1) do(do— 1) ?

If dy = 1, than (@) is equivalent to (7)) and this implies (). From this and the Schur Theorem it
follows that k; is constant. If d; = 2, then the curvature tensor R; satisfies Ry (X,Y) = fXAY

for some function f on M;. The proof in this case is the same.

If d =3, then d; =2 and dy = 1. It holds R = R; and R;(X,Y) = fX AY for some function
f on M;j. In this case (M, g) is conformally flat if and only if the Cotton tensor C' defined by

is zero. This implies that f is constant, i.e. (Mj, g1) has constant sectional curvature.

Now we have to prove that if Hol?(M, g) is irreducible, then it coincides with SO(r, s). Suppose
that Hol(M, g) is irreducible and it is different from SO(r, s) and U(%, 2). Then the manifold

272
is Einstein [2]. Since (M,g) is in addition conformally flat, (M, g) has constant sectional
curvature and its connected holonomy group must be either trivial or SO(r, s), i.e. we get a

contradiction. Thus we need only to prove that Hol’(M, g) # U(%,2). This will follow from

the following (probably known) statement.



Proposition 1 If a pseudo-Kdhlerian manifold is conformally flat, then it is flat.

Proof. Let (M, g) be a pseudo-Kéhlerian conformally flat manifold of dimension 2n. Then its
curvature satisfies

“R(X,Y)=Ry(X,Y)=LXAY + X ALY.
Since R(X,Y) commutes with J, we get
G(LX,JZ)Y — g(Y,JZ)LX + g(X,JZ)LY — g(LY, JZ)X

= J(g(LX, 2)Y — g(Y, Z)LX + g(X, Z)LY — g(LY, Z)X).

Fix a local basis X, ..., Xy, of vector fields such that ¢g(X;, X;) = €;0;j, where ¢; = 1. Note
that for any vector field it holds X = ). €;g(X, X;).X;. Putting in the above equation X = ¢, X,

7 = X, and taking the sum over 7, we get
(2d —4)LJY = —J(tr L)Y.

Hence,
(2d—4)L=—(trL)id.

This implies L =0, i.e. R =0. [J
This proves Theorem [Bl [J

3 The Weyl curvature tensor of Walker metrics

In order to prove Theorem [l we give some information about the curvature tensor of the Walker

metric (Il). For the fixed coordinates v, x!, ..., 2", u consider the fields of frames
1
p:ava Xz:az_Azava q:au_§Hav

Consider the distribution £ = span{Xy,..., X,,}. From the results of [§] it follows that the

curvature tensor R of the metric g can be written in the form

R(p,q) == ApAqg—pAv, RX,)Y)=Ry(X,Y)—-pA(PY)X — P(X)Y),
R(X,q)=—g(t,X)pAg+ P(X)—pAT(X), R(p,X)=0

for all X,Y € I'(E). Here X is a function, v € I'(E), T € End(E) is symmetric, 7% =T, Ry is
the family of the curvature tensors of the family of Riemannian metrics h(u), and the tensor
P € E* ® so(F) satisfies

g(P(X)Y, Z) + g(P(Y)Z,X) + g(P(Z)X,Y) = 0 for all X,Y,Z € I'(E).

6



These element may be found in terms of the coefficients of the metric (Il). For example,
1 1 g
A= —§8§H, 7= -5 (0,0,H — A;02H) X;hV. (9)

The expressions for the other elements are more difficult and we will give them only in some
partial cases.
The Ricci operator has the following form:

Ric(p) = — Ap, Ric(X) = g(X, Ric P — @)p + Ric(h)(X), (10)

Ric(q) =(tr T)p + Ric(P) — 7 — Aq, (11)

where Ric P = hii P (X;)X,. For the scalar curvature we get s = 2\ + so, where s is the scalar

curvature of h. Using this, we may compute the tensor Ry,

Ri(p, X) = %p A <Ric(h) - % id) X, (12)
RL(F’Q):%(%P/\QﬂLp/\(U—ﬁ?P))a (13)
Ru(X,Y) =~ (p A (X, 0~ Ric PJY — g(¥,v — Ric P)X) (14)
+ (Ric(h) — m) XANY +XA (Rie(h) — m) Y) :
Ru(X,q) = %((trT)pAXW(X,a— Ric P)p A g+ X A (7 — Ric P) (15)
. (n—1A—sg.
+ (Rlc(h) I — 1d) XA q).

The Weyl tensor W can be computed using this and (3]).

4 Proof of Theorem (1

Suppose that the metric () is conformally flat, i.e. W = 0. Using the computations of the

previous section, it is easy to show that this is equivalent to the following equations:
A=0, Ry=0, PX)=0vAX, T=fidg, (16)

where f is a function. In particular, it holds Ric P = —(n — 1)70. Since Ry = 0, each metric in

the family h is flat, hence, changing the coordinates, we may assume that
h = 5Z-jdxidxj.
From (@) and the equality A = 0 it follows that 9*H = 0, hence
H=vH,+ Hy, 0,H;=0,Hy=0.
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Using (@), we get
= ——8 H 67X
For the case of h independent of u the curvature tensor of the metric ([Il) is computed in [9].

Let P(X3)X; = P} X; and T(X;) = 3, T;;X;. Then

T;=—R'

i
jkq> qjq°

Pl =
Using the computations from [9], for our metric we obtain

]k - ak 7R (17)
T,; = —5&-6]-(le + Hy) + ZF,k T+ H1(8A +OA) + (AZ@]-Hl + A;0.Hy), (18)
where
E] - 8214] - 8]142
is the differential of the 1-form A.

Consider the following two cases:

1) ¥ =0 for any coordinate system;

2) ¥ # 0 for some coordinate system.

