The stochastic reflection problem on an infinite dimensional
convex set and BV functions in a Gelfand triple

MICHAEL ROCKNER
Department of Mathematics, University of Bielefeld, D-33615 Bielefeld, Germany
E-mail: roeckner@mathematik.uni-bielefeld.de

RONG-CHAN ZHU
Institute of Applied Mathematics, Academy of Mathematics and Systems Science,
Chinese Academy of Sciences, Beijing 100190, China
E-mail: zhurongchan@126.com

XIANG-CHAN ZHU
School of Mathematical Sciences, Peking University, Beijing 100871, China
E-mail: zhuxiangchan@126.com

Abstract

In this paper, we introduce a definition of BV functions in a Gelfand triple which is an
extension of the definition of BV functions in [1] by using Dirichlet form theory. By this
definition, we can consider the stochastic reflection problem associated with a self-adjoint
operator A and a cylindrical Wiener process on a convex set I' in a Hilbert space H. We
prove the existence and uniqueness of a strong solution of this problem when I' is a regular
convex set. The result is also extended to the non-symmetric case. Finally, we extend our
results to the case when I' = K, where K, = {f € L*(0,1)|f > —a},a > 0.
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1 Introduction

A definition of BV functions in abstract Wiener spaces has been given by M. Fukushima in
[12], M. Fukushima and M. Hino in [13], based upon Dirichlet form theory. In this paper, we
introduce BV functions in a Gelfand triple, which is an extension of BV functions in a Hilbert
space defined in [1]. Here we use a version of the Riesz-Markov representation theorem in
infinite dimensions proved by M. Fukushima using the quasi-regularity of the Dirichlet form
(see [17]) to give a characterization of BV functions.

In this paper, we consider the Dirichlet form

£9(u,v) = 5 /H (Du, Do) pl2) ()
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(where p is a Gaussian measure in H and p is a BV function) and its associated process. By
using BV functions, we obtain a Skorohod-type representation for the associated process, if
p = Ir and I is a convex set.

As a consequence of these results, we can solve the following stochastic differential inclusion
in the Hilbert space H:

{ dX (t) + (AX(t) + Np(X(t)))dt > dW (¢), (1.1)
X(0) = z, '

where our solution is strong (in the probabilistic sense), if I" is regular. Here A: D(A) C H — H
is a self-adjoint operator. Np(x) is the normal cone to I' at = and W () is a cylindrical Wiener
process in H. The precise meaning of the above inclusion will be defined in Section 5.2. The
solution to (1.1) is called distorted (if p = Ir, reflected) Ornslein-Uhlenbek (OU for short)-
process.

(1.1) was first studied (strongly solved) in [19], when H = L?(0, 1), A is the Laplace operator
with Dirichlet or Neumann boundary conditions and I' is the convex set of all nonnegative
functions of L?(0,1); see also [28]. In [6] the authors study the situation when I' is a regular
convex set with nonempty interior. They get precise information about the corresponding
Kolmogorov operator, but did not construct a strong solution to (1.1).

In this paper, we consider a convex set I'. If [' is a regular convex set, we show that I is
a BV-function and thus obtain existence and uniqueness results for (1.1). By a modification
of [12] and using [7], we obtain the existence of an (in the probabilistic sense) weak solution
to (1.1). Then, we prove pathwise uniqueness. Thus, by a version of the Yamada-Watanabe
Theorem (see [15]), we deduce that (1.1) has a unique strong solution. We also consider the
case when I' = K, where K, = {f € L*(0,1)|f > —a},a > 0, and prove our result about
Skorohod-type representation and that I, is a BV function, if a > 0.

The solution of the reflection problem is based on an integration by parts formula. The
connection to BV functions is given in Theorem 3.1 below , which is a key result of this paper.
It asserts that the integration by parts formula for p- u gives a characterization of BV functions
p, in the case where 1 is a Gaussian measure. This is an extension of the characterization of
BV functions in finite dimension. But an integration by parts fomula is in fact enough for the
reflection problem. This we show in Section 6, exploiting the beautiful integration by parts
formula for K,,a > 0, proved in [28], which in case a = 0, i.e, Ko = {f € L*(0,1) : f > 0}, is
with respect to a non-Gaussian measure, namely a Bessel bridge. Theorem 3.1 applies to prove
that I, is a BV function, but only if oo > 0.

This paper is organized as follows. In Section 2, we consider the Dirichlet form and its
associated distorted OU-process. We introduce BV functions in Section 3, by which we can get
the Skorohod type representation for the OU- process. In Section 4, we analyze the reflected
OU-process. In Section 5, we get the existence and uniqueness of the solution for (1.1) if I" is
a regular convex set. We also extend these results to the non-symmetric case. In Section 6, we
consider the case when I' = K,,, where K, = {f € L*(0,1)|f > —a},a > 0.



2 The Dirichlet form and the associated distorted OU-
process

Let H be a real separable Hilbert space (with scalar product (-, -) and norm denoted by |- |).
We denote its Borel o-algebra by B(H). Assume that:

Hypothesis 2.1 A : D(A) C H — H is a linear self-adjoint operator on H such that
(Az,z) > 6|z|*> Vo € D(A) for some § > 0 and A~ is of trace class.

Since A™! is trace class, there exists an orthonormal basis {e;} in H consisting of eigen-
functions for A with corresponding eigenvalues a; € R, j € N, that is,

A€j = Oéj€j,j e N.
Then o > 0 for all j € N,

Below Dy : H — H denotes the Fréchet-derivative of a function ¢ : H — R. By C}(H)
we shall denote the set of all bounded differentiable functions with continuous and bounded
derivatives. For K C H, the space C}(K) is defined as the space of restrictions of all functions
in O} (H) to the subset K. p will denote the Gaussian measure in H with mean 0 and covariance
operator

1
= —A71
@ 2
Since A is strictly positive, u is nondegenerate and has full topological support. Let LP(H, u),p €
[1, 00|, denote the corresponding real LP-spaces equipped with the usual norms || - ||,. We set

1
ANj=—VjeN
J 20éj ]E ’

so that
er = )\jej VJ e N.
For p € L! (H, j1) we consider

El(u,v) = %/H(Du, Dv)p(2)u(dz), u,v € CHF),

where I := Supp|p - ] and L% (H, i) denotes the set of all non-negative elements in L'(H, p).
Let QR(H) be the set of all functions p € LL(H,p) such that (€7, C}(F)) is closable on
L3(F, p- p). Tts closure is denoted by (€7, F*). We denote by F? the extended Dirichlet space
of (P, FP), that is, u € F? if and only if |u| < 0o p- p — a.e. and there exists a sequence {u,}
in F* such that £ (w,, — Uy, Uy —u,) = 0asn >m — oo and u, = u p-p—a.e. asn — 0.

Theorem 2.2 Let p € QR(H). Then (€7, F*) is a quasi-regular local Dirichlet form on
L*(F;p- ) in the sense of [17, IV Definition 3.1].

Proof The assertion follows from the main result in [27]. O

By virtue of Theorem 2.2 and [17], there exists a diffusion process M*? = (Q, M, {M;}, 0;, Xy,
P,) on F associated with the Dirichlet form (€7, F7). M* will be called distorted OU-process on
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F. Since constant functions are in F” and £°(1,1) = 0, M? is recurrent and conservative. We
denote by A’ the set of all positive continuous additive functionals (PCAF in abbreviation) of
MP, and define A” := A, — A”. For A € A’ its total variation process is denoted by {A}. We
also define Af := {A € A’|E, ({A};) < ooVt > 0}. Each element in A’ has a corresponding
positive £P-smooth measure on F' by the Revuz correspondence. The set of all such measures
will be denoted by S%. Accordingly, A; € A’ corresponds to a v € S := S — S?. the set
of all £P-smooth signed measure in the sense that A, = A} — A? for AF € A,k = 1,2 whose
Revuz measures are v*, k = 1,2 and v = v' — /% is the Hahn-Jordan decomposition of v . The
element of A’ corresponding to v € S” will be denoted by A".

