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Abstract

We extend to Lipschitz continuous functionals either of the true paths or of the
Euler scheme with decreasing step of a wide class of Brownian ergodic diffusions, the
Central Limit Theorems formally established for their marginal empirical measure of
these processes (which is classical for the diffusions and more recent as concerns their
discretization schemes). We illustrate our results by simulations in connection with
barrier option pricing.
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1 Introduction

In a recent paper ([22]), we investigated weighted empirical measures based on some Euler
schemes with decreasing step in order to approximate recursively the distribution P, of a
stationary Feller Markov process X := (X;);>0 with invariant distribution v. To be precise,
let (X;) be such an Euler scheme, let (I')x>1 denote its sequence of discretization times and
let (nx)k>1 be a sequence of weights. On the one hand we showed under some Lyapunov-
type mean-reverting assumptions on the coefficients of the SDFE and some conditions on
the steps and on the weights that

o S P ) P B(F) = / EF(X*)(dz)  as.
" k=1

7w, F) =

(1.1)
for a broad class of functionals F' including bounded continuous functionals for the Sko-
rokhod topology. On the other hand, in the marginal case, i.e. when F'(a) = f(a(0)), then
the procedure converges to v(f). When the Poisson equation related to the infinitesimal
generator has a solution, this convergence is ruled by a Central Limit Theorem (CLT):
this has been extensively investigated in the literature (for continuous Markov processes,
see [], for the Euler scheme with decreasing step of Brownian diffusions, see [I8| 21]). As
concerns Lévy driven SDEs, see [24].

Our aim in this paper is to extend some of these rate results to functionals of the path
process and its associated Euler scheme with decreasing step, i.e. to study the rate of
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convergence to P, (F) of (} fg F(Xgy)ds);>1 and (7 (w, F)),>1 respectively. Here, we
choose to assume that (X;) is an R%valued process solution to

dX; = b(Xt)dt + O'(Xt)th, (12)

where (W3)¢>0 is a g-dimensional Brownian motion and b and o are Lipschitz continuous
functions with values in R? and My, 4 respectively, where My, denotes the set of d x ¢-
matrices. Under these assumptions, strong existence and uniqueness hold and (X) is
a Markov process whose semi-group is denoted by (P;). We also assume that (X;) has
a unique invariant distribution v and we denote by P,, the distribution of (X;) when
stationary.

Let us now focus on the discretization of (X;). We are going to introduce some
continuous-time Euler schemes with decreasing step: denoting by (I'y,)n>1 the increasing
sequence of discretization times starting from I'j = 0, we assume that the step sequence
defined by v, :=1', — ',_1, n > 1, is nonincreasing and satisfies

n
lim 5, =0, Th=» 7 400, (1.3)
k=1

n—-+4o00

First, we introduce the discrete time constant Euler scheme (X, ),>0 recursively defined
at the discretization times I',, by Xy = x¢ and

There are several ways to extend this definition into a continuous time process. The
simplest one is the stepwise constant Euler scheme (X;);>0 defined by

VneN, Vte [y, Thi1), Xi=Xr,.

The stepwise constant Euler scheme is a right continuous left limited process (referred
as cadlag throughout the paper, following the French acronym). This scheme is easy to
simulate provided one is able to compute the functions b and ¢ at a reasonable cost. One
could also introduce the linearly interpolated process built on (Xr,),>0 but except the
fact that it is a continuous process, it has no specific virtue in term of simulability or
convergence rate.

The second possibility to extend the discrete time Euler scheme is what we will call
the genuine Euler scheme, denoted from now on by (& )¢>0. It is defined by interpolating
the two part of the discrete time scheme in its own scale (time, Brownian motion). It is
defined by

VneN, Vte [y, Tnp1), & =Xr, +(E—Tw)b(Xr,)+o(Xr,) W, —Wr,,,) (1.5)

Such an approximation looks more accurate than the former one, especially in a func-
tional setting, as it has been emphasized — in a constant step framework — in the literature
on several problems related to the Monte Carlo estimation of (a.s. continuous) function-
als of a diffusion (with a finite horizon) (see e.g. [7], Chapter 5). This follows from the
classical fact that the LP-convergence rate of this scheme for the sup norm is /7 instead
of —,/7log~ for its stepwise constant counterpart (where v stand for the step). On the
other hand, the simulation of a functional of (&);c(;,r17) is deeply connected with the
simulation of the Brownian bridge so that it is only possible for specific functionals (like
running maxima, etc).



A convenient and synthetic form for the genuine Euler scheme is to write it as an It6
process satisfying the following pseudo-diffusion equation

& = 1o —I—/O b(&s)d8+/0 o(&s)dWs (1.6)

where
t=Tpny with N(t) =min{n > 0,I1 > t}. (1.7)

Taking advantage of this notation for the stepwise constant Euler scheme, one can also
note that - -
Vte Ry, X = X;.

When necessary, we will adopt the more precise notation X ,(hn) for a stepwise constant
continuous-time Euler scheme to specify starting at z € R? at time 0 with a nonincreasing

step sequence (hy,)n>1 satisfying (L3)).

Since we will deal with possibly cadlag approximations of continuous processes we will
introduce the spaces Dy, (1, ]Rd) of R%valued cadlag functions on I = R, or [0,T], T >0,
endowed with the topology of the uniform convergence on compact sets, rather than the
classical Skorokhod topology (see [6]). In fact, one must keep in mind that if o : I — R?

is a continuous function and («,,) is a sequence of cadlag functions, «, K aiffa™ a
(with obvious notations). Furthermore, usual Skorokhod distance dgy (so-called J; and
Jo topologies) on D([0, T], R%) all satisfy

dsk(a, B) < |la =B, :== sup |a(t) — B(1)]
t€[0,T

so that any functional F : D([0,7],R?) — R which is Lipschitz with respect to such a
distance dgj will be Lipschitz continuous with respect to ||.||, (hence measurable with
respect to the Borel o-field induced by the Skorokhod topology).

At this stage, we need to introduce further notations related to the long run behaviour of
processes (or simply functions). Let d,(d3) denotes the Dirac mass at a€ D(R,,R?) and
a = (0uu+t)t>0 denotes the u-shift of a.

We will see below that our aim is to elucidate the asymptotic P(dw)-a.s. weak behaviour
t

1
of the empirical measures n / 5Y(s) (dﬁ)ds as t goes to infinity, where Y will be the

diffusion X itself or one of its (simulatable) Euler time discretizations. This suggests to
introduce a time dicretization at times I';, of the above time integral like we did to define
the Euler scheme. This leads us to introduce, for any o€ D(R,, R?), the following abstract
“Euler” empirical means

I

™o, dp) = Z’YM e (dB) = ; O(0) (dB)ds

TL

Then, for a functional F' defined on D(Ry,R%) and o € D(R,,RY),

I

7" (a, F —_/ B (n ,dp) = F(a Ce—1)y = — F(a®Nd
r(a, (a g v o S.
( ) (R, R F(B)v k Fn 0 ( )

In the following, we will use this sequence of empirical measures for both stepwise con-
stant and genuine Euler schemes. Compared to [22], this means that we assume that the
sequence of weights (n,,) satisfies n,, = 7, for every n > 1.
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ADDITIONAL NOTATIONS. > (z,y) = Y. z;; will denote the canonical inner product and
|z| = \/(x,z) will denote Euclidean norm of a vector z € R%.

> Let A = [a;;] € Mg, be an R-valued matrix with d rows and ¢ columns. A* will denote
the transpose of A, Tr(A) = >, a;; its trace and [A]| = /Tr(44*) = (3_;; afj)%. If

d = q, one writes Az®? for z*Azx.

2 Main results

2.1 Assumptions and background

We denote by (F:):>0 the usual augmentation of o(Ws,0<s<t) by P-negligible sets. Since
b and o are Lipschitz continuous functions, Equation (L.2)) admits a unique (F;)-adapted
solution (X7);>o starting from x € R% More generally, for every u > 0 and every finite
Fy-measurable random variable =, we can consider (Xt(“)’E)tZO, unique strong solution to
the SDE:

dY; = b(Yy)dt + o(Y))dW,", Yo =2, (2.8)

where Wt(u) = Wyyt — Wy, t >0, is the u-shifted Brownian motion (independent of F,).
Note that X} = Xt(o)’w and that Xt(u)’: can be also defined through the flow of (L2) by

setting ~
Xt(u),: _ (Xt(u),:c)

|e=E"

Throughout this paper, we consider a measurable functional F' : Dy.([0, T],R%) — R. We
will denote by F,. the stopped functional defined on Dy.(R,R%) by

Va e Dy (Ry,RY),  F.(a)=F(”) with of(t)=atAT), t>0. (2.9)

Let us introduce the assumptions on F.
(CL): F:Dy([0,T],R?) — R is a bounded and Lipschitz continuous functional.

We set
fe(@) =E[F (X")] =E[F(X],0<t<T)].

It is classical background (see e.g. [15]) that, under the Lipschitz assumption on b and o,
Elsupsepo,r) |1X¢ — X{[] < Chor|r —yl so that f, is in turn clearly Lipschitz continuous.
Additional regularity properties (like differentiability) can be transfered from fr provided
F, b and o are themselves differentiable enough (see e.g. [15]). Furthermore, it follows
from its very definition and the Markov property that

u(f,) = B (F,) = / E[F, (X*)|v(dz).

(CZ): There exists a bounded C2-function g,, : R¢ — R with bounded Lipschitz continuous
derivatives such that

VmERd, fF(‘T)_V(fF):AgF

where A denotes the infinitesimal generator of the diffusion (2] defined for every C2-
function f on R¢ by

Af(w) = (V£,b)(@) + 3Tr(0" D fo(x).



