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Abstract

We introduce quantum Boolean algebras which are the analogue of the Weyl algebras
for Boolean affine spaces. We study quantum Boolean algebras from the logical and set
theoretical viewpoints.

1 Introduction

After Stone [17] and Zhegalkin [19], Boole’s main contribution to science [3] can be understood
as the realization that the mathematics of logical phenomena is controlled — to a large extend
— by the field Zo = {0,1} with two elements; in contrast the mathematics of classical physical
phenomena is controlled — to a large extend — by the field R of real numbers. The switch from
Zo to R corresponds with a deep ontological jump from logical to physical phenomena. The

switch from R to C corresponds to the jump from classical to quantum physics.

What makes the logic/physics jump possible is the fact that Zs may be regarded as an
object of two different categories. On the one hand, it is a field (Zg, +, .) with sum and product
defined by making 0 the neutral element and 1 the product unit. On the other hand, it is a set
of truth values with 0 and 1 representing falsity and truth, respectively. Indeed, (Zo, V, /\,U)
is a Boolean algebra: a complemented distributive lattice with minimum 0 and maximum 1.
The operations V, A, and U correspond with the logical connectives OR, AND, and NOT. The
two viewpoints are related by the identities: a Vb =a+ b+ ab, a Ab=ab, @ =a + 1. These
identities, together with the inverse relation a +b = (a A b) V (@ A b), allow us to switch back

and forth from the algebraic to the logical viewpoint.

By and large, the logical and algebraic viewpoints have remained separated. In this work,
in order to explore quantum-like phenomena in characteristic 2, we place ourselves at the jump.
Our algebraic viewpoint is, in a sense, complementary to the quantum logic approach initiated
by Birkhoff and von Neumann [I]. For example, while the meet in quantum logic is a commu-
tative connective, our quantum analogue for the meet turns out to be non-commutative. The

appearance of non-commutative operations is a common tread in quantum physics [5].
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We take as our guide the well-known fact that the quantization of canonical phase space
may be identified with the algebra of differential operators on configuration space. In analogy
with the real/complex case, we introduce BDO,, the algebra of Boolean differential operators
on Z%. We provide a couple of presentations by generators and relations of BDO,,, giving rise
to the Boole-Weyl algebras BW,, and the shifted Boole-Weyl algebras SBW,,. We call these al-
gebras the quantum Boolean algebras. We study the structural coefficients of BW,, and SBW,,

in various bases.

Having introduced the quantum Boolean algebras, we proceed to study them from the log-
ical and set theoretical viewpoints. For us, the main difference between classical and quantum
logic is that classical observations, propositions, can be measured without, in principle, modi-
fying the state of the system; quantum observations, in contrast, are quantum operators: the
measuring process changes the state of the system. Indeed, regardless of the actual state of
the system, after measurement the system will be in an eigenstate of the observable. Quantum
observables are operators acting on the states of the system, and thus quite different to classical

observables which are descriptions of the state of the system.

This work is organized as follows. In Section [2] we review some elementary facts on regular
functions on affine spaces over Zs. In Section [l we introduce BDO,, the algebra of Boolean
differential operators on Z5. In Section [4] we introduce the Boole-Weyl algebra BW,, which is
a presentation by generators and relations of BDO,,. We describe the structural coefficients
of BW,, in several bases. In Section [] we introduce the shifted Boole-Weyl algebra SBW,,
which is another presentation by generators and relations of BDO,,. We describe the structural
coefficients of SBW,, in several bases. In Section [0l we discuss the logical aspects of our con-
structions. We propose a quantum operational calculus for which Boolean differential operators
play the same role that truth functions play in the classical propositional calculus. In Section
we adopt a set theoretical viewpoint; we show that just as the classical propositional calculus
is intimately related with PP(x), the algebra of sets of subsets of x, the quantum operational
calculus is intimately related with PP(xUz) the algebra of sets of subsets of two disjoint copies

of x. In Section [§ we make some closing remarks and mention a few topics for future research.

2 Regular Functions on Boolean Affine Spaces

Our main goal in this work is to study the Boolean analogue for the Weyl algebras, and to
describe those algebras from a logical viewpoint. Fixing a field k the Weyl algebra W,, can be
identified with the k-algebra of algebraic differential operators on the affine space A™(k) = k™.
By definition [12, [16] the ring k[A"] of regular functions on k™ is the ring of functions f : k" — k
such that there exists a polynomial F' € k[z1,...,z,] with f(a) = F(a) for all a € k. If k is



a field of characteristic zero, then the ring of regular functions on k" can be identified with
klx1, ..., zy] the ring of polynomials over k. Let 0y, ..., 9, be the derivations of k[z1, ..., z,] given
by O;xj = 0 for i,j € [n] = {1,...,n}. The algebra DO,, of differential operators on k" is the
subalgebra of Endy(k[z1,...,x,]) generated by 9; and the operators of multiplication by x; for
i€ [n].

By definition, the Weyl algebra W, is the k-algebra defined via generators and relations as

k<, T, Y1y Yn >/ < Tj — T5T4, Yl — YiYis YiTj — Tl Yili — Tl — 1 >,

where k < x1, ..., Tn, Y1, ..., Yn > is the free associative k-algebra generated by x1, ..., Tn, Y1, .-, Yn,
and < x;x; — 224, YiYj—Yi¥i, YiTi—TjYi, YiTi —T;y;—1 > is the ideal generated by the relations

xix; = xjr; and yy; = y;y; for i, j € [n], yixj—xjy; fori # j € [n], and y;2; = x;y;+1 for i € [n].

The Weyl algebra W,, comes with a natural representation W,, — Endy(k[x1, ..., 2,,]) which
sends y; to J; and x; to the operator of multiplication by x;. This representation induces an

isomorphism of algebras W,, — DO,,.

We proceed to study the analogue of the Weyl algebras for the Boolean affine spaces
A"™(Z9) = Z%. First, we review some basic facts on regular functions on Z7. Let M(Z%,Z2)
be the ring of maps from Z3 to Zg with pointwise addition and multiplication. The ring Zs[A"]
of regular functions on Z is the sub-ring of M(Z%,Z2) containing the maps f : Z§ — Zs for
which there exists a polynomial F' € Zs[zy, ..., x,] such that f(a) = F(a) for all a € Z%. In this

case Z3[A"] is not a polynomial ring; instead we have the following result.

Lemma 1. There is an exact sequence of Zy-algebras
0 —< 22 4 21,0y 22 + Ty >— Lof21, .0, T — Zo[A"] — 0
where < 23 + 71, ....,22 + x, > is the ideal generated by the relations x? = z; for i € [n].

Proof. The map Zs[z1, ..., xn| — Z2[A"] sends a polynomial P to the map p : Z5 — Zo given by
p(a) = P(a). Clearly 27 and z; define the same map Z% — Zg. Thus < 22 +x1, ..., 2 + 1, > is
in the kernel of the map Zsa[z1, ..., xn] — Zo[A"]. Let P € Zs[x1, ..., xy] be such that P(a) = 0 for
all a € Z%. We can write P = (23 +21)Q + R, where R € Zs[z1, ..., 7] is a degree 1 polynomial
in z1. Therefore R = xS + T where S,T € Zs[za, ..., z,]. Since R(a) = 0 for all a € Z%, then
T(b) = R(0,b) = 0 for all b € Z§~*, and thus we obtain that S(b) = S(b) + T(b) = R(1,b) = 0.
We have shown that the polynomials S and T define the 0 function thus, by induction, we
conclude that S, T € < 22+ z9, ...., 2 + x,, >, which implies that R and therefore P belong to
<a:%+a:1,....,a:%+a:n >. ]



Therefore the ring Zs[A"] of regular functions on Zj can be identified with the quotient ring
Lo, oy n]) < T34 21, e @2 4 Ty >

Often we think of Zi as a ring, with coordinate-wise sum and product. We identify Zy
with P[n], the set of subsets of [n], as follows: a € Z% is identified with the subset a C [n]
such that i € a iff a; = 1. With this identification the product ab of elements in Z% agrees
with the intersection a N b of the sets a and b; the sum a + b corresponds with the symmetric
difference a+b = (aUb)\ (aNb); the element a+ (1, ...,1) is identified with the complement @ of
a. Note that aUb = a+b+ab. Note also that PP[n] denotes the set of all families of subsets of [n].