Note that for each [ € H the function u(z) = (I, z) belongs to the extended Dirichlet space
FP and

1

er(),v) = 5 /(l, Du(z))p(2)du(z) Yo € Cy(F). (2.1)

On the other hand, the AF (I, X; — X;) of M? admits a unique decomposition into a sum of
a martingale AF (M) of finite energy and CAF (1V;) of zero energy. More precisely, for every
le H,

(I, X; — Xo) = M} + N/ ¥t >0 P, — a.s. (2.2)

for £P-q.e. z € F.
Now for p € L'(H, ) and | € H, we say that p € BV;(H) if there exists a constant C; > 0,

|/<Z>DU(Z)>p(Z)du(Z)I <Cillvls Ve Cy(F). (2.3)

By the same argument as in [13, Theorem 2.1], we obtain the following:

Theorem 2.3 Let pe L! andl € H.
(1) The following two conditions are equivalent:
()p € BVi(H)
(ii) There exists a (unique) signed measure v; on F' of finite total variation such that

%/(l, Du(2))p(2)du(z) = — /Fv(z)yl(dz) Yo € CHF). (2.4)
In this case, v; necessarily belongs to SP*.

Suppose further that p € QR(H). Then the following condition is also equivalent to the
above:

(iii) N € A}

In this case, v, € S, and N! = A"

(2) M!is a martingale AF with quadratic variation process

(MY, = t|I]*,t > 0. (2.5)

Remark 2.4 Recall that the Riesz representation theorem of positive linear functionals on
continuous functions by measures is not applicable to obtain Theorem 2.3, (i) = (ii), because
of the lack of local compactness. However, the quasi-regularity of the Dirichlet form provides
a means to circumvent this difficulty.



In the rest of this section, we shall introduce a special class of p € QR(H ), which will be
used in Section 4 below.

A non-negative measurable function h(s) on R! is said to possess the Hamza property if
h(s) =0 ds — a.e. on the closed set R\ R(h) where

s+e

1
= R : — fi .
R(h) ={s € /S_6 h(r)dr < oo for some € > 0}

We say that a function p € L (H,u) satisfies the ray Hamza condition in direction | € H
(p € H; in notation) if there exists a non-negative function p; such that

pr=p pp— a.e. and j(z + sl) has the Hamza property in s € R! for each z € H.

We set H := N, H,,, where e is as in Hypothesis 2.1. A function in the family H is simply
said to satisfy the ray Hamza condition. By [5] H C QR(H), and thus we always have p+ 1 €
QR(H), since clearly p+ 1 € H.
Next we will present some explicit description of the Dirichlet form (€7, F*) for p € H.
For e; € H as in Hypothesis 2.1, we set H., = {se; : s € R'}. We then have the direct sum
decomposition H = H., & E.; given by

z=se;+x,5=(ej,2).

Let m; be the projection onto the space E,; and p.; be the image measure of y under 7; : H —
E., i€ pi, = pom;'. Then we see that for any F' € L'(H, )

[ PGt = [ [ Flse, 4 a)py (e ), (2.6

where p;(s) = (1//27),)e™*"/2%. Thus by [5, Theorem3.10] for all u,v € D(E),

o0

£9(u,0) = 30 € (u,v), 1)
=1
where
e 1 duj(sej +x)  dvj(se; +x
EPCi(u,v) = 5/ / i dj ) X i( dj )p(sej + 2)p;(s)dspie, (dz),  (2.8)
o, J R(oles+2) s s

and u, @; satisfy @; = v pu — a.e and 4;(se; + ) is absolutely continuous in s on R(p(-e; + x))
for each x € ;. v and v; are related in the same way.

3 BYV functions and distorted OU-processes in F

As in [13], we introduce some function spaces on H. Let
Auja(w) i= [ log(1+5))2ds. > 0,
0
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and let 1 be its complementary function, namely,

¥(y) :Z/O( ’1/2)‘1(t)dt:/0 (exp(t?) — 1)dL.
Define
L(log L)"*(H, p) := {f : H — R|f Borel measurable, A, (| f]) € L'(H, 1)},

LY(H,p) := {g: H — R|g Borel measurable, ¢(c|g|) € L*(H, i) for some ¢ > 0}.

From the general theory of Orlicz spaces (cf. [24]), we have the following properties.
(i) L(log L)'/? and LY are Banach spaces under the norms

1l og yrve = inffa > 0 /H Ava(If) )y < 1},

lglle = inf{a > 0| / b(lgl/a)du < 1.
H
(ii) For f € L(log L)/? and g € LY, we have
1l < 200 s og el o (3.1)

(iii) Since u is Gaussian, the function z +— (x,[) belongs to LY.
Let ¢j,7 € N, be a sequence in [1,00). Define

Hy:={x € H|Y (v,¢;)’c; < oo},
j=1
equipped with the inner product

[e.e]

<x>y>H1 = ZC?<$,€j><y,€j>.

Then clearly (Hy, (,)n,) is a Hilbert space such that H; C H continuously and densely. Iden-
tifying H with its dual we obtain the continuous and dense embeddings

H, C H(=H") C Hj.
It follows that
m{z,v)ur = (2,v)uVz € Hi,v € H,

and that (Hy, H, HY) is a Gelfand triple. Furthermore, {i—j} and {cje;} are orthonormal bases
of Hy and HY, respectively.
We also introduce a family of H-valued functions on H by

(C))paynm = {G: G(z) = Zgj(z)lj,z € H,g; € C{(H),l" € D(A)N H,}

i=1



Denote by D* the adjoint of D : C}(H) C L*(H,p) — L*(H, u; H). That is
Dom(D*) := {G € L*(H, u; H)|C} > u /(G, Du)dy is continuous with respect to L*(H, u)}.
Obviously, (C})paynu, € Dom(D*). Then

/H D*G(2) f(2)uldz) = /H (G(2), DF(2))u(d2) VG € (C) oy, f € CLH).  (32)
For p € L(log L)Y/*(H, it), we set

Vip) = sup | DrGenn(az).
Ge(CHpayna Gl <1 H

A function p on H is called a BV function in the Gelfand triple (Hy, H, Hy)(p € BV (H, H,)

in notation), if p € L(log L)/?(H, i) and V(p) is finite. When H; = H = Hj}, this coincides

with the definition of BV functions defined in [1] and clearly BV (H, H) C BV (H, H,). We can

prove the following theorem by a modification of the proof of [12, Theorem 3.1].

Theorem 3.1 (i) BV(H, H1) C (Nicpaynm, BVi(H).
(ii) Suppose p € BV (H, Hy)N LY (H, 1), then there exist a positive finite measure ||dp|| on H
and a Borel-measurable map o, : H — H} such that |lo,(2)[|z: = 1 [|dp||—a.e, |[dp||(H) = V(p),

| D6@pena) = [ G ol VG € (Coarm 33
and ||dp|| € SPT.

Furthermore, if p € QR(H), ||dp]|| is £P-smooth in the sense that it charges no set of zero
EP-capacity. In particular, the domain of integration H on both sides of (3.3) can be replaced
by F', the topological support of ppu.

