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Abstract

We prove new [’Hopital rules for monotonicity valid on an arbitrary time scale. Both
delta and nabla monotonic I’Hépital rules are obtained. As an example of application, we
give some new upper and lower bounds for the exponential function of quantum calculus
restricted to the q-scale.
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1 Introduction

L’Hopital-type rules for monotonicity have an important role in mathematics (Anderson,
Vamanamurthy and Vuorinen, 2006; Boas, 1969; Pinelis, 2006; Pinelis, 2008), with numer-
ous useful applications found in mathematical inequalities, statistics, probability, differential
geometry, approximation and information theories, and mathematical physics (Andrds and
Baricz, 2008; Baricz, 2008; Baricz, 2010; Pan and Zhu, 2009; Pinelis, 2004; Pinelis, 2007; Zhu,
2009). Recently, Wu and Debnath proved the following I’'Hopital-type rules for monotonicity:

Theorem 1.1 ((Wu and Debnath, 2009)). Let f and g be differentiable functions on ]a,b|.

Suppose that either ¢’ > 0 everywhere on ]a,b[ or ¢ < 0 everywhere on la,b|.
!/
If = s increasing (resp. decreasing) on |a,b[ and f(at) and g(a™) exist, then the function
g

flz) — f(a*)
g(x) —g(a*)

is also increasing (resp. decreasing) on ]a,bl.
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!
If? is increasing (resp. decreasing) on ]a,b[ and f(b~) and g(b™) exist, then the function

flx) = f(b7)
g(z) —g(b7)
is also increasing (resp. decreasing) on la,bl.

In this note we generalize Theorem [[.1] by proving I'Hopital-type rules for monotonicity
on an arbitrary time scale (Section [2]). Our results seem to be new even in the discrete-time
case. As an application, we prove new inequalities on quantum calculus: we give new upper
and lower bounds for the exponential function of quantum calculus when restricted to the
g-scale (Section [3]).

The theory of time scales was introduced in 1988 by Aulbach and Hilger in order to unify
continuous and discrete-time theories (Aulbach and Hilger, 1990). It has found applications
in several different fields that require simultaneous modeling of discrete and continuous data
(Guseinov and Kaymakcalan, 2002; Wu and Debnath, 2009), and is now a subject of strong
current research (see (Almeida and Torres, 2009; Bartosiewicz and Torres, 2008; Malinowska
and Torres, 2009; Martins and Torres, 2009; Mozyrska and Torres, 2009; Sidi Ammi, Ferreira
and Torres, 2008) and references therein). We claim that time scale theory is useful with
respect to L’Hopital-type rules for monotonicity, avoiding repetition of results in the contin-
uous and discrete cases (Pinelis, 2007; Pinelis, 2008). We trust that the present study will
mark the beginning of the study of L’Hopital-type rules on time scales and its applications to
dynamic inequalities (Ferreira and Torres, 2009; Sidi Ammi et al., 2008; Sidi Ammi and Tor-
res, 2009), the calculus of variations (Bohner, Ferreira and Torres, 2010; Ferreira, Sidi Ammi
and Torres, 2009), and quantum calculus (Cresson, Frederico and Torres, 2009; Kac and
Cheung, 2002).

2 L’Hopital rules for monotonicity

For definitions, notations, and results concerning the theory of delta and nabla calculus on
time scales we refer the reader to the books (Bohner and Peterson, 2001; Bohner and Peterson,
2003). Similarly to (Wu and Debnath, 2009), we use f(a™) to denote lim,_,,+ f(x) and f(b™)
to denote lim,_,,— f(z). All the intervals in this work are time scale intervals.

Theorem 2.1 (Delta-monotonic I'Hopital rules). Let T be a time scale with a,b € T, a < b,
and f and g two A-differentiable functions on |a,b]. Suppose that either g™ > 0 everywhere
on Ja, p(b)[ or g™ < 0 everywhere on |a, p(b)[.
A
1. If g—A is increasing (resp. decreasing) on |a, p(b)[ and f(a™) and g(a™) ewxist (finite),

then the function

f(z) = fla®)
g9(x) — g(at)
is also increasing (resp. decreasing) on |a, p(b)[.