For a € P[n] let m® : Z — Zy be the map such that

a1 ifa=b,
m?(b) = { 0 otherwise

For a € P[n] non-empty let £ € Zy[x1, ..., 2] be the monomial 2 = [],_, x;. Also set 2 = 1.

i€a
The monomial £ defines the map x* : Z§ — Zy given by

a1 ifaCh,
() _{ 0 otherwise

For a € P[n] non-empty let w* € Zs[x1, ..., 2,] be the monomial w® = [T, (x; +1). Also set
w? = 1. The monomial w® defines the map w® : 7Ly — Zo given by

w1 ifbCa,
w(b) = { 0  otherwise

Lemma [2 below follows from the definitions and the M&bius inversion formula [I5] which

can be stated as follows: given maps f,g : P[n] — R, with R a ring of characteristic 2, then

fb) =2 gla) if g(b)=2_ f(a).

aCbh aCb

Lemma 2. The following identities hold in Zo[A"]:

1) m®* = z%" 2) 2% = Zmb. 3) m® = Zmb. 4) w® = Zm“.

aCb aCb aCh
5) m“:Zwb. 6) wb:Z:E“. 7) xb:Zw“.
aCb aCbh aCb
8) m¥m® = §pym?®.  9) 2% = 2P, 10) ww® = wP.



Notice that Zy[A"] = M(ZY,Zs), indeed a map f : Z5 — Zy can be written as

f= 3 mt= 30 Z [[o:]]G:+D)

fla)= fla)= =li€a i€a
- Y e Y W
fl@)=1, bCa Fl@)=1, aCb

From Lemma 2] we see that there are several natural bases for the Zs-vector space
LA™ = Za[w1, oy Tp]/ < 22 + 21, e 22 + Ty >,

namely we can pick {m® | a € P[n]}, {z® | a € P[n]}, or {w® | a € P[n]|}. We use the following

notation to write the coordinates of f € Zy[A"] in each one of these bases
f=> flam* = > fuaa®= Y folaw
a€P[n] a€P[n] a€P[n]

We obtain three linear maps f — f, f — fz, and f — fi, from Z[A"] to M(Z},Z3). The

coordinates f, f, and f,, are connected, via the Mobius inversion formula, by the relations:

=Y fla), fO) =D fula), fuld) =) f(@)

aCb aCbh aCh
=> fula), fo(a) =D ful®), fula) = fu(b)
aCbh aCb aCh

The maps f — f, and f — fy, fail to be ring morphisms. Instead we have the identities:
= Z fo(a)gz(b) and  (fg)w(c) = Z fuw(a)gw(b)
alUb=c alUb=c
We define a predicate O on finite sets as follows: given a finite set a, then Oa holds iff the

cardinality of a is an odd number. In other words, O is the map from finite sets to Zs such
that Oa = 1 iff the cardinality of a is odd.

Example 3. Let C € PP[n|. A k-covering of a € P[n] is a sequence ci,...,¢; € C such that
c1U...Uc, = a. Let k-Cove(a) be the set of k-coverings of a by elements of C. Then a belongs
to C iff |k-Covc(a)| is odd for every k > 1. Indeed, let f € Z3[A"] be given by

f= Zxc = Z lo(a)z?,
ceC a€P[n]

where 1¢ : P[n] — Zs is the characteristic function of C. Since f¥ = f for every f € Zy[A"],

we have that

k
Z lo(a)z® = f = fF = Z ( Z ch(ai)> = Z O(k-Covc(a))x®.

a€P[n] a€P[n] \a1U..Uap=ai=1 a€P[n]

We conclude that 1¢(a) = O(k-Cove(a)), and thus a € C iff |k-Cove(a)| is odd.



3 Differential Operators on Boolean Affine Spaces

Next we consider the algebra of differential operators on affine Boolean spaces. Note that the
derivations 9;, although well-defined on Zs|x1, ..., x,], do not define operators on Zs[A™]; indeed
if we had such an operator, then 0 = z; + x; = a,o;? = Ojx; = 1. It is thus necessary to
introduce an alternative definition for J;. The Boolean partial derivative 0;f : Z§ — Zg of a
map f : Z5 — Zy is given [4, [14] by

0if (x) = fz +ei) + f(x)

where e; € Z3 has vanishing entries except at position ¢. With this definition 0;z; = 8,-3:? =1,

the contradiction above does not arise, and we obtained well-defined operators
The operators 9; fail to be derivations; instead they satisfy the twisted Leibnitz identity

9i(fg) = 0ifg+sifoig
where the shift operators s; : Zs[A"] — Z3[A"] are given by s;f(z) = f(z + €;). Indeed:
9i(fg)(x) = flz+e)g(z+e)+ flz)g(z)

= [flet+e)+ f(@)]g(@) + [z +e)lg(x + ) + g(z)]
= 0if(x)g(x) + sif (x)Dig ().

The operators 9; are nilpotent, 82-2 = 0, since:
O f(x) = 0if (x+ ) + 0if(x) = f(x) + flw+e) + flz+e)+ fz) =

Definition 4. The algebra BDO,, of Boolean differential operators on Z3 is the subalgebra of
Endgz, (Z2]A"™]) generated by 0; and the operators of multiplication by z; for i € [n].

Theorem 5. The following identities hold for i € [n] and x;, 9;, s; € BDO,,:
Lal=x;. 2.072=0. 3.87=1. 4.0;=s;+1. 5. 0s; =s;0; = 0.
6.5, =0;+1. 7. s =um;s;+8; = (x; + 1)s;. 8. Ojwy = x;0; + 8; = x;0; + 0; + 1.
Proof. We have already shown that 27 = x; and 9? = 0. For the other identities we have that:
sif(x) = sif (x+e) = [z +ei+e) = f(o);

Oif(x) = flw+e)+ flz) =sif(x) + f(z) = (si + 1) f(2);
si0if(r) = 0if(x +e;) = flx + e +e)+ flw+e)=fx)+ flz+e) = 0if(x);



Oisif(x) =sif(x+e) +sif(x)=flx+e+e)+ flxte)=f(z)+ fl@+e)=0f(z);
sitif(z) = (ri+ D f(z+e) =xif(x+e)+ flx+e)=z8f(x) +sif(x) = (xisi + s:) f(x);
sif() = flx+e)=fle+e)+ flx)+ flx)=0if(x) + f(z) = (0 + 1) f(2);
Oi(xif)(x) = zif (x + &) + flz +e) +xif(x) = 2i(f(z +e) + f(2)) + fz +e),
thus  Oij(zif) = xi0if + f(x +e;) = (0 + si) f = (:0; + 0; + 1) f.

The operator 0; acts on the bases m®, x® and w® as follows:

aumt = mevei e, par={ ) RIS awe= {7 TS
From these expressions we obtain that:
e 0;f(a) = 1if and only if f(a) # f(a+e;),ie. Oif= 3. m%
F(@)#f(ates)
® (0if)ala) = fa(aUd) if i ¢ a and (0if)a(a) =0 if i €a,ie. Oif = 32 fr(a)xo™t
e (0if)w(a) = fu(aUi)ifi¢ aand (8;f)w(a) =0ifi € a, ie. &;f :@egj | Ful@)w™.
i€acPn

More generally one can show by induction, for a,b € P[n], that:

a\bif pC a\boif pC
b _a __ a+c b_a __ x 1 =a b a __ w 1 =a
o'm” = Z m*, Ot = { 0 otherwise and 0 - { 0 otherwise

By definition BDO,, C Endgz,(Z3][A"]) acts naturally on Zy[A"], so we have a map
BDO,, Rz, ZQ[A”] — Lo [An]

Proposition 6. Consider maps D : P[n] x P[n] — Z2 and f : P[n] — Zo.

1.Let D= D(a,bym®® € BDO,, f = Y. f(c)m® € Zy[A™], and Df = 5. Df(a)m®.
a,beP[n] c€P[n] a€P[n]
Then we have that

Df(a) = D(a,b)f(a+e).

eCh
2. Let D= > D,(a,b)z%0" € BDO,,, f= > fu(c)z® € Z[A"], and Df = > Df.(e)z®.
a,beP[n] c€P[n] e€Pn]
Then
Dfs(e) = > Dala,b)fa(c).
a, bCc
aU(c\b)=e



Proof.

a,b,ceP[n] a,eCbh,c

— ZD(a,b)f(a+e)m“: Z ZD(a,b)f(a—i—e) m®.

a,eCh a€Pln] \ eCd

2. Df = Z Dgc(a7 b)fx(c)xaab (- Z Dx(a, b)fx(C)xaUC\b

a,b,ceP[n] a,bCe

— Z Z Dw(avb)fx(c) x°.

e€P[n] a, bCc
aU(c\b)=e

Theorem 7. For n > 1 we have that BDO,, = Endgz, (Z2[A"]).