REMARK 2.1. In fact, we need in the sequel that fr satisfies a C'LT for the marginal
occupation measures which follows (see [18] 24]) from Assumption (C%) combined with a
Lyapunov stability assumption (such as (Sap) introduced below). Namely, we have for a
class of regular functions f satisfying f = Ag + C

Vi (% /0 t FXT)ds — v( f)> — £ N(0,0%) (2.10)

t——+o0

n 2
-+
and as soon as E Tk 27T

= VD

n—-+o0o

VI (e o)) e N (0 211)
" p=1

where

7t = [ o Vata)Prids) = -2 [ glo) Agtalvti)

and £ denotes the weak convergence of (real valued) random variables. For details on
results in these directions, see [4] for the continuous case and [19] 21],24] for the decreasing
step Euler scheme.

Checking when Assumption (C%) is fulfilled is equivalent to solve the Poisson equation
Au = f on R%. When f has compact support, well-known results about the same equation
in a bounded domain lead to Assumption (C2) when the diffusion is uniformly elliptic (see

g. [16], Theorems III.1.1 and III.1.2). Such an assumption on f, is clearly unrealistic.
In the general case, in [26], [27] and [28], the problem is solved under some ellipticity
conditions in some Sobolev spaces and controls of the growth are given for u and its first
derivatives. Finally, when the diffusion is an Ornstein-Uhlenbeck process, one can refer to
[18] where the problem is solved in C2(R?).

Let us now introduce the Lyapunov-type stability assumptions on SDE (L2). Let EQ(R?)
denote the set of Essentially Quadratic functions, that is C2-functions V : R — (0, 00)
such that

lim V(z)=+o0, IVV| < CVV and D?V is bounded.
|z| =400
Note that since V' is continuous, V attains its positive minimum v > 0 so that, for any
A,r > 0, there exists a real constant C', =such that A+ V" < C, V"
Let us come to the mean-reverting assumption itself. First, for any symmetric d x d matrix
S, set )\g? :=max(0, A1,...,\g) where A1, ..., \q denote the eigenvalues of S. Let a € (0, 1]
and p€ [1, +00). We introduce the following mean-reverting assumption with intensity a:

(Sap) : There exists a function V € EQ(R?) such that:

(i) 3C, > 0 such that |[b]? + Tr(co™) < C, V™
(i) There exist § € R and p > 0 such that (VV,b) + \,Tr(cc™) < g — pV*,

1
here X\, := = AT
WHEEE Ap = g D D2V @)+ (p-1)

tion for the diffusion (X3)¢>o.
In Theorem 3 of [19], it is shown that this assumption leads to an a.s. marginal weak
convergence result to the set of invariant distributions of the diffusion. When p > 2 and

the invariant distribution is unique, this result reads as follows.
5
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ProPOSITION 2.1. Let a € (0,1] and p > 2 such that (Sa,p) holds. Then,

I .
sup — Z’ykvgﬂl_l(kafl) < 400 a.s. (2.12)
nZlIylkzl

Let v denote the unique invariant distribution of (L2). Then, a.s.,
1 - o n—-+o0o
T D (X)) = w(f)
" k=1

for every continuous function f satisfying f(z) = o(VET* " 1(z)) as |z| — +oo.

REMARK 2.2. In the case V(z) = 1 + |z|?, one checks for instance that for a given
€ (0,1], Assumption (S, p) is fulfilled for every p > 1 if Tr(co*)(x) = o(1 + |z]??) as
|z| = +o0 and

b(z) = —p(x)% +T(z)  where Oyz27! < p(z) < Colz|?* 1,

and T satisfies for every x € R? (T (z),z) = 0 and |T ()| < C(1 + |z]?).

As concerns the uniqueness of the invariant distribution v, we need an additional assump-
tion related to the transition P,. Namely, we assume that:

(S%): v is an invariant distribution for (P;);>0 and the unique one for P,..

Then, v is in particular the unique invariant distribution for (P;);>0. In fact, checking
uniqueness of the invariant distribution for P, at a given time 7" > 0 is a standard way
to establish uniqueness for the whole semi-group (P;)¢>0. To this end, one may use the
following two typical criterions:

e Irreducibility based on ellipticity: for every x € R, P, (z,dy) has a density (p,.(z, Y))yerd
w.r.t. the Lebesgue measure \g and \g(dy) — a.s., p,(x,y) > 0 for every x € R,

e Asymptotic confluence: for every bounded Lipschitz continuous function f, for every
compact subset K of R,

k o0
( suI)) |Porf (1) — Perf(22)] =250 (see e.g. [3,21]).
x1,02)€K

2.2 Main results
We are now in position to state our main results.

THEOREM 2.1. Let T > 0. Assume b and o are Lipschitz continuous functions satisfying
(Sa,p) with an essentially quadratic Lyapunov function V : R? — (0,+00) and parameters
a € (0,1] and p > 2. Assume furthermore that V satisfies the growth assumption:

pt+a—1
lim inf v (z)
e

> 0. (2.13)

Assume that the uniqueness assumption (Si) holds. Finally, assume that the step sequence

(Yn)n>1 satisfies (I.3) and

3/2
> =
VT

k>1

< +oc. (2.14)

Let F : Dye([0,T]),R?) — R be a functional satisfying (Ck) and (CZ).
6



(a) GENUINE EULER SCHEME: Then

VT (P(6w), Fy) = Pu(Fy)) —= N (0,02), (2.15)

2= < = [(E(A;g 7o) —B(4317,) - [ N o*v9F<X$>qu)2] v(dm)) (2.16)

and AY = [} (Fp(XZ,) — fo(X2)) du, t >0, (is Frsp-adapted).
(b) STEPWISE CONSTANT EULER SCHEME: furthermore, if there exists 6 > 0 such that

35
Yk
< o0, (2.17)
then,
VIa (P (X (@), Fy) = Pu(Fy)) —5— N (0,02). (2.18)

REMARK 2.3. By a series of computations, we can obtain other expressions for ai. In
particular, we check in the Appendix A that ai reads

T

T
o2 = 2/ (1-— %)Cp(v)dv — 2EV<FT(X)/ U*VgF(Xu)qu) +/ |0*V g, (z)*v(dz),
0 0 Rd
(2.19)
where [E, denotes the expectation under the stationary regime and C), is the covariance

function defined by

Cp(u) = By (Fr (Xus) — f (X)) (F (X) = f,(X0))). (2.20)

This expression is not clearly positive but has the advantage to separate the “marginal
part” that is represented by the last term from the “functional part” which corresponds
to the first two ones.

For instance, when F(a) = ¢(a(0)), ¢ being bounded and such that ¢ — v(¢) = Ah where
h is a bounded C2-function with bounded derivatives, then f, = ¢ and one observes that

the first two terms of (219 are equal to 0 so that 0% = / |0*V g, (2)|*v(dz). This means
Rd

that we retrieve the marginal C'LT given by (2.11]) (under a slightly more condition on the
step sequence which is adapted to the more general functionals we are dealing with, thus,
more constraining than that of the original paper; see below for more detailed comments
on the steps conditions).

If we now consider Fr defined F, () = ¢(a(T)), ¢ satisfying the same assumptions as
before, one can straightforwardly deduce from a simple change of variable that the limiting
variance is still [pq [0*Vh(z)[*v(dz). In the appendix (Part B), we show that retrieving
this limiting variance using (2.I6]) is possible but requires some non trivial computations.
In particular, this calculus emphasizes the intricate nature of the structure of the functional
variance.

Given the form of 7(") it seems natural to introduce the (non-simulatable) sequence

1 Iy

- (u)
T/ F.(&")du

which in fact appears naturally as a tool in the proof of the above theorem.
7



THEOREM 2.2. Assume the assumptions of Theorem [21)(a). Then,

Vit <¥/0 F.(£¥))ds — IP’,,(FT)> — N(0,07). (2.21)

Finally, we also state the Central Limit Theorem for the stochastic process (X)i>0
itself. This result can be viewed as a (partial) extension to functionals of Bhattacharya’s
CLT established in [4] for a class of ergodic Markov processes.

THEOREM 2.3. Let T > 0. Assume b and o are Lipschitz continuous functions satisfying
(Sa,p) with an essentially quadratic Lyapunov function V' and parameters a € (0,1] and
p > 2. Assume (S4) holds. Let F : Dy.([0,T],RY) — R be a functional satisfying (CL)
and (C%). Then, for every x € R?,

n——+o0o

t
Vi <%/ F(X$*,0 <u<T)ds— IP’V(FT)> —=— N (0.07). (222)
0

This means that our approach (averaging decreasing step schemes) induces no loss of
weak rate of convergence with respect to that of the empirical mean of the process itself
towards its steady regime. If we look at the problem from an algorithmic point of view,
the situation becomes quite different. First, we will no longer discuss the recursive aspects
as well as the possible storing problems induced by the use of decreasing steps: it has
already been done in [22] and we showed that they can easily be encompassed in practice,
especially for additive functionals or functions of running extrema (see e.g. simulations in
Section [7]).

Our aim here is to discuss the rate of convergence in terms of complexity. It is clear
from its design that the complexity of the algorithm grows linearly with the number of

iterations. Thus, if v, x n™”, 0 < p < 1, then I';, ~ % so that the effective rate of

convergence as a function of the complexity is essentially proportional to n 7. However,
the choice of p is constrained by conditions ([2.14]) or (2.I7)) that are required for the control
of the discretization error. These conditions imply that p must be taken greater than 1/2
and lead to an “optimal” rate proportional to ni=¢ for every € > 0. This means that we
are not able to recover the optimal rate of the marginal case that is proportional to n=1/3
and obtained for p = 1/3 (see [19] for details). Indeed, in this functional framework, the
weak discretization error is generally smaller and thus, is negligible compared to the long
time error under a more constraining step condition ([2.I4)) instead of > ~2/vT, < 400
in the marginal case).

