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SOME IDENTITIES OF BERNOULLI NUMBERS AND
POLYNOMIALS ASSOCIATED WITH BERNSTEIN
POLYNOMIALS

MIN-SOO KIM, TAEKYUN KIM, BYUNGJE LEE AND CHEON-SEOUNG RYOO

ABSTRACT. We investigate some interesting properties of the Bernstein poly-
nomials related to the bosonic p-adic integrals on Zy.

1. INTRODUCTION

Let C]0,1] be the set of continuous functions on [0, 1]. Then the classical Bern-
stein polynomials of degree n for f € C[0, 1] are defined by

~ [k
1.1 B, (f) = ) Bra(x), 0<z<1
1) =3 (£) Bunta). 0<e
where B, (f) is called the Bernstein operator and

(12 Bun(o) = ()t -1

are called the Bernstein basis polynomials (or the Bernstein polynomials of degree
n) (see [10]). Recently, Acikgoz and Araci have studied the generating function for
Bernstein polynomials (see [1} 2]). Their generating function for By, (x) is given
by

tke(lfz t

) IEk & tn
— X%Bk,n(ﬂv)a,
where k =0,1,... and z € [0, 1]. Note that

Bin () (a1 —a)F ifn>k
n\T) =
" 0, if n < k

forn=0,1,... (see [1L 2]).

The Bernstein polynomials can also be defined in many different ways. Thus,
recently, many applications of these polynomials have been looked for by many
authors. Some researchers have studied the Bernstein polynomials in the area of
approximation theory (see [II 2, B} [7} @] [I0]). In recent years, Acikgoz and Araci
[1, 2] have introduced several type Bernstein polynomials.

In the present paper, we introduce the Bernstein polynomials on the ring of p-
adic integers Z,. We also investigate some interesting properties of the Bernstein

polynomials related to the bosonic p-adic integrals on the ring of p-adic integers
L.

(1.3) F®R () =
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2. BERNSTEIN POLYNOMIALS
RELATED TO THE BOSONIC p-ADIC INTEGRALS ON Z,

Let p be a fixed prime number. Throughout this paper, Z,,Q, and C, will
denote the ring of p-adic integers, the field of p-adic numbers and the completion
of the algebraic closure of Q,, respectively. Let v, be the normalized exponential
valuation of C, with [p|, =p~!. For N > 1, the bosonic distribution y; on Z,

1
(2.1) pla+p"Z,) = g

is known as the p-adic Haar distribution pigaar, where a + pVZ, = {x € Q, |
|z —al, < p~N} (cf. []). We shall write dui(z) to remind ourselves that z is the
variable of integration. Let UD(Z,) be the space of uniformly differentiable function
on Z,. Then p, yields the fermionic p-adic ¢g-integral of a function f € UD(Z,) :

1P
(2:2) L(f)= pr(év)dul(:v) =A}gnoop—N ;) f(x)

(cf. ME]). Many interesting properties of (Z2]) were studied by many authors (cf.
[4, 8] and the references given there). For n € N, write f,,(z) = f(x + n). We have

n—1
(2.3) L(fa) = L)+ D ().
=0

This identity is to derives interesting relationships involving Bernoulli numbers and
polynomials. Indeed, we note that

(2.4) L+ )" = / (2 + )" dps (y) = Bu(2),

where By, (z) are the Bernoulli polynomials (cf. [4]). From (2], we have
n\ X n—k ;
(2.5) [ Ba@im@ = () (")
Zp k =0 J

and

Bien (2)dpn (x) = Bk (1 — x)dps (x)
Zp Zp

~O5 (g () en

By (23) and (26]), we obtain the following proposition.

(2.6)

Proposition 2.1. Forn > k,
n—k k n—j .
n—k s k . n—
> ( ] >(_1)n "By =) ( ')(_1)k ’ ( l j)(_l)lBl-
i=o N 7 =0
From (Z4]), we note that
(2.7) B,2)=(B1L)+1)"-n=(B+1)"=DB,, n>1



with the usual convention of replacing B™ by B,,. Thus, we have

/Z Sy (z) = /Z (2 +2)"dpur () —

P P

(2.8) = (—1)"/Z (z — 1)"dui(x) —n

D

= [ =aydis@) =n

D

for n > 1, since (—1)"B,(x) = By(1 — x). Therefore we obtain the following theo-

rem.

Theorem 2.2. Forn > 1,

/

And also we obtain

(1 —2z)"dps(x) = / x"dpy () + n.

Zp

y

/ B ksl o) = | et dn o)

("7 )eut [ oo ane
(

P

0
n—k n—Fk
= 0( ; )(_1)l(Bl+k+l+k)'

Therefore we obtain the following result.

Corollary 2.3. Fork > 1,

/Z Bo x(@)i () = 3 <” - ’“) (—1)!(Biak + 1+ ).

" ; k) (—1)t {/Z " rdpy (x) + 1+ k}

From the property of the Bernstein polynomials of degree n, we easily see that

g B (2) Bie,m (z)dp ()

(2.10) = (Z) (Z) /Z (1 — &)™ dp ()

P

_ (Z) (7:> n+§2k (n + 77; — 2k> (—1)'Bogss

=0
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and

[ Bnla) B @) B (o) o)

D

(2.11) = <Z> <7:) <Z> /Z (1 = 2) Ty (2)

0TS e

Continuing this process, we obtain the following theorem.

Theorem 2.4. The multiplication of the sequence of Bernstein polynomials
Byny (), Bieno (%)« ..y B, ()

for s € N with different degree under p-adic integral on Z, can be given as

/Z qunl (I)Bk,nz (‘T) to Bk,ns (I)d,ufl (CC)

P

_[n1) [N N rtnade s sk ni+ng+ -+ ns — sk (—1)lB
“\k )\ k k : I skl

We put

Il
=]

By, (x) = Brn(x) X -+ X Bgn(x) .

)

m-times
Theorem 2.5. The multiplication of
B™ (), B (x),... ,BZ?;LS (x)

k,ny k,n2
Bernstein polynomials with different degrees ni,ns,--- ,ns under p-adic integral on
Zy, can be given as

/Z By, @) B, (@) B, (2)dpn ()

y

™ o\ ™2 o\ ™ nymi+ngma+-+nsms—(mi+--+ms)k
o 1 2 s l
() () (%) > =

=0

nimi + nameo + -+ ngmg — (M1 + -+ -+ my)k
x I B4 tm ot

Theorem 2.6. The multiplication of
By (0), Biin, (@), By, ()

k1i,m1 ka,n2
Bernstein polynomials with different degrees my,no,--- ,ng with different powers
mi, Mo, -+ , M, under p-adic integral on Z,, can be given as

B, @) B2, (2) - B, (2)dm (z)

k1,m1 k2,n2
Zp

" o\ ™2 n\ ™ nimitnamat-tnsms—(kimi+-+ksms)

1 2 s l
= . -1

k) () () > =

=0
" (nlml +ngmao + -+ ngmg — (kymy + -+ - + ksms)>

l Bk1m1+"'+ksms+l'
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oblem. Find the Witt’s formula for the Bernstein polynomials in p-adic number
d.
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