Also, 0, and ||dp| are uniquely determined, that is, if there are o
relation (3.3), then [|dp|| = ||dp||" and o,(2) = o,,(2) for ||dp|| — a.e.z

(iii) Conversely, if Eq.(3.3) holds for p € L(log L)"?(H, ;) and for some positive finite
measure ||dp|| and a map o, with the stated properties, then p € BV(H, H;) and V(p) =
ldpl(FF).

(iv) Let WH1(H) be the domain of the closure of (D, C}(H)) with norm

/

. and ||dp||" satisfying

1= /H(|f(2)| +[Df(2))u(dz).
Then WH(H) C BV (H, H) and Eq.(3.3) is satisfied for each p € W'(H). Furthermore,
1
ldpll = Dol .V(5) = [ 1Doli(d).0, = Dol

Proof (i) Let p € BV(H, Hy) and | € D(A) N Hy. Take G € (C})peaynm, of the type

G(z) =g(2)l,z € H,g € C}(H). (3.4)
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By (3.2)

/ D*G(2)f(2)u(dz) = /H (G(=), DF()u(d=)
_ /H (1, Dg(2)) f(2)u(dz) + 2 / (AL, 2)g(2) f(2)u(dz) Vf € C}(H);

consequently,
D*G(z) = —(l, Dg(z)) + 29(2) (Al z). (3.5)

Accordingly,
lﬂJM@» /IDG d@+2[3&@M@W@WW@. (3.6)

For any g € C}(H), satisfying ||g|loc < 1, by (3.1) the right hand side is dominated by

Vo)l + 4ol Lgog yrr2 (AL )l 2w < 00,

hence, p € BV|(H).
(ii) Suppose p € LL(H,u)(\BV(H, H;). By (i) and Theorem 2.3 for each | € D(A) N Hy,
there exists a finite signed measure v, on H for which Eq.(2.4) holds. Define

Dip(dz) = 2u(dz) + 2(Al, 2)p(2)pu(dz).

In view of (3.6), for any G of type (3.4), we have

| D6t = [ a@ni), (3.7)
which in turn implies
Vol = s [ o)D) < V)i, 39

where V(Dj!p) denotes the total variation measure of the signed measure Dj'p
For the orthonormal basis {Z} of H;, we set
J

dD% p(2)

=X%,2" JV(DeJ p), vj(2) = W,z € H,jeN. (3.9)
P

7;‘ is a positive finite measure with vf(H ) < V(p) and v; is Borel-measurable. Since D% p

3

belongs to SP*!, so does 7‘4 Then for

Zg] Cb D(A) ﬂH1an € N (310)



by (3.7) the following equation holds

/H DGul2)p(huldz) = Y /H 9, (=)0, (I (d2). (3.11)

Since |v;(z)| < 27 y-a.e. and C}(H) is dense in L'(H,~;'), we can find v;,, € C}(H) such
that
lim v, = v, fyf —a.e.,

m—ro0
Substituting
Vjm(2)
gjm(2) = — , (3.12)
: V2 ket Ve (2)? + 1/m
for g;(z) in (3.10) and (3.11) we get a bound
> [ g lenia) < Vi)
j=17H
because [|G(2)||3, = >0, gjm(2)? < 1Vz € H. By letting m — oo, we obtain
Now we define
ldpll = vj(2)27;(d2) (3.13)
and o, : H — H} by
L1 C) NP if 00 25
0,(2) = ijl Vo vk (2 AR if 2 € {202 v(2)* > 0} (3.14)
0 otherwise.
Then
ldpll(H) < V(p), llop(2)lla; =1 lldpl| — a.e., (3.15)

|dp|| is SP-smooth and o, is Borel-measurable. By (3.11) we see that the desired equation
(3.3) holds for G = G,, as in (3.10). It remains to prove (3.3) for any G of type (3.4), i.e.
G=g-l,ge ClH),l € D(A)N H;. In view of (3.6), Eq.(3.3) then reads

- [ Do) +2 |

H

9(2)(Alaz>p(2)u(d2)=/9(2)H1<17Up(z)>H;Hdp||(dZ)- (3.16)

H

We set

n

b= D {lees = D (L )i 2 Gul2) = ()

j=1 C] Cﬁ



Thus k, — [ in H; and Ak,, — Al in H as n — oco. But then also

lim [ (Dg, kn)pdp = / (Dg, l)pdp,

and
| /H 9(2) (Akn, 2) (=)l d2) — /H ()AL 2)p(=)(d2)|
< 20\ g el g 212 | (AR — AL o
Furthermore,

lim [ g(2)m, (Fn, 00(2)) 17 dpll(dZ)=/HQ(Z)HIU,Up(Z)>H;||dPII(dZ)-

n—o0 H

So letting n — oo yields (3.16).

If p € QR(H), we can get the claimed result by the same arguments as above.

Uniqueness follows by the same argument as [13, Theorem 3.9].

(iii) Suppose p € L(log)*?(H, i) and that Eq.(3.3) holds for some positive finite measure
|dp|| and some map o, with the properties stated in (ii). Then clearly

Vi(p) < lldpll(H)

and hence p € BV (H, Hy). To obtain the converse inequality, set

(] .
0j(2) == (cjej,0,(2)) iy =m (i%(@)ﬂp] eN.
J

Fix an arbitrary n. As in the proof of (ii) we can find functions

vim € Cp(H), lim v;,,(2) = 0j(2) ||dp|| — a.e.

m—0o0

Define g;(2) by (3.12). Substituting G, (2) == >}, gjm(z)i—j for G(z) in (3.3) then yields

> [ il @ldplaz) < V)

By letting m — oo, we get

[ | Zesrldplias) < vip) v e

We finally let n — oo to obtain ||dp||(H) < V(p).
(iv) Obviously the duality relation (3.2) extends to p € W'(H) replacing f € C}(H). By
defining ||dp|| and o,(z) in the stated way, the extended relation (3.2) is exactly (3.3). O

Theorem 3.2 Let p € QR(H) N BV (H, H,) and consider the measure ||dp|| and o, from
Theorem 3.1(ii). Then there is an EP-exceptional set S C F' such that Vz € F\S under P,
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there exists an M- cylindrical Wiener process W?#, such that the sample paths of the associated
distorted OU-process M? on F satisfy the following: for | € D(A) N H,

t 1 t t
(I, X, — Xo) = / (1, dW?) +§/ ill, 00 (X)) prrd L1 —/ (Al, X,)ds ¥t > 0 P,—a.s.. (3.17)
0 0 0
Here L|t|dp I'is the real valued PCAF associated with ldp|| by the Revuz correspondence.

In particular, if p € BV(H, H), then Vz € F\S,l € D(A)NH

1

t t t
{1, X, — Xo) :/ (l,de)+§/ (1, 0,(X,))d LIl _/ (Al, X,)ds V¥t > 0 P,—as..
0 0 0

Proof Let {e;} be the orthonormal basis of H introduced above. Define for all £ € N

1

t t
WE(t) = (e, Xy — 2) — 5/0 Hl(ek,ap(Xs»Hde!d”” +/0 (Aey, Xs)ds. (3.18)

By (2.1) and (3.16) we get for all k € N

e (er)o) = [ o) Aen ptds) =5 [ o lenol=)n;

By Theorem 2.3 it follows that for all £ € N

dpl|(dz) Vg € Cy(H).

e 1 ! '
Ny =5 / ler, 0p(Xs)) ryd L1 — / (Aey, X,)ds. (3.19)
0 0

Here we get from (3.18), (3.19) and the uniqueness of decomposition (2.2) that for £#-q.e. z € F,
Wi(t) = Mf* ¥t >0 P,—as.,

where the £P-exceptional set and the zero measure set does not depend on e;. Indeed, we
can choose the capacity zero set S = U2, 5;, where S; is the £-exceptional set for e;, and for
z € F\S, we can use the same method to get a zero measure set independent of e;. By Dirichlet
form theory we get (M, M%), = t6;;. So for z € F'\ S, W} is an M;-Wiener process under
P.. Thus, with W# being an M;- cylindrical Wiener process given by W#*(t) = (WZ(t)ex)ken,
(3.17) is satisfied for P, — a.e., where z € F'\ S. O

4 Reflected OU-processes

In this section we consider the situation where p = Ir € BV(H, Hy), where I' C H and

1, ifxel,
Ir(z) = { 0  ifzer-

Denote the corresponding objects o, ||d/r|| in Theorem 3.1(ii) by —nr, ||OT'|| respectively. Then
formula (3.3) reads

/F D" G(2)u(dz) = - /F (G (o), )i

IT||(dz) VG € (C}) piaynm

11



where the domain of integration F' on the right hand side is the topological support of It - p.
F is contained in I, but we shall show that the domain of integration on the right hand side
can be restricted to O'. We need to use the associated distorted OU-process M on F', which
will be called reflected OU-process on I'.