Proof. Note that dim (Endgz,(Z2[A"])) = dim(Zy[A"])dim(Z2[A"]) = 272" = 22", The set
{2%0" | a,b € P[n]} has 22" elements and generates BDO,, as a Zy vector space, thus it is

enough to show that it is a linearly independent set. Suppose that

Z f(a,b)xaab: Z Z f(a,b)z® 9 — 0.

a,beP[n] beP[n] \a€P[n]

Pick a minimal set ¢ € P[n] such that > f(a,c)z® # 0. We have that:
a€P[n]

Z f(a,b)z?0® | (x°) = Z Z fla,b)z® | 8°(z¢) = Z fla,c)x® =0.

a,beP[n] beP[n] \a€P[n] a€P[n]

Therefore, since {z® | a € P[n]} is a basis for the regular functions we have that f(a,c) =0 in

contradiction with the fact > f(a,c)z® # 0. We conclude that dim (BDO,,) = 22" yielding
a€P[n]
the desired result.

O

Put together Proposition [l and Theorem [7 provide a couple of explicit ways of identifying
BDO,, with Man(Z2) the algebra of square matrices of size 2" with coefficients in Zs. Note that
Man (Z2) may be identified with M(P[n] x P[n], Z2). Moreover, we can identify M(P[n]xP[n],Zs)
with the set of directed graphs with vertex set P[n] and without multiple edges as follows: given

a matrix M € Man(Zs) its associated graph has an edge from b to a iff M, = 1.



Let R : BDO,, — Man(Z2) be the Zsy-linear map constructed as follows. Consider the bases

{m?@ | a,b € P[n]} for BDO,, and {m® | a € P[n]} for Z[A"]. For a,b € P[n], let R(m®d) be

b

the matrix of m®d® on the basis m®. The action of m®d® on m¢ is given by

meo’me = mo E mete = E m*mcT® =m® if ¢+a Cb and zero otherwise.
eCb eCb

Therefore, the matrix R(m?d°) is given for c,d € P[n] by the rule

ampn, J 1 ifc=aand d+aCb
R(m?0 )c,d = { 0 otherwise

Example 8. The graph of R(m{#9123}) is show in Figure [l

®

§ b

Figure 1:  Graph of the matrix R(m{129{23}).

For a second representation consider the Zs-linear map S : BDO,, — Man(Z2) constructed
as follows. Consider the bases {z?3® | a,b € P[n]} for BDO,, and {x° | a € P[n]} for Zs[A"].
For a,b € P[n] let S(x?0%) be the matrix of 2?0° on the basis x%. The action of 2%0° on ¢ is

given by

2P — zWN i pCoe
a 0 otherwise

Therefore, the matrix S(x?9%) is given for ¢, d € P[n] by the rule

ey, J 1 ife=aUd\band bCd
S a)c’d_{ 0 otherwise

Example 9. The graph associated to the matrix S(m}19{3}) is shown in Figure 2.

4 Boole-Weyl Algebras

Let us motivate from the viewpoint of canonical quantization our definition of Boole-Weyl
algebras. Canonical phase space, for a field k of characteristic zero, can be identified with the

affine space k™ x k™. The Poisson bracket on k[z1,...,Zn,y1,...,yn] in canonical coordinates
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Figure 2:  Graph of the matrix S(m{1a{3}).

L1y ooy Ty Y1y o, Yo 00 K™ X K™ s given by {x4, 2} = 0,{yi,y;} = 0,{xs,y;} = 0; ;. Equivalently,
the Poisson bracket is given for f,g € k[z1,...,Zn, Y1, .., Yn] by

of Og af of
{9t = Za—xza_yz_ayiaxi.

Canonical quantization may be formulated as the problem of promoting the commutative vari-

ables x; and y; into non-commutative operators z; and ¥; satisfying the commutation relations:
@i, 2] =0, [B:05] =0, [5:%5] = di.

Note that the free algebra generated by z; and y; subject to the above relations is precisely
what is called the Weyl algebra.

Now let & = Zy and consider the affine phase spaces Zj x Zy. Let x1,...,2n, Y1, ..., Yn be

canonical coordinates on Z5 x Zy. The analogue of the Poisson bracket
{, }: Za[A*] @ Zo[A®"] — Zy[A®"]

can be expressed for f,g € Zy[A?"] as

of Og 8f of
g = Zc%:z dyi 8%’ Oy’

where 6%1_ and (%_ are the Boolean derivatives along the coordinates z; and y;. Clearly, the

full set of axioms for a Poisson bracket will not longer hold, e.g. Boolean derivatives are not
derivations. Nevertheless, the bracket is still determined by its values on the canonical coor-
dinates: {x;,z;} = 0,{yi,y;} = 0,{zs,y;} = d; ;. Canonical quantization consists in promoting
the commutative variables x; and y; into non-commutative operators z; and y; satisfying the

commutation relations:
[53\2753\]] = 07 [glvz/jj] = 07 [glvij] = 07 for 1 75 j7 and [@\2753\2]31 =1

10



Note that in the last relation we did not use the commutator but the shifted commutator

[f.9ls, = fg+sifg

this choice is expected since the operators 7; are twisted derivations instead of usual derivations.

The relation [y;, ;]s, = 1 can be equivalently written using the commutator as
[Yi, @] = yi + 1.

We are ready to introduce the Boole-Weyl algebras BW,,, which we also call quantum
Boolean algebras. The Boole-Weyl algebra BW,, is the free algebra generated by Z; and y;
subject to the relations above. The algebras BW,, are the analogue of the Weyl algebras in the

Boolean context.

Definition 10. The algebra BW,, is the quotient of Zo < z1,...,%n,y1,...,Yn >, the free
associative Zg-algebra generated by x4, ..., Tpn, Y1, ..., Yn, by the ideal

< 3312 + iy T+ 252, Yy + YiYi, y?, Yilj + TiYi, YiTi +xiy +yi + 1>,
2 _

P =

yiy; = y;v; for i,j € [n], and y;x; + z;y; for i # j € [n].

generated by the relations x T, yf =0, and y;x; = zy; +y; + 1 for i € [n], x5 = x;2; and

Theorem 11. The map Zo < X1, ..., Tp, Y1, .-, Yo >— Endy, (Z2[A™]) sending z; to the operator
of multiplication by z;, and y; to 9;, descends to an isomorphism BW,, — Endgz,(Z3][A"]) of
Zo-algebras.

Proof. By Theorem [3] the given map descends. By definition it is a surjective map
BW,, — BDO,, = Endy, (Z2[A"]).

Moreover, this map is an isomorphisms since dim (BW,,) = dim (Endgz, (Z3[A"])). Indeed using

the commutation relations it is easy to check that the natural map
ZQ[xlu 7xN]/ < 1'22 +2>Q® ZQ[yla 7yn]/ < y7,2 >— Bwn
is surjective. If > f(a,b)x® ® y® is in the kernel of the latter map, then the Boolean

a,beP[n]

differential operator >~ f(a,b)x%d® would vanish, and therefore the coefficients f(a,b) must
a,beP[n]
vanish as well. Thus

dim(BW,,) = dim(Za[z1, ..., ,]/ < 27 4+ 2; >)dim(Za[y1, .., yn]/ < y2 >) = 272"

= dim(Z,[A"))dim(Z,[A")) = dim(Endz, (Zo[A™))).

11



Theorem 12. The map Zg < X1, ..., Tp, Y1, .-, Yo >— Endy, (Z2[A™]) sending z; to the operator
of multiplication by w; = x; + 1, and y; to the operator 0;, descends to an isomorphism
BW,, — Endgz, (Z2[A"]) of Zs-algebras.

Proof. Follows from the fact that w; and 0; satisfy exactly the same relation as x; and ;. [

Corollary 13. Any identity in BW,, involving z; and 0; has an associated identity involving

w; and 0; obtained by replacing x; by w;.