The paper is organized as follows. In Sections Bl 4l and [B, we will focus on the proof
of Theorem 2.I[(a) and Theorem 23] about the rate of convergence of the two considered
occupation measures of the genuine Euler scheme. Then, in Section [, we will summarize
the results of the previous sections and will give the main arguments of the proof of
Theorems 2.1)a) and Finally, Section [ is devoted to numerical tests in a financial
framework: the pricing of a barrier option when the underlying asset price dynamics is a
stationary stochastic volatility model.

3 Preliminaries

As for the marginal rate of convergence (see [1§]), the first idea is to find a good decom-

position of the error (see Lemmal[3T]). In particular, we have to exhibit a main martingale

component. Here, since [’ depends on the trajectory of the process between 0 and 7T', the

idea is that the “good” filtration for the main martingale component is (Fir)g>0. That
8



is why, in the main part of the proof of these theorems, we will introduce and study the
sequence of random probabilities (P™7)(w, da)),>1 defined by:

PO (10, dB) = / d .00 (dB)d nTZ/ d 0 (dB)d

where u is a deterministic real number lying in [u, u].

To alleviate the notations, we will denote from now on, G = Fixr and Ei[.] = E[. | Gk],
k> 0.

At this stage, the reader can observe on the one hand that for a bounded functional
F, P01 (g, F.) 18 Gny1 = Fny1yr-adapted for every n > 0 and on the other hand that
PT)(w, F,) is very close to the random measures 7™ (¢(w),dS) of Theorem ZI(b) by
taking u = u V [u] and exactly equal to its continuous time counterpart in Theorem [Z2] if

one sets u = u. (This fact will be made more precise in Section [6]).

Hence, the main step of the proof of the above theorems will be to study the rate
of convergence of the sequence (P™7T)(w, F,.))p>0 to P,(F,) for which the main result is
given in Section [l (see Proposition [6.3]). In this way, we state in this section a series of
preliminary lemmas. In Lemma Bl we decompose the error between this new sequence
(P (w, F,))n>1 and the target P,(F,). In Lemma B2 we recall a series of results
on the stability of diffusion processes and their genuine Euler scheme in finite horizon.
Finally, in Lemma [3.3] we recall and extend results of [I9] about the long-time behavior
of the marginal Euler scheme.

For every k € N, we define the Gi-measurable random variable ¢ (k) by

()

0.(1) =0, ¢.(k)= /I F (67 )du if k> 2. (3.23)

where I}, = [(k — 1)T, kT'). Please note that ¢, (k) is Frr-measurable.

LEMMA 3.1. For every F satisfying (C§) and (C%), we have

M, i 0,1 +60,2+06,113

(an) F
P (w, nT nT

where

4
(My)n>1 s a (Gpn)-martingale decomposed as follows : M, = ZMM with
i=1

AMpiy = ¢p (k) — Er—1[o (K)], AMyo = Ei[¢, (k+1)] — Ex_1[¢, (k + 1)],

AMy s = /I B [F, (X)) © £ (6)du, AMys = — /I (Vap (€0),0(E,)AWL)

and (Oy1), (On2) and (©y,3) are (Gy,)-adapted sequences defined for every n > 1, by:

" u (u)€u
On,1 = Z/ Ep—1 [FT(é(N)) - F.(X “)] du,
=11k

Ona =3 ([ Aspley)au - Ania).
k=1 1k

@n,3 = (¢n(F) - En(¢n(F))) :
9



Proof. With our newly defined notations, we have, for every n > 1,
n 1 g
PO (w, Fy) = — ;%(1@ +1).

Now, for every k > 1, going twice backward through martingale increments, one checks
that
¢ (k+1) =AM} | +AM; + Ey_1(¢, (k+1)).

Then, noting that Ex_1(¢.(k+1)) = / Er_1(F, (§(E)))du, we introduce the approxima-
I
tion term A®©,,; between the genuine Eﬁler scheme £ and the true diffusion X so that
0ok +1) =AML + AME + 8001+ [ Bia(Fr(X
Iy,
At this stage the Markov property applied to the original diffusion process yields

(uvﬁg)

u (u)8u
Ek(FT(X )) :Ek(EgFT(X

)) = Ekfp(gg) = fF(gg)

since u < u < kT'. As a consequence, AM ,i’ is a true Gp-martingale increment and

¢p(k+1) =AM+ AM; + AOp 1 + AME + | fro(&u)du
Iy,
On the other hand f, = Ag, + P,(F), so that

fr (£E)du —P,(F) = Ag,. (Eg)du = AO, 2+ AM,?.
Ik Ik

Finally, summing up all these terms yields

4 2
pl ,T)(MFT) ~P,(F) = T (M}LJrl + Z M, + Z @m)
=2 =1

1 R
(o)

=1

since O,,413 = M71+1 — M} O

REMARK 3.4. The term ©,,; sums up the error resulting from the approximation of
(u)vfu
X ~ ~

approximation term as well: indeed, if we replace mutatis mutandis §u by Xy, It0’s formula

by its Euler scheme (with decreasing step) §u+.. The term O, is a residual

implies that

e Xror) — 00 (Xur) = [ Agy (X)du+ /I (Vg (Xa), 0(Xo) W),
k k

so that the resulting term would be, instead of ©,, 9, & (X(”“)Z%_g g Kor) _ O(1/n).

10



LEMMA 3.2. Let p > 0 and T > 0. Assume that b and o are Lipschitz continuous
functions and that there ezists ¢ € EQ(RY) such that |b|? + ||o||*> < Cpo¢ for a positive real
constant Cy . Then,

(t) There ezists a real constant Cprp, > 0, such that for every uw > 0 and every finite
Fu-measurable random vector =

E[ sup ¢*(X(%)|Fu] < Cprpod?(E) and E[ sup ¢(€uie) | Ful < Cprpod? ().
te[0,7) t€[0,7]

(13) There exists a real constant Cp;f > 0 such that, for every u > 0,

P
E[ sup [€u— X[ Rl < Cpr(1+ (6l

te[0,T (u)+1°

(t4i) There exists a real constant C, > 0 such that, for everyn >0,

p
E[ sup | grl|p|]:1—‘n] < Cqu (51“ ) 73
u€ln,Iny1)

1w) Let p > 2. Then, there exists Cp, 75 > 0 such that, for every u > 0,
p7 b

[SIiS]

P —1
E[ sup [€ute — Eurel” | Ful < Cpr6® (6)Viruyr-
te[0,T

Proof. The proofs follow the lines of their classical counterpart for the constant step Euler
scheme of a diffusion (see e.g. [7], Theorem B.1.4 p.276 and the remark that follows). In
particular, as concerns (i7), the only thing to be checked is that (£,4¢)¢>0 is the Euler
scheme with decreasing step 7% of X ()€« where the step sequence v is defined by

O

LEMMA 3.3. Let p > 2 and a € (0,1] such that (Sap) holds and assume that b and o are
Lipschitz continuous functions.

(i) Let g : Ry — Ry be a nonincreasing function such that [J° g(u)du < 4oc0. Let (6;) be
a nonincreasing sequence of positive numbers such that ), 6p < 4+o00. Then, a.s.,

/ o E[VPre=t(¢,)]g(u)du < +oo  and ZakE[vpﬂ—l(g(k_l)T)] < +oo.  (3.25)
0 E>1

(ii) We have:

1
Sup—/ VEtel(£)ds < 400 a.s. (3.26)
t>11 t Jo N
and
p
su Vztes 1 < 400 a.s. 3.27
S o

In particular, the families of empirical measures (% fot 55§ds)t>1 and (% py 5§(k71)T)
are a.s. tight. B

(tii) Assume (Sk). Then, a.s., for every continuous function f such that f(z) = o(Vztel(z))
as |x| — 400,

n>1

/fssd 20 (f) and Zf Ehryr) S ().
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Proof. (i) First, note that

/ TV g )gtudu = 3 6V 6, ),

0 n>1

where 6, = ;! fF” u)du. Consequently, the first statement is simply a rewriting

with continuous time notatlons of Lemma 4 of [19]. As concerns the second one, using
Lemma [3.2(7) with ¢ = V and the exponent P71 yields for every k > 1 and every u € I:

E[Vp+a_1(§kT)] < Cp,a7TE[Vp+a_1(§g)]-

As a consequence, considering the integrable, nonincreasing, nonnegative function g =
> k>1 11,0k leads to

ZCSkE[Vera_l(f(k | < Cp,aTZ/ E[VPT1(g,)]g(u)du < +oo
k>2 k>2

owing to the previous statement.

