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Abstract

The Golden Code is a full-rate full-diversity space-timedepwhich achieves maximum coding gain for
Multiple-Input Multiple-Output (MIMO) systems with two&nsmit and two receive antennas. Since four information
symbols taken from afd/-QAM constellation are selected to construct one GoldeneGmmtleword, a maximum
likelihood decoder using sphere decoding has the worgt-camplexity of O(M*), when the Channel State
Information (CSI) is available at the receiver. Previoushis worst-case complexity was reduced @§A/2-%)
without performance degradation. When the CSI is known leyttansmitter as well as the receiver, beamforming
techniques that employ singular value decomposition arenconly used in MIMO systems. In the absence of
channel coding, when a single symbol is transmitted, thgsemss achieve the full diversity order provided by the
channel. Whereas this property is lost when multiple symlaoé simultaneously transmitted. However, uncoded
multiple beamforming can achieve the full diversity orderddding a properly designed constellation precoder.
For 2 x 2 Fully Precoded Multiple Beamforming (FPMB), the generalstacase decoding complexity @(M ). In
this paper, Golden Coded Multiple Beamforming (GCMB) ismsed, which transmits the Golden Code through
2 x 2 multiple beamforming. GCMB achieves the full diversity erdand its performance is similar to general
MIMO systems using the Golden Code and FPMB, whereas thetwwase decoding complexity a@(v/M) is

much lower. The extension of GCMB to larger dimensions ie aiscussed.


http://arxiv.org/abs/1009.0050v1

I. INTRODUCTION

The Golden Code is a space-time code for Multiple-Input MidtOutput (MIMO) systems with two
transmit and two receive antennas [1], [2]. It achieves Ibloghfull rate and the full diversity. Its Bit Error
Rate (BER) performance is so far the best compared to @heR space-time codes. Moreover, it has
a nonvanishing coding gain that is independent of the sizth@fsignal constellation, thus it achieves
the optimal diversity-multiplexing performance presehie [3]. Because of those advantages, the Golden
Code has been incorporated into %{&.16e WIMAX standard [[4].

Since each Golden Code codeword employs four informatiombgys from an)/-QAM constellation,
M* points are calculated by exhaustive search to achieve tixeian Likelihood (ML) decoding. Hence,
the decoding complexity is proportional 3¢*, denoted byO(1/*). Sphere Decoding (SD) is an alternative
for ML with reduced complexity [5]. While SD reduces the age decoding complexity, the worst-case
complexity is stillO(M*).

To reduce the decoding complexity of the Golden Code, skvecaniques have been proposed. In
[6], [7], the worst-case complexity of the Golden Code isumetl to O(M?*5) without performance
degradation. In_[8], an improved sphere decoding for thed&olCode is designed to reduce the average
decoding complexity. In([9], a decoding technique with tleenplexity of O(M?) is presented, which is
based on the Diophantine approximation and with the trdflef@dB performance loss. Other suboptimal
decoders for the Golden Code are discussed ih [10] land [11].

When channel state information (CSI) is available at thagmatter, beamforming techniques, which
exploit Singular Value Decomposition (SVD), are applieciMIMO system to achieve spatial multiplex-
ing and thereby increase the data rate, or to enhance therpearice[[12]. However, spatial multiplexing
without channel coding results in the loss of the full divigrorder [13]. To overcome the diversity
degradation of multiple beamforming, the constellatioagading technique can be employed![14]. It is
shown in [14] that Fully Precoded Multiple Beamforming (FBMachieves full diversity.

In this paper, the technique of Golden Coded Multiple Beamfng (GCMB) that combines the Golden
Code with2 x 2 multiple beamforming is proposed. GCMB achieves both thHe rate and the full
diversity similar to the general MIMO systems employing thelden Code an@ x 2 FPMB. All these
three techniques have almost the same BER performance.udgwike worst-case decoding complexity
of GCMB is reduced toO(v/M) compared to general MIMO systems using the Golden Code. This

complexity is lower than FPMB as well, whose worst-case demity is O(M).



The remainder of this paper is organized as follows: In $ach, the description of GCMB is given.
In Section[Ill, the diversity analysis of GCMB is providedh Section 1V, the decoding technique and
complexity of GCMB are shown. In Sectigd V, the extension &NB to larger dimensions is discussed.
In Section[ V], performance comparisons of different teqles are carried out. Finally, a conclusion is

provided in Section VII.

1. GCMB OVERVIEW

Fig.[1 represents the structure of GCMB. Firstly, the infation bit sequence is modulated by the
ary square QAM. Then four consecutive modulated compléxedhscalar symbols;, s,, s3, ands, are
encoded into the Golden Code codewords. The codewkrdkthe Golden Code argx 2 complex-valued

matrices [[1], given as

X — i (1 + iﬁ)Sl -+ (Oé — ’i)Sg (1 + ’iﬁ)83 + (Oé — ’i)84 | (1)

V5 | (i —a)ss + (1+if)ss (1+ia)s: + (B8 —i)ss

with oo = % and g = (%).