Lemma 14. For a,b,c,d € P[n] the following identities hold in BW,,

Z mc+b2yb1. 9. maybmcyd _ Z maye‘
b1 CbaCb dCe
e\dCa+cCb
b,.c c\k2, b\k a, b, .c d e
3. y’zt = Z gk P\ g gagbpcyd — Z cla,b,c,d,e, fzty’,
k1CkaCbNe aCe, dCf

where

cla,b,c,d,e, f)=04{k1 Cko CbNec | aU(c\ka)=¢, b\ki=f\d}.

Proof. 1. By Theorem [I1] it is enough to show that the differential operators associated with
both sides of the equation are equal. Consider the operator of multiplication by f : Z5 — Zs
and let g : Z5 — Zo be any other map. The twisted Leibnitz rule y; f(g9) = vi(f)g + si(f)0ig

can be extended, since s; and y; commute, to the identity:

> sy g) thus gPf = D ™" (f)y"

b1Lbo=b bi1lLibo=b

In particular we obtain that

ybmcz Z y Z Sb28b1 b —

ellba=b b1Ub2Ch
Z mc+b1+b2yb2 —_ Z mC+b2yb1'

b1Ub2Ch b1 CbaCh

2. We have that:
maybmcyd — Z m mc—l—bg bl Z 6a e mé blud

b1Cb2Ch b1CbaCh

_ Z ma bild _ Z maye‘
b1 Ca+cChb dCe

e\dCa+cCb

where the last identity follows from the fact that b = a + ¢, e = by L d.
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3. From the relations y;x; = x;y; for i # j and y;x; = x;3; +v; + 1 we can argue as follows. If a
letter y; is placed just to the left of a x; we can move it to the right, since these letters commute.
If instead we have a product y;x;, then three options arises: a) y; moves to the right of z;; b) y;
absorbs z;; ¢) x; and y; annihilate each other leaving an 1. Call k; the set of indices for which
c) occurs, and ks the set of indices for which either b) or ¢) occur. Then k1 C ko € bN ¢ and
the set for which option a) occurs is b M ¢\ ko. Thus the desired identity is obtained.

4. We have that:

piyfatyt = N gty OVWIN = N (b, ¢ d e, f)afy/,
k1 ChaCbre aCe, dCf

where
cla,bye,dye, f) =0{k1 CkaCbNelaU(e\ky)=e, b\k = f\d}.

Example 15.
y Wt = 1 0 o (03 1 Uy 1 T3 103 — gy 113, 1),
y W2t = {02 28 12 00 28 10y (123 113 — 28, 113
y {2 {023) — 1023} (233 4 I63Y g U8y 1231, 410 g (81, 110
+m b3y 2 o 8 2 81 1021 (8 {120 {1238 {1} — 133, {123

Example 16. For i € [k] let A; € PP[n] and f; = ) 4. y*. Then

fife= Z O{(al,...,ak) € A x ... x A ’ atU...Uap=0> }yb.
beP[n]

In particular, for A € PP[n] and f =} ., y®, we get that

k= Z Ofay,..,ap € Al a;U...Uay =b Yy’
beP[n]

For example, if A = P[n] then for £ > 2 we have that:

fr= Z Ofa1,...,ar, € P[n] | a1 U....Uap = b }y® = Z (kI mod 2) ¢,
beP[n] beP[n]

thus f* = f if k is odd, and f* =1 if k is even.
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From Lemma 2] we see that there are several natural basis for BW,,, namely:
{m*y" | a,beP] }, {a""[a,b€Pn]}, {w’|a,bePn]}.

We write the coordinates of f € BW,, in these bases as:

F=Y" fumlab)m®’ = Y fola,0)a"y" = Y fula,bu

a,beP[n] a,beP[n] a,beP[n]

These coordinates systems are connected by the relations:

Q)= fmlac)y fmbe) =D falae),  fulb,e) =D fm(@c),

aCb aCb aCb
&)=Y fulae), fula,0) = fulbe), fula)=>_ fulbc).
aCbh aCbh aCbh

Theorem 17. For f,g € BW,, the following identities hold for a,e, h € P[n] :

L. (fg)m(a7 e) = ) %C fm(a7 b)gm(cv d)
e\d’gafcegb

2. (fg)z(e,h) = > cla,bye,d e, h)fr(a,b)g.(c,d), where

aCe,b,c,dTh

cla,b,c,d,e,h) =O{k1 Cko CbNe | aU(c\ k) =€, b\ki=h\d}.

Proof. 1. Let f = Za,beP[n] fm(a,bymayt, g = ZC,dGP[n] gm(c,d)mcy?, then we have that:

fo=">_  fmla,b)gm(c,d)m y’mey"

a,b,c,deP[n]
= > fm@bgmle,d) > mhyF
a,b,c,d,eeP[n] dCe

e\dCa+cCb

- Z fm(a7 b)gm(ca d)maye.

dCe, e\dCa+cCbh
2. Let f =3, pepn f2(a, b)x%y?, g= > c.depln) 9= (¢, d)xzy?, then we have that:
fo= D fala,b)ge(c, d)ay’zy?

a,b,c,deP[n]

= Z Z fz(a,b)g.(c,d)c(a, b, c,d, e, h):z:eyh,

a,b,c,deP[n] aCe, dCh

where

c(a,b,c,d,e,h) =O{ki Cko CbNcl|laU(c\ k) =€, b\ki=h\d}.
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Example 18. Let 2"y" = >, ,cpin) fm(a, bymay® and xy® = > abepln) Im (@, bym?y®. Then

(fg)fn(a, e) = Z fm(a,b)gm(c, d).
iCagics

For a non-vanishing summand we must have that a = b = r, ¢ = d = s, and s C e. The
conditions e \ s C r 4+ s C r implies that s Cr and e\ s C 7\ s, thus e C r. We conclude that
(fg)2(a,e) =1iff sCr,a=r and s Ce Cr Thus 2"y 2°y* =0 if s £ r. For s C r we get

$TyT$8y8_ 2 : ‘,Erye‘
sCeCr

In particular we get that (2"y")" = 2"y".

Example 19. Let f =3 ,cppy may’ = > apepin) fm(a, b)m%y®. We have that

frlae)= > 1=0{bc,d|dCe, e\dCa+cCb}

b,c,dCe
e\dCa+cCb

Note that if a+ ¢ is not equal to [n], then there are an even number of choices for b, thus we can
assume that ¢ =@ and b = [n]. The condition e \ d C a + ¢ = [n] becomes trivial, and therefore
f?(a,e) = OP|le|]] = 0 if e # 0 and f?(a,e) = 1 if e = (). Therefore we have that

=) m"

a€P[n]

Example 20. Let r =3, aliylit = > abepin) Te(@, b)x%y® € BW,, then we have that:

rie.f)= Y. clabede, fira(abra(c,d), where

aCe,b,c,dC f
cla,bye,dye, f) =0{k1 CkaCbNe | aU(c\ka)=e, b\ki=f\d}.
Clearly |a| = |b] = |¢| = |d| = 1, a = b, and ¢ = d. Moreover, we have that [bN¢| < 1. If
[bNel =1, thena =b=c=d=e = {i} for some i € [n]. If k; = ), then there are two
options for ko leading to a vanishing coefficient. Thus we may assume that k; = ko = {i} and
then necessarily f = {i}. Thus we conclude that r2({i},{i}) = 1. If instead |[bNc| = 0, then
ki =ka=0,aUc=eand b= f\d. Let i # j and suppose that a = b = {i} and ¢ = d = {j}.
Then e = f = {i,5} and r2({i, j}, {i,7}) = 1. All together we conclude that

r _Z by it 4 Z gty lid},

i€[n] i#j€n]
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Example 21. From Corollary [I3] we see that if s = Zie[n] wltyl} then
2 — Z widy i 4 Z wlhidylid},
i€n] i#j€n]
Equivalently, if s = Eze[n ylih 4+ E :17{ tylit then

R E L SE LU S S N S LU Rt P

i€[n] i€[n] i#j€[n] i#j€n] i#j€n]
5 A Shifted Presentation

So far, the operators 0; have played the main role. In this section we take an alternative
viewpoint and let the operators s; be the main characters. Recall that the Boolean derivatives
and the Boolean shift operators are related by the identities y; = s; + 1 and s; = y; + 1. For
a,b € P[n] let y* = [[y; and s® = []s;. We get that:

i€a i€a
yP = H Y = H(sl +1) = Z s® and by the Mébius inversion formula s? = Z y®.
i€b i€b aCb aCb

Proposition 22. Consider maps D : P[n] x P[n] — Zs and f : P[n] — Zo.