(ii) Set r = £+ a —1 > 0 since p > 2 and a > 0. First, for every n > 1 and every
le [Fn7rn+1)7

n+1 n+1

t
), Viles <2 ZW (&) _—Zw (&,

since 7, is nonincreasing. Now, owing to Proposition 2.1]

sup— ZWVT’ (&, ) <+oo as.
n>1

and (3.26) follows.
Let us deal now with [B.27). Given ([B.20)), it is clear that (3.27) is equivalent to showing

that for an increasing sequence (fx) such that to = 0, supg>q(tx — tx—1) < +oo and
ty — +00,

n i
sup 1 ((tk —te-1)V" (&) — V”({Qdu) < +00  a.s. (3.28)
k=1 te—1

Setting ¢y, = I'y(xr)4+1 for every k > 1, this suggests to introduce the martingale defined

by No = 0 and for every n > 1,
tr
[ v - vieaal ).
te—1

ty

N, = Z ( / VT (&xr) — V7 (Eu)du — By
tp—1

where Ey, [.] := E[. |F;, ]. Set € = 3= so that (14 ¢)r = p+ a — 1. Using that supys(tx —

tr_1) < +oc and the elementary inequality |u 4 v < 28 (u!T® + v1+€) for u, v > 0,

‘l-i-a

Zkl—i—aE‘/tk V' (&kr) = V" (§u)du

k>1

+00
<O REV NG+ C [ BV Elgu)du,
k>1

12



1+4€)

where 8, = k=€) and ¢ is the nonincreasing function defined by g(u) = k= ( on

[tk—1,tx). Thus, we deduce from ([B.25) that,

Z kl—l—sE‘/ V' (&kr) — V" (€u)du

k>1

1+e
‘ < +4o00.

It follows from the Chow Theorem (see e.g. [10]) that (N,,) a.s. converges toward a finite
random variable N, which in turn implies by the Kronecker Lemma that

2 b —+
—Z (/t V() — V" (&) du — Ey, | / V" (&kr) — VT({Qdu]) 2T 0 as.

th—1
Then, (B3.28) will follow from

1~ ([t
sup — Z/ Ey, , [V (&) — V' (&u)] du < +00  as. (3.29)
n>1"1 k=1 tk—1
In order to prove ([B.29]), we need to inspect two cases for r:
Case We decompose the increment V7 (1) — V(&) into elementary increments,
namely

N(KT)
V(&) = V(&) = V(&) =V (&) + D> V(&) -V, ).

(=N (u)+1

Owing to the second order Taylor formula, we have for every £€ {N(u)+1,...,N(kT)}:

Vi) = Ve, = mOVVL0(E, )+ (VVT (&, ) o6r, )W, = W)
+%D2VT(91)(§FZ o Sszl)®2 where 0; € (SFZA’SFZ)'

Note that a similar development holds for V" (&,7) — V" (&kr). Now, one checks that
the fact that V € EQ(R?) implies that ||D?V"|| < C, V"1 and that /V is a Lipschitz
continuous function with Lipschitz constant [v/V];. Consequently

D2V (0)(&, — &, )% < Co(YVIE, )+ IVVIE, — & DVl — &, P
< CTVVVT_1(£F271)|£FZ - 61“271 |2 + C|£FZ - 51“(71 |2T7

where we used in the second inequality the standard control |u + v|* < 2571 (|ul® + |v]*).
Then, summing over ¢ and using that (VV,b) < 5 owing to (Sap)(it), we deduce that

kT
Vi(&r) - V(&) < BUT —uw) + / (VV7(£,), 0(€,)dW,)

kT . ) 9r dU
+C,, VI (&)l§onkr — &ul” + [&oner — &l
w N(v)+1

where ¥ = I'n(y)+1- By (Sap)(i), we can use Lemma [3.2(4ii) with ¢ =V and p = s to
obtain for every s > 0,

Ey[[€onir — &ul’] < CaV % (€130 41 (3.30)
13



Applying successively the above inequality with s = 2 and s = 2r > 2 and using the chain
rule for conditional expectations show that,

kT
Eu [V (€r) - V(€] Sﬁw+wmm+mk{/

ﬁiW”ﬂme

iy
/ VH'“_l(fg)du )
tk—1
Let € € (0, 229=1) (note that 29— — 2

s facT a1 = T12(-1) > 0 since p > 2 and 0 < a < 1). Hence
(I+e)(r+a—1)<p+a—1and by LemmaB.2(i) and ([B.25), one checks that

+o00

> E
Tite k-1

k:lk

R

< @mww0+&m

for some real constant C7r g|,||..- As a consequence,

n

tr n
Sup . Z/ Bty [Vr(fkT) - Vr(fy)] du < C (1 + sup ! Z Et, .

n n
n>1 =1 Y tk—1 n>1 h—1

L—(a—1)

1+e

Etkl[/tk Vr+a—1(£2)du} _/tk VTJ”’_I(&E)du‘

te—1 te—1

+o00 ¢
1 k o
S CZ klte /tk ) Etk,1 [Vp+ 1(52)] du < +00 a.s.
k=1 -

by the first part of the lemma. Then, one derives using a martingale argument based
on (3:26]), the Chow Theorem and the Kronecker Lemma that

1 n
sup — Z Ei
nzl W

< +00.

tg
/ VH_a_l(fH)d’LL
th—1

Case In that case, we just use that D?V" is bounded so that we just have to
use (B.30) with s =2 (since a < p+ a — 1). This concludes the proof of (7).

1t o
(7i1) The fact that a.s., ;/ f(&s)ds Lo, v(f) is but the statement of Proposition 2]
0

with continuous time notations. Now, let us show that a.s., for every continuous function
f such that [ = o(Vng“_l),

S FEwmnn) 2 w(). (331)
k=1

First, taking advantage of ([8.27)), standard weak convergence arguments based on uniform
integrability show that it is enough to prove that, a.s., (831]) holds for every bounded
continuous function f. Then, using that weak convergence on R¢ can be characterized
along a countable subset S of Lipschitz bounded continuous functions f, the problem
amounts to showing that for every Lipschitz bounded continuous function f : R* — R

U3 FlEumnr) TS () s (3.32)
k=1

Owing to (S%), our strategy here will be to show that almost any limiting distribution of
the empirical measures is invariant since it leaves the transition operator P, invariant. As
a first step, we first derive from a standard martingale argument that

LS FEpmnr) — Exalf €yl “5 0 as, (3.33)
k=2
14



Now, we remark that

Exo[fEw-1r)] = Prf(u—2yr) + Re—2(§r—2)7) (3.34)
. < > -
with Re(z) = E[f(&7 ) - f(X7)], (3.35)
where fm’“/(kT) denotes the genuine Euler scheme starting from z with step sequence ~*T)
defined by ([B.24)). Since f is bounded Lipschitz,

~(kT)

Ri(z) < CE[EFT " — X1 (aj<mry + 2l fllooLqjz)>ay < Car/ANr) + 2l Flloo Lgjaf> s}

where in the second inequality, we used Lemma[3:2)(i7) with p = 1. Thus, since YN (k) koo

0, it follows from (B.34]) that, for every M > 0,

lim sup — Z Ex—olf (Ee—1)r)] — Prlf (E—2yr)]) < Climsup — ZlB(OM Ex-1r) as.

n—+4oo N n—-+oo
1 n

Then, it follows from ([Z33) and from the a.s. tightness of (— Z 5§(k71)T)n>1 that, a.s.,
n -

_Z (€-vyr) = Pof(Eenyr)) :%Z(f(&k—l) ) = Prf (§—2yr) +O( Ly notoo
k=2

Now, since f and P, f are bounded continuous, it follows that, a.s., for every weak limit
Voo(w, dz) of the tight sequence (n™1 > F_, Ot (o_1y7 )n>1s Voo(W, [) = Voo(w, P f) for every
f € S. This implies that v (w,dx) is an invariant distribution for P, and one concludes
the proof by (S¥.). O
4 Rate of convergence for the martingale component

This section is devoted to the study of the rate of convergence of the martingale (M,,)
defined in Lemma [3BJl The main result of this section is Proposition where we obtain
a C'LT for this martingale. On the way to this result, the main difficulty is to study the
asymptotic behavior of the previsible bracket of this sum of four dependent martingales.
First, we decompose the martingale increment AM,, as follows:

AMn = En[[ln—l—l + Bn] - IEn—1[121n+1 + Bn]a

where (4,,) is a (G,)-adapted sequence defined for every n > 1 by:

An=¢n_1+¢n—/lnlfF@g)du:/:g:) d“_/n ol

and B, = AM, 4. Keep in mind that E,_;[B,] = 0. In the following lemma, we set
ZF = x0T &r v > 1,

where, following the notation introduced in (2.8]), X (ET).&k7 denotes the unique solution
to dY; = b(Y;)dt + o (Y;)dW ) starting from &p.

15



LEMMA 4.4. Assume b and o are Lipschitz continuous functions satisfying (Sap) with
an essentially quadratic Lyapunov function V' and parameters a € (0,1] and p > 2. Let
F : Dy ([0,T],RY) — R denote a functional satisfying (CL) and (CZ). Then,

% S B [(AM)?) — B o[(AM;)?] 225550 s, (4.36)
k=2

and

%Z (Br—2[(AM)?) — (Er—2l(BxCri1)?] — Broal(Er-1Cr41)?)) —— 0 a.s. (4.37)
h=2

where Cyy1 = Agi1 + By with
2T 2T

Agg1= F(ZE ) du — fo(ZE ) du
0 T

T
and By = — / (Vg (252, o(ZF2)aw =27,
0

Proof. We consider the (G,,—1)-martingale (NNV,,) defined by:

n
N,, =
k=2

(Er—1[(AM})*] — Ex—a[(AM})?]) .