First we consider a py-measurable set I' C H satisfying

Ir € BV(H, H;) N H. (4.1)

Remark 4.1 We emphasize that if I' is a convex closed set in H, then obviously Ir € H.
Indeed, for each z,l € H the set {s € R|z+ sl € I'} is a closed interval in R, whose indicator
function hence trivially has the Hamza property. Hence, in particular, Ir € QR(H).

By a modification of [12, Theorem 4.2}, we can prove the following theorem.

Theorem 4.2 Let I' C H be p-measurable satisfying condition (4.1). Then the support of
|OT'|| is contained in the boundary JI" of I', and the following generalized Gauss formula holds:

/F D*G(2)u(dz) = — /8 m{G(e),nr)as |01 (42) VG € (CH piaym - (4.2)

Proof For any G of type (3.4) we have from (2.1), (3.5) and (3.7) that

et g) - |

)1, ) = = /F 9(=) DA In(d2). (4.3)

Since the finite signed measure Di'Ip charges no set of zero €1lr-capacity, Eq.(4.3) readily
extends to any £r-quasicontinuous function ¢ € ]:bIF = FIrn L2(T, p).

Denote by I'’ the interior of I'. Then I'Y € F C I'. In view of the construction of the
measure ||d/p| in Theorem 3.1, it suffices to show that for i—j € D(A)N H,

V(Dglr)(ro) =0.

5

By linearity and since positive constants interchange with sup, it suffices to show that,
V(D Ip)(1°) = 0. (4.4)
Take an arbitrary € > 0 and set
U:w={z€H:d(z, H\I") > e},V := {2z € H : d(z, H\I"") > ¢},

where d is the metric distance of the Hilbert space H. Then U C V and V is a closed set
contained in the open set I'Y. We define a function h by

h(z):=1—FE.,(e7V),z € F, (4.5)

where 7, denotes the first exit time of M from the set V. The nonnegative function A is in
the space .7-"1)1F and furthermore it is £T-quasicontinuous because it is M finely continuous.

Moreover,
h(z) >0VzeU, h(z) =0Vz e F\V. (4.6)
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Set

vi(dz) = h(z)D?jIp(dz) (4.7)
and
= i)t~ [ (o) Ae, 2u(de) (4.8)
Then Eq.(4.3) with the £/r-quasicontinuous function gh € fbjr replacing ¢ implies

I = —%/Fg(z)l/j(dz).

In order to prove (4.4), it is enough to show that IJ = 0 for any function g(z) of the type

9(2) = f(lej, 2), (o, 2)y ooy (s 2)); loy ooy by € H, f € Cy(R™), (4.9)

for we have then v; = 0.
On account of (2.8) we have the expression

E™(e;(-), gh) = £ (e5(- / / d(gh) se]—i—x) pi(s)dspic,;(dr), (4.10)

where R, = R(Ir(-e; + 1)), F, == {s : se; + « € F} for x € E,, and his a Ip - p-version of h
appearing in the description of (2.8). For x € E; set
Vyi={s:se; +x €V} I :={s:se;+z eI’}

We then have the inclusion V, C T C R, N F,. By (4.6), h(se; + x) = 0 for any x € E., and
for any s € R, \ V;. On the other hand, there exists a Borel set N C E., with p,, (N) = 0 such
that for each x € E.,\N,

h(se; + x) = h(se; + x) ds — a.e.
Here we set h = 0 on H\F. Since il('ej +x) is absolutely continuous in s, we can conclude that

h(se; +x) =0V € E,\N, Vs € R\ V.

Fix € E.,\N and let I be any connected component of the one dimensional open set R,.
Furthermore, for any function g of type (4.9) we denote the support of g(-e; +z) by K, (which
is a compact set) and choose a bounded open interval J containing K,. Then I NV, N K, is a
closed set contained in the bounded open interval I N J and

gh(se; +2) =0Vs € INI\INV,NK,).

Therefore, an integration by part gives

/ d(gh)(i? 2 (s)ds = / (g (ses + )sp(s)ds.

Combining this with (4.8) and (4.10), we arrive at
= [ [, g aoes - aohise d) = [ (e e utae) =
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Now we state Theorem 3.2 for p = Ir.

Theorem 4.3 Suppose I' C H is a u-measurable set satisfying condition (4.1). Then there
is an EP-exceptional set S C F' such that Vz € F\S, under P, there exists an M- cylindrical
Wiener process W#, such that the sample paths of the associated reflected OU-process M? on
F with p = Ir satisfy the following: for [ € D(A) N H,

t t t
(1, X — Xo) :/ <l,de)—%/ Hl(l,np(Xs)>Hdeﬂ8F”—/ (Al, X,)ds P,—as..  (4.11)
0 0 0

Here, L)™' is the real valued PCAF associated with [0 by the Revuz correspondence, which
has the following additional property: Vz € F\S

Tor(X)dLIol = qLlovl p, — g.s.. (4.12)

In particular, if p € BV(H, H), then Vz € F\S,l € D(A)N H

t t t
LX, —Xo)= [ (1,dW?) — 1 Lnp (X ))dLIP™h — [ (Al X Vds YVt > 0 P, — a.s..
S 2 S
0 0 0

Proof All assertions except for (4.12) follow from Theorem 3.2 for p := Ir. (4.12) follows by
Theorem 4.2 and [10, Theorem 5.1.3]. O

5 Stochastic reflection problem on a regular convex set

In this section, we consider I' satisfying [6] Hypothesis 1.1 (ii) with K :=T, that is:

Hypothesis 5.1 There exists a convex C'* function g : H — R with ¢(0) = 0,4'(0) = 0,
and D?g strictly positive definite, that is,(D?*g(z)h, h) > v|h|* Vh € H for some v > 0, such
that

F={zreH:gx) <1}, 0l ={xr € H:g(x)=1}

Moreover, we also suppose that D?¢g is bounded on I' and g and all its derivatives grow at
infinity at most polynomially.

Remark 5.2 By [6, Lemma 1.2], I" is convex and closed and there exists some constant 6 > 0
such that |Dg(z)| <V €T.