1. Let D= Y. D(a,b)m?" € BDO,, f= Y f(c)ym® € Zy[A"], and Df = > Df(a)m
a,beP[n] c€P[n] a€P[n]
Then we have that

= > D(a,b)f(a+b).

beP[n]

2. Let D= > D.(a,b)z%s® € BDO,, f= > fulc)a® € Z[A"], and Df = > Df.(d)z?
a,beP[n] c€P[n] deP[n]
Then
Dfe(d)= Y Da(a,b)fz(c).

a, eCbNe

aU(c\e):d
Proof.

LDf= ¥ D(ab)f(ems'me = ¥ D(a,b)f(c)mm***= Y"D(a,b)f(a + b)m

a,b,ceP[n] a,b,c a,b
= 2 acPin] (ZbeP[n] D(a,b)f(a+ b)> m
2. Df = 3 Dg(a,b)fe(c)z®sPzc = 3 Dy(a,b)fs(c)z® e\

a,b,ceP[n] a,eCbNe
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— Zdep[n] S Dg(a,b)fe(c) | 2%
a, eCbNe
aU(c\e)=d

Proposition 22] and Theorem [7] provide a couple of explicit ways of identifying BDO,, with
Myn (Zo) the algebra of square matrices of size 2" with coefficients in Zy. Consider the Zs-linear

map R : BDO,, — Myn(Zs) sending m®s® to R(m®s?) the matrix of m®s® on the basis m®. The

b

action of m®s? on m¢ is given by m®s®m® = m® if ¢ = a + b and 0 otherwise. Therefore, the

matrix R(m?®s®) is given for ¢,d € P[n] by the rule

e [ 1 ifc=aand d=a+b
R(m®s )c,d = { 0 otherwise

Example 23. The graph of the matrix R(m“sb)qd is shown in Figure Bl

On®

Figure 3: Graph of the matrix R(m{129{23}).

For a second representation consider Zo-linear the map S : BDO,, — Man(Z3) sending z%s?

to S(x%sP), the matrix of £%s® on the basis % The action of 2%s® on z¢ is given by

:Easbxc _ § xaUc\e‘

eCbNe
Therefore, the matrix S(x%s?) is given for ¢, d € P[n] by the rule

aby [ 1 if OfeCbnd|c=aUd)\e}
S(z"s")e d_{ 0 otherwise

Example 24. The graph of the matrix S(z{12}s{1:3}) is shown in Figure [l

Figure 4: Graph of the matrix R( mil2t iz 3}

Next we introduce the shifted Boole-Weyl algebra SBW,,, a quite useful and easy to handle
presentation for the algebra of Boolean differential operators BDO,,.
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Definition 25. The algebra SBW,, is the quotient of Zy < z1,...,%n, S1,..., Sy >, the free

associative Zg-algebra generated by x1, ..., x,, S1, ..., Sy, by the ideal

2 2
< @p + @i, Xixj A+ T, 885+ 8580, 87+ 1, sixj + X80, 8ixi + Tisi + 5; >,

generated by the relations :1722 =z, §2 =

7 =1, and s;x; = x;s; + 55 for i € [n], x;x; = vjx; and

yiyj = y;vs for i,j € [n], and s;x; + x;s; for i # j € [n].

Theorem 26. The map Zs < x1,...,Tp, S1,..., Sp >— Endg,(Z2[A"]) sending z; to the op-
erator of multiplication by x;, and s; to the shift operator in the i-direction, descends to an
isomorphism SBW,, — Endz, (Z2[A"]) of Zs-algebras.

Proof. The map Zo < X1, ..., Tn, S1y ey Sp >—> Zig < Ty eey Ty Y1, o5 Yn > sending z; to x; and
s; to y; + 1 descends to an algebra isomorphisms SBW,, — BW,,. The result then follows from
Theorem [I11 O

Theorem 27. The map Zgs < 21, ..., Ty, S1, ..., Sp, >— Endz, (Z2[A"]) sending z; to the operator
of multiplication by w; = x; + 1, and s; to the shift operator in the i-direction, descends to an
isomorphism SBW,, — Endz, (Z2[A"]) of Zs-algebras.

Proof. Follows from the fact that w; and s; satisfy exactly the same relation as x; and s;. [

Corollary 28. Any identity in SBW,, involving x; and s; has an associated identity involving

w; and s; obtained by replacing z; by w;.
Lemma 29. For a,b,c,d € P[n] the following identities hold in SBW,, :

b+csb. bmcsd — a,b+cma3b+d-

3. sbz¢ = E ALY 4. 1%s%2¢s% = E pave\egbtd,
kCbNe eCbNe

1. ’m=m 2. m%s

Proof. 1. For any f € Zs[A™] we have that:

(sbmcf)(a:) =m(x+b)f(x+0b) = mb+c(x)f(a: +b) = mb+csbf(x), thus s®m¢ = mbtesb,

a b

2. m®sbmes?

— mamb—i-csbsd — 5[1 b+cmb+csb+d.
3. From the identity s;x; = x;8; + s; we see that as s; pass to the right of x;, it may or may

not absorb x;. The set kK C b N c is the set of indices for which z; is absorbed by s;.

agb.c.d _ a.c\eb.d alc\e b+d
4. x%s°zCs —zegbncmx\ss = eChre® \egbtd,
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Example 30.

Lostlme =mest 2=\ e 2. mslmes? = m®s.

3. sz = Zazks["]. 4. x%slMgcsd = Zm“Uk d

kCc kCc
From Lemma 2 we see that there are several natural basis for BW,,, namely:
{m?s® | a,be Pln] }, {z%°|a,bePln]}, {ws’|abecPnl}.

We write the coordinates of f € SBW,, in these bases as:

Z fm,s(a,b)m Z fxsaba:s— Z fw,s(a,b)w

a,beP(n] a,bePn a,beP[n]

These coordinates systems are connected by the relations:

Fos(b,0) =D fns(a,€),  fms0) =) fas(a,0),  fusb0) =D fms(@,

aCb aCb aCb

Fns(0,6) = fws(a,0),  fas(a,0) =Y fuslbie),  fuwsla) = fas(bo).

aCbh aCb aCb

Theorem 31. For f,g € SBW, the following identities hold for a,b,e, h € P[n]:

L. (fg)m,s(av b) = Z fm7s(a7 C)gm7s(a +cb+ C)‘
c€P[n]

2. (f9)zs(e h) = Zage, bceP[n] O{kCbnec|aUc\k=ce }fss(a,b)gss(c,b+h).

Proof. 1. Let f =3, yeppn) fm.s(a bymasb, g = e deP(n) Im,s (€, d)m¢s?, then we have that:

fo= > fms(@b)gms(c,dym®stmes? =

a,b,c,deP(n]

Z fm,s(b + c, b)gm75 (C, d)mb+csb+d
b,c,deP[n]

- Z Z fm,s(b +c, b)gm,s(Q d) mesf

,fEP b+c=e
.fePln] | bre=

- Z Z fm,S(ev b)gm,s(e + b, f + b) mesf,

e,f€P[n] \bEP[n]
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2. Let f =3, pepin] fo,s(a, b)xtst, g = > _c,deP(n) 9,s(C, d)x¢s?, then we have that:

fg = Z f:(:,s(aa b)gLS(C, d)xtlsbxcsd

a,b,c,deP[n]

- Z fl’vs(av b)gl',S(cy d)xaUc\ka-i-d
a,b,c,deP[n], kCbNe

- Z Z f:c,s(ay b)g:c,s(cy d) ersh

e,hePn] a,b,c,deP(n]
kCbNe
aUc\k=e, b+d=h

- Z Z fx,s(a, b)gx,s(cy b+ h) ajesh =

e,heP[n] | aCe, b,ceP[n]
kCbNe
aUc\k=e

= Z Z O{kCbnclaUc\k=e }fos(a,b)ges(c,b+h) | %"

e,heP[n] \aCe, b,ceP[n]
O

Example 32. Suppose that [ = E&bep[n] fins(a,b)m?st, and g = Zc,deP[n} Gm.s(c, d)mes?,
are actually regular functions on Z%, i.e. fp, s(a,b) =0if b # 0, and gp s(c,d) =0if d # 0. A

non-vanishing term in the formula

(fg)m,s(aa b) = Z fm,S(a, C)gm,S(a +ec,b+c)
c€P[n]
must have ¢ = (), and then we must also have that c=0+c =0, and a+c=a + 0 = a. Thus

in this case the product fg is, as expected, just the pointwise product of functions on Z7.