The MIMO channelH € CV~*M js assumed to be quasi-static, Rayleigh, and flat fading,kaotvn
by both the transmitter and the receiver, whé¥e = N, = 2 denote the number of transmit and
receive antennas respectively, aiidtands for the set of complex numbers. The beamforming reeare
determined by the SVD of the MIMO channel, i.#1, = UAV* whereU andV are unitary matrices,
and A is a diagonal matrix whose" diagonal element), € R*, is a singular value oH in decreasing
order, whereR* denotes the set of positive real numbers. Wiestreams are transmitted at the same
time, the firstS vectors ofU andV are chosen to be used as beamforming matrices at the reesiger
the transmitter, respectively. In the case of GCMB, the nemds streamsS = 2.

The received signal is
Y =AX +N, (2)

whereY is a2 x 2 complex-valued matrix, aniN is the2 x 2 complex-valued additive white Gaussian
noise matrix whose elements have zero mean and varidigce: S/SNR. The channel matripH is
complex Gaussian with zero mean and unit variance. The t@asmitted power is scaled &Sin order

to make the received Signal-to-Noise Ratio (SNRY R.



Let y denote the signal set dff-QAM. Then the ML decoding of (2) is obtained by
X = min |[Y — AX]?, (3)
S;EX
wherej € {1,---,4}.

[1I. DIVERSITY ANALYSIS

In this section, diversity analysis of GCMB is carried out tglculating the Pairwise Error Proba-
bility (PEP) between the transmitted codewdtdand the detected codewo. For ML decoding, the
instantaneous PEP is represented as

Pr (X X H) — Pr (HY CAX|2> Y — AX|? | H)
= Pr (6= |AX-X) | H), (4)

where¢ = Tr{—(X — X)YA"N — NPA(X — X)}. Since¢ is a zero mean Gaussian random variable

with variance2 N, || A(X — X)||?, @) is given by theQ function as

PI<X6XH>Q(¢A<>;N;<>2). ©

By using the upper bound on thig function Q(z) < %e‘fm, the average PEP can be upper bounded as

Pr(XﬁX)zE[Pr(X%fﬂH)]

_\12
Lo (_HAOZNOX)II )] | )

Definex; = [sy, s2]7 andx;, = [s3,54]7. Then the Golden Code codeword can be represented as [1]

<k

X = diag(Gx; ) + diag Gx,)E, (7)

01
io|

and diagu,, - - - , vs] denotes a diagonal matrix with diagonal entries - - ,vs. Letg; with j =1,--- .S

where

1+ a—1
Gl[ Ba-i| o
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denote thej” column of G”, theng! denotes thg" row of G. Equation (1) is then rewritten as

Tx, gl'x
X g1X1 81Xz . (8)

T T
183 X2 8o X1

Therefore,

Melx; Melx
AX — 181 X1 181 X2 . @)

i)\zggTX2 )\2g2TX1

Then,

[AX]]* = Tr {X"A"AX}

= A(lglx1|” + |81 x2|?) + A3 (lgax1|* + |3 x2[%). (10)

Let x; = [31, $2] andxs = [83, §4] denote the detected symbol vectors. By replacingndx, in (1) by

X, — X; andx, — X,, (6) is then rewritten as

2 2
Pr(X-X)<E B exp (—%)], (11)
0

where

pr= (g7 (1 — %) * + g (x2 — %2)[%),
po = (lgz (x1 — %) * + |g3 (%2 — %2)[%),
The upper bound ir.(11) can be further bounded by employirgearem from([15] which is specified
below.
Theorem 1. Consider the largest < min(N;, N,.) eigenvalues:, of the uncorrelated centra¥, x N,
Wishart matrix that are sorted in decreasing order, and giweectorp = [py, - - - , ps]? with non-negative
real elements. In the high SNR regime, an upper bound fortpeessionF [exp(— Zle psits)], which

is used in the diversity analysis of a number of MIMO systerss,

exp ( gl Z psus>

where~ is signal-to-noise ratio; is a constantp,,;, = min{p1,-- -, ps}, andé is the index to the first

non-zero element in the weight vector.



Proof: See [15]. [ |

Note thatp; > 0 and p, > 0, theno = 1. By applying Theoreml|1 td (11), an upper bound of PEP is

min{p, ps} —Ne
Pr <X N X) <¢ (#SNR) . (12)

Hence, GCMB achieves the full diversity order of 4.