A
2. If f—A is increasing (resp. decreasing) on la,p(b)[ and f(b~) and g(b™) exist (finite),

then the function



is also increasing (resp. decreasing) on ]a, p(b)|.

Proof. We will prove the first assertion. Since f(a™) and g(a™) are finite numbers, we can
define the following functions on [a, bl:
| flx) if x€a,b]
Flz) = { flat) if x=a
" («) Jo. b
| gz if x €la,b
Gla) = { gla™) if z=a.
Clearly, for any x €la,b[, F' and G are continuous on [a, z] and A-differentiable on [a, z[. Note
also that G(z) # G(a) for x # a.
By the Cauchy mean value theorem with delta derivatives (Guseinov and Kaymakcalan,
2002) we conclude that there exist ¢;, o € [a, [ such that

FAa) _ F(a)— Fla) _ F>(c)
G5(cr) = Gla) — Gla) ~ GB(ea)

For each x €]a, b[ define

A T —
e ()~ C@)(G () — G(@)
_ G2 (z) (FA(SU) _ F(=) —F(a)>
G7(z) — G(a) \G*(z) G(x) —G(a))
Case I. Suppose that ';—i is increasing on |a, p(b)[. For each x €la, p(b)[ there exists

¢o € [a,z| such that
G2 (2) F2(z)

— Go(z) — Gla) \GA(z) G2(c2)
L e (Pl fe)
97 (x) —g(a®) \g2(x)  g°(c2) '
Hence, H is increasing on ]a, p(b)[ (Guseinov and Kaymakgalan, 2002). Since

f(z) = fla™)
g(z) — g(a™)

H®(x)

H(x) =

f(z) = fla™)
g(z) — g(a™)
A

Case II. Suppose that f—A is decreasing on ]a, p(b)[. For each x €la, p(b)[ there exists
g

we can conclude that is increasing on |a, p(b)][.

¢1 € [a, x[ such that

v GAx)  (FMz) FAa)

2w < m—at) (GA(az) GAcn)
() <fA<:c> fA<c1>><0

9°(x) — glat) \g”(z)  g*(c1)



Hence, H is decreasing on |a, p(b)[. This proves that / is decreasing on |a, p(b)][.

The second assertion is proved in a similar way. O
From Theorem 2.1l we can deduce the following corollaries.

Corollary 2.2. Let T be a time scale with a,b € T, a < b, and f,g : [a,b[— R be two con-
tinuous functions which are A-differentiable on |a,b]. Suppose that either g™ > 0 everywhere
on Ja, p(b)[ or g™ < 0 everywhere on |a, p(b)[.

A

If f—A is increasing (resp. decreasing) on |a, p(b)[, then the function
g

is also increasing (resp. decreasing) on la, p(b)].

Corollary 2.3. Let T be a time scale with a,b € T, a < b, and f,g : |a,b] — R be two con-
tinuous functions which are A-differentiable on |a,b]. Suppose that either g™ > 0 everywhere
on ]a, p(b)[ or g™ < 0 everywhere on la, p(b)[.

A

If = is increasing (resp. decreasing) on |a, p(b)[, then the function
g

f(z) = f(b)
g(x) —g(b)

is also increasing (resp. decreasing) on la, p(b)].

Corollary 2.4. Let T be a time scale with a,b € T, a < b, and f,g : la,b|— R be two A-
differentiable functions on |a,b[. Suppose that either g™ > 0 everywhere on la, p(b)[ or g™ < 0
everywhere on |a, p(b)[. Suppose also that f(a™) = g(a™) =0 or f(b~) =g(b™) = 0.

A

If f—A is increasing (resp. decreasing) on la, p(b)[, then f is also increasing (resp. de-
g

creasing) on la, p(b)].