Example 33. Let f =3, cpjy fm,s(a, b)m®s®, and suppose that g = > c.depln] Im.s (G d)mes?
is such that g, s(c,d) = 0 if ¢ # [n]. Then a non-vanishing summand in the formula

(fDms(@,0) = D fns(a, ) gms(a+ b+ c)

c€P[n]

can only arise for ¢ = @. Therefore (fg)m s(a,b) = fm s(a, @)gm.s([n],b+ @). For example, we
have that

Z mos® Z mMs? | = Z m?s’.
]

a€P[n] deP[n a,beP[n]
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As another example consider f = Zmbep[n} m®s? and g = m[s[. In this case we get that:

Z ms <m["]8["}> = Z m®s®.

a,beP[n] a€P[n]
6 Logical Viewpoint

In this section we study quantum Boolean algebras from a logical viewpoint. We assume the
reader to be familiar with the language of operads and props [2, 10, 1], 13]. First we review

the basic principles of classical propositional logic [4] which may be summarized as:

e Propositions are words in a certain language. Propositions are either simple or compos-
ite. Let = be the finite set of simple propositions and P(x) the set of all propositions.
Composite propositions are obtained from the simple propositions using the logical con-
nectives. There are several options for the choice of connectives, the most common ones
being {V, A, —, }.

e A truth function p : Z§ — Z is associated to each proposition p € P(z), where Z3 is
the set of maps from = to Zs. The map P(x) — M(Z5,Zy) = Z2[A"] sending p to p
is such that @ is the evaluation at a for each @ € z, and pV g =pV P, pAG=PAD,
p—q=p — D, °p = —p, where the action of the connectives on truth functions are

induced by the corresponding operations on Zs.

The map P(x) — Za[A”] is surjective, and there is a systematic procedure to tell when two
propositions have the same associated truth function. For our purposes, it is convenient to
describe P(x) using the binary connectives . and +, and the constants 0, 1. In logical terms the
product . is the logical conjunction, + the exclusive or, and 0 and 1 represent falsity and truth,

respectively.

P(x) is defined recursively as the set of words in the symbols a € z,.,+,0,1, (,) such that:
o z CP(z),0€P(x),and 1 € P(x).
o If p,qg € P(x), then (pq) and (p + ¢q) are also in P(x).

We defined recursively the notion of sub-words on P(z) as follows. For all p,q,r € P(z) we
set: p is a sub-word of p; p is a sub-word of (pg) and (p + ¢q); if p is a sub-word of ¢ and ¢ is a

sub-word r, then p is a sub-word of r.

Next we define an equivalence relation R(z), also denoted by ~, on P(x). Given p, q € P(z)

we set:

pR@)q it p=3.
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The relation R(x) can be defined in purely syntactic terms as follows: p and ¢ are related iff
p = q or there exists a sequence p1, ..., pr, for some k > 1, such that p; = p, and pp = ¢, and
pi+1 is obtained from p; by replacing a sub-word of p; by an equivalent word according to the

following relations:

e Associativity and commutativity for . and +: p(qr) ~ (pq)r, pq ~ qp,
p+a)+r~p+(+r), p+ag~qg+p.

Distributivity: p(q + r) ~ pq + pr.

Additive and multiplicative units: 0 4+ p ~ p and 1p ~ p.

Additive nilpotency: p+p ~ 0.
e Multiplicative idempotency: pp ~ p.

Let Set be the category of sets and mappings, and set the category of finite sets. Let
BR : set® — set the functor sending = to the free Boolean ring generated by z, i.e. BR(x) =
P(z) = Z%. For a map f : x — y the map BR(f) : Z§ — Z% is such that BR(f)(g) = g o f for
any g : y — Zo. Let BF = BR? : set — set be the functor given by BF(x) = BR(BR(z)). Thus
we have that:

BF (v) = BR(BR(x)) = Z,* = Z[A"],

i.e. BF(x) is the ring of Boolean functions on Z3.

Note that the sequence {BF[n] | n > 0} can be identified with the endomorphism operad of
Zs in Set, i.e. BF[n] = M(Z%,Z2) as sets with S,-actions.

Let P be the free operad in Set generated by +,. € P(2) and 0,1 € P(0). For given z € set,
the set of all propositions P(x) is actually equal to the free P-algebra generated by z.

We also denote by P the functor P : set — Set sending = to the P(x), and f : 2z — y
to its natural extension P(f) : P(x) — P(y) sending x to y via f, and respecting the logical

connectives.

Let Req be the category of equivalence relations. Objects in Req are pairs (X, R) where R
is an equivalence relation on X. A morphism f : (X,R) — (Y,S) in Reqisamap f: X =Y
such that fR C S. We have a functor Req — Set sending (X, R) to the quotient set X/R.

The pair (P,R) yields a functor (P,R) : set — Req, sending x to (P(x),R(z)), and the cor-
responding functor P/R : set — set. Moreover, the results of Section 2 imply the identification

P/R = BF, in particular, P(z)/R(x) = Z3[A"] as Boolean rings.
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Note also that we obtain a purely syntactic description of the operad {BF[n] | n > 0} as
{P[n]/R[n] | n > 0}.

Classical logic main concern is the pre-order I of entailment on P(z). Recall that Za[A"] is
a poset with f < g if f(a) < g(a) for all a € Z3.

For p,q € P(x), we set p F ¢ iff p < @, or equivalently, iff there is r € P(z) such that p = ¢r.

The entailment relation F can be defined syntactically terms as follows:
pk q iff there exists r € P(z) such that p ~ gr.

Next we move from the classical to the quantum situation. As mentioned in the introduction,
quantum observables are operators instead of propositions. In analogy with the classical case
we identify operators with words in a certain language. Truth functions are replaced by Boolean

differential operators. We think of quantum logic as arising from the following principles:

e We find again the simple/composite dichotomy. For a set x we let T = {a | a € z} be
a set disjoint from x whose elements are of the form a for a € z. Given = we let O(z)
be the set of all quantum observables; O(z) is a set of words in a certainly language to
be specified below. Elements of O(z) are called operators. The set of operators O(x)
is obtained from the set of simple operators x LIz C O(z) using the binary connectives
product . and sum +, and the constants 0, 1; i.e. OQ(x) is defined recursively as the set of
words in the symbols a € z U Z,.,+,0,1,(,) such that:

—zUZ CO(x), 0 € Ox), and 1 € O(z).
— If p,q € O(z), then (pq) and (p + q) are also in O(z).

e The logical interpretation of the connectives . and + are as follows. The product pq
correspond with the logical AND, but there is also a temporal dimension to it: pg may be
interpreted as ”act with the operator ¢, and then act with the operator p.” The connective
+ correspond to XOR, the exclusive or. The constants 0 and 1 may be interpreted as:

“reset to 07 and "leave it as it is”.

e Let BDO, = Endyz, (Z2[A%]) = Endgz,(Zza | a € z]) be the algebra of Boolean differential
operators on Z5. We think of BDO, as the quantum analogue of the Boolean algebra
Zs[A*] of truth functions. Just as we have a map from propositions to truth functions,
we have a map O(z) — Endg,(Z2[A*]) from operators to Boolean differential operators
given by:

— a is the operator of multiplication by a, for a € x.

—Gis 0, the Boolean derivative along a, for a € x.
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— p+q=p+q and pg=pq for p,q € O(x).
~ 0= 0, the operator identically equal to 0, and 1 is the identity operator.

We think of the composition o of operators in Endyz,(Z3[A”]) as the quantum analogue of
the meet A, or equivalently the product, on Zy[A”] = M(Z3,Zs). Indeed o is an extension of
the classical meet. Consider the inclusion map Zs[A*] — Endgz,(Z2[A”]) sending f € Za[A”]
into the operator of multiplication by f. This map is additive and multiplicative, thus showing

that the quantum structures are, as they should, an extension of the classical ones.