=

Let € > 0. Using Jensen’s inequality, we have

1 1 _ _
ZEk_2 AN < CZ WE’fﬂ ‘AMkF(Ha) < CZ Tire Er_2 |Ak+1 + Bk|2(1+6) .
k>2 k>2 k>2

Using successively conditional Burkholder-Davis-Gundy and Jensen inequalities and (C%ﬂ),
we have

Ey_o ‘Ak-i-l +Bk‘2(1+8) < 31+2a <(2||F||OOT)2(1+8) + (||F||OOT)2(1+E)
+1° [ Bca IV (6 PO, P42 | ) 4.35)
Iy - -
Now, since Vg,, is bounded and ||o||? < CV?,

Ex_2 \VQF(SQ)P(HE)HU(SQ)HQ(HE)] < CEp_o[VeIF9(g,)]

< C+Grgaare)Ep-yr)  (439)

where Gy ,(x) = E[ SupT Vp(ﬁf’y(k))]. By Lemma [3.2(i) applied with ¢ = V and p =
a(l +¢) with e€ (Ofi}%)]. it follows that for every k > 2,

Ei_o |AM 2179 < Cp pVo0+e) (Ek—2)1)- (4.40)

Then, we deduce from Lemma 33 applied with &, = k~(17¢) that

1 a
ZEk_Q ‘ANk’H_E < Z WV (1+€)(§(k—2)T) < 400  a.s.
k>2 k>2
16



since a(14¢) < p+a— 1. Finally, using the Chow theorem, it follows that (IV,) is an a.s.
convergent martingale and the result follows from the Kronecker lemma.

(ii) Set Cj, = Ay, + Bj_1. We have AMy, = Ei[Cri1] — Ex_1[Cry1] so that
Er—2[(AM)?] = Ex—2[(ExCri1)?] — Eg—a[(Er—1Cri1)?]-

Thus, it is enough to show that

1 - ~ n 00
g ZEk—2[(Eka+1)2] — Ek_g[(Eka+1) ] 4>_)+ 0 a.s. (4.41)
L - ~ n o]
and o > Eiool(Bro1Cri1)’] = Brol(Br-1Cri1)?] =50 aus. (4.42)
k=2

Let us focus on ([£4T]). Set ¢ = p%l. Using conditional Holder and Jensen inequalities, we
obtain:

[Er—2[(ErCri1)*]— Ex—2[(BxChi1)?]l = [Er—2 [Ex(Cri1 — Cry1)Ei(Crp1 + Cryr)] |
1 v
< B2 [(Ek!AkH A1) 7 (Bx|Chyr + Cpya[? q]

+E o [(Ek(Bk-i-l — Bii1)?)? (Ex(Crs1 + Cri1)?)
_ 1 _ 1
< (Ep—2|Ap1 — Apg1P)? (Br—2|Cry1 + Crpa]?) @ (4.43)
_ 1 _ 1
+ (E—2|Bx — Brl*)? (Er—2(Cy1 + Cri1)?) 2. (4.44)

(NI

Let us inspect successively the three terms involved in (4.44)).

Now set Gp(z) = E[ sup VP(X[)]. Still using Lemma B.2(i), we show (like previously
te€[0,T
for (440))) that, for every k > 2 and r > 2,

E—2|Crs1 + Crpa” < C (1 +Grgr (§r-2yr) + Gg(ﬁ(k—z)T)) < CVE(Egoyr). (4.45)

On the other hand since F' and f, are bounded Lipschitz continuous functions,

Ex—o[|Ags1 — ApaP] <O <1 ANEg_g [ sup |6y — 2572 )
vE[(k—2)T,(k+1)T)
<C | Ep_y sup €y — &P | + Eps sup |€s — ZF2P | | AL
ve[(k—2)T,(k+1)T) "~ vE[(k—2)T,(k+1)T]

Then, owing to the Markov property,

Er—2l] Arr1 — Aps1lP] < C [(Hr—237pE—2y1) + Ki—2,37p(Ew—2yr)) A 1] with,

(kT) (kT) (kT)
Hirp(x) =E[ sup [&07 =& |P] and Ky rp(x) =E[ sup [&77 — XTI,
ve[0,T] vel0,T]

2,(KT) )
v v r
where (£ )Jv>0 denotes the Euler scheme of X* with step sequence ~*T) as defined

by (3:24]). Now, using that for every v € (0,77,

(kT) (kT) _ (kT) (kT) (kT) (kT)
’é‘;ﬂf _ é‘la}%’y ‘p < 9P 1 <’€$ﬂf _ é‘iﬂf ‘p + ‘é‘%ﬁ _ ;/Y ’P)

kT kT
<2 sup [¢07" — g2,

ve[0,T
17



it follows from Lemma B.2(iv) that

P_q ap
Hirp(x) < C'Vﬁr(kT)V > (z), (4.46)

and by Lemma [3.2(i7),
D
Krrp) < CA+ 275 p). (4.47)
so that, for every M > 0,

_ p_ o
Ex—o[|Ary1 — Ar1|P] < Cry (( (L + V7p(§(k_2)T) 127"V L 16 _ayel<hr}
+ Cl{‘g(k—2)T\>M}’ (4.48)

Finally, we have
Ex_ollBr — Bul?] = Exos [ [ 107 V0,60 — "V, (25 H)au).
Iy,

On the one hand Vg, and o being both Lipschitz continuous and Vg, being bounded,
we have for every z,y € RY,

|0V g, (2) = " Vg, (y)]* < C(AL+[lo(y)]*)x — yI*. (4.49)

As a consequence, using Schwarz inequality and Assumption (Sap)(%), it follows that

1 1
2 2
) (Ek—2 sup |£g - Zs_2|4> :
w€[(k—1)T,kT]

_ 1
Ek—o[|Br — Bi|*] < CV*(Eh-2yr) (Hr—2214(Ep—2)7) + Ki—2,07.4(Eh-2)7)) 2.
and by (£46) and (£47) that,

Ex—2[|Bx — Bi|’]

<C (Ek—2

Owing to Lemma [B.2[3), it follows that

1+ sup V2 (zk=2)
ue[(k—1)T,kT]

Ex—al|Biy — Bi[?] < CV*(¢ <\/'7N( k—2)1) V( 7) + YN (k—2)7) (1 + |£(k_2)Tl2))
<\ NG 1+ V* f(k_2)T) + \f(k_z)le (1)), (4.50)

where we used in the last inequality that V(z) < C(1 + |z|?). On the other hand since
|0°V g, () = Vg, (y)|* < C(|lo(@)|* + llo(y)]*),
we deduce likewise from (Sap)(7) and Lemma [3.2)(7) that
Ej,—o| By, — Bi> < OV (€e—n1). (4.51)

Thus, plugging the inequalities obtained in ([@45), [4S), (@50) and (5] into (4.44)
and (£43)) yields for every M > 0,

= ANz—3)
[Eg—2[(ErCr)*|—Ep_2[(ErCy)?]| < CM’YfV((,f 1) Hle oyl <My OV Eh-2)7) Ll o)z /> M)

Since Yy ) — 0 as k — oo and p > 2, it follows that a.s., for every M > 0,

hmsup Z |Ek 2 Eka) ] Ek_g[(Eka)2H < Chmsup ZV -2)T )1{|§(k—2)T|>M}'

n—+oco M P n—+oo T
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Since p > 2, there exists € > 0 such that a(1+¢) < £+a—1. Hence, it follows from (3.27),
that

1 n
sup — yall+e) (g, < 400 a.s.
sup kzzz (Ek—2y7)

Then, we deduce by a standard uniform integrability argument that

1 n
lim sup lim sup — V(& 1 =0 a.s.
M—)-‘FOE n—>+oop n ;22 (S(k 2)T) {l€k—2yr|>M}

This completes the proof of (£41I]). The proof of (A42]) is similar and the details are left
to the reader. O

LEMMA 4.5. Assume that b and o are Lipschitz continuous functions.
(i) For every k > 1,

Ek_g[(Eka+1)2] - Ek_g[(Ek_10k+1)2] = \I/(f(k_g)T) Where, (4.52)

U(z) =E [(E (42,170 ) —E(42 17, ) - /TQT a*ng(Xg)quﬂ ,

with A = [ (Fp (X2, ) — f(XT)) du, t > 0.
(i3) If (C§) holds, U is a continuous function on R?. As a consequence, if moreover (C%),
(S%) and (Sa,p) hold for a € (0,1] and p > 2,

%ZEk_g[(AMk)2] 2R 2 = /\I'(x)u(dx) a.s. (4.53)
k=2

Proof. (i) Let A be a bounded (or nonnegative) Borel functional defined on C(R,R%).
Since pathwise uniqueness holds for SDE (L2) (b and o being Lipschitz continuous),
there exists a measurable function h : R? x C(R,RY) — C(Ry,R%) such that a.s., for
every k > 2, ZF2 = x(b=21) L1 — h(g(k_z)T,W((k_2)T)) (see e.g. [13], Corollary
3.23). Then, using that {7 is Gx—2 = F(r_g)r-measurable, that the Brownian motion

W (=2T) is independent of F—2)yr and that, Frr = Fy_oyr V ]__%((k,gm, one derives
that

E, (A(X((k—2)T)7§(k72)T)) — E(A(X((k_mT),f(kfz)T) ’f%((k’zm>

= E (A(X((k—2)T),x) | }-2v:[;<<k72>T>)

|x:€(k72)T‘

Using again the representation with function h (or the fact that strong uniqueness implies

weak uniqueness), one observes that the spatial process (E (A(X (k=2)T)2) | f%((kizm)> i
S

has the same distribution as (E (A(Xx) \f%)) iy where (X7);>0 zere is the flow of
€ =
SDE (L2) at tme 0. Consequently,

Baa (B (A0} ) — [, (B (a0 | 7))

T={(k—2)T

Similar arguments show that

Eios <Ek—1<A(X((k_2)T)’§(kQ)T))2> = [Ex (B(Ax)| FY ))1

19
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Thus, it follows from the definition of Ay, and By that

Epol(ExCri1)?] — B al(Br1Ciin)?] = B (E (M(X7) | FF)” — B (1 (X7) | FY))

T=§(k—2)T ’

where

2T 2T T
A (X?) = /O B (X5 du— [ g (X - /0 (0" Vg, (XT),dW.,)
2T

- [T a7 g0 (0,000 - 0,06 - [ Ag ).