5.1 Reflected OU processes on regular convex sets

Under Hypothesis 5.1, by [7, Lemma A.1] we can prove that It € BV(H, H) N QR(H):

Theorem 5.3  Assume that Hypothesis 5.1 holds. Then It € BV(H, H) N QR(H).
Proof We first note that trivially by Remark 4.1 we have that I € QR(H). Let

pe(x) == exp(—wl{gx}),x € H.
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Thus,

lim p. = Ir.
e—0

Moreover,
2
Dpe = ——pelgg2yDg(g = 1) p— ace..
By [7, Lemma A.1] we have

1 1

lim = ; ()1 g(a)>13 (9(2) =1)(Dg(x), 2) pe(x) pu(dx) = 5 /8F e(y){n(y), 2)por(dy) ¥z € H,p € Cy(H),

where n := Dg/|Dg| is the exterior normal to OI' at y and pugr is the surface measure on oI
induced by p (cf. [6], [7], [16]), whereas by (3.2) for any ¢ € C}(H) and z € D(A)

tim = [ (o)L (9(e) ~ 1)(Do(o). )p.la)n(da)
=~ lim3 [ (Dpu(o). e(@)2ulie)
= L lim [ @)D" (2) ()

=5 | @)D (=)@l

Thus,

/H Ir(x)D*(pz)(x)p(dr) = —/ o(x)(n(x), 2)por (dz) Vz € D(A),p € Cy. (5.1)

or

By the proof of [7, Lemma A.1], we get that g is a non-degenerate map. So we can use the
co-area formula (see [16, Theorem 6.3.1, Ch. V] or [7, (A.4)]):

| tutan) = [ / @) s )

By [16, Theorem 6.2, Ch. V] the surface measure is defined for all » > 0, moreover [16,
Theorem 1.1, Corollary 6.3.2, Ch. V] imply that r — puy, is continuous in the topology induced
by DP(H) for some p € (1,00),7 € (0,00)(cf [16]) on the measures on (H,B(H)). Take f =1
in the co-area formula, then by the continuity property of the surface measure with respect to
r we have that mugr (dy) is a finite measure supported in {g = r}. By Remark 5.2 and
since par = pix,, we have that usr is a finite measure. And hence by Theorem 3.1 (iii), we get
Ir € BV(H,H).

O

Thus by Theorem 4.3 we immediately get the following.

Theorem 5.4 Assume Hypothesis 5.1. Then there exists an £P-exceptional set S C F' such
that Vz € F\S, under P, there exists an M- cylindrical Wiener process W#  such that the
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sample paths of the associated reflected OU-process M” on F' with p = I satisfy the following:
forl € D(A)N H,

t 1 t t
LX,—Xo)= [ (1,dw? —= [ (I,np(X,)dL"ly — [ (Al X,)ds Vt > 0 P, — a.e.
S 2 S
0 0 0
where np := £—Z| is the exterior normal to I" and

19T = por,
where pgr is the surface measure induced by p (c.f [6], [7], [16]).

Remark 5.5 It can be shown that for x € JI', np(z) = |g—§| is the exterior normal to I, i.e
the unique element in H of unit length such that

(nr(z),y —x) <0Vy €T,

5.2 Existence and uniqueness of solutions
Let I' C H and our linear operator A satisfy Hypothesis 5.1 and Hypothesis 2.1, respectively.

Consider the following stochastic differential inclusion in the Hilbert space H,

{ dX (t) + (AX(t) + Np(X(t)))dt > dW (¢), (5.2)

X(0) =z,

where W (t) is a cylindrical Wiener process in H on a filtered probability space (€2, F, F;, P)
and Np(z) is the normal cone to I" at z, i.e.

Nr(x)={z€ H:{(z,y—x) <0Vy eI}

Definition 5.6 A pair of continuous H x R-valued and F;-adapted processes (X (t), L(t)),t €
0,77, is called a solution of (5.2) if the following conditions hold.

(i) X(t) eI forallt € [0,T] P —a.s.;

(ii) L is an increasing process with the property that

Ior(Xs)dLs = dLs P — a.s.

and for any [ € D(A) we have

t t t
(1, X, — ) = / (1, dW,) — / (I np(X,)dL,) — / (Al, X,)ds V¢ >0 P —a.s.
0 0 0

where nr is the exterior normal to I'.

Remark 5.7 By Remark 5.5 we know that np(z) € Np(z) for all # € I'. Hence by Definition
5.6 (ii) it follows that Definition 5.6 is appropriate to define a solution for the multi-valued
equation (5.2).

We denote the semigroup with the infinitesimal generator —A by S(t), ¢t > 0.
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Definition 5.8 A pair of continuous H x R valued and F;-adapted processes (X (1), L(t)),t €
0,77 is called a mild solution of (5.2) if

(i) X(t) eI forallt € [0,T] P —a.s.;

(ii) L is an increasing process with the property

Ior(Xs)dLs = dLs P — a.s.

and
t t
X, =S(t)x +/ S(t—s)dWy — / S(t — s)np(Xs)dLs Vt € [0,T] P — a.s.
0 0

where nr is the exterior normal to I'. In particular, the appearing integrals have to be well
defined.

Lemma 5.9 The process given by
t
/ S(t — s)np(Xs)dLg
0
is P-a.s. continuous and adapted to F;,t € [0,7T]. This especially implies that it is predictable.

Proof As [S(t — s)nr(X,)| < Mr|np(X,)|,s € [0,T], the integrals [ S(t — s)np(X,)dL,, t €
[0, 77, are well defined. For 0 < s <t <T,

s t
| / S(s — w)np(X.)dL, — / S(t — wynp(X,)dL|
0 0
s t
<] / [S(s —u) — S(t —u)np(X,)dL,| + | / S(t — u)np(X,)dL,|
0 s
s t
S/ |[S(s —u) — S(t —u)np(X,)|dL, + / |S(t — u)np(X,)|dL,,
0 s
where the first summand converges to zero as s Tt or t | s, because
1 110,6)(w)[S(s — u) = S(t — u)np(X,)| = 0 as sTtort]s.

For the second summand we have
t
/ S(t — wnp(X)|dLy < Mp(Li— L)) — 0 assttortls.

By the same arguments as in [25, Lemma 5.1.9] we conclude that the integral is adapted to
ft,t € [O, T] ]

Theorem 5.10 (X (¢), L;),t € [0,7T], is a solution of (5.2) if and only if it is a mild solution.
Proof (=) First, we prove that for arbitrary ¢ € C'([0, T], D(A)) the following equation holds:

(X, ¢) = (x,Co) +/0 (Cs, dW) —/O (nr(X), ¢s)dLg +/O (X,, —Al+)ds YVt >0 P —a.s..
(5.3)
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If (, = nfs for f € CH([0,T]) and n € D(A), by 1t6’s formula we have the above relation for such
¢. Then by [25, Lemma G.0.10] and the same arguments as the proof of Proposition G.0.11 we
obtain the above formula for all ¢ € C'([0,T], D(A)). As in [25, Proposition G.0.11], for the
resolvent R, := (n+ A)~': H — D(A) and t € [0,T] choosing ¢, := S(t — s)nR,n,n € H, we
deduce from (5.3) that

(X¢,nR,m) =(x, S(t)nR,n) +/0 (S(t — s)nR,n,dWs) — /0 (nr(Xy), S(t — s)nR,n)dLs
+ /t<XS, AS(t — s)nR,n) + (X, —AS(t — s)nR,n)ds
=(S(t)x + /t S(t— s)dW, + /t S(t — s)np(Xs)dLs,nR,n) ¥Vt € [0,T] P — a.s..

Letting n — oo, we conclude that (X(t), L;),t € [0, 7], is a mild solution.
(<) By Lemma 5.9 and [25, Theorem 5.1.3], we have

t t
/ S(t — s)np(X,)dLy and / S(t —s)dWg, t € [0,T],
0 0

have predictable versions. And we use the same notation for the predictable versions of the
respective processes. As (Xy, L;) is a mild solution, for all n € D(A) we get

/0 (X, Anpds = /0 (S(s), Au)ds — /Ot ( /0 S(s — w)np(X,)dLy, An)ds
+ /Ot</os S(s —u)dW,, An)ds Vt € [0,T] P — a.s..