The map O(z) — Endg,(Z2[A*]) turns out to be surjective, and there is a well-defined
procedure to tell when two operators are assigned the same Boolean differential operator. Sub-
words are defined in O(z) as in the classical. We define an equivalence relation R(z), also
denoted by ~, on O(x). For p,q € O(z) we set:

pR(z)g iff p=gq

R(z) is defined syntactically as follows: p and ¢ are related iff p = ¢ or there exists a sequence
D1, -y Pk, for some k > 1, such that p; = p, and pr = ¢, and p;41 is obtained from p; by

replacing a sub-word of p; by an equivalent word according to the following relations:

e Associativity for the product: p(qr) ~ (pg)r.

Associativity and commutativity for +: (p+q)+r~p+(¢+7r),p+q~q+p.

Distributivity: p(q +r) ~ pq + pr.

Additive and multiplicative units: 0 +p ~ p and 1p ~ p

Additive nilpotency: p+p ~ 0.

Multiplicative idempotency and nilpotency: aa ~ a and aa ~ 0, for a € x.

Commutation relations: ba ~ ab and ab ~ ZZZ, for a,b € x, ba ~ ab for a # b € x, and

aa ~aa-+a-+1foracz.

Let B be the category of finite sets and bijections [9]. We regard O, R, and Endz, (Zs[A()]) as
functors B — Set. The pair (O,R) defines a functor (O,R) : B — Req. The results of Section
M imply the following identification

O/R = Endg, (Z[AV)]) in particular O(z)/R(z) = Endg, (Zs[A%]).

Next we define the quantum entailment pre-order - on OQ(z). First we define a pre-order
on Endgz, (Z3]A")); for S,T € Endg, (Z2]A"]) we set

S < T iff there exists R such that S = TR.
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For example, if S and T' are projections onto the subspaces A and B of Zy[A”], respectively,
then S < T iff A C B.

For p,q € O(x), we set p F ¢ iff there is r € O(x) such that p = ¢r. Equivalently, the
entailment relation - can be defined syntactically as:

pkq iff there is r € O(x) such that p ~ gr.

As expected, quantum entailment is an extension of classical entailment. Indeed, we have
functors (P, F), (Q,F), (Z2[AD)], <), (Endg, (Zy[A)]), <) from B to the category of pre-ordered

sets. These functors fit into the following commutative diagram of natural transformations:

(P,F) (O,F)

| |

(Z[AD)], <) —— (Endz, (Z:[A)]), <)

) —

where the top horizontal arrow is the natural inclusion, the bottom horizontal arrow sends f
into the operator of multiplication by f, and the vertical arrows are the valuation maps from

propositions and operators to truth functions and differential operators, respectively.

Our previous considerations yield a syntactic presentation of the diagonal of the endomor-
phism prop of Zs[Al] in the category Zs-vect. Indeed we have that:

O[n)/R[n] = Endz, (Zs[A"]) = Endg, (Zo[A]*").

7 Set Theoretical Viewpoint

The link between classical propositional logic and the algebra of sets arises as follows. Recall
that there is a map P(z) — M(Z%,Z2) sending each proposition to its truth function. Since
M(Z3,Z3) can be identified with PP(z) we obtain a map P(x) — PP(z) assigning to each
proposition p a set p of subsets of . Moreover, the logical connectives intertwine nicely with
the set theoretical operations on subsets, namely:

pta=@EUY\ (BN, Pu=pAq=pNG =p=p, pPVa=pUq pP>q=pUT
We stress the, often overlooked, fact that classical propositional logic describes the set theoret-
ical operations present in PP(z) that are common to all sets of the form P(y), i.e. the extra
algebraic structures present in P(y) when y = P(z) play no significative role in the logic/set
theory relation outlined above. This is why whereas P(x) have been massively studied, the

algebraic structures on P"(x), for n > 2, have seldom attracted any attention.
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We proceed to consider the analogue statements in the quantum scenario. We present our
results for sets of the form [n]. It should be clear, however, that the same constructions apply

for arbitrary finite sets.

As in the classical case we have a map O,, — Endy,(Z2[A"]) sending operators (words in
a certain language) to Boolean differential operators. As shown in Section Ml it is possible to
identify Endz, (Z2[A"]) with the Boolean-Weyl algebra BW,,, and with the symmetric Boolean-
Weyl algebra SBW,,. Moreover, we described several explicit bases for these algebras. For

example, each f € BW, can be written in an unique way as:

f: Z f(avb)$ayb'

a,beP[n]

Thus Boolean differential operators can be identified with maps from P[n] x P[n] to Zs, and we

get the identifications:
Endy,(Z3]A"]) ~ BDO,, ~ BW,, ~ M(P[n] x P[n],Zs) ~ P(P[n] x P[n]) ~ PP([n] U [n]).
We adopt the following conventions. We identify [n] U [n] with the set
n,7) ={1,2,...n,1,2,...,7}.

Given a C [n] we let @ = {i | i € a} be the corresponding subset of [] = {1,2,...,7}. An
element a € P[n,n| will be written as a = a; Uay with a1,a2 € P[n]. Note that we have a
natural map 7 : P[n,n| — P[n] x P[n] given by n(a) = (71(a),m2(a)) = (a1, a2). We use indices
without tilde to denote monomials of regular functions, and indices with tilde to denote the
Boolean derivatives or shift operators. The identification Endz, (Z2[A"]) = PP[n,n| allow us to
give set theoretical interpretations to the algebraic structures on Boolean differential operators.
Unlike the classical case, the quantum structures are not defined for an arbitrary sets of the

form P(y), quite the contrary, they very much depend on the fact that y = P[n,n].

Below we consider pairs (A, M) where A is a Zy-algebra and M is an A-module. A morphism
(f,9) : (A1, My) — (Aa, My) between such pairs, is given by Zs-linear maps f : A1 — As and
g : My — M, such that f is an algebra morphism, and g(am) = f(a)g(m) for alla € A;m € M.

The additive structure + : PP[n,n| x PP[n,n] — PP[n,n| on PP[n,n] is given by

A+B=AUB\ (ANB).

We consider several isomorphic products o, e, x, and x on PP[n,n| displaying different com-
binatorial properties. The various products correspond with the various bases for BW,, and
SBW,,.
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Theorem 34. There are maps o : PP[n,n] x PP[n,n] — PP[n,n] and o : PP[n,n] x PP[n] —
PP[n], turning PP[n,n] into a Zy-algebra and PP[n] into a module over PP[n, n], such that the
pair (PP[n,n],PP[n]) is isomorphic to (Endgz,(M(Z%,Z2)), M(ZY,Z3)) via the maps

A— Zm‘“(‘)” and F — Zm“.
acA a€EF
Proof. From Theorem [I7 and Proposition [l we see that the desired products o are constructed
as follows. For A, B € PP[n,n|, the product AB € PP[n,n] is given by
AoB = {aGP[n,ﬁ] | O{beP[n],c€B|cyCay, ayUbe A, az\ca Cay+ec C b}}
Let A € PP[n,n] and F' € PP[n|, then AF' € PPn] is given by
AoF ={aecPn] | O{bCcePn]|alcec A a+beF}}.

O

Example 35. In PP[3, 3] we have that {{1,2,2,3}}0{{1,3,1,2}} = {{1,2,1,2}, {1,2,1,2,3}}.
Indeed a € {{1,2,2,3}}0{{1,3,1,2}} if there is a odd number of pairs b, ¢ with certain proper-
ties. Note that ¢ = {1,3,1,2}, {1,2} C as, a1 b= {1,2,2,3}, and thus necessarily a; = {1, 2}
and b = {2,3}. Moreover, we must have that as \ {1,2} C {1,2} 4+ {1,3} C {2,3}, that is
az \ {1,2} C {2,3}. Thus either ay = {1,2} or ag = {1, 2,3} yielding the desired result.
Example 36. For A € PP[n] set A’ = m; '(A). Let F € PP[n], the we have that:
AoF={acPn] | O{bCcePn]|c€A a+tbeF}}.