Note that the second expression clearly defines a functional on the canonical space. Now,
E, (B (M (X7) | F)” — B (M (X)) | FF)?) = B [(E (M(X7) | FF) — B (M (X) | 7))’]
- - 2
=E, [(E (A(x) | FF) —E (Au(x7) | 7)) ]

where Ay (X7) = A(X*) — fOT fr(XZ)du. The result follows using that F)V = F;, that
(fot<0’*VgF (XF),dW,,)e>0 is a (F;)-martingale and that E[A,, — A, | Fr] = 0.

(i1) Let x € R? and set

o) =E(45, | F,y) - E(A“;‘i 7 - /TQT o Vgp(XT)dW,.

Let (2,,) be a convergent sequence of R? to x. Owing to the standard identity a? — b? =
(a — b)(a+ b) and Schwarz’s inequality,

=

|9 (2) - U(20)| < E[lo(@,.) = $(@n, ) PIEE[G (2, ) + $(an, )]

Let S = {z} U{x,,n > 1}. Since F' and f, are bounded,

2T 2
Ell¢(z,.) + ¢(2n, ))] < C <1 +supE [(/ U*VgF(Xi’)qu> D

veS T

2T
_ C(1+sup/ E[|o* Vg, (X?)|2]du

veS JT
<C(l+sup sup E[V*X})] <C(1+supVxy,)),
veS ue[T,2T] n>1

owing to Lemma [3.2(¢). Thus,

[NIES

U (2) = ¥ (zn)| < CE[[e(z,.) — ¢(zn, )]

2
and it follows easily that ¥ will be continuous if both z — E, <IE (AfT |]~'ZT>) (i=1,2)

2
and r — E, <f721T J*Vgp(X;’f)qu> , are continuous. On the one hand F' and f, being
Lipschitz continuous, elementary computations show that for i = 1, 2,

2 2

E <

T T
/ E[A° | Firldu - / E[A" | Firldu
0 0
2

sup | X} — Xi™|
t€[0,37)
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Now, since b and ¢ are Lipschitz continuous functions, for every p > 0, there exists a real
constant Cp, ., 7 > 0 such that (see e.g. [I5] or [29]),

p
sup |ch - chn| < Cb,o‘,p,T|x - $n|p'
+€[0,37]

p

2
The continuity of z—E, (E <AfT | ]:Z.T)> ,1=1,2, follows. On the other hand using (4.49)),

2

2T 2T
B[ [ (Vo (XDo(XDaW.) [ (Ve (Xi). Xz
T T

2T
- /T Elo"Vg,o(XT) — 0" Vg, (X)3du

<C(EQ+ sup |XTP2E[ sup |XT — X212 | < C(1+ |22)|z — 2]
u€e(T,2T] u€e|T,2T]

This concludes the proof. O

PROPOSITION 4.2. Suppose that assumptions of Theorem [21l(a) hold. Then,

£ N0, 02) as n— +oo. (4.54)

SIS

Proof. By Lemma [£5]

3

—+
Erp_o( AM;)* 2225 O'i a.s.
2

S

k

Then, we only need to prove a Lindeberg type condition (see [10], Corollary 3.1). To be
precise, we will show that for every £ > 0

1< 5 P
- I;Ek—lﬂAMk’ Yiamzevmy 7772 0-
First, a martingale argument similar to that of the beginning of the proof of Lemma B.1]
yields that

n—-4o0o

1 & P
- <Ek—1UAM'f’21{|AMk\ze\/ﬁ}] - Ek—ﬂ\AMkFl{ka\ze\/ﬁ}]) — 0
k=2

Second, using conditional Holder and Chebyschev inequalities, we have for every ¢, 6 > 0

1
B2l AMLansy e m] < 7o Bi-all M)

and thanks to (£38) and (£39), we deduce that

C:
VT (€ _ayr).

n2

Ek—2’AMk’2(1+5)1{|AMk|25\/ﬁ} < OGr_ga(146) Er—21) <

Thus, taking ¢ € (0, %—1) so that a(1 +9) < p/2+ a — 1, we have for every § > 0, a.s.,

a

. 1< . 1 &
limsup — > Ep 1 [|AMg* 1y ang seyn) < Celimsup ——o= > V(¢ oy ) =0,
n—+oo N 1 n—+oo T 1

by applying Lemma B.3)(i7). O
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5 Study of (0,), (6,2) and (6,,3)

In this section, we focus on the remainder terms of the decomposition of the error (see
Lemma B.]). Owing to Proposition [4.2] it is now enough to prove that

O, .
\/T%ZE)O as n—4oo fori=1,2,3.

where 2 denotes the convergence in probability. For ¢ = 1,2, these properties are stated
in Lemma and 5.7l For ¢ = 3, the result is obvious.

LEMMA 5.6. Assume b and o are Lipschitz continuous functions such that (Sap) with
parameters a € (0,1], p > 2, and an essentially quadratic Lyapunov function V satisfying
liminf|, 400 VP Hz) /|z| > 0. Let F : Dye(Ry,RY) — R be Lipschitz continuous. If
the step condition (2.17)) holds then

)
\/T%l LN 0 as n— +oo.
Proof. Since F' is Lipschitz continuous, it follows from LemmaB.2l(ii) (applied with p = 1)

that, for every ue€ Iy,
(w) (u)8u
sup ’ft - X ‘

t€[0,T]

Cror,F  JINw) (1 + Ep—1/€ul)-

By |Fp(€) — B (X)

IN

[FlLipEr—1

IN

Consequently,

©p1] < CbaTFZ/ N (u)+1du (1 + By sup &0])
vely
< Chor1F / AN ) +1du (1 + [Eg—1yr])
kZ::l I (u) (k—1)

where in the second inequality, we used Lemma[3.2(i). Since liminf|,_, o VPT*"(z)/|2| >
0 and N(u) = N(u), we deduce that

|@n 1|

Z/I VNG 1du (1 + VPR g _yyp). (5.55)

Thus, owing to the Kronecker Lemma,

n

(?/T%l S0 as. i Za’f(l+vp+a_l(§(k—1)j“))<+OO a.s.,
k=1

with )
0 = — /,/ “ d).
k \/E<Ik YN (u)+10U

Now, as (dx,) is nonincreasing, it follows from LemmaB.3)(7) that it is now enough to show
that >, 0 < +0o. We have

“+oo
E:%SC 1+/ Mdu
pé! u

k>1
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and

r
TN (u o1

/ \ N( S <Z\/W+/ —du<2\/w+ ’\Y;Jr—l

7

>1 >1

Using that the step sequence (7,,) is nonincreasing, we deduce from Condition (2.14]) that

/ ,/’YN(“ du <Z—<—|—oo
1

Z>1

O

(5.56)

LEMMA 5.7. Assume b and o are Lipschitz continuous functions satisfying (Sa,p) with an
essentially quadratic Lyapunov function V' and parameters a € (0,1] and p > 2. Let F :
Dy ([0, T],RY) — R be a functional satisfying (Ck) and (CZ). If the step condition (2-13)
holds, then
Gn,2
NLD

Proof. Owing to the It6 formula, we have:

P
—0 as n— +oo.

9r (ng) —9r (S(k—l)T) = /I "igF (fu,éﬁ)du +/I <v9F (Su)v O’(fg)qu> where,
Agy (r,9) = (Voo (2),5(9)) + 3T (0" (1) D0, ()0 (1))

Then, it follows from the definition of ©,, 5 that

nT
On2 = ng &) — 9p f(k nrT T) +/0 <A9F(£g) - AQF (gu,QL)) du

nT
4 / (0% (E)V 0, (€) — 07 (£)V g, (), W),
0

Since g, is bounded,

% ;Z:IQF (&kr) — 9p Er—1y1) = Ir (&LT)\/% 90(80) asy o g po +00.
Then, it is now enough to show that
% /OnT (AgF (€w) — Agy (§u,§£)> du 50 as n— oo (5.57)
and that,
I [ @IV 6 o€V € AW S50 s mo b, (559)

First, using that g, is a bounded C?-function with bounded Lipschitz continuous deriva-
tives, that b and o are Lipschitz continuous functions, one checks that

g, (@) = Age(@.2)| < € (J2 = al bl@)| + |z — 2] + |z — 2 + o @)z — 1) -

Then, using that

max (@ el 6 sy) <2 s |6 &l

VEL N (u) L' N (u)+1)
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it follows from Lemma [B.2{(7i7) applied with ¢ = V% p =1 and p = 2, that,
E[|Agy (€4) = Ag (§us &)1 7]
< 0 (et VHE) + BE] + Io(€?) + e V(E)

By Asssumption (S, p), we deduce that

%E [ /0 " du} / E[V2°(£,)] /A a) 710

Now, since p > 2, %a <p+a—1, and by (556), we have

/ 1/7N Ldu <CZ—<+oo

k>1

Agp(Eu) — Agp(€u, &)

Then (B5.57) follows from Lemma [B3[(7) and the Kronecker Lemma like in the proof of
Lemma [5.6
Second, we focus on (5.58]). Set Zy = 0 and

n 1 . .
In = kzzl Vil (0" (&) Vgr(€u) = 0" (§u)VGp (Eu), dWy), 1> 1.

The sequence (Z,) being a (G, )-adapted martingale, it follows from Doob’s convergence
Theorem for L?-bounded martingales that (5.58)) holds if

Sl;[l)E[(Zn)2] < 4o0. (5.59)

2
]du

0" (@)Va, (@) ~ 0"V, ()] < C (10" @) (jo— 2 + [z~ 2?).