The assertion that (X(t), L;),t € [0, 7], is a solution of (5.2) now follows as in the proof of [25,
Proposition G.0.9] because

/Ot</os S(s —u)np(X,)dL,, An)ds :/Ot /Os<np(Xu), _%5(5 — w)n)dLyds
- </0t5(t — s)np(Xo)dLs,m) + (/Ot nr(X,)dLg,n).

O
Below, we prove (5.2) has a unique solution in the sense of Definition 5.6.

Theorem 5.11 Let I' C H satisfy Hypothesis 5.1. Then the stochastic inclusion (5.2) admits
at most one solution in the sense of Definition 5.6.

Proof Let (u, L') and (v, L?) be two solutions of (5.2), and let {e;}xen be the eigenbasis of A
from above. We then have

(er, u(t) — v(t)) +/0 (ager, u(s) — v(s))ds —1—/0 (ex, np(u(s)))dL! — /0 {ex, np(v(s)))dL? =0
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Setting du(t) := (e, u(t) — v(t)), we obtain
=2 [ ausponts
= = 2 anen, ) — D ensuts) (50 + [ e meu(o) e () — ()
— [ fexmelots)enu(s) — o)L
<=2 [ fenmeuls)) exs )~ o)LL +2 [ fevmelols))) e u(s) — o)L

(5.4)
By dominated convergence theorem for all ¢ > 0 we have P — a.s:
Z/ er, np(u(s))) (ep, u(s) — v(s))dL}
k<N
t
R / (n(u(s)), u(s) — v(s)dL! as N — oo,
0
and
> / e, np(v(s)) e, u(s) — v(s))dL?
k<N
—>/ nr(v u(s) —v(s))dL? as N — oo.
Summing over £k < N in (5.4) and letting N — oo yield that for all t > 0 P — a.s
t t
lt) = v(OF <2 [ (ar(u(s). o(5) — u()LL +2 [ (ar(o(9).uls) = v()dL
0 0
By Remark 5.5 it follows that
u(t) —v(t)]* <0,
which implies
u(t) = v(t),
and thus
LY(t) = L*(t)
O

Combining Theorem 5.4 and 5.11 with the Yamada-Watanabe Theorem, we now obtain the
following;:

Theorem 5.12 If I' satisfies Hypothesis 5.1, then there exists a Borel set M C H with
Ir-pu(M) = 1 such that for every x € M, (5.2) has a pathwise unique continuous strong solution
in the sense that for every probability space (2, F, F;, P) with an F;-Wiener process W, there
exists a unique pair of F;-adapted processes (X, L) satisfying Definition 5.6 and P(Xy = x) = 1.
Moreover X (t) € M for all t > 0 P-a.s.
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Proof By Theorem 5.4 and Theorem 5.11, one sees that [15, Theorem 3.14] a) is satisfied for
the solution (X, L). So, the assertion follows from [15, Theorem 3.14] b). O

Remark 5.13 Following the same arguments as in the proof of [26, Theorem 2.1|, we can
give an alternative proof of Theorem 5.12 for a stronger notion of strong solutions (see e.g.
[26]). Also, because of Theorem 5.10, by a modification of [20, Theorem 12.1], we can prove the
Yamada Watanabe Theorem for the mild solution in Definition 5.8, and then also a correspond-
ing version of Theorem 5.12 for mild solutions for (5.2). This will be contained in forthcoming
work.

5.3 The non-symmetric case

In this section, we extend our results to the non-symmetric case. For I' C H satisfying Hy-
pothesis 5.1, we consider the non-symmetric Dirichlet form,

£ (u,v) = A(%(DU(Z),DU(Z» +(B(2), Du(2))v(2))u(dz), u,v € Cy(T),

where B is a map from H to H such that

Be L™ =T, pu), /<B, Du)dp > 0 for all u € CL(I'),u > 0. (5.5)
r

Then (€,CH(T)) is a densely defined bilinear form on L?*(T'; ) which is positive definite,
since for all u € C}(T)

£ (u,u) Z/F%KDU(Z),DU(Z» +(B(2), Du*(2))(2))u(dz) > 0.

Furthermore, by the same argument as [17, I1.3.e] we have (£, C}(T)) is closable on L*(T, p)
and its closure (€7, F1) is a Dirichlet form on L?(T", 1). We denote the extended Dirichlet space
of (€Y, FY) by FI: Recall that u € Fr if and only if |u| < co It - u — a.e. and there exists a
sequence {u, } in F' such that E¥ (w,, —p, Uy —1u,) — 0asn > m — co and u, — u Ir-p—a.e.

as n — oo. This Dirichlet form satisfies the weak sector condition
€8 (u,v)| < KET (u, u) /27 (v, v)/2
Furthermore, we have:

Theorem 5.14  Suppose I' C H satisfies Hypothesis 5.1. Then (T, F) is a quasi-regular
local Dirichlet form on L2(T'; ).

Proof The assertion follows by [17 IV.4b] and [28]. O

By virtue of Theorem 5.14 and [17], there exists a diffusion process M = (X;, P,) on T’
associated with the Dirichlet form (£, F1). Since constant functions are in ¥ and £Y(1,1) = 0,
MV is recurrent and conservative. We denote by AEF the set of all positive continuous additive
functionals (PCAF in abbreviation) of M, and define A" = AL — AL. For A € A", its
total variation process is denoted by {A}. We also define Aj = {A € A"|E,..({A},) <
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oo Vt > 0}. Each element in AI; has a corresponding positive £'-smooth measure on I' by
the Revuz correspondence. The totality of such measures will be denoted by S%. Accordingly,
A" corresponds to ST = ST — ST the set of all £T-smooth signed measure in the sense that
A = A} — A? for A} € A’k = 1,2 whose Revuz measures are v*, k = 1,2 and v = v! — 1% is
the Hahn-Jordan decomposition of v. The element of A corresponding to v € S will be denoted
by A.

Note that for each [ € H the function u(z) = (I, z) belongs to the extended Dirichlet space
FI and

EV(I(),v) = /F(%(Z,Dv(z» +(B(2), )v(2))u(dz) Yo € CHT). (5.6)

On the other hand, the AF (I, X;— X;) of M' admits a decomposition into a sum of a martingale
AF (M,) of finite energy and CAF (V) of zero energy. More precisely, for every | € H

(I, X; — Xo) = M + N/ Vt >0 P, — a.s. (5.7)

for £P-q.e. z €T
Then we have the following:

Theorem 5.15 Suppose I' C H satisfies Hypothesis 5.1.
(1) The next three conditions are equivalent:
(i)N' € Ay.
(ET(I(),v)| < Cllvlloe Yo € Cy(T).
(i

iii) There exists a finite (unique) signed measure v; on I' such that

EV(1(),v) = —/v(z)l/l(dz) Vv € CH(I). (5.8)
r
In this case, v; is automatically smooth, and
N' = A,

(2) M! is a martingale AF with quadratic variation process
(MY, =t)I]*,t > 0. (5.9)

Proof (1) By [21, Theorem 5.2.7] and the same arguments as in [11], we can extend Theorem

6.2 in [11] to our nonsymmetric case to prove the assertions.
(2)Since

2
by [21 Theorem 5.1.5] for u € C}(T), f € F' bounded we have

/ F() o () =267 (u, uf) — E7 (a2, )
- / E(Du(z), D)) + (B(2), Dul=)yu(2) (=))u(dz)

E (u,v) = /F(}<Du(z), Du(2)) + (B(z), Du(2))v(2))u(dz), u,v € F',

2
1 .