Note that },cpp, m® =1 and thus:

() (5 5

acA beF acA’oF

Example 37. For A € PP[n] let A= {a € P[n,71] | a1 = ay € A }. Let F € PP[n], then

AoF={acPn] | OfeCal| a+eecF}} and therefore

<Zm“8“) o <Zmb) = Z m®.
acA beF 4 AoF
Theorem 38. There are maps o : PP[n,n] x PP[n,n| — PP[n,n] and e : PP[n,n] x PP[n] —
PP[n] such that the pair (PP[n,n],PP[n]) is isomorphic to (Endgz,(M(Z%,Z2)), M(Z%,Z2)) via
the maps

A— Zw“%‘)” and F — Zx“.

a€A a€F
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Proof. From Theorem [I7 and Proposition [6l we see that the desired products e are constructed
as follows. For A, B € PP[n,n|, the product A @ B € PP[n,n] is such that a € A e B iff

O{be A,ce B,ky Cky | b1 Cai, c1 Cag, ka ShaNer, biU(cr \ k2) =ar, ba\ k1 = a2\ c2}.
Let A € PP[n,n| and F' € PP[n], then Ae I’ € PP[n] is given by
AeF={acPn | Ofbe A,ce F|byCc bjU(c\b2) =a} }.

O

Example 39. In PP|[3, 3] we have that {{1,3,2}}e{{2,1}} = {{1,2,3,1,2},{1,3,1,2},{1,3,1}}.
Indeed, we must have b = {1,3,2} and ¢ = {2,1}, and thus there are three options for k; C kg C
[2], namely, @ C 0, ) C {2}, and {2} C {2} giving rise to thesets {1,2,3,1,2},{1,3,1,2},{1,3,1},

respectively.

Example 40. For A € PP[n] set A’ = 7= '({0} x A). Let F' € PP[n] then we have that:
AeF={acPn] | O{bcAceF|bCe¢ c\b=a}}

Therefore we get that

() ) 5

acA beF acA’eF

Example 41. For A € PP[n] let A= {a € P[n,7] | a1 = as € A }. Let F € PP[n], then

AeF={acF | O{becA| bCa}} and therefore

<Za:“8“> o <Za:b> = Z = Z O{be A|bCa}x®.
acA beF acAeF acF

—_

In particular we have that: P[n] e P[n] = {} and thus
Z 0% | o Z 2| =1
a€P[n] beP[n]

Theorem 42. There are maps x : PP[n,n] x PP[n,n| — PP[n,n] and * : PP[n,n] x PP[n] —
PP[n], turning PP[n,n] into a Zs-algebra and PP[n] into a module over PP[n, n], such that the
pair (PP[n,n],PP[n]) is isomorphic to (Endz,(M(Z%,Z2)), M(ZY,Z2)) via the maps

A—)Zm“ls“2 and F—)Zm“.

a€A a€F
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Proof. From Theorem [BIland Proposition 22l we see that the desired products * are constructed
as follows. For A, B € PP[n,n|, the product A x B € PP[n,n] is given by

A*B:{aeP[n,ﬁ] | O{b € P[n] | a1 UD€ A, (a1+b)u(a2+b)eB}}.
Let A € PP[n,n] and F' € PP[n|, then A x F' € PP[n] is given by
A*F:{aeP[n] | O{bePln]|albe A, a+beF}}.
|

Example 43. In PP[3,3] we have that {{1,2,3,3}} x {{1,2,2,3}} = {{1,2,3,2}}. From the
equation a; b € A we see that a; = {1,2,3} and b = {3}. Also we must have a; +{3} = {1,2},
which holds, and as + {3} = {2,3} which implies that as = {2}.

Example 44. For A € PP[n] set A’ = 7, '(A). Let F € PP[n], the we have that:

AxF={acPn] | O{becA|la+be F}}.

Therefore
(Z 8“) o <Z mb> = Z m® in particular <Z 8“) o Z ml| =0A Z m?.
acA beF a€A'*F acA bePn] a€P[n]

Example 45. For A € PP[n] set A = {a € P[n,71] | a1 = ay € A }. Let F € PP[n], then
AxF=0if0) ¢ F and AxF = A if ) € F. Therefore

(o) (55

acA beF acA

where c=1if) € Fandc=0if ) ¢ F.

Example 46. Let A be as in the previous example, then AxA=Aif e Aand AxA =

o~

() otherwise. Indeed, a € P[n,n] belongs to AxAifaUb € A, ie. a3 = b € A, and

(a1+b)|_|(cg\—|—/b) €A ie e Aanda; =ay€ A.

Example 47. For A € PP[n] set A={a € P[n,7] |atr=ay € A}. Then Ax A= Aif [n]c A
and Ax A =0 if [n] ¢ A. Indeed, a € Pln, 7] belongs to Ax Aif ayUb € A, ie. a =b € A,
and (a1 +b) U (ag +b) € A, ie. [n] € Aandas =0 +b=b=a.

Theorem 48. There are maps * : PP[n,n] x PP[n,n| — PP[n,n] and * : PP[n,n] x PP[n] —
PP[n], turning PP[n,n] into a Z-algebra and PP[n] into a module over PP[n, n], such that the
pair (PP[n,n],PP[n]) is isomorphic to (Endz,(M(Z%,Z2)), M(ZY,Z2)) via the maps

A— Z:a:‘”s“2 and F — Za:“.
acA acF
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Proof. From Theorem [BIland Proposition 22l we see that the desired products * are constructed
as follows. For A, B € PP[n,n|, the product A « B € PP[n,n] is given by

{aeP[n,'ﬁ] | O{b,c,d,e € P[n] | e Cend, bUd\ e=ar, bUZE A, dl_l(c+a2)€B}}.
Let A € PP[n,n] and F' € PP[n|, then A %« F' € PP[n] is given by
A*F:{aeP[n] | O{b,c,d€Plnl,ec F|cCdne, bUe\c=a, buJeA}}.
U

Example 49. In PP[3,3] we have that {{1,2}}* {{2,3,1,2}} = {{1,3,1},{1,2,3,1}}. Indeed
we must have b = {1}, ¢ = {2}, d = {2,3}, and ag = {2} +{1,2} = {1}. Sincee C {2}N{2,3} =
{2}, there are two options, either ¢ = () and then a; = {1,2,3} and a = {1,2,3,1}, or e = {2}
and then a1 = {1,3} and a = {1,3,1}.

Example 50. For A € PP[n] set A’ = 7= '({0} x A). Let F' € PP[n] then we have that:
AxF={aePn] | OlcePn],dec A,ec F|cCdne, e\c=a} }.
Therefore

<Zsa>o<z$b> _ Y

acA beF acA'xF

Example 51. For A € PP[n] let A = {a € P[n,71] | a1 = ay € A }. Let F € PP[n], then

AxF={acPn | Ofbe A,cePnl,ec F|cCbne, bUe\c=a}}.

<Zm> . (gy) Y e

acA beF a€AxF

8 Final Remarks

We introduced an approach for the study of quantum-like phenomena in characteristic 2. Our

approach is developed as follows:

1) Quantization of the canonical phase space k™ x k™ over a field k of characteristic zero may
be identified with the k-algebra of algebraic differential operators on k™. The Weyl algebra

provides an explicit description by generators and relations of the latter algebra.

2) Classical propositional logic may be identified, to a good extend, with the study of regular
functions on Z3. We introduced the algebra BDO,, as a suitable analogue for algebraic differen-

tial operators on Zi. We showed that BDO,, coincides with the algebra of linear endomorphisms
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of regular functions on Z5. We introduced a couple of presentations by generators and relations

for BDO,,, namely, the quantum Boolean algebras BW,, and SBW,,.

3) We shift back from the algebro-geometric viewpoint, and study the quantum Boolean alge-

bras from the logical and set theoretical viewpoints.
Our work leaves several open questions and problems for future research:

1) We considered the structural aspects of quantization in characteristic 2. The dynamical

aspects will be considered elsewhere.

2) We studied the analogue for the Weyl algebra in characteristic 2. Recently, [0} [7, 18], there
have been a remarkable interest in characteristic 1. It would be interesting to study the ana-

logue for the Weyl algebra in characteristic 1.

3) Categorification of the Weyl algebra has been considered in [9]; categorification of the Boole-
Weyl and shifted Boole-Weyl algebras remain to be addressed.

4) The symmetric powers of Weyl algebras and linear Boolean algebras in characteristic zero
were studied in [8] and [I0], respectively. The analogue problems for the quantum Boolean

algebras and the linear quantum Boolean algebras are open.

5) Our logical interpretation of quantum Boolean algebras was based on a specific choice of

connectives. It remains to study other connectives, perhaps with a more direct logical meaning.
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