Remark 2.1. Theorem [2.1] and Corollaries 2.2 23] and 2.4] hold true if the terms “increas-
ing” and “decreasing” are replaced everywhere by “non-decreasing” and “non-increasing”,
respectively.

Using the recent duality theory (Caputo, 2010; Malinowska and Torres, 2010; Pawluszewicz
and Torres, 2010), one can easily obtain the corresponding nabla result for Theorem 2T}

Theorem 2.5 (Nabla-monotonic ’'Hopital rules). Let T be a time scale with a,b € T, a < b,
and f and g be V-differentiable functions on ]a,b[. Suppose that either g¥ > 0 everywhere on
lo(a),b] or gV < 0 everywhere on ]o(a),b|.
fV
1. If > is increasing (resp. decreasing) on |o(a),b[ and f(a™) and g(a™) exist (finite),
then the function
flz) — flah)

g9(x) — g(a™)

is also increasing (resp. decreasing) on |o(a),bl.



v
2. If f—v is increasing (resp. decreasing) on |o(a),b[ and f(b~) and g(b™) ewist (finite),

then the function
flx) = f(07)
g(x) —g(b7)

is also increasing (resp. decreasing) on |o(a),bl.

In the case T = R Theorems 2Tl and 2.5 coincide and reduce to Theorem [I.Il The I’'Hopital
rules of Theorems Z.1] and seem to be new even for T = Z. In the next section we give an
application of our results for T = ¢Z = ¢% U {0}.

3 An application to quantum inequalities

In this section we assume familiarity with the definitions and results from the g-calculus (cf.,
e.g., the book (Kac and Cheung, 2002)). Let ¢ be a real number, 0 < g < 1. The g-derivative
D, f of a function f is defined by

fqz) — f(x) $
Df@) = (g1 L TFO
f(x) if ©=0,

provided f/(0) exists. We use the following standard notations of g-calculus:

mln—1]--- 2] ifneN;

o(x—a)"'_{l S
" l(x—a)z—qa)---(x—q"'a) ifneN.

The function ej defined by
00 x

— 1
iy 0
k=0
is called the g-exponential function. The basic properties of the g-exponential function can be
found, e.g., in (Kac and Cheung, 2002; Lavagno, Scarfone and Swamy, 2007). Here we obtain
new upper and lower bounds for ().

Theorem 3.1. Let 0 < ¢ <1, a,b € ¢”*, a <b, and n € N. Then, for any x € [¢'a,b], the
following inequalities hold:

n—1 _gq n—1 g
. e k 1 e 1 k
eq>Z—[];j'(x—a)q+7(q_la_a < Z—kjlq a—aq> (z —a)y,
-0 k=0
e (4 )
eq —:E—a e’ — 2L (b—a x—a).
| _ 4\n q | q q



Proof. We begin by noting that if we consider
T =¢” = ¢" U {0},
then, for any function f : T — R, one obtains
fY() = Dyf(t), VteT,
and o(t) = ¢~ 't. The result follows as a corollary of Theorem For z € [a, b] define

fla) = et - e—j!@:—a)’;

<

and

Note that
Df;f(a) = ka(a) =0 and Dgg(a) = gvk(a) =0 foral £=0,1,2,...,n—1,
where Df;f is defined by Dgf = f and Df;f = Dq(Df;_l)f, k=1,2,3,... Note also that
Dyf(a) = 7" (@) = and DJgla) = g% (x) = [n]:

Thus, we have:

g(x) g9(x) — g(a)
F@) @)=
gV (x) g9¥(x) =gV (a
(2)
A N A O A
gV (@) gV @) =gV (a
M@)o
gV" (x) [n]!
Since ey is an increasing function, then % is increasing on [o(a),b]. From Theorem
97" (z

and the relationships listed in (2]) we deduce that each of the following functions

@) @) @) fa)
gV (@) gV (@) gV (2) g(=)

is increasing on [o(a), b]. Therefore, for each x € [o(a),b

flola)) _ f(z)

proving the intended inequalities. O
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