- [ GD@ER), DI + (B). D)) F)utd:)
~ [ u). D Fe o)
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Here f denotes the ET-quasi-continuous version of f, [ty 18 the Reuvz measure for (M ]y and
M™ is the martingale additive functional in the Fukushima decomposition for u(X;). Hence
we have

sy (d) = I (Du(=), Du(2)) - u(d>).
By [21, (5.1.3)] we also have

Mszdezfgumw@

r
where e(M!) is the energy of M'. Then (5.9) easily follows. O

By Theorem 3.1 we can now prove the following:

Theorem 5.16 Suppose I' C H satisfies Hypothesis 5.1. Then there is an £'-exceptional
set S C I' such that Vz € T'\ S, under P, there exists an M- cylindrical Wiener process W7,

such that the sample paths of the associated OU-process M' on I' satisfy the following: for
l € D(A)N Hy

(1, X Xo) = /0 t<z,dW§>—% /0 il ne(X,) s LTI /0 (AL Xy ds— (1 /0 "B(X.)ds Pons.
(5.11)

Here, LI”'! is the real valued PCAF associated with |0T|| by the Revuz correspondence, which
has the following additional property: Vz € I'\S

Tor(X)dLIol = qLlovl p, — g.s.. (5.12)

Dag - .
Here nr := Dl 1S the exterior normal to I', and

g
Dy|
10T = por,

where pgr the surface measure induced by pu.
Proof By (5.6) and (3.16) we have

ﬁwmw=£§mmw»+wumwmmw>
:L[}z%zxzwmz»mdz>+1[}mz>@u,znwdz>+—§jépv@»u,nrcoﬂﬁﬂwudz»
Thus, by Theorem 5.15
N =, [ Xds) = [ B @)ds) - 50, [ ne(X )zl w).

By Theorem 5.15 and the same method as in Theorem 3.2 one then proves the first assertion,
and the last assertion follows by Theorem 5.3 and 5.4. U
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Let I' C H and our linear operator A satisfy Hypothesis 5.1 and Hypothesis 2.1, respectively.
As in Section 5.2 we shall now prove the existence and uniqueness of a solution of the following
stochastic differential inclusion on the Hilbert space H,

{ dX (1) + (AX(t) + B(X () + Np(X(t)))dt > dW (t), (5.13)

X(0) =z,

where B satisfies condition (5.5), W (t) is a cylindrical Wiener process in H on a filtered
probability space (2, F, F;, P) and Nr(x) is the normal cone to I' at z, i.e.

Nr(x)={z€ H:{(z,y—x) <0Vy eI}
Definition 5.17 A pair of continuous H x R-valued and F;-adapted processes (X (t), L(t)),t €
[0, 77, is called a solution of (5.13) if the following conditions hold.

(i) X(t) €T for all t € [0,T] P-a.s;
(ii) L is an increasing process with the property that

Ior(X,)dL, = dL, P — a.s,

and for any [ € D(A) we have

(I, X, —z) = /0t<l,dW8) - /0t<l, nr(X,))dL — /0t<l, B(X,))ds — /0t<Al,XS>ds Vit >0 P—a.s.,

where nr is the exterior normal to I'.
Below we prove (5.13) has a unique solution in the sense of Definition 5.17.

Theorem 5.18 Let I' C H satisfy Hypothesis 5.1 and B satisfy the monotonicity condition
(B(u) — B(v),u —v) > —alu —v|? (5.14)

for all u,v € dom(G), for some « € [0, 00) independent of u,v. The stochastic inclusion (5.13)
admits at most one solution in the sense of Definition 5.17.

Proof Let (u, L) and (v, L?) be two solutions of (5.13), and let {e;}ren be the eigenbasis of
A from above. We then have

(e, u(t) —v(t)) +/0 (ager, u(s) —v(s))ds +/0 (e, B(u(s)) — B(v(s)))ds

+ [enmeue)azt - [ ez o
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Setting ¢ (t ) (ex, u(t) — v(t)), and we have
=2 i cbk(S)dcbk(S)
= - 2(/0t<ak6k, u(s) —v(s))(er, u(s) —v(s))ds + /0t<6k, B(u(s)) — B(v(s))){ex, u(s) — v(s))ds
+ /Ot<€k,nr(U(S))><€k,U(S) —v(s))dL, — /Ot<€kan1“(v(5))><€kau(3) —v(s))dLy)
<-2 /;(ek, B(u(s)) — B(v(s))){er, u(s) — v(s))ds

— 2/0 (e, np(u(s)))(er, u(s) — v(s))dL! + 2/0 {ex, np(v(s))) ex, u(s) — v(s))dL2.

(5.15)
By the same argument as Theorem 5.11, we have the following P — a.s:

) / exs B(u(s)) = B(0(s)) (ex, u(s) — v(s))ds

k<N

—>/ (B(u(s)) — B(v(s)),u(s) —v(s))ds as N — oo,

Z/ er, np(u(s))) (er, u(s) — v(s))dL}

k<N
—>/ nr(u v(s))dL! as N — oo,

and

Z/ er, nr(v(s))) (ex, u(s) — v(s))dL?

—>/ nr(v v(s))dL? as N — oc.
Summing over k£ < N in (5.15) and letting N — oo yield that for all ¢ > 0, P — a.s
Ju(t) —v(t)|* + 2/0 (B(u(s)) = B(v(s)), u(s) — v(s))ds
< 2/0 (nr(u(s)), v(s) — u(s))dL, +2/0 (nr(v(s)), u(s) — v(s))dLs.
By Remark 5.4 it follows that
Ju(t) —v(t)|* + 2/0 (B(u(s)) — B(uv(s)), u(s) — v(s))ds < 0.

By (5.14) and Gronwall’s Lemma it follows that



and thus
LY(t) = L*(t).
O

Combining Theorem 5.16 and 5.18 with the Yamada-Watanabe Theorem, we obtain the
following;:

Theorem 5.19 If I satisfies Hypothesis 5.1 and B in (5.13) satisfies (5.14), then there exists
a Borel set M C H with Ir-u(M) = 1 such that for every x € M, (5.13) has a pathwise unique
continuous strong solution in the sense that for every probability space (2, F, F;, P) with an F;-

Wiener process W there exists a unique pair of F;-adapted processes (X, L) satisfying Definition
5.17 and P(Xy = z) = 1. Moreover X (t) € M for all t > 0 P-a.s.

Proof The proof is completely analogous to that of Theorem 5.12. O

6 Reflected OU-processeses on a class of convex sets

Below for a topological space X we denote its Borel o-algebra by B(X). In this section, we
consider the case where H := L*(0,1),p = Ix,, where K, := {f € H|f > —a},a > 0, and
A= —%% with Dirichlet boundary conditions on (0,1). So in this case e; = v/2sin(jnr), j €
N, is the corresponding eigenbases. We recall that (cf [28]) we have 1(Cy([0,1])) = 1. In [28],
L.Zambotti proved the following integration by parts formulae in this situation:

For a > 0,

[ @gdn == [ e rutdn) - [ i) [ele)oar.da). v e DA).g e G,

for a =0,

/K (I, Dp)dv = —/K o(x)(z, 1" (dr) —/ drl(r)/ap(m)ao(r, dz), VI € D(A),p € CL(H),

0

(6.1)
where v is the law of the Bessel Bridge of dimension 3 over [0,1] which is zero at 0 and
1, o4(r,dz) = 04(r)pa(r,dx), and for « > 0, o, is a positive bounded function, and for
a =0, 0y(r) = ——=——, where p,(r,dx),a > 0, are probability kernels from (H,B(H)) to

27r3(1—r)3’
([0,1], B([0,1])).