Case 1). We have ¢ = 0 for any coordinate system. Then the curvature tensor satisfies
R(E,E) = 0. Consequently, (M, g) is a pp-wave (see e.g. [7]), i.e. locally g can be written in

the form

g =2dvdu+» (dz')* + H(du)?, 0,H =0
=1

ie. A=0, H =0, and Hy = H. We obtain the equation
1
féij — —582@1{0
Taking the trace, we may find f, and we obtain
1

The general solution of this equation has the form

n

Hy = a(u) Z(:L"’)2 + Ci(u)z" + D(u).

i=1



Using some transformations of coordinates, we get

i=1
Case 2). Suppose that ¥ # 0. Since P(X) = A X, we get
Pl = 6441; — 0,7,
where ¢ =}, 1;X;. We obtain the system of equations
OpFij = —01i0;Hy + 03,0, H.
These equations can be rewritten in the form
0;(0kA; — 0 Hy) — 0;(0kAi — OiHy).
This system of equation is equivalent to
dG* =0,
where we define the 1-forms
G* = Grdx', GF = 0 A; — 61 H,.
We conclude that there exist functions f* such that
GY = 0, f*.
Our system of equations takes the form
OpA; — 84 Hy = 0, f*.

This implies
F=dA=—df, where f=Y_frda*
k

and
A=—f+dp

for some function . Since 9>H = 0, the gauge transformation
VU — @

changes the metric in the following way [9]:

A|—>A+d¢, H1'—>H1, H0|—>H0+H1¢+28u¢

(20)

(21)



Hence, changing the coordinates, we get dA = —df. Our equations take the form

Conversely, this system of equations implies (20]).

Consider now (I8). Since Tj; = fd;; for some function f, we get that f = vfi + fo, where
av.fl = 8vf0 = 0. Applylng d, to (DED, we get

1
f15,~j - —§8Z8]H1

Taking the trace, we get f; = —%AHl, where A is the FEuclidean Laplacian. We get the
equation
nAHléij = 818jH1

Clearly, this implies
Hy = a(u) Y (¢')* + B;(u)a’ + c(u).

i

From (22]) it follows that for each 4 it holds

1
Integrating this equation, we get
1 . . . B . .
Ai =5 | a(u)a’ Z(:cj)2 + @(:cl)g + Z Bj(u)z’z" + ﬂ(ﬁf +c(u)z’ + ci(z",u) |, Gic; = 0.
2 J#i 3 J#i 2

Let ¢ # j. Substituting the obtained A; to (22]), we get
4a(u)z's’ + B;(w)a’ + Bi(w)a? + d;¢; + dic; = 0.

Applying 0;, we get
4a(u)2? + B;(u) + 02¢c; = 0.

Applying 0;, we get a(u) = 0. We conclude that
8i20j = —Bj(U), 8jCj =0.

This implies
B:(u
Cj = —# E (LL’k)z + dgk(u)xk + fj(u)7 djj(u> =0.
k#j

Using ([22) for i # j, we get
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Thus,

Bi(u)

5 Z(:L’j)2 + c(u)zt + di(u)z® + fl(u)> . (24)

J

1 »
Ai = 5 (BJ(U)LU]ZL’ —

Since ¥ # 0, it holds
D> Bj(w) #0
J
Consider the coordinate transformation with the inverse one
v="0, 2'=F+0b(d), u=1u

such that B;(u)b(u) + c(u) = 0. After that H, = B;(u)z’, i.e. we may assume that c(u) = 0.

Next, consider the coordinate transformation with the inverse one
v=10, z'=A(W)i, u=41q,
where A; (u) is a family of orthogonal matrices. It is easy to check that

H, = Bi(u) Al (w7, A= ZA’f (B, AR (u))E + AF(u) A,

The obtained metric has the same form and it holds

B;(u) = B;(u)Al(u), ZA’f )0, A¥ (u) + A( Vd(u) AR (w),  fi(u) = A¥(u) fiu(w).

Consider the equation d;;(u) = 0. Since 3, AF(u)A¥(u) = 6;5, it can be written in the form

D AR (u) = AI (u)%djk(u).

Since djj,(u) is skew-symmetric, 1d;;(u) is a curve in the Lie algebra so(n). Then A¥(u) sat-
isfying the above equation is nothing else es the development of the curve %djk(u) in the Lie
group SO(n). Thus, applying such transformation, we may assume that d;;(u) = 0. Applying
1)), we may assume that f;(u) = 0. Thus,

Note that
Fyj = Bi(u)a’ — Bj(u)a'
and (22)) holds. The equation T;; = fd,; takes the following form:

1 1 |
Jodij = —532'8]'[‘[0 + 1 E Bi(u)x'2? + ZHféij.
k
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It can be rewritten in the form
L Eam+ 2 B S @) ) = —200Hy + Y Biu)a's?
n204kkl 2”04kk ‘

Clearly, the function

N iy
Hy = 16 ;Bk(u) Zl(l" a’)
= 1,]=

is a partial solution of this equation. On the other hand,

n

a(u) Y (') + Ci(u)z' + D(u)

i=1
is the general solution of the corresponding homogeneous system.

Let us compute the holonomy algebra of the obtained metric. Let x € M be a point such that

U, # 0. The condition on the curvature tensor shows that
Ry(pay @n) = —pa AUz, Ro(X,Y) = pp A ((X AY)0).
This shows that p, A E, C g. Next,
Ry (o, o) = =9 (Vs Up)P2 N @x — Do N T (T2),
which implies Rp, A ¢, C g. Finally,
Ro(X, qz) = =9(Us, X)Po Nz + Up A X = pu AN T(X).
Since the bivectors of the form @, A X generate the Lie algebra so(E,), we conclude that
g=Rp, Nq. +50(E,) + p: N E, >~ sim(n).

This proves the theorem. []
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