Then, owing to the fact that u€ [u, u], it follows from (Sap) and Lemma [B:2)(i77) that

Let us show (5.59). First,

gu VgF(fu) O'*VgF(é‘g)

wr-Xi [ 2|

k>1

By similar arguments as for (£49),

U* (éﬂ)v.gF (é‘u) - U*VQF (gg)

2
] < C’YN(u +1E[ (fu)]
Thus, since u < kT for every u € Iy,

N E[AZi[Y] <E[Z:) +CZ/ E[V2(g, W’ VWL g,
k>1 k>2

<C (1 + /1+OO E[VQ“(@)]LZ)Hdu> .

Finally, by a similar argument to (5.56]), we have

+
/ W@ g 6N D o
! T

u
k>1k

and (5.59) follows from Lemma[3.3((7) and from the fact that 2a < p+a—1whenp > 2. O
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6 Proof of the main theorems

The first step for the proof of these theorems is now to state our main result about the
sequence (P71 (w, F,))n>1 studied in the two previous sections:

PROPOSITION 6.3. Let T > 0, a € (0,1] and p > 2. Assume b and o are Lipschitz
continuous functions satisfying (Sap) with an essentially quadratic Lyapunov function
V' such that liminf |, oo VPTo (z)/|x| > 0. Assume (S%). Let F : Dy([0,T],RY) be
a functional satisfying (Cg) and (C%). Finally, assume that the step sequence (Vn)n>1

satisfies (I.3) and (2.14). Then,
VnT <'P(n’T)(w,FT) - IP’,,(FT)> — £ SN (0,62). (6.60)

n——+o0o
Proof. Owing respectively to Lemma [5.6] Lemma [5.7] and the fact that F' is bounded,
On1, Op 2 and 0,41 3 defined in Lemma [3.T] satisfy:

C) © ©
n1 ¥ On2 + Ont1s E) 0 as n— 4oo.

vnT
Then, the proposition follows from Proposition @-2and from the decomposition of P(™T) —
P, (F,) stated in Lemma 3.1l O

We are now able to prove Theorems 2.1l and
Proof of Theorems [2.Tl(a) and First, let (t;)r>1 denote a sequence of positive real

t
numbers such that ¢, — +o00. Set n, = L%j Since F. is a bounded functional, we have:

(\/—( /tk Fo(€")du — B (F,)) - \/M—T<P("’T’(w,FT)—Pu(FT))(

— i g
< 2||Fplloo (Vi — k) + || Fs ||oo VT 2100 a.s.

Thus, Theorem [2.2] follows taking v = u. For Theorem Z1{(a), setting u = u Vv (|u/T|T),
and t, = I';,, we obtain that

1 [Tn w
\/_F,L(F— /0 FT@wvuTJT»)du_PV<FT>>ﬁN(o,ai)o as  n - +oo.

n

Now,

[T
~(n 1 fn u || HOO
VI e F) - o [ Fre 3 < =3
N(k)
and the fact that Yy < C Z %-2 implies that,
i=N(k—1)+1
[T

\/1—ZVN E)+1 = \/—Zf}/z

By (2I14) and the Kronecker Lemma,

n——+o0o
_E ;s ——— 0 Vs>3/2.
n =1
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Applying this identity with s = 2 yields the result. O
Proof of Theorem [2.7](b). Owing to Theorem 2.1}(a), it is now enough to show that

VI (P (X @), ) = 7 (W), Fy) ) 2525 0.

P

Since F. is a Lipschitz bounded functional, it follows from the definition of the previous
occupation measures that

F i Iy
} < [\/]_LP E[ sup [§uts — Eutslldu

E Hp<n>(X(w),FT) — M (¢(w), Fr) o)

By Lemma B.2(iv) and Jensen’s inequality, for every ¢ > 1,

Q=

E[ sup |5y+s - 5@—1—8”7:2] < E[ sup |5y+s - £g+8|q|]:g]
s€[0,T] — s€[0,T] —

1 1
aq a_q q a 2
<C (V 7 @Q%@(W) < OVE (€N

1
q
Thus, we deduce that

I'n n-l ;3 1
/0 [ sSup ’&H—s fu-i-s‘ du < CZ’Yk §(§Fk71 )]

s€[0,T] k=1

Let § be a positive number such that (ZI7) holds. Taking ¢ such that 1/¢ < d, we deduce
from ([2I7) and Lemma B.3|(7) that

3_1
2q

+o00
B BViE, = [ BVEE et <
= u +o0.
k>1 e 0 B Ineuy+1
We again deduce the result from Kronecker’s Lemma. a

Proof of Theorem [2.3l. We only give the main ideas of the proof of this result about
the “perfect Euler scheme” (X;), that is naturally simpler than that of the discretized
processes. First, the reader can check that setting

_ nT
PO w Fy) = [ By
0

nT

one obtains a similar decomposition as that of Lemma [3.Treplacing u by v and ¢,. by &F

defined by
$.(1)=0 and F (X™)du if k> 2.
Iie—q

The main difference in this decomposition is that the term corresponding to ©,, ; is null.
Then, since the assumption liminf|,_, o VP~ 1(2)/|z| > 0 is only needed in the proof
of the result about ©,,; (see Lemma [5.0]), we deduce that it is not necessary here. Then,
the sequel of the proof works since the statements of Lemma [3.3] still hold if one replaces
¢ by X. To be precise, the first statements of (i) and (i7) can be directly derived from [25]
(Chapter 1) and the second ones from an adaptation of the proof of this lemma. O
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7 Numerical Test on Barrier Options in the Heston model

As shown in [22], our algorithm can be successfully implemented for pricing path-dependent
options in stochastic volatility models when the volatility process evolves in its stationary
regime. Furthermore, such stationary versions of stochastic volatility models are more per-
forming to take into account the behaviour of implicit volatility for short maturities. Then,
even if the assumptions of our main theorems are usually not satisfied for the functionals
involved in this context, we choose in this section to illustrate them by such an example.
To be precise, we test numerically the asymptotic normality obtained in the main results
on the computation of several Barrier options in a Heston stationary stochastic volatility
model. The dynamics of the traded asset price process (S):>0 is given by:

dS; = Sy(rdt + /(1 — p2)vedW, + py/oidW?), So = s9 > 0,
dvy = k(0 — vp)dt + /vl dWE, vy > 0,

where r denotes the interest rate, (W', W?) is a standard two-dimensional Brownian mo-
tion, p € [—1,1] and k, 6 and ¢ are some nonnegative numbers. This model was introduced
by Heston ([I1]). The equation for (v;) has a unique (strong) pathwise continuous solution
living in R,. If moreover, 2kf > ¢2 then, (v;) is a positive process (see [17]). In this case,
the volatility process (v;) has a unique invariant probability vy with gamma distribution,
namely vy = y(a, b) with a = (2k)/s? and b = (2k) /2. Thus, we assume that (v;) evolves
in its stationary regime, i.e. that
ﬁ(’UQ) = .

Under this assumption, we showed in [22] that any option premium can be expressed as
the expectation of a functional of a two-dimensional stationary stochastic process. Let us
recall the idea: we will write (S;) as a functional of a stationary process. Elementary 1t6
calculus yields

1 t t t
S, = s exp (rt - 5/ vsds +p/ JusdW2 + /1= p2/ \/@dwsl). (7.61)
0 0 0

Introducing the 2-dimensional SDFE,

dys = —ydt dw}
{ yt yt + \/U_t t (762)

d’Ut = k(@ — ?}t)dt + §\/’U_tth2,
and using the fact that

t ! t — o — kOt + k [Tusd
/ VUsdWE =y — yo + / ysds and / VU dW?2 = Yt — %0 +kJyv 57
0 0 0

S

we deduce that we can construct a (continuous) map ® from C(R,R?) to C(R,,R) such
that (St)i>0 = P((y¢, v¢)t>0). Now, we have built (y;) so that (v, v:)i>0 has a stationary
regime. Denoting by u the invariant distribution of (¢, v;), we obtain that

E[F(S;,0 <t <T)] =Eu[F o ®((ye, 1), 0 <t <T)).

For further details we refer to [22]. Here, we are interested with an Up-and-Out barrier
option whose discounted payoff is given by:

F(St70 <t< T) = e—rT (ST - K)+ 1{SUPO§t§T Si<L}
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where L > K > 0. We now specify the discretization. First, the genuine Euler scheme of
the so-called Heston volatility process (also known as the Cox-Ingersoll-Ross process) (v¢)
cannot be implemented since it does note preserve the positivity. Thus, we must replace it
by a specific discretization scheme: we denote by (7;) the stepwise constant Euler scheme
built as follows:

T)Fn+1 = |@F +k7n+1 +§\/ F i )‘ and 79 =x>0.

Note that convergence properties of this scheme have been studied in a constant step
framework in [5] (see also [§], [1], and [2] for other specific discretization schemes).