Remark 6.1  Since each [ in D(A) has a second derivative in L? its first derivative is bounded,
hence [ goes faster than linear to zero at any point where [ is zero, in particular at the boundary
points r = 0 and » = 1. Hence the second integral in the right hand side of the above equality
is well-defined.

We know by (3.5) that for all [ € D(A)
D*(p()l) = =(I, Dp) — o{I", ).

Hence for a > 0,

D*(p())dp = /0 l(r) /gp(x)aa(r, dz)dr V1 € D(A),p € CH(H). (6.2)

Ka
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Now take

_ (j7r)2+€ ifa>0
cj = { (i), if o = 0, (6.3)

where € € (0, 5] and 3 € ( 2] respectively, and define

Hy:={x € H| Z(x, ej)2c§ < o0},
j=1

equipped with the inner product

=S Elne)ey)

We note that D(A) C H; continuously for all & > 0, since ¢ < %,B < 2. Furthermore,
(Hy, (,)m,) is a Hilbert space such that H; C H continuously and densely. Identifying H with
its dual we obtain the continuous and dense embeddings

H, C H(=H") C Hj.

It follows that
m{z,v)mr = (z,0)gVz € Hy,v € H,
and that (Hy, H, HY) is a Gelfand triple.
The following is the main result of this section.

Theorem 6.2 If a > 0, then I, € BV (H, H;) N H.

Proof First for o, as in (6.2) we show that for each B € B(H) the function r +— o,(r, B) is in
HY and that the map B+ 0,(-, B) is in fact an Hj-valued measure of bounded variation, i.e

sup{ZHaa, s : Bo € B(H),n € N,H =", B,} < oo,
that is,

sup{z Zc / 0o (r, By) sin(jar)dr))Y? . B, € B(H),n € N,H = U>" | B,} < oo,

n=1 j=1

where U~ B,, means disjoint union.
For a > 0 we have

Z(Z cj_z(/o 0o(r, By) Sin(jqu)dr)2)1/2

<G onlr B



Thus o, in (6.2) is of bounded variation as an H-valued measure. Hence by the theory of
vector-valued measures (cf [2, Section 2.1]), there is a unit vector field n,, : H — H;, such that
0o = Nal|oa||, where [o|[(B) == sup{> ", loa(-, Bp)||lar : Bn € B(H),n € N, B =U;_ By} is
a nonnegative measure, which is finite by the above proof. So (6.2) becomes

oo||(dx) VI € D(A),p € CHH),

D*((-))dps = / il 0@ 1 (2))

Ka

which by linearity extends to all G € (C})paym,. Thus by Theorem 3.1(iii), we get that
I, € BV(H, H).
Ik, € H follows by Remark 4.1. 0J

Remark 6.3 It has been proved by Guan Qingyang that I is not in BV (H, H).

Theorem 6.4 For a = 0, then there exist a positive finite measure ||oy|| on H and a Borel-
measurable map ng : H — Hy such that ||ng(z)|/zr =1 ||oo|| — a.e, and

~ [ wDedv- [ el twide) = [ ndelnala))a looll(da), ¥ € D(A) ¢ € CY)
K Ko
i (6.4)
Proof For o = 0 using that |sin(jnr)| < 2j7r(l —r) Vr € [0, 1], we have

Z Z / oo(r, B )sin(jwr)dr)2)1/2
S5 Bt

o; /0 oo(r, By)r(1 — r)dr
—C /01 oo(r)r(1 — r)dr < oo

IN

IN

Thus oy in (6.1) is of bounded variation as an H;-valued measure. Hence by the theory of
vector-valued measures (cf [2, Section 2.1]), there is a unit vector field ng : H — H;, such that
0o = nolloa||, where [oo||(B) := sup{> ", |oo(-, Bu)||u: : Bn € B(H),n € N,B = U;Z B, } is
a nonnegative measure, which is finite by the above proof. So the result follows by (6.1). O

Since here p(Ky) = 0, we have to change the reference measure of the Dirichlet form.
Consider

1
EXo(u,v) = 5 /K (Du, Dv)dv, u,v € CL(Ky).

Since I, € H by Remark 4.1, the closure of (€750, C}(Kj)) is also a quasi-regular local Dirichlet
form on L?(F;p - v) in the sense of [17, IV Definition 3.1]. As before, there exists a diffusion
process M50 = (Q, M, {M;},0;, X;, P.) on F associated with this Dirichlet form. M'%o will
also be called distorted OU-process on K. As before, M'%o is recurrent and conservative. As
before, we also have the associated PCAF and the Revuz correspondence.

27



Combining these two cases: for a« > 0 by Theorem 3.2 and for @ = 0 by the same argument
as Theorem 3.2, since we have (6.4), we have the following theorem.

Theorem 6.5 Let p := I, ,a > 0 and consider the measure |lo,| and n, appearing in
Theorem 6.2 and Theorem 6.4. Then there is an £P-exceptional set S C F' such that Vz € F\S,
under P, there exists an M- cylindrical Wiener process W#, such that the sample paths of the
associated distorted OU-process M? on F' satisfy the following: for [ € D(A)

t t t
(1, X — Xo) :/ <l,dWs>+%/ Hl(l,na(Xs))HTdLﬂ"“”—/ (Al, X,)ds P, —a.e.  (6.5)
0 0 0

Here L)7 is the real valued PCAF associated with |loa|| by the Revuz correspondence with
respect to M?, satisfying
I{Xs+a7ﬁ0}dLL|Ja|| = (), (66)

and for [ € Hy with [(r) > 0 we have

t
|t oozl = o 6.7)
0

Furthermore, for all z € F
P.[X; € Cy[0,1] for a.e. t € [0,00)] = 1. (6.8)

Proof For a > 0, the first part of the assertion follows by Theorem 3.2 and the uniqueness
part of Theorem 3.1 (ii). For aw = 0, the assertion follows by the same argument as in Theorem
3.2. (6.6) and (6.7) follow by the property of o, in [28]. By [22, p.135 Theorem 2.4], we have
Co[0,1] is a Borel subset of L?[0,1]. By [10, (5.1.13)], we have

k
| / Licnion) (Xs)ds] = pu(F\ Co[0,1]) = 0 Vk € N,
k—1

hence oo
Epu[/ Lr\copo.1)(Xs)ds| = 0.
0

Since E,[[;° 1pcojo,)(Xs)ds] is a O-excessive function in z € K,, it is finely continuous with
respect to the process X. Then for £/ — q.e. z € F,

Ez[/ L\colo,1)(Xs)ds] = 0,
0

thus, for £# — q.e. z € F,
P / Lientou(Xo)ds = 0] = 1.
0
As a consequence, we have that Ao := {X; € Cy[0,1] for a.e. t € [0,00)} is measurable and for

EP—qe zeF
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As Ay = Nicg.=00; ' Ao and since by [4] we have that the semigroup associated with X, is strong
Feller, by the Markov property as in [8, Lemma 7.1], we obtain that for any z € F,t € Q,t > 0,

P.(0;*Ag) = 1.
Hence for any z € F' we have
P.[X; € Cyl0,1] for a.e. t € [0,00)] = 1.
O

Remark 6.6 We emphasize that in the present situation it was proved in [19, Theorem 1.3]
that for all initial conditions # € H, there exists a unique strong solution to (1.1). By [28] the
solution in [19] is associated to our Dirichlet form, hence satisfies (6.5) by Theorem 6.5. Hence
it follows that the solution in [19, Theorem 1.3] is solution to an infinite-dimensional Skorohod
problem.
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