V. DECODING

Equation [[9) shows that each elementAdX is only related tax, or x,. Consequently, the elements of
AX can be divided int&5 groups, where thg’" group contains elements related¢tpandj = 1,--- , S.

The input-output relation i {2) then is decomposed into agoations as

Y1,1 )\1g1TX1 N1,1
Y1 = = + )
Ya Aag3 X1 Ny
_ - _ 13)
Vi Mgl xo Nip
Yo = = ) + P
i Y2,1 i i M2g§><2 N2,1

whereY; ;. and N;,. denote the(j, k)" element of Y and N respectively. Letn; = [Ny, Nao|T and
n, = [Ny o, No4]7, then [IB) can be further rewritten as
yi = AGx; +ny,

(14)
yo = PAGX3 + ny,

where

10
P =

0 7
The input-output relation of_L(14) implies that, and x, can be decoded separately. Indeed, each
relation of [14) has a form similar to FPMB presented/inl [14]]16], [17], a reduced complexity SD
is introduced. The technique takes advantage of a spe@hllatice representation, which introduces
orthogonality between the real and imaginary parts of egaofibsl, thus enables employing rounding (or
guantization) for the last two layers of the SD. When the digsien is2 x 2, it achieves ML performance
with the worst-case decoding complexity 6¥( /). This technique can be employed to decade 2

FPMB or GCMB. Moreover, lower decoding complexity can beieehd for GCMB because of the



special property of th€x matrix.
By using the QR decomposition G = QR, whereR is an upper triangular matrix, and the matrix

Q is unitary, [14) is rewritten as

y1 = Q"y, = Rx; + Q"n; = Rx, + 1y,

(15)
y2 = Q"®"y, = Rxy + Q" ®"ny, = Rx, + ny.
Let f; denote thej’” column of
AM(1+72 AM(a—1
G | MO+ M=) | %)
wherej =1,---,5. The elements oR are calculated as
Rip = |,
<fy,fi > (a—=B)A-N)
R1,2 = = )
£ ] £ ] (17)
R2,1 = 07
Rap = ||dal|,

<fo,f1>

whered, = f, — (W)fl, < £, f; >= £f'f;, and R, denotes thej, k)" element ofR. Based on

(@7, theR matrix is proved to be real-valued, which means the real arainary parts of (15) can be

decoded separately. Consequently] (15) can be decompadbdrfas

§R{}~’1} = R?R{Xl} + %{ﬁl},
S{y1} = R3{x1} + S{n, },
R{ya2} = RR{xz} + N{n,},

S{y2} = R3{x2} + S{ny},

(18)

whereR{v} and 3{v} denote the real part of imaginary part vfrespectively.
To decode each part df (18), a two-level real-valued SD carrbployed plus applying the rounding
procedure for the last layer. As a result, the worst-casedieg complexity of GCMB isO(v/M).
Previously, the ML decoding of GC was shown to have the woase complexity of(M?25) [6], [7].
However, the above analysis proves that this complexitybmreduced substantially to oné9(+/M) by
applying GCMB when CSI is known at the transmitter. Furtheren the complexity of GCMB is lower



than the full-diversity full-multiplexing FPMB as well. Bhworst-case decoding complexity pfx 2

FPMB is O(M) with the decoding technique presented!(in! [16],/ [17].

V. EXTENSION TO LARGER DIMENSIONS

In [18], the Golden Code is generalized to Perfect Spaceehock Code (PSTBC) in dimensiols
3, 4 and6, which have the full rate, the full diversity, nonvanishimgnimum determinant for increasing
spectral efficiency, uniform average transmitted energyapéenna, and good shaping of the constellation.
In [19], PSTBCs have been generalized to any dimension. Mewé is proved in[[20] that particular
perfect codes, yielding increased coding gain, only existlimensions2, 3, 4 and 6. In this section,
GCMB is generalized to larger dimensions &f4, and 6 by transmitting the corresponding PSTBC
through multiple beamforming.

The codewords of a PSTBC are constructed as
S
X =) diagGx;)E/ ™! (19)
j=1
where S is the system dimensioiz is a.S x S unitary matrix,x; is a S x 1 vector whose elements are

information symbols, and

0 1 0 0

0 0 1

E: )
0 - 1
g 0 0 0
with

1, S =24,
g = 62:_7;2-’ S =3,
—6%, S =6.

The selection of th& matrix for different dimensions can be found in [18].

In the sequel, the technique which transmits PSTBC throughiplte beamforming is called Perfect
Coded Multiple Beamforming (PCMB). Similarly to GCMB, thecaeived signal of PCMB can be repre-
sented as[(2). PCMB achieves the full diversity order, whiah be proved by analyzing the PEP in a



similar way to Sectiomn ]I
Similarly to GCMB, the elements ocAX for PCMB are related to only one of the;, thus can be

divided into.S groups. The received signal is then divided istgarts, which can be represented as
yj = ‘I)jAGXj + Ilj, (20)
where®; = diag¢;1,--- , ¢;s) is a diagonal unitary matrix whose elements satisfy

1, 1<k<S+1—j
Gjk =
g, S42-j<k<S§.