Second, we denote by (&) the continuous discretization scheme of (log(f—é))tzo defined by
& =0 and

5 grn __U t—i—p\/— Wt Wp2 ( )@ (th_W[:‘ln)7 te [Fnarn—i-l]v n=>0.
(7.63)
Note that we do not need to introduce the Euler of (y;) since its use is nothing but
a theoretical way to justify why an algorithm for the approximation of the stationary
regime can be adapted to this context. Finally, in order to compute the supremum of (&),
let us recall the principle of the so-called Brownian Bridge method (transposed to this
framework). Set
Wt(rn) = (er +t Wl + \Z WF2 ot Fn)
and let (¥,"7) denote the Brownian Bridge on [0,~] defined by ¥;""7 = Wt—%Wy, te [0,7].
For every t € [I'),, 'y 41], we have

& — & (Tn)
I Thnt1 ; (t B Fn) + \/EY;W ,’yn+1.
n

Fn—l—l -

gt = Srn

Using the independence and the Gaussian properties of the Brownian motion, one deduces
that, for every n > 1, the processes (ft)te T L€ {0,...,n — 1} are conditionally
independent given the o-field o((&,,, ¥p,,0 <1 < n) and that

L ((ft)te[Fl,FlH] ‘ (Srl ) 6Fl+1 ’@Fl) = (xh Li4+1, Ul))

Fi — Fl

where W denotes a standard Brownian motion. Then, using the symmetry principle, one
can show that, for every x,y € R, for every z > max(z,y) and positive A and ~,

t 2
P(sup z+ (y—z)= + AV} <z)=1- exp(——5(z — 2)(2 — y)).
t€[0,1] Y YA

It follows that given (£F ’ng g Fz)’ SUDe[1y, T4 4] & can be simulated by the method of
inversion of the dlstrlbutlon function.

Let us now detail the algorithm.

STEP 1:Fromn = 0ton = N(T). At each step between n = 0 and n = N(T')—1, simulate
recursively, Ur, and §Fn+1. Then, use the Brownian Bridge method to simulate V,, =
SUDyer, Iyyq] & g1Ven ({Fn,érnﬂ,ﬁrn). Compute recursively M, := max(Vi,...,V,) =
max(M,_1,V,). At time N(7T'), compute

D(l)(g(w)7 F) = e_T’T(So exp(§,) — K) 41y, supye(o.7) exp(é)<L}-
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STEP i : From n = N(T +T'i-1) + 1 to n = N(T +Ty). If Myrir,_,4+1) = Vie1, re-

place My(r4r, 41y by max(Vj, ..., Vyrir,_,4+1)). Store (griil,...,{FN(THF”H) and
(Vi s VN@4r,_141))- As in Step 1, from n = N(T +T;_1) +1 to n = N(T + I;),
compute recursively U §F7l+1’ V,, and the maximum of V;, V;41,...,V,. Then, at time
N(T +T1),
PO (Ew), F) =" V(E(w), F)
Yi+1 —r —(1—
+ F—t e T(SO eXp(gT - 51"1;1) - K)+1{ sup so oxp(&—SFFl )<L} — V( 1)(5((“))7 F)

tel 1. TN (T4, _p)+1]
For the following choices of parameters,

so=50, r=005 T=1, p=05 6=001, ¢=0.1, k=2 K=50, L=D55

(7.64)
we want now to obtain an approximation of the distribution of the (asymptotically normal)
normalized error

Ex o= VT (I (€@). F) — e E[(Sr — K), Loy s0513])

First, we need to have an accurate approximation of the (risk-neutral) price. In this way,
we choose to combine a very long simulation with a variance reduction method taking the
corresponding Barrier option in the Black-Scholes model as a control variable. Indeed,
on the one hand, it is well-known that the price of such Barrier option has a closed form
in the Black-Scholes model (based on the Black-Scholes formula for European options)
and on the other hand, this price can be approximated using the algorithm described
above by simply replacing the stochastic volatility (7;) by a constant volatility denoted by
0. Note that the natural choice for o is the long term volatility 6§ which is the mean of
the stationary volatility process (7;) as well. Then, denoting by (£2°) the genuine Euler
discretization scheme of the Black-Scholes model (especially with the same trajectory for
W) with constant volatility 6, we approximate the price of the option by

v M (Ew), F) = NP5 (W), F) + CEZ (r, VO, T, K, L)

where C]if denotes the (explicit) price of the up-and-out barrier option in the Black-
Scholes model. Doing so with a simulation size N = 2.10%, we get the following accurate

approximation of the premium:
e TE[(ST — K) | Lsuppeper si<ry] = 1,689.

Then, setting N = 5.10°, we proceed M = 10* independent Monte Carlo simulations of Ey.
We denote by 6§ the empirical variance of the sample (£, ..., & ]J\‘,/[ ) (which corresponds to
an estimation of Ji). In Figure [l are depicted the density of a centered Gaussian random
variable with variance 613 and the empirical density fh (smoothed by a convolution with
a Gaussian kernel) defined by:

As a conclusion, this numerical experiment first illustrates that the C'LT occurs at a
reasonable range (for numerical purpose) and also suggests that a local version holds true
as well (“convergence of the density”). Another extension of our result could be, in the
spirit of Bhattacharia’s result in [4] to establish an invariance principle of Donsker type.
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Figure 1: Comparaison of the approximate density f;, of Ey (dotted line) with the density
of N'(0,6%), N =5.10°, M = 5.10%, h = M"5.

Appendix

A. Proof of identity (2.T19).
We have to deduce (Z19)) from (2.16]). First, we have (dropping * in A7):

2T
E, [(E[A2T|f2T1 [ v9F<Xu>qu> E[AMT]] — E, [E[A,, |F,0 JE[A, |7, ]
— E,[(E[4, |F,))]

since one easily checks that E[A,, — A, |F,] = 0. It follows that

(BttalZ] - [ o Vo,

2
To?> =E,

F

— B, [(B[A,|F.])°]

Second, using the Markov property (or the fact that X Wz = (X2 W) and the
stationarity of the process, one observes that E[A,, — A,|F,,] and E[A,|F,] have the
same distribution under P,,. In particular,

E, B[4y — Ap1Fr))?] = . B[4, 1F,)7].

Since E[A,,|F,,] = A, +E[A,, — A, |F,,;] and E,[A, E[A,, — A, |F,.]] = 0, we obtain

that
2T 2
(/ U*VQF(Xu)qu> .
T

All we have to do now is to check that the three above terms correspond respectively to
the three parts of (2Z19)). First, by Fubini’s Theorem,

T T
B2 = [ [ BAFCE - (X)X - f (X))

Owing to the stationarity of the process under P,, we have

Eu[(F(X(u) - fF(Xu))(F(X(v) - fF(X’U)))] = CF(’U’ - U‘),
30

2T
TU?«“ = Ey[Ai]—QE,, |:E[A2T|]:2T]/T J*VQF (XU)dW“:| +E




where C,, is defined by (2.20]). This yields
T ru T
IE,,[Ai] = 2/ / Cp(u—v)dvdu = 2/ (T —u)Cp(u)du.
o Jo 0
Second, setting

t
M = /0 oV f(Xu)dW,, (7.65)

we have

2T 2T
B {E[AQTVQT] / 0*V9F<Xu>qu} :/ E,[(Fp (X)) — £ (X)) (Mg — M7 )]du
T 0
T
— /O E,[(F, (X®) — f, (X)) (M, — MIF)]du

2T
4 / E, [(F, (X®) — £, (X,)) (M — M9%)]du.
T

Now, the fact that Mgfu — MIF = 9y (Xr4u) — 9. (X7) — f;:mru Agr(Xy)dv implies that
we can make use of the stationarity property to obtain for every u € [0,T7],

E,[(Fp (X™) = (X)) (M7E, — M7"))]

T

=5, (500 — £, (900r) — 9,(0) - [ Age(x)av)]

= B, [(Fp(X) — f.(X0))(M7F — MzE ).
With similar arguments, one checks that for every u € [T, 2T,

E, [(Fy (X™M) = (X)) (Maf — MIP)] = B [(Fy (X) = f,(X0) My ).
It follows that
2T
B, (Bl 17 [ 0Va (X))
T

2T

_E, [(FT(X) (X)) (TM;F - /0 UMt Mf{uduﬂ _ TE,[F, (X)MF].

T

Finally, E, [(/TzTa*ng(Xu)qu>2] :/;TE,, [\U*VgF(Xu)\Q] du
=7 [ loVgr(o)Prian

owing to the stationarity of the process. This concludes the proof. O

B. Computation of o2 when F(a) = ¢(a,.).

As mentioned in (2.3]), when ¢ = Ah+ C, the CLT for marginal functions combined with
a change of variable yields 02 = [p4|0*Vh(z)[?v(dz). Let us check this formula starting
from (2.I6]). Following the notation introduced in (Z.65]), we have

2T
E[A,, | F, ] — E[A,|F,] - /T Vg, (XT)AWa = p1(z,.) — a(x,.) where,

T 2T 2T
or(3,.) = /0 $(XE, p)du + /T E [$(XZ,7)Far] du — /T Fo(XE)du — (M2E — MOF) and

T
pal,.) = /0 E [6(XZ,7) | Fr] du.
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In this case, f, = P,¢ and using that A and P, commute, one checks that f, —v(f,) =
AP, h. This implies that g, = P,¢. For the sake of simplicity we may assume w.lL.g.
v(f.) =v(¢) =0. Then, on the one hand

2T 2T

or(z,) = AR(X)du+ | Pu_pd(Xor)du — [gF (Xor) — g, (XT)]
T T

T
= (Xar) = h(Xr) = My = )+ [ APB(Xar)au— [g, (Xer) = 9, (X,)

= h(Xar) — A7) — (M~ M) + Poh(Xor) ~h(Xor) ~ g, (Xor) - 0, (X, )]
=gy (Xor)
= g9p(X7) = M(X7) — (M — MF).

On the other hand
T T
oolz,.) = / Pa(Xp)du = / AP B(Xr)du = Pyh(Xr) — h(X7) = g, (X1) — h(X1).
0 0
so that

2T
72 = By = MEP) = 1 [ B0 VR Pdu = [ 10Tk Pulde). O

1
T Jr
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