By using the QR decomposition &G = QR, whereR is an upper triangular matrix, and the matrix

Q is unitary, and movingP;Q to the left hand,[(20) is rewritten as
y; = Q"®y; = Rx; + Q"®/'n; = Rx; + n;. (21)

For the dimension of = 4, the R matrix in (21) is real-valued, which can be proved in a similay
to Sectior V. Consequently, the real part and the imagimeany of x; can be decoded separately, in a
similar way to GCMB. Real-valued SD with the last layer roaddtan be employed to decode](21). The
worst-case decoding complexity of PCMB is thé{M'5). Regarding MIMO systems using PSTBC,
the worst-case decoding complexity @§ M/'3%) by using a similar decoding technique fd [€]] [7]. For
FPMB, ML decoding can be achieved by using SD based on thdattigle representation in [16], [17],
plus quantization of the last two layers, and the worst-caseplexity isO(M?).

For the S = 3 dimension case, thR matrix is complex-valued. Therefore, the real and the imayi
parts ofx; cannot be decoded separately, unlike the case& of 2,4. Moreover, since the M-HEX
constellation([211] is used instead of M-QAM, a complex-wuSD is needed. The worst-case decoding
complexity of PCMB is therO(M?). In the case of general MIMO systems using PSTBC, the warsé-c
decoding complexity is)(M?). For FPMB, the worst-case decoding complexitydgi/?).

In the case o = 6, which is similar toS = 3, theR matrix is complex-valued, and M-HEX signals are
transmitted. Consequently, the worst-case decoding @itplis O(M/°), while the worst-case decoding

complexity of general MIMO systems using PSTBC and FPMB@(é/3°) and O(M?) respectively.
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VI. SIMULATION RESULTS

Considering2 x 2 systems, Figl.]2 shows BER-SNR performance comparison of BGRPMB, and
general MIMO systems using the Golden Code, which is denoggdC, for different modulation schemes.
The constellation precoder for FPMB is selected as the bastimtroduced in[[14]. Simulation results
show that GCMB, GC, and FPMB, with the worst-case decodingmexity of O(v/M), O(M?%), and
O(M), respectively, achieve very close performance for aldgdAM, 16-QAM, and 64-QAM. The
performance differences among these three are lessittdnand become smaller when the modulation
alphabet size increases.

In the case of4 x 4 systems, Fig[13 shows BER-SNR performance comparison of BGRPMB,
and general MIMO systems using the PSTBC, which is denoteB®@yfor 4-QAM and 16-QAM. The
constellation precoder for FPMB is also chosen as the besiofi4]. Simulation results show that PCMB
has approximatel\3dB and 1dB performance degradations compared to PC and FPMB, rasggc
and the degradations decrease as the modulation alphaeetinsireases. However, the performance
compromises of PCMB trade off with reductions of the womsse decoding complexity for PC and

FPMB from O(M'3) and O(M?) to only O(M'%), respectively.

VIlI. CONCLUSION

In this paper, GCMB which combines the Golden Code and maltigamforming technique is pro-
posed. It is shown that GCMB achieves full-diversity, frtdte, and low decoding complexity. Compared
to general MIMO systems using the Golden Code, GCMB has airpiérformance while the worst-case
decoding complexity is reduced fro®()>°) to only O(v/M), when squarel/-QAM is used. The
substantial complexity reduction benefits from the knogkaf CSI at the transmitter. Moreover, the
complexity of GCMB is also lower thag x 2 FPMB, which is a full-diversity full-rate beamforming
technique without channel coding, with the worst-case dexpcomplexity ofO(M). Similarly, GCMB
and FPMB have very close performance.

GCMB is generalized to PCMB in dimensions 4, and 6. PCMB combines PSTBC with multiple
beamforming. Similarly to GCMB, PCMB reduces the worstecdscoding complexity of general MIMO
systems using PSTBC fro®(M?), O(M'35), and O(M?3®) to O(M?), O(M'®), and O(M®) in di-
mensionss3, 4, and6, respectively. Compared to FPMB, the worst-case decodingptexity of PCMB is
lower thanO(M?) of FPMB in dimensiord, while due to the complex-valueR matrix and the HEX
signals, higher tha®(M?) and O(M?®) of FPMB in dimensionss and 6, respectively.
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Fig. 1. Structure of GCMB.
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Fig. 2. BER vs. SNR for GCMB, GC and FPMB f@rx 2